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PREFACE. 


Save to a minute extent the present volume, unlike the two pre- 
ceding it, has not had the advantage of appearing in a preliminary 
form under the auspices of the Royal Society of Edinburgh. This 
change of procedure has in no wise been due to a falling off in good 
will on the part of the Society, to whose helping and encouraging 
hand I am lastingly indebted, but to the widespread untoward 
circumstances of the years 1914-18. On the other hand, the delay 
brought about by the same cause has made repeated revision 
possible, so that there has been practically an equal opportunity 
for securing that fullness and accuracy of treatment which have 
been aimed at from the outset. 

The bibliographical groundwork is of course still the five ‘ Lists 
of Writings’ previously referred to. A sixth that was published 
in 1916, * containing the results of a final gleaning, has also been 
fully taken advantage of. 

During the period dealt with there has been a still further increase 
in the number of specialized determinant forms, and of these there 
has been a proportionate number that have attracted a considerable 
amount of general attention. Forms of the latter character have 
each been given separate consideration, and as a consequence the 
number of chapters in the volume has suffered a corresponding 
increase. By this course the inevitable scrappiness of a chrono- 
logically arranged report of isolated papers is somewhat diminished, 


* Quart. Journ. of Math., xvii. pp. 344-384. 
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an improvement in readableness is secured, and the book made more 
readily useful as a work of reference. It is hoped, for example, 
that the specialist in skew determinants who takes up in succession 
the fourteenth, ninth, tenth chapters of volumes I., IJ., III. respec- 
tively, will find a fairly connected and interesting account of the 
development of his particular branch of the subject, and also that 
the general student will obtain with increased ease any information 
he may desire on some single point of passing interest to him. 

The fourth volume, bringing the record up to the end of the 
nineteenth century, is nearly complete in manuscript. My hope 
is to complete it and to include in it a detailed index to the 
whole work. 


RonpexsoscH, SoutH AFRICA, 
23rd June, 1918. 
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CHAPTER I. 


DETERMINANTS IN GENERAL, FROM 1860 TO 1880. 


THE number of writings to be considered under this heading amounts 
to about one hundred and eighty (180), and the number of writers 
to about one hundred and twenty (120), these being almost three 
times the corresponding numbers for the twenty-year period 
immediately preceding. A striking new feature is the large pro- 
portion of text-books,—more than a third—there being over sixty 
(60) of them dealing with determinants alone and several others 
in which the subject forms an important part. It is also note- 
worthy that for the first time text-books and other expositions 
of a really elementary character make their appearance, Germany 
becoming especially productive from the time that the subject 
began to be introduced into her higher schools. As a further 
evidence of this increase of interest attention may be called to the 
fact that, besides the usual number of works in English, French, 
German and Italian, we have now not only as before three or four 
publications in Russian, but also contributions in eight of the less 
widely spread languages of Europe,—Czech, Polish, Dutch, ete. 


TERQUEM, O. (1860). 
[Origine premiére des déterminants. Nowv. Annales de Math., 
xix., bulletin de bibliogr. . . . pp. 27-33.] 

Attention is here drawn to the work of Leibnitz as disclosed in 
1850 by the publication of the second volume of the first Abtheilung 
of his Mathematische Schriften (see Hist., i. pp. 6-10). In France 
and elsewhere determinants were still viewed as having originated 
with Cramer. 
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CAYLEY, A. (1860). 


[Recent terminology in mathematics. English Encyclopaedia, v. 
pp. 534-542 ; or Collected Math. Papers, iv. pp. 594-608. ] 


The terms here explained are those connected with what we have 
seen called by Sylvester (1852) the Calculus of Forms and by 
Salmon (1859) Modern Higher Algebra. The list includes about 
two dozen, but some of them, like determinant, quantic, invariant, 
include quite a number of subordinates. 

It recalls the ‘Glossary’ given by Sylvester at the end of his 
memoir on Syzygetic Relations (1853). 


ISANDER, F. (1860): OLIVER, J. E. (1860): BALTZER, R. (1861) : 
FERRERS, N. M. (1861): TODHUNTER, I. (1861): 
TAIT, P. G. (1861). 


Inledning till determinant-theorien. Dissert. 23 pp. Upsala. 
pp. Up 


[A treatise on determinants. Chap. i. Introductory. Runkle’s 
Math. Monthly, ii. pp. 86-90. ] 


[Théorie et applications des déterminants, avec l’indication des 
sources originelles. Traduit de l’allemand par J. Houel. 
xii+235 pp. Paris.] 

[An elementary treatise on Trilinear Coordinates. ... (see pp. 
58-71), xi+154 pp., Cambridge. Second edition, 1866 (see 
pp. 59-72, 170, 177), xiv+182 pp. London.] 

[An elementary treatise on the Theory of Equations (see pp. 220- 
258), viiit+279 pp., London. Second edition, 1867 (see pp. 
256-297). vii+318 pp. London.] 

[On determinants. A chapter of elementary Algebra. O. C. and 

D. Messenger of Math., i. pp. 25-37.] 


The appearance of these six different expositions in the space 
of two years proves the increased interest which had come to be 
taken in the subject. Isander’s is a carefully written introduction 
based on Cauchy’s memoir of 1812. Oliver’s is a mere fragment. 
Houel’s Baltzer is nothing more than a close translation of the 
original. Ferrers’ is a short chapter simply and clearly written 
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for beginners. Todhunter’s plan and style are quite similar to 
Ferrers’, and his three chapters are therefore still more helpful. 
Tait’s also resembles Ferrers’, and is of the same extent. 


STOCKWELL, J. N. (1860, July). 


[On the resolution of symmetrical equations with indeterminate 
coefficients. (Gould’s) Astron. Journ., vi. pp. 145-149.] 


Stockwell’s subject being the equation of the secular inequalities, 
he opens with a very short account of determinants. His mode 
of writing the final expansion of |00-11-22|, |00-11-22-33], .... is 
that which would be reached by using Cauchy’s rule of 1841; for 
example, 

|00-11-22| 

= 00-11-22 — 21-12-00 — 20-02-11 — 10-01-22 + 21-10-02 + 20-01-12. 
In specifying the number of terms of each type in the expansion, 
he gives for the number of terms in a zero-axial determinant of 


the 3°47, 4, 5%, ... . orders the expressions : 
1:3—1, 
(1-3—1) 441, 


3-164 1)5—1, 


¢ 


CAYLEY, A. (1860, December). 


[Note on the theory of determinants. Philos. Magazine, (4), xxi. 
pp. 180-185; or Collected Math. Papers, v. pp. 45-49.} 


Cayley’s ‘mode of arrangement of the developed expression of 
a determinant ’ is in its result the same as Stockwell’s, and is not 
therefore essentially different from Cauchy’s of the year 1841 ; 
as written, however, his development is more compendious than 
Cauchy’s, and deserves attention. For all three it is necessary that 
the elements of the determinant be specified by their row and 
column numbers. 
_ He denotes 

Td eelareies eedool, | 1332-21, 4. . 

by [TpeR] 2], ee si stacn| 12], {123], (AS 2 ips iterate: y 
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and, when by reason of multiplication two of the upright lines 
come together, he leaves one out, writing for example 


|12|2]123|] for |12]-|2]-|123]. 
The developments of >(+11-22), 2(+11-22-33), ..., he then writes 
+ [12] + 12/3] + ]1]23)4| 


—|1 2], ~ [1 2/3, ~ —[1 2/3)4| 
4+|1231,. +)12 3/4! 
+|1 2)3 4 

Sosa 


the sign in any case being determined by taking — 1 as a factor 
for every compartment containing an even number of umbrae. 
He omits to note, however, that he also intends a sign of summa- 
tion. 2 say, to be prefixed mentally in each case: for example, 
— |12|3|4| should be — 2|12|3/4], 
as it stands for the six-termed aggregate 
— 12-21-33-44 — 13-31-22-44 — ... — 34-43-11-22. 

We may remark that in the notation of his paper of the year 
before (Hist., u. pp. 469-470)—a paper of which this is a natural - 
extension—Cayley would have given for the next case the ex- 
pression 

11 22 33 44 55 — Y12 21-33 44 55 + S12 23 31-44 55 
+ X12 21-34 43-55 — 212 23 34 41-55 — D12 23 31-45 54 
+212 23 34 45 51: 
whereas he now gives 
| |1]2|3|4|5| 
— 21 2]3]4|5| 
+ Z|1 2 3]4|5| 
+2|1 2|3 4|5| 
— X|1 2 3 4|5| 
— X|1 2 3/4 5] 
+21 2 3 4 5], 
which, besides its compactness, has the advantage of bringing into 
evidence the part played in the matter by the partitions of the 
order-number of the determinant. 

Further, there should be noted the difference between this and 

the same author’s development of the year 1847 (Hist., i. p. 42). 


\ 
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The two agree as far as the third line only: the fourth and fifth 
lines above are combined into one in the earlier development, the 
cofactor of |5| appearing there as a zero-axial determinant ; and a 
similar substitute appears for the aggregate of the sixth and seventh 
lines. 


SMITH, H. J. 8. (1861). 


[On systems of linear indeterminate equations and congruences. 
Transac. R. Soc. London, cli. pp. 293-326; or Collected Math. 
Papers, i. pp. 367-409. ] 

As the equations dealt with are for solution in integral numbers, 
the subject of this memoir belongs strictly to the Theory of Integers. 
There are, however, several points of contact with Determinants, 
just as in the case of previous papers of the same kind by Hermite 
(1849), Bazin (1854), Heger (1856). 

Thus, he resuscitates Cayley’s row-by-column multiplication of 
an n-line determinant by an array of m rows and +A columns 
(1843, Hist., ii. p. 16), using, for example, the statement 
8 ies ! gf a sailed, Fauaaes th 
bj b,| || d, dy dg dy || 
to stand for six equalities of the type 

| %b,| | ede) = | %y2l. 

In this connection, too, he draws attention to a necessary dis- 

tinction by saying that |a,5,| is here postmultiplied * by | cd, |, 

and that | ¢,d,| is premultiplied by | a,b, |. 

The main subject of the memoir was continued in three papers 
published under the conjoint title “ Arithmetical Notes” in the 
Proceed. London Math. Soc., 1v. (1873), pp. 236-253. 


Z % Uz Uy 
YY Yo Ys Ya 


*In Cayley’s other theorem of 1843 the determinant is premultiplied by an 
array, for example, 


I] Cy 2 3 Ca lj | A Ae As Me] | § & & & 
[| dy dy dy dy || | Hy Me Ms Me | || 2 13 4 
Pe Oe Bs 
Pi Pz Ps Pa | 
which stands for six equalities of the type 
eae |l + | Maesll = | Ernel, 


the two factors on the left being now, not determinants, but 2-by-4 arrays. 
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ZANNOTTI, M. (1861). 


[ Elementi della Scienza del Calculo. 2° Parte, Elementi di Algebra. 
x+570 pp. Napoli.] 

The Third Section of the First Book, extending to 120 pages, 

is headed, ‘ Teorica dei Determinanti.’ It is professedly due to 


Trudi, and, so far as it goes, does not differ materially from Trudi’s 
text-book of the following year. 


JORDAN, C. (1861). 


[Mémoire sur le nombre des valeurs des fonctions, Journ. de V Ec. 
Polyt., xxii. cah. 38, pp. 113-194.] 


The title here is similar to that of the memoir which Cauchy * 
wrote as an introduction to his great monograph of 1812 on deter- 
minants (Hist., i. pp. 93-94). The writer’s purpose, however, is 
quite different, his subjects being substitutions, matrices (not so 
called), and growps. The nearest approach to the field of deter- 
minants is in the fifth chapter (pp. 179-187, 119), which concerns 
the question of ‘the number of linear substitutions,’ and which 
is occupied with a proof that the number of systems of values of a, 
satisfying the condition 
' | Ain | = 0 (mod. Pp) 
as 

peep (py (pe ys 
where p is a prime. 


GRASSMANN, H. (1861). 


[Die Ausdehnungslehre. xii+388 pp. Berlin.] 


This is not the second part which was promised in 1844, but a 
recast of the whole work. ‘Systems of unite’ like Cauchy’s 
algebraic keys, are now defined; and sums of multiples of the 


* Besides the important writers referred to by Jordan we may note Despeyrous, 
more especially as he was about this time also studying another cognate subject, 


namely, permutations. (See Lhouville’s Journal, 2° sér. x. pp. 55-64, vi. pp. 417-439, 
x. pp. 177-202). 
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_ members of such a system are called ‘extensive Grosse.’ Deter- 

minants are no longer ignored. Early in the chapter on the ‘ Com- 
bimatorial Product’ (chap. iii. pp. 31-107) the ordinary definition 
and the notation are given; and thereafter the functions are 
repeatedly referred to. They are even found to be needed for the 
statement of theorems in the ‘Ausdehnungslehre’ itself, for 
example, the theorem on the inner product of two magnitudes each 
of the m™ ‘ Stufe * and consisting of m simple factors. On p. 130 
this is expressed in the form 


[abe...|a’b’c’...] = Determ. aes a [ale]... 
| [ a’ [ , 
ae [o]b’] 


The solution of a set of simultaneous linear equations which 
formerly came at the end of a chapter on ‘Outer Multiplication ’ 
now occupies a similar position in chapter ui. In this matter, 
too, there is a new procedure which is of considerable interest 
when brought into comparison with the old. Using as multipliers 
with the equations 


AyyLy + Agha +... + Aly = | 
nL + Aggy +... + Aanty = Oy | 


Anil, + Anglg +--+ FOAnnln = b,! 
the ‘extensive magnitudes’ ¢, é,..., €,, whose ‘combinatorial 
product’ is 1, and performing addition, we obtain an equation 
which may be written 


Die Wake tees byt, =. 6, 
it we put 
ty LOL Aye, + Aqylo +. >. + Anyln, ete. 
This equation, Grassmann says, takes the place of the given 
equations, and in order to find the value of any one of the a’s, 2, 
say, we apply the factor agag...a, to both sides, and on 
~ account of the vanishing of [agaga3... an), [asaeag---an],-.. the 


result is 
yy [ayy owe an] = [Baga eee on: 
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BAEHR, G. F. W. (1861). 


[Propriété des coefficients du bindme et théoréme Sylvester sur les 
déterminants. Nouv. Annales de Math., xx. pp. 417-420. ] 


The theorem in question is Sylvester’s unimportant second lemma 
_ of 1852, Oct. (Hist., ii. p. 77). 


COINTE, I. L. A. LE (1861). 


[Mémoire sur les déterminants cramériens ou résultants algébriques. 
Annalt di Mat., iv. pp. 233-245.] 

This so-called memoir, lengthy and tiresomely precise, ends 
only in a rule like Reiss’ (1829) and Cantor’s (1855) for telling the 
sign of a permutation when the ordinal number of the permutation 
is known. 


PAINVIN, L. (1862). 


[Mémoire sur les tétraédres. Nouv. Annales de Math., (2) i. pp. 
267-286, ete. ] 


The memoir opens with a preliminary theorem in determinants 
(pp. 267-271) which, if stated in the form 


{adjug | a, |}? = adjug {| a, |?}, 
would justly be viewed as merely a case of a theorem of Cauchy’s 
of the year 1812 (Hist., i. p. 121). It must be noted, however, 
that what Painvin establishes is something more important, namely, 
the identity of the two determinants ‘élément 4 élément,’ that 
is to say, the identity of their matrices. (Cf. Hist., ii. p. 95.) 


TRUDI, N. (1862). 


[Tror1a DE’ DeETERMINANTI, e loro applicazioni. xii+268 pp. 
Napoli. | 

This is a text-book similar in scope to those of Brioschi and 

Baltzer, but intended for less advanced readers. The explanations 

are consequently fuller, the illustrations are more numerous, the 

less simple theorems are broken up for gradual absorption, and to 

deductions that are self-evident are given formal enunciations. 


i 
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The result of course is that considerably more space is occupied. 
The scheme of arrangement resembles Baltzer’s, there being a 
first part devoted to the theory and a second part to the so-called 
applications. Whereas, however, Trudi apportions to the parts 
112 and 156 pages respectively, the like apportionment in Houel’s 
Baltzer is 63 and 172; further, on account of the unequal treat- 
ment of geometry 250 pages of Trudi’s 268 are algebraical as against 
170 of Baltzer’s 235. 

As an instructive illustration of the growing solicitude for the 
reader’s convenience, we may point out that whereas Spottiswoode 
(1851) merely notes that 


Pepa BUR 
BO lp+o cl, 


and Brioschi (1854) with equal brevity extends the property to a 
general n-line determinant, and Baltzer (1857) at little more length 
but with more of a teacher’s skill provides a formal enunciation, 
like Jacobi’s original, and two helpful examples, Trudi on the other 
hand not only prolongs Baltzer’s treatment to half a page, but 
follows this up usefully with a whole page of application to the 
computation of a single arithmetical determinant of the fourth 
order, illustrating in particular how the order is reducible when 
an element of a line is a submultiple of each of the other elements. 
Similarly, instead of the few lines which Spottiswoode and Baltzer 
give to Jacobi’s theorem , 


d |a,,| = DAs dt» 


Trudi devotes two pages (pp. 53-55), and is the first to put the 
development in the afterwards familiar form of the sum of m deter- 
minants. 

Save this marked fullness and clearness of explanation there is 
not much fresh to be noted so far as general determinants are 
concerned. A number of additional expressions of more or less 
importance are by definition given a special sense for the sake or 
definiteness or convenience ; for example (p. 9), ‘matrici simili,’ 
‘linee omologhe,’ etc., and (p. 17) ‘ caratteristica,’ which is used 
in connection with a minor to denote the sign-index, that is to say 
the integer y where the sign-factor of the minor is (—1)’. In the 
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most prominent definition of all, namely, that of a determinant, he 
is the first to take both row-numbers and column-numbers into 
account in fixing the sign of a term, his words being (p. 12), “‘ dando 
ad ogni prodotto il +o il —, secondoché le due correspondenti 
permutazioni di orizzontali e di verticali sono di una stessa classe, 
o di classe diversa ; 0 in altri termini, secondoché il numero totale 
delle loro inversioni é pari o impari.” A result which he reaches 
when dealing with ‘inversions’ is also worth noting, namely, 
If any permutation of 1, 2, 3,..., be dwided into any two parts, 
thus, 
Gy, Ag, +++, Gigs | Goaass ewe 5 Eps 

and p+q-+r be the number of inverted pairs in tt, p being the number 
in the first part, q the number wn the second, and r the number which 
the indwiduals of the first part make with those of the second, then 


r= (a,—1)+(a,—2) +... + (an—m) 
= Ya — 4m(m+1). 


When, however, we get beyond the section on skew determinants 
(p. 94), we come on matter that is worthy of closer attention, 
the subject most conspicuous for fresh treatment being that dealt 
with by us under the heading Bigradients. 


BATTAGLINI, G. (1862, 1871). 


{Nota sui determinanti. Rendic. dell’ Accad.... Napoli, i. pp. 
101-112; or Giornale di Mat., ix. pp. 186-144.] 


The problem here attempted to be solved is the finding of an 
m-line determinant equal to the sum of the m-line minors of an 
n-line determinant. The results being burdened with exceptions 
are a little disappointing. One is that if 


Ors = Ars — Ay, s+n—m i Gy +n—m, + Ay +.n—m,8-bn—ms 


then | 04, 722.» - Omm| 18 equal to the sum of all the m-line minors 
of | a,, | excepting those whose complementaries contain two row- 
numbers or two column-numbers which are congruent with respect 
to n—m. 

We may note for ourselves that the important case of this where 
m = n—1and where there are no exceptions is readily deduced from 


=. 


\ 
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the theorem suggested by Routh (1864). Thus, the sum of the 
signed primary minors of | a,b,c,¢,| being known to be 


coat) ecg ted ES: Ione ane i | 
1 aq a ds a | 
| Ld b, 2b, “Sb; | 
Die ae ne | 
1d d, dy dy i, 


we would only have to perform the operations 
col,—col;, col;—col,, col,—col;, 
TOW,—TOW;, LOW;—Tow,, Lrow,—Tows, 
to obtain 
A,—A,—b,+ bg dg—Gg—b,+b, Gg— ay— b+ by 
by— bg—G +, b,—b3—Cy+C3 b3— by—Cgt+ ey 
Cy —C,—d,+d, Cg—Cg—datdz Cy— Cy—dgtdg |, 
which is Battaglini’s form. It may also be pointed out that the 
elements in the latter form are three-line minors of the former. 


SMITH, H. J. 8. (1862). 


{Report on the theory of numbers. Part IV. Report... . British 
Assoc. ...xxxili. (Cambridge), pp. 503-526; or Collected 
Math. Papers, i. p. 229.] 


In §105, p. 504, Smith denotes a determinant, whose elements 
are double-suffixed, by placing between two upright lines a single 
element with variable suffixes, and then appending an indication 
of the extent of the variability. For example, the determinant 


Des 2Ye) op (O91 Ye Yn | 


Oty Cagle sOmy Mx ont “Se, 


he writes 


| Ya 


| Bag eens eats +g Te 


Four years later Kronecker made similar use of | 6,,|. (See 
Crelle’s Journ., \xviil. p. 276.) 
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CATALAN, E. (1868). 


[Une propriété des déterminants. Mém.... Soc. roy. des sev. 
(Lidge), (2) xii. pp. 218-221 ; or Mélanges math., 1. pp. 218-221.] 


Taking the set of equations 


I |bcg| + %y| Ages | + |b; = 9, 
a, |bycg| + %lac3| + 23| ab;| = 0, 
Dy |dycg| + Gyl|Qqep| + 2s |a,b,| = | a, by€5 | 


and comparing the evident solution 
1, U2, Lz = Az, — bg, Cs 


with the solution obtained in the ordinary way by means of deter- 
minants, Catalan is able to arrive at results already well-known 
regarding the adjugate. 


MIKELLI, A. (1863). 
[Dei Determinanti. pp.(?). Mantua.] 


SALMON, G. (1863, 1866, 1868). 


[Vorlesungen zur Einfiihrung in die Algebra der linearen Trans- 
formationen. Deutsch bearbeitet von Dr. Wilhelm Fiedler. 
vili+271 pp. Leipzig. ] 

[Lessons introductory to the modern higher algebra. 2nd edition. 

viii+296 pp. Dublin.] 

[Legons d’algébre supérieure. Traduit de l’anglais par M. Bazin. 
Augmenté de notes par M. Hermite. xii+247 pp. Paris.] 


Fiedler improves the original by giving additional illustrations 
and other matter, the number of ‘lessons’ on determinants being 
increased from three to four. Salmon himself does likewise, but 
increases the number of lessons to six, marking for the first time the 
importance of “the reduction and calculation of determinants,” 
by assigning thereto a separate lesson. Bazin, on the other hand, | 
makes considerable curtailments. 

In none of the three does anything really fresh appear in regard 
to the general theory. 
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RUBINI, R. (1863-1867). 
{Elementi di Algebra. 2* ediz. 381 pp. Napoli. 3 ediz. 
iv+295 pp. 1866.] 
{Complementi agli Elementi di Algebra. Napoli, 1863. 2° ediz. 
vili+ 484+ iv. pp. 1867.] 

Rubini was a skilled expositor. The third edition of the ‘ Ele- 
menti,’ a superior text-book, contains in two chapters (vii. pp. 217- 
230, x. pp. 249-292) of nine lessons an excellent account of the 
subject, occupying about twice the space given by Todhunter. In 
the ‘ Complementi’ there are an equally helpful lesson on elimina- 
tion (xxx. pp. 244-258), a second (xlili. pp. 337-343) on Jacobians 
and Hessians, and other ‘ applications ’ less important. 


ROUTH, E. J. (1864). 


[Note on the invariants of the equation of the second degree. 
Quart. Journ. of Math., vi. pp. 270-278. ] 


The carelessly worded statement (p. 273), that “‘ the determinant 
fi oe eed | 


Bos Bo ae 
11 Wee omar cel 
oy mall jeep 


is the sum of the minors of all the terms of the determinant 


fox ti eas. 
ey ee 
m k h| 


seems to be the first approximation to a later formulated theorem 
regarding the sum of the signed primary minors of any determinant. 


BALTZER, R. (1864). 
[Theorie und Anwendungen der Determinanten. 2te vermehrte 
Auflage. vi+224 pp. Leipzig.] 
The enlargement referred to in the title would have amounted 
to about forty pages if the former size of page had been retained, 
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and ten of these would have belonged to the ‘Theorie.’ Only 
a few of the additions, however, are new. 

One of these is Gordan’s mode of verifying the extended multi- 
plication-theorem (§4.8, §5.3). This will be fully understood 
from its application to one of the simplest cases, namely, the case 
of the two arrays, 

& ays lye h, hs 
bb, bs, en en eas 
Putting the left-hand member of the desired identity in the form 
Ayhy + Aphe+ ashs Ak, + Aka + asks A, A, As | 
Byhy+ Bohigt bshs —Byky t+ Dglig + Boks yg 
; : 1 : 


1 


1 |, 
he transforms this into 
G, Gy @, 
3) Seb bsa* bs 
—h, —k, 1 
—h, —k, oy oe 
—ts ih ia oe 4. 


and then uses Laplace’s expansion-theorem to obtain 


| ab |°|Ake| + [a b3|*|Arks| + | aob5| + | hoks |, 
as Sylvester did in 1852 (Hist., ui. pp. 199-200 ; also p. 57). 

A second result worth noting is a contribution of Kronecker’s 
(§ 4.7) to the subject of Sylvester’s ‘homaloidal law.’ Following 
on Cayley’s work of 1843 (Hvst., ii. p. 15), Sylvester had asserted 
in 1850 (Hist., ii. p. 51) that by making (n—k-+1)? of the k-line 
minors of an n-line determinant vanish all will vanish. What 
Kronecker now adds is that the (n—k+1)? vanishing minors must 
have a common non-evanescent primary minor ; for example, all the 
four-line minors of | a,b,c,d,e; | will vanish if 


| a,b,¢,d4 | = 0, | yc, | = 0, 


| a,b,c,e,| = 0, [ae ybyegest =" 0} 
and | a,b,c, | == 0. 
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It is just worth noting also that in illustration of a well-known 
elementary property which we have spoken of under Trudi (1862), 
there is given (p. 16) the excellent example 


{ 


| @- ad as | | y+ MY +A3z My Ag 
|b, by by bt byt bye dy dy | 
|G Cs CET CoY + C32 Cg Cg |, 
with its bearing on the question of the solution of a set of simul- 
taneous linear equations. 


x 


BABCZYNSKI (1864-5); ZAJACZKOWSKI, W. (1865-6). 
[O determinantach. (In his lectures on Higher Alg., pp. 289-320.)] 
[O wyznacznikach. (In his lectures on Analyt. Geom., pp. 72-88.)]* 


MEILINK, B. (1865): POKORNY, M. (1865): DOLP, H. (1866). 
[Over de determinanten. Acad. proefschrift. vii+61 pp. Leiden.] 
[Determinanty a vySsi rovnice. iv+135 pp. V Praze.] 

[Die Determinanten als Gegenstand des- Gymuasialunterrichts, 
Sch. Progr. Giessen.] 

Meilink’s degree-dissertation is a 60-page exposition influenced 
in parts by Brioschi’s text-book. In Pokorny’s book the section 
(pp. 1-40) devoted to the subject resembles Todhunter’s sketch 
in extent and somewhat also in character. Ddlp’s school-program 
is of slighter interest. 


HORNER, J. (1865). 
[Notes on determinants. Quart. Journ. of Math., vii. pp. 157-162.] 


Horner’s first result is a slight extension of Chio’s of the year 
1853, and therefore is a companion to Hermite’s lemma of the year 
1849, both of the latter being viewable as giving a reduction of a 
determinant to one of the next lower order. Taking | @,de2.. . Gan | 
Horner produces a column of 1’s by dividing the rows in order by 
Aig, Aq, +--+; next he subtracts the p™ row from each of the others. 
thus obtaining a determinant of the (n— 1) order: then by multi- 


* Neither of these works have I seen. 
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plication he clears each row of fractions; and finally he adjusts 
his multipliers and divisors. For example, n, p, q being 4, 2, 3, 
the result is 


ay as as a, 


b, 10s "be 6 (—1) |@;b3| |@_b3| | a,bs| 
76 RSA Seg ede 2 | 11531 | ¢2b3| | cds! 
Cy, Sg aCe’ OF bs 

dy dy ndgy da |4,05| |debs| | dabsl J. 


We may note that both Horner’s result and Hermite’s are viewable 
also as a case of the theorem regarding a minor of the second com- 
pound (see under Spottiswoode, 1853, Hust., ii. pp. 201-205). 


ZMURKO, L. (1866). 


[Beitrag zur Theorie des Grossten und Kleinsten der Functionen 
mehrerer Variablen, nebst... Denkschr.... Akad. d. Wiss. 
(Wien), Math.-Nat. Cl., xxvii. (2), pp. 63-82. ] 


This is a curiously belated effort. In §3 (pp. 76-80), which 
is headed ‘ Ueber die Combinatorische Determinante,’ the elemen- 
tary properties of the subject are dealt with as if new, nothing, 
however, but the notation 

[" | 
e 


Sy 


being fresh. Two pages (pp. 80-82) are then given to a known 
property of the Wronskian. 


RENSHAW, A. (1866). 


{Identities, their composition and relation to determinants. O. C. 
and D. Messenger of Math., iv. pp. 34-36. ] 


{Easy method of deducing consecutively the permutations of 
the first n integers. O. C. and D. Messenger of Math., iv. 
pp. 36-37.] 


Renshaw obtains the final expansion of a determinant by using 
the recurrent law of formation in the cyclic form adopted by Vander- 
monde and Cayley : both papers are unimportant. 
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DODGSON, C. L. (1866). 


{Condensation of determinants, being a new and a brief method 
for computing their arithme‘ical values. Proceed. R. Soe. 
London, xv. pp. 150-155. ] 


Dodgson’s condensation-process for the evaluation of determi- 
nants whose elements are arithmetical has a different basis from 
the theorems of Hermite (1849) and Chio (1853). Stated in the 
form of a rule it is : Compute every two-line minor consisting of four 
adjacent elements in the given determinant A, and form with the results 
in order a syuare array B: compute every similar two-line minor 
of B, performing however this time the additional operation of division 
by the particular element of A which entered into the composition of 
the four elements of the minor in question, and form with the quotients 
im order a new array C: thereafter let successive arrays be computed 
in the same way as C until an array ts reached with only one element : 
this element is the value of the original determinant. For example, 
the given determinant being 


eee ge ete 1d 

Boy A ey PEEL: 

ay Le ee eee 
eee ea aes |, 


the series of derived arrays is - 
- 2 
8 Reiter 8 
== —9 =a 
—4 6, 
{hoya 


and the value required is —8. 

The rule is stated to be dependent on Jacobi’s theorem regarding 
a minor of the adjugate, and is formally proved for determinants 
of the 3 and 4" orders. Care is also taken to show how the diffi- 
culty caused by the appearance of a zero as one of the divisors 
can be obviated, and how the labour of computation may be mini- 
mized when a number of related determinants have to be evaluated, 
as happens in solving a set of simultaneous linear equations. 

We may note for ourselves in passing that by applying the rule 
to a determinant with general elements we may obtain not only 
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the necessary justification for its use but a fuller and better under- 
standing of the whole process. Thus, the given determinant being 


Gy Gy, Gy A, az | 


Q@ & C3 4 @5 |, 


the successive derived arrays are 


|@,b,| | @b3| |@sb,| | @4bs | 
b, On b 
| Byeg| | byes] | ge] | aes | | @rbyc3| | aabscal | @abacs | 
leadal Pedda lovkadal heady | of Math neetel [eats] 
1%, ‘ a ay 

[dyé| |dees| |dsea| | dues, [eydses | | Cxdsea| | Cadaes | 

| a,b.csdq4| | Gabgeqd | 

| Byes geq | | Baca es |, | arPaeadaes |. 


In this way we see that the determinants of the intermediate 
arrays are not equivalents of the given determinant: indeed, if 
the given determinant be of the n™ degree in the elements, the 
second is of the degree (n—1)2, the third of the degree (n—2)3, 
the fourth of the degree (n—3)4, and so on by a rise and a sub- 
sequent fall until the degree 1-n is reached. 


TAIT, P. G. (1866): MARTIN, H. (1867). 
[Note on determinants of the third order. Proceed. R. Soc. Edin- 
burgh, vi. pp. 59-61.] 

[Note on Professor Tait’s ‘quaternion path’ to determinants of 
the third order. Proceed. R. Soc. Edinburgh, vi. pp. 121-125.] 
As the scalar portion of the product of three vectors 

w+ gyt+ ke, wa’ +5y'+ ke’, ta" + gy" + ke" 
is the negative of the determinant 


PNAS 
it is natural that workers with quaternions should have properties 
of three-line determinants suggested to them. Tait draws attention 


a c 
\ 
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to this, and having given half-a-dozen instances is followed by 
Martin seeking to show how they can be dealt with by means of the 
ordinary laws of determinants. 

The only property of the six that has an appearance of freshness 
is one which resembles Catalan’s of the year 1846 (Hist., ii. p. 38). 
We may formulate it for ourselves as follows: If from any n-line 
determinant A we form another A’ such that the xr” row of A’ is the 
sum of all the rows of A except the x, then 

A’ = (—1)™ 7 (n—-1)A. 
For example, Soha tee 


gz’ +o” y'+y" le Td x y z 
ge" 4+a4 yl +y g +z = Phe y! 2! 
£ +7’ y +y’ 2 oz x” yl” 7" 


As Martin points out, this is readily established by performing 
the operations 


row,+row,+ ...+row,, row,+(n—1), 
IOW,—TOW,, TOW;—Tow,, ...., 
row, +Trow.+ . . . +Trow,. 


SARDI, C. (1867). 


[Nuova dimostrazione del prodotto di due matrici. Giornale di 
Mat., v. pp. 174-177.] 

The proof is not essentially different from Gordan’s as given by 
Baltzer (1864), the steps of procedure being the same but in reverse 
order, and being therefore suitably illustrated by the footnote at 
the end of our account of Sylvester’s paper of 1852, Dec. (Hist., 
ii. p. 200). Sardi’s has more appearance of being the result of a 
suggestion from the equatement of the two denominators in 
Spottiswoode’s proof of 1851. 


HANKEL, H. (1867). 

[Vorlesungen iiber die complexen Zahlen und ihre Functionen. 

I. Theil, Theorie der complexen Zahlensysteme. xu+196 pp. 
Leipzig. | 

What concerns us here is the first five pages (pp. 119-124) of 

the seventh chapter. They recall vividly Cauchy’s memoir of 
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twenty years earlier on ‘algebraic keys’ (Hist., li. pp. 43-46) 
and the relative portions of Grassmann’s work of 1861. 

The ‘ alternating units’ 2, %, . . ., %, being such that 

Uyh, = —%,1,, Uply = 0, 
‘alternating numbers’ are defined as sums of multiples of 
a, tes opener) tas 
Taking the product of two such numbers, n being made 4 for 
shortness’ sake, we readily see that 
(Aye + Geta + Agtgt Agta) (Byty + Dote+ Ogts+ gta) 

= |@,b2|%yto+ [0105 |%23+ [4104 | tat | A205] te%3+ |A2bg|%eta+ |a3bu|%524, 
whence it follows that if the two numbers be denoted by a, 8, we 
have 


a8 = —Ba, aa=0; 
in other words, that alternating numbers obey the same multipli- 
cation-laws as the units on which they are based. Multiplying 
the product by a third number 
Cyt + Cola + Cotgt Calg, OF y, SAY, 
we have 


aBy = | abe | ty2g03 + | @yboCq | ty%o4 + | @ybgc | %2g%4 + | dgbgCq | ty? 32a. 
Similarly 
aByd 


| Ay doCgdg | tytat gta, 


and 
aBycée = 0. 


The penultimate result is the basis of the proposition that a 
general determinant of the n order can by means of alternating numbers 
be resolved into n. linear factors,—a, proposition from which, as Cauchy 
originally pointed out, all the fundamental properties of determi- 
nants are readily deducible. For example, by reason of the identity 


aBy6 =aB- y9, 
we have 
| ybycgdy | = |@,bg|-|cgdg| — |a,b3|-|cxdg| + | @bg| * | cod | 
+ |@yb3|-|qd,4| — | dab,| * | cd | 


+ | agb4| + | eds , 
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thus showing how Laplace’s expansion-theorem in all its generality 
may be obtained. 

In a historical note (p. 140) Hankel makes definite reference to 
Grassmann and Cauchy, although perhaps too sparingly in the 
case of the latter. 


NATANI, L. (1867). 


(Substitution, lneare. Hoffmann’s Math. Worterbuch, vi. 
pp. 605-685. ] 


The subjects dealt with in this concise article correspond closely 
with those of such a book as Salmon’s Modern Higher Algebra, and. 
about 30 pages of it (pp. 606-637) strictly concern determinants, 
all the results given being carefully formulated. 


REISS, M. (1867). 
[Beitrage zur Theorie der Determinanten. viii+113 pp. Leipzig.] 


It is only the first section of this long and important memoir 
that comes up here for consideration. As its title “ Ueber erweiterte 
Determinanten ’ implies, it concerns theorems of the kind known 
at a later date as ‘extensionals’ and exemplified in the writings 
of Desnanot (1819), Schweins (1825), Reiss himself (1839), and 
others. ‘ 

In the matter of notation Reiss is no longer peculiar. His 
symbolism for a determinant is now professedly the same as 
Sylvester’s, and his mode of specifying a sum of products of pairs 
of determinants is not far removed from that of Schwems. A 
closer imitation of the latter,—whom, by the way, he never mentions, 
—would not have been a disadvantage: and instead of Sylvester 
he might more appropriately have mentioned Desnanot for the 
additional reason just given. Thus, the expansion of a five-line 
determinant in terms of the minors formed from the 2" and 4‘" rows 
and the minors formed from the 1*, 3" and 5'" rows is indicated by 


B) Be 


* (12345) (s,6)(a.4.8.) 


12345 


fa eee 
Gy... 
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24 SON 2 
where, firstly, ( B, 3.) ( BeBe 8.) is the typical product of two com- 


plementary minors : secondly, the accessories to the >) imply that 
for B,, B, are to be taken any two integers from 1, 2, 3, 4, 5; and, 
thirdly, the remaining items are connected with the determination 


of sign. 


In the way of new contributions the first point to be noted is 
that, whereas preceding writers had dealt with the ‘extension’ 
of only special cases of Laplace’s expansion-theorem, Reiss gave 
the full generalization of the theorem. For example, while Des- 
nanot showed that the identities 


| a, b,¢304 o- zs = a,| dycgdg or ye aif — Ay | byCyd4 ee 2H + 8) :<\ ley 
0 | db, || @3b,| — | abs || Goby | + | bq || 4205 |, 


could be ‘ extended,’ Reiss affirmed and sought to show that the 
theorem 


By. -- Bx 
(a ae) iw Sel¥ wee Faas ee 
GA, Ag+++ An Bie ak Biniee 
Gy 2+ - Ay 


was a mere preliminary to 
Br-+ + By 


An Ty +++ Tm 


O,.+.4,, 


and that the like held in regard to all vanishing aggregates of 
products of pairs of determinants. He also takes the further step 
of ‘extending’ that form of Laplace’s expansion-theorem which 
gives es tare 

@, a, 
minors, affirming that if the number of minors in each product 
be r the left-hand member of the identity is 


(en encase ine ee 
Ay Ag.+-. An TT, +++ Tm ony teen 
More important, however, is the fact that having set himself to 


inquire what the left-hand member of Laplace’s expansion-theorem 
would become if each first factor in the right-hand member were 


On 
" ) as an aggregate of products of more than two 
n 


(Gate Dey sada: ed ee ea 
aT ane Tie By <= « Be Ty 2: Tas) Nona = > Cages ee 


DETERMINANTS IN GENERAL (REISS, 1867) 23 


‘extended’ by ‘é Ng s ), he arrives at Schweins’ theorem for 
1 eee ™ 


transforming an aggregate of products of pairs of determinants 
into another aggregate of similar kind (Hist., i. pp. 165-172), and 
then advances to the further conclusion that this theorem also can 
be ‘extended.’ Further, he notes that a theorem of Sylvester’s 
in compound determinants (Hist., ii. pp. 60-61) is an instance * 
of ‘extension,’ and that it may be deduced from Jacobi’s 
theorem regarding a minor of the adjugate. Lastly, he gives 
what he calls an application of Sylvester’s and Jacobi’s theorems 
to functions of the form 


d)2e4 ala, ita: Oa 


where the c’s are determinants, the A’s are coefficients independent 
of the c’s, the e’s are signs, and the function as a whole is, like the 
individual determinants, homogeneous in the elements. Such a 
“doppelt-homogene Function,’ if it vanishes identically, he finds 
has two interesting properties, namely, (1) it may be ‘extended’ 
and still vanish, (2) the identity will continue to hold if the deter- 
minants be replaced by their coefficients in another determinant 
to which they all belong as minors. It is also carefully noted 
that the same properties belong to the difference of two such 
functions if they be identical. 

It is much to be regretted that these theorems of Reiss’ received 
no attention from his contemporaries. His work is not even 
mentioned by any of the German text-books giving bibliographical 
references, for example, Baltzer’s editions of 1870, 1875, 1881 and 
Giinther’s of 1875, 1877. Had it been otherwise, the generalisations 
known as the Law of Complementary Minors and the Law of 
Extensible Minors would have been formulated much earlier than 
they were. 

The second and third Sections of the memoir (pp. 25-99) deal 
with compound determinants, and the fourth Section (pp. 100-113) 
with geometrical applications. 


* As we have already seen, Bazin’s theorem of 1851 is another instance: also 
Chio’s of 1853; indeed the latter may be viewed as an extreme case of Sylvester’s 
(see Hist., ii. pp. 206-207, 80). 
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DODGSON, C. L. (1867). 


[An. ELEMENTARY TREATISE ON DETERMINANTS, with their 
application to simultaneous linear equations and algebraical 
geometry. vili+143 pp. London.] 


This is a text-book quite unlike all its predecessors. Professedly 
its main aim is logical exactitude. In pursuance thereof all defini- 
tions, conventions, axioms, propositions and corollaries are care- 
fully formulated, labelled and numbered : every step in a train of 
reasoning is kept scrupulously separate from its antecedent and 
consequent, and in order to guard against possible contamination 
of the reasoning illustrative examples are relegated to the footnotes. 
Clearness is also sought to be promoted by the use of more than the 
ordinary variety of printers’ type, and precision by the introduction 
of new terms and symbols. One of the latter, namely, 


r\s, 
which is used for the element in the (7, s)" place, is naturally of 
frequent occurrence. The consequence is that the pages, though 
broad-margined and well-printed, present an unwonted and rather 
bizarre appearance. 

Leaving out twenty-two propositions (chap. vVil., vill.) in 
coordinate geometry, we find that there remain forty-eight connected 
with algebra. Of the latter twenty-three (chap. iii., iv.) concern 
linear equations, and thirteen (chap. v., vi.) the evanescence of 
‘blocks’ (that is, arrays), leaving only twelve (chap. i., ii.) devoted 
to permutations and determinants. 

The most important chapters are ili., iv., v., vi., the subjects 
which they concern being treated in more detail than in any previous 
text-book. 

Chapters v. and vi. (pp. 63-75) concern arrays, and are in form 
related to one another as are iii. and iv., which concern equations, 
chap. vi. giving the tests for evanescence of an array just as chap. 
iv. gives the tests for consistency of a set of equations. Chapter v. 
is in two sections, the one dealing with ‘data resulting in evanes- 
cence,’ and the other with ‘consequences of evanescence.’ We 
shall confine ourselves to one proposition of chap. v. and two of 
chap. vi. For this purpose it must be premised that an ‘ oblong ” 


an 
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array is one of length m and breadth n, where m > n: and that the 
lines of m elements are called the ‘longitudinals’ and the lines of 
n elements the ‘laterals’ of the array. The propositions,—which 
should be viewed in connection with Kronecker’s of 1864,—are 
(pp. 67, 73-74) : 

(1) If one of the k-line minors of an array does not vanish, but 
all the minors of the (k+1)" order which include the said minor 
do vanish, then every other minor-of the (k+-1)” order must vanish 
also. 

(2) If an oblong array have one of its secondary minors non- 
evanescent, a necessary and sufficient test for the array itself being 
evanescent is that of its primary nunors each one be evanescent that 
contains the said secondary minor. 

(3) A necessary and sufficient test for an array being evanescent is 
that erther every element of it be zero, or that.two or more of its longi- 
tudinals form an array provable to be evanescent by the first test. 
Proof of part of the second may be given by way of sample. Taking 
the array 

% a Us 
bb, bz 
G% & 
d, d, dz 
6p. ez €5 
with the data : 
| ab, | + 9, 
| a,b,c, | = 9, | 4,524; | = 0, | 4,5,¢3| = 9, 
Dodgson in effect affirms that two magnitudes x and y can be 
found such as to satisfy the equations 
Ac+ayta, = 0 
bet by+ bs = ; 
CL+CgY+ Cz = O- 
dz+dytds = 4 
0). 


Cht CY + es 


For, he says, by reason of data (1) and (2) the first three equations 
are consistent : and similarly data (1) and (3) may be used: and 
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data (1) and (4). The entire set is thus consistent, and the initial 
array consequently evanescent.* 

The freshest of the appendices is the fifth (pp. 128-133), which 
deals with the problem of constructing a determinant of monomial 
elements which will vanish simultaneously with a given algebraic 
expression of two or more terms. Here the fundamental theorem 
is that if in an n-line determinant all the elements of a p-by-q array 
be multiplied by x, and all the elements of the complementary array 
be divided by x, the determinant is multiplied by x***. Taking then 
the determinant 

a b 
de 
g h 
he in the first place divides the (2, 2)" element by itself and multi- 
plies each of the elements of its complementary minor by the same : 
secondly, he divides the (3, 3)" element and multiplies the elements 
of its complementary minor by 7: thirdly, he multiplies the 2"* and 
3™* rows by 6 and c respectively : and fourthly, he multiplies the 


2™¢ and 3" columns by d and g respectively. The result of all 
this is 


af 


? 


GeO ae ae bdi ceg 
de f| = bdi-ceg| bdi bdi df 
dale ceg cdh ceg |, 


where the elements of the determinant on the right are five of the 
terms of the determinant on the left. It is consequently suggested 
to construct from any six-termed expression 


atBt+y+o+tet+é 


* Of course if a 4" column were taken with the additional data 
|ayboe,| = 0, |abod,| = 0, | aybyey| = 9, 
another 5-by-3 array could be proved evanescent: and still another with the data 
|a,boc5| = 0, |a,bods| = 0, |@,bz¢5| = 0. 


We should then have reached a square array, whose 3-by-5 minor arrays we 
could treat in the same fashion without additional data, and so prove that if 
each of the 9 three-line minors be evanescent, of which the non-evanescent |a,bo| is 
a common minor, then all the other three-line minors would vanish. 
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the three-line determinant 


22 gh AK SN aK) 
—e —e y 
—d B —6d ? 
and finding this to be equal to 
be(atB+yt+ée+e— 2”) 
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Dodgson concludes that any expression of six terms such that the 


product of three of them differs only in sign from the product of the 


other three can be expressed as a three-line determinant. 


It deserves to be remarked in passing that although Dodgson 


considers only the cases of a three-line and of a four-line deter- 


minant, it is quite generally true that any n-line determinant can be 
expressed by means of 1+(n—1)? of its terms. Thus, denoting by 


pgrst any term a,b,c,d,e, of the determinant | a,b,c,d,¢; | we have 


12345 21345 32145 42315 
21345 21345 23145 24315 
32145 31245 32145 32415 
| 42315 41325 42135 42315 
52341 51342 52143 52314 


52341 
25341 
32541 
42351 
52341 


| Ay boC3d4¢5 | = 


21345 - 32145'- 42315 - 52341 


or, if we denote by rs the result of performing on 12345 the inter- 
change of rand s, and by 78 - wv the result of performing on 7s the 


interchange of u and », 


11 12 13 14 


Ql Qorl2 21-18 21-14 21-15 


31-12 3lor13 31-14 31-15 


31 
Zi Adee Abel bench lot. 14,4015 
Gio Fie 2 St. 3 51-14 5lorl15 


| a, lg ses a a | Sa ae | a) ih aa aE 


12-138-14-15 
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ECHEGARAY, J. (1868): DAVIDOV, A. J. (1868) : 
“UN ABONNE ” (1868). 


[Memoria sobre la teoria de las determinantes. Memorias y docu- 
mentos (Madrid), viii. pp. 244-444. ] 
[Algebra (in Russian). Moskva. ] 
[Exposé des principes élémentaires de la théorie des déterminants. 
Nouv. Annales de Math., (2) vu. pp. 403-413, viii. pp. 97-113. ] 


The author of the first * of these is said to have considered his 
work little more than a free translation of Trudi’s. The third is 
of no moment. 


HESSE, 0. (1868). 


[Ein Determinantensatz. Crelle’s Journ., lxix. pp. 319-322; or 
Werke, pp. 557-560. | 


The theorem in question is, in Hesse’s notation, that if 


A = | 00°: 2.Onn |, -B = OA/da gg, “P= Yar 3a, * oe 
Aan 
then 
OB OB 
——+P= Bo Yai 
as Odes an eae Oa apr. rv Peitek: 


It is brought forward and established mainly for the sake of the 
case where B = 0, the deduction being that A is then expressible 
as the product of two factors of the form 


(Aydygt Agdag + + +» A AnGing) My bp + Moyet + + + + Mallya) 5 


or, taking without loss of generality p = q = nanda = 8B = n—1, 
that 


OB OB OB oB 
mS ny = {222 | 
Un 1,0—1 Sapa ‘s Bday 2 Papin a's eee 
lay eee ea ana Roe ee 
(a 1 oe ce nee An,9 az + OG, aes Ann-1y : 


* Neither this nor the second have I been fortunate enough to see. 
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We are thus led up to the important fact that when in addition 
A is axisymmetric, the two factors on the right are identical. The 
theorem may consequently be viewed as a generalisation of Salmon’s 
of the year 1859. 

It may be noted, however, in passing that Hesse’s notation rather 
obscures the true character of his result, which is nothing more 
nor less than the simplest case of Jacobi’s theorem regarding a minor 
of the adjugate. For dispensing with differentiation by using 
A,, for the cofactor of a,, in A, we readily see that B is A,,: that 
the first factor of P is the determinant got from B by changing 
the suffix 8 into q, that is to say, is A,g: that similarly the second 
factor is A,,: that OB/Caz, is the cofactor of | a.,4), | in A: that 


= a ce Oda. IS ioe: 
OWag ee OM gpOC nr a v8 
KA 


and that therefore Hesse’s result is 


| Qy4on . - - Gnn |- cofactor of | daaQpq| = ApoAas—AppAay 
7% | AapApn ie 


STUDNICKA, F. J. (1869, 1870) : ZELEWSKI, A. v. (1870). 


[O determinantech. 64 pp. V Praze.] 

{Einleitung in die Theorie der Determinanten. Fiir Studirende 
an Mittelschulen und technischen Anstalten. vi+66 pp. 
Prag. | 

{The Elements of the Theory of Determinants (in Russian). Prag.] 

[Ein Beitrag zur Theorie der Determinanten. 31 pp. Breslau.] 


The German title of Studnicka’s booklet accurately describes its 
character. It consists of an introduction followed by ten sections 
(§§ 1-10) under descriptive headings, each of the last four sections 
dealing shortly with a special determinant by name. The edition 
in Russian, published the same year, I have not seen. 

Zelewski’s so-called ‘ Beitrag ’ is a very simple but very formally 
arranged introductory sketch. 
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TRZASKA, W. (1870). 


[Krotkie wiadomosci 0 wyznacznikach. Appendix to Folkierski’s 
Zasady ruchunku rdézniczkowego + calkowego.... Tom i. 
xlvi+1087 pp. Paris. ] 


Trzaska’s ‘short account of determinants ’ extends to forty-nine 
pages (pp. 1031-1079), and, as is appropriate enough in a book 
dealing with the Differential Calculus, a considerable share of space 
(pp. 1059-1075) is devoted to ‘functional determinants.’ It is 
followed by a collection of seventeen exercises (pp. 1080-1087). 


BALTZER, R. (1870). 


[Theorie und Anwendung der Determinanten. 3te verbesserte 
Auflage. vi+241 pp. Leipzig.] 
In this edition the ‘Theorie’ is enlarged to the extent of four 
or five pages. One interesting addition (p. 31) is a simple deduction 
from the identity 


dj—-L Ay as 
b, by—y bs 
Cy Co | C3—2 
= —xyZ+ ayyz+ byzr + csry 
— | byeg | @ — | Cyt | y — | a,b, | 2 + | a,Does |. 


Putting x, y, z equal to the sums of the a’s, 6’s, c’s respectively, 
we have 
0 = —2arbrXc+ a,Xbdc+ b,2cla+czLaXb 
— |%4b,| Zo — | B,cg| Za — | esa, | 2b + | a,bees |, 
a result which, notwithstanding Baltzer’s different standpoint, we 
may view as a generalisable relation between the coaxial minors 
of the determinant | a,b,c,| and the sums of its rows. 
Another addition (§5. 8, pp. 46-49) concerns the result of the 

substitution which is possible when we have given 

Ty, %%, . se, linear functions ofiay’ cig ee. 

ay’, 5’... , Ww, linear functions of a’ parts fae; 
and so on. The subject, however, belongs more naturally to the 
theory of matrices (see § 11 of Cayley’s memoir of 1857). 
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UNTERHUBER, A. (1870): HOUEL, J. (1871): MAURER, F. (1872) : 
UNTERHUBER, A. (1872). 

[Einleitung in die Theorie der Determinanten. Leoben.] 

[Notions élémentaires sur les déterminants. Paris. (Lithographed.)] 

[Grundziige der Determinantenlehre. Budweis.] 

[Ueber Determinanten. 14 pp. Leoben.] 


The second of these accurately describes itself, and the others 
are school-programs of the simplest type. 


CAYLEY, A. (1871). 


[Question 3329. Educ. Times, xxiii. p. 261, xxiv. p. 17; or Math. 
from Educ. Times, xv. pp. 66-67. ] 


The requirement here is to show that every permutation of 12345 
can be obtained by means of the cyclical substitution (12345), and 
the interchange (12); and it is met by giving the equivalents of 
other interchanges in terms of the said two operations, K and a 
say. For example, the interchange (15) can be effected by per- 
forming in succession the six operations K, a, K, K, K, K, or, as 
this is written, 

(15) = K*oK. 7 
Similarly (13) =, oKaK4a = eK*akKeK =. 5, ., 
the variant forms being due to the facts 


K6 =1, a? =1, (Ka) = 1. 


BRILL, A. (1871). 


[Ueber diejenigen Curven eines Biischels,.... Math. Annalen, 
il. pp. 459-468. ] 


_ Brill has incidentally to consider an identity which is the case 
of Schlafli’s theorem of 1851, in which n, r = 3, 2, that is to say, 
the case which gives a six-line determinant, A,, say, as the equiva- 
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lent of | a,b,c, |‘. The said determinant he multiplies row-wise 
by 2 | Bic. | -| byc5 | + | Bsc, | in the form 


| 1 : : : f 
af : 
2 : 1 ; A s 
2 | byes | : 2 , | Byco | | Byer | 
2 | dec, | : | bic» | : | bees | 
2| byco| | Bsc, | | Bees | 


obtaining a determinant equal to 


2 | a,byc; |* - 


b2 b2 b,? | 


2 2 2 
Gy Ce C3 


G6). Oe ,.8b5e, 


and, as the last three-lie determinant is equal to 


| B,c2 || byes |* | Ose |; 
the desired object is obtained. 


JAROSENKO, S. (1871). 
[Teorija opredélitele] i jeja prilozenija. I. Teorija opredélitelej. 
xii+159 pp. Odessa.] 

This text-book, which has almost the same title as Sperling’s of 
1858, contains a very full account of the subject, the fullness being 
possible by the allocation of so much space to the theory alone. It 
opens with a historical introduction of ten pages, and then follow 
three chapters (pp. 1-74) on determinants in general and other 
three on special forms, that on Compound Determinants (chap. iv.) 
being more than ordinarily full. 


CALDARERA, F. (1871). 


[Nota su talune proprieta dei determinanti, in ispecie di quelli a 
matrici composte con la serie dei numeri figurati. Giornale 

di Mat., ix. pp. 223-232.] 
Caldarera’s fundamental theorem is Chio’s of 1853, regarding 
the reduction of the order of a determinant, and is established in 
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essentially the same way. The only difference is that Caldarera 
takes q = p from the outset, and insists on the importance of the 
theorem in evaluating axisymmetric determinants, and in reaching 
such a result as 


a atd a+26 a+36 
a 2a+éd 3a+36 4a+66 ...|_ , 
| a 3a+6 6a+46 10a+106 
| . . . . . . . . . . . 


which, of course, is easily obtained otherwise. 


BOURGET, J. (1871). 
[Des permutations. Nouv. Annales de Math., (2) x. pp. 254-268.] 


This resembles in subject the first part of Rothe’s paper of 1800 
(Hist., i. pp. 55-60), the main difference arising from the adoption 
of a different principle for determining the order in which the n! 
permutations of the first integers have to be arranged. The 
order followed is Bezout’s of 1764 (Hist., i. p. 15), namely, when 
n is 3, 

123, 132, 312, 213, 231, 321, 


instead of 
123, 132, 213, 261, 312, 321. 


It has no advantage save that the r'” permutation from the end 
is obtainable from the r” permutation from the beginning by 
reversing the order of the integers, a fact to which Bourget does 
not refer. A new definition of ‘ conjugate’ permutations is intro- 
duced which entails the equivalence of conjugate and reverse, and — 
which therefore, unlike the old, does not permit of the interesting 
idea of self-conjugateness. The fact, too, that the total number 
of inverted-pairs in a permutation and its now so-called conjugate 1s 
4n(n—1) becomes self-evident when we change the word ‘con- 
jugate ’ into ‘reverse.’ The paper concludes with an investigation 
of the problem of finding the number of permutations which each 
have 6 inverted-pairs, the result being practically successful although 
a general difference-equation is not obtained. 
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BECKER, J. C. (1871). 


[Ueber einen Fundamentalsatz der Determinantentheorie.  Zevt- 
schrift f. Math. u. Phys., xvi. pp. 526-530.] 


This is a well-reasoned and clearly written criticism of Salmon 
and Baltzer for laxity of thought in their treatment of the pro- 
position regarding the interchange of rows and columns. At the 
close the critic brings matters to a point by formulating for proof 
the theorem : 

If the elements taken to form a term of a determinant be first arranged 
so that the row-indices are in their natural order, the unsigned result 
being 

Qj AoyAg Bay -- -, OF A, say, 
and afterwards arranged so that the column-indices are in their natural 
order, the unsigned result being 


AyMyAesAog +. +», OF B, say, 
then the number of inverted-pairs in x, y, Z, W, ... . ws the same 
asin &,, & 0, .- 
As his own contribution he shows that the two numbers are at 
least of the same kind as regards influence on the sign. In effect 
he says that if one of the interchanges requisite for the transfor- 


mation of A into B be the interchange of a, and a,,, and this be 
performed, the double set of indices will be changed from 


CaO Recital! se 1 ee sore 


and the number of inverted-pairs being thus increased or diminished 
in each set by an odd number, the total number in the two sets 
will be increased or diminished by an even number. Further, the 
like being the case for every such interchange it follows that the 
number of inverted-pairs in the first double set 


be 


TPQ IS 4 Gees 


will differ from the number in the last derived double set 
lL tp abide Vere 
iy 8G Oomabs 
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by an even number, and consequently the sign determined from B 
will be the same as that determined from A.* 

We note for ourselves in passing that 2, y, z, w,....and €, », 
¢, , .... are ‘conjugate’ permutations according to Rothe’s 
definition of 1800. (Hist., i. pp. 59-60.) 


HESSE, O. (1871, 1871, 1872): HATTENDORFF, K. (1872). 


[Die Determinanten, elementar behandelt. 11+46 pp. Leipzig.] 

[De Determinanten, elementair behandeld door Dr. O. Hesse. In 
het Hollandsch overgebracht door Dr. F. van Wageningen. 
iv+48 pp. S’Gravenhage. | 

[Die Determinanten, elementar behandelt. 2te Auflage. ii+48 pp. 
Leipzig.] 

[Einleitung in die Lehre von den Determinanten. xii+60 pp. 
Hannover. | 


In October 1870 the theory of determinants was included among 
the subjects prescribed to be taught in the Bavarian real-gymnasia, 
and Hesse sought to supply the want which thus arose for an ele- 
mentary text-book. In his Analytische Geometrie des Raumes he had 
already devoted a lecture to the subject. (1* ed. of 1861, pp. 72-83 : 
24 ed. of 1869, pp. 79-99.) As might have been expected, his new 
exposition is in its way excellent, twenty pages being devoted to 
linear equations and alternating functions, and the rest to sixteen 
carefully formulated propositions regarding determinants. It is 
more suitable, however, for teachers than for gymnasium pupils. 

Hattendorff, on the other hand, aims at keeping the wants of 
the young student constantly in view, and therefore assumes less 
at the outset, advances more slowly, illustrates more fully by 
examples, and does not neglect to give numerous exercises for 
practice. 


BRILL, A. (1871). 
[Ueber zwei Beriihrungsprobleme. Math. Annalen, iv. pp. 527-549. | 


Brill, in the discussion of his geometrical problems requires the 
aid of two theorems regarding determinants, and to these at the 


* A variant of this proof was afterwards given in the second edition of Délp’s 
class-book (p. 18, 1877). 
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outset he consequently devotes a separate section (§2, pp. 530— 
533). 

The first theorem may be formulated as follows: If two arrays 
C and D, each consisting of n—1 rows and n columns, be so related to 
one another that in every case the product of the x” and every succeeding 
row of © by the r* row of D vanishes, then the principal minors of 
the last k rows of C are proportional to the principal minors of the 
first n—k rows of D, the series of minors in the latter case being arranged 
in reverse order. Taking for shortness’ sake the case where n is 5 
and kis 2, the arrays being 


Gyn ee eee Oe 
b, b ... 5 Y Yo ---+ Ys 
Cie Ge ae ee The eran eS 
Or cteaxenen On Wr: Warts '> idles 


and the given relations therefore representable by 

Dax'="0; 

Lobe ="0, *Sby ='0; 

Ler = "0.= ey. =" 0, tz = 30, . 

Laz = 0, 2dy = 0, 2dz = 0, dw = 0, 
we append 1 row to C and prefix k rows to the first n—k rows of 
D, thus obtaining the square arrays whose determinants are 

| a,becsd es |, | myer sy 42s |. 

By the multiplication-theorem the product of these 


Zam Lan . Lay Laz 

Lom hn . Aes pe 
=|2em Zen. ‘ - 

2dm Xdn . : Bias 

Lem Len Len Ley Lez | 
= Lexr-Lay>Lhe-| Dom en 

Xdm Xdn 
= Lex - Lay: Ubz*|| c, Cy Cy Cy Cy M, Mz Mz Mg Mz | 
| dy dy ds dq dz | Mm Nz Ny Ny Ng | > 


from which, by equating the cofactor of | mn,| on the one side 
to its cofactor on the other, we obtain the desired result. 
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The second theorem concerns what may be called in imitation 
of Dodgson (1867) the ‘coevanescence of arrays. We may 
enunciate it for ourselves thus: C and D being a pair of arrays 
conditioned as in the previous theorem, and I’, A a similarly related 
pair, uf an array composed of the last n—k rows of C and the last 
k+1 rows of I’ be evanescent, so also is the array composed of the 
first k rows of D and the first n—k—1 rows of A: and conversely. 
The proof turns on postulating a set of linear homogeneous equations 
IM 2%, Ug, . . . , Un, Whose coefficients form the given evanescent 
array. 

In connection with the proof of the first theorem it is important 
to note that when ascertaining on the left-hand the cofactor of 
| m,n, | there is a sign-factor to be attended to, namely (—1)'*?**+* 
It would therefore be an improvement to append to the enunciation 
of the theorem the words “and the members of one of the two series 
being signed.” Thus, what is actually established above is that 
if the product of each row of 


by each row of 


be zero, then 
| Gas | La | od | — eed 
EAA | LY 42s | 


RASCHI, L. (1872). 


[CoMPpLEMENTI D’ ALGEBRA, contenenti fra I’ altre materie il 
metodo dei determinanti e frequenti applicazioni dello stesso. 
x+456 pp. Parma.] 

The contents do not belie the subtitle. At the outset (pp. 16-81) 
an exposition of determinants is given, and throughout the rest 
of the volume frequent use is made of them. ‘The, subjects to 
which they are applied and the manner of application recall 
_ Trudi (1862). 
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COTTERILL, T. (1872). 


[On an algebraical form, and the geometry of its dual connection 
with the polygon, plane or spherical. Proceed. London Math. 
Soc., iv. pp. 139-143.] 


The mainstay of the paper is a proposition regarding certain 
principal minors of the array, 


hoy fy % Ob Gwe. Mm 
Ey Por Ga Oye Cy. =) Mle Mo 
ts Us Ys G3 ds Cg ... Msg Nz, 


namely, that the expression 


1 | | t42b5 | Tene Sie | E7797 | | ty | \ 
|t,%543|\|ay%eyg| | Orreys| | myitays | [7245] en | 2054s | 
is independent of the ¢’s, and that, by substituting in it the 
fourth or any succeeding column for the first column, various 
forms of the t-free equivalent are readily obtained. No proof is 
given. 

Denoting any principal minor of the array by the numbers of the 
columns which it contains, we may write the simplest case of the 
expression in the form 

1 f 145 156 164 | 


123 493-5937 523 - 623 ' 623-493 


and this being equal to 
(145 - 623 +156 - 423 4.164 - 523)/(123 - 423 - 523 - 623), 


we can substitute for the dividend Sylvester’s equivalent of 1851, 
namely, 123 - 456, with the result 


456 
423 - 523 - 623’ 


which, besides being free of 1, is also exactly what is obtained by 
simply putting 4 for 1 in the expression as given. 
In the next case of the expression the cofactor of 1/123 beg 


145 156 167 174 
493 -523 * 523 - 623 * 623 - 723 * 793 - 423 ” 


= 


— 
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we add to and subtract from it 164/(623 - 423), thus obtaining 


145 156 164 167 174 146 
(93 523 523-623" 623-493) 7 (a3 793 + 793-493 ' 493 - 8) 


the division of which by 123 we know from the previous case to give 


456 674 
423 - 523 - 623 * 623 - 723 - 423° 


In similar manner we find 


{1a ot 16. Sa t6T* 178 184 | 

123 | 423 - 523 * 523 - 623 ' 623-723 * 723-823 ' 823 - 423 
Biba 28 oe ipet mas 40 478 
493-523-623 ' 423 - 623-723 * 423 - 723 - 823" 


The right-hand member in both cases is got from the left by the 
substitution of 4 for 1. 


STUDNICKA, F. J. (1872). 


{Kin Beitrag zur Theorie der Determinanten. Sitzwngsb. . . . bohm. 
Ges. d. Wiss. Jahrg. 1872, pp. 78-80.] 
[Nove poutky o determinantech. Casopis pro péstovint math. 
a fys., 1. pp. 203-206. ] 

Studnicka performs on any determinant A the two sets of 
operations which Hankel (1861) performed on the persymmetric 
determinant. For ourselves we may put the result in the simple 
form 


Kua oAU; 
where (be i | 
—1] ee 
Je—2_ 
—]}  «3,—3 1 


Specialization is then made so as to obtain Hankel’s result,* 
~ and to show that | a°b'c? . . .| is equal to the difference-product 
OPO, 0; G5. « 


* See also Nouv. Corresp. Math., ii. p. 401, vi. pp. 231-232. 
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SIACCI, F. (1872). 


[Teorema sui determinanti, ed alcwne sue applicazioni. Aiti . . 
Accad. . . . Torino, vii. pp. 772-783. | 


[Intorno ad alcune trasformazioni di determinanti. Annah di 
| Mat., (2) v. pp. 296-304. 


In reality these two papers deal with the same theorem, the second 
paper being an improvement on the first and containing two or 
three fresh deductions. 

The theorem concerns one of that class of determinants whose 
every element is a constant function of the corresponding elements 
of two given general determinants, the exact connection in this 
case being that the new element is the sum of constant multiples 
of the parent elements. This is the same as to say that if 


| agenesis [Diy aie Ope | 


be the basic or originating determinants, the new composite 
determinant is 


| (Adeeb) «6 + AGnn ee Onn) |- 


In his first paper Siacci partitions the new determinant into a 
series of determinants with monomial elements, and thence obtains 
an expression for it arranged according to descending powers of A, 
the coefficient of \” being |a,,| or A, say, the coefficient of u” 
being | b,, | or B, say, and the coefficient of A”-"u” being a sum of 
determinants each composed of n—7 columns from A and r columns 
from B. Proceeding further with the coefficients of the latter type 
he substitutes for each determinant in them a sum of binary pro- 
ducts, one factor being a minor from A and the other a minor from 
B. In this way the coefficient of \"-"u" is found to be obtainable 
by taking each (n—r)-line minor of A, multiplying this by the 
complementary of the corresponding minor of B, and adding the 
products. There being one product for every r-line minor of B, 
the total number would be {C,,,}?. For example, when n is 3 
the coefficient of \2u is 


(| 1422 |, —| Guts |, — | Gorse | )) bss, bes, bys 


) 
| A493 |, | M43], —| dors | Ose, bee, bys) 
) 


rg 


an | M2231, —|Uetis|, | Geass | ) bs, bo, 041). 
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Siacci’s mode of writing the general expansion in symbols is 

ATA, +A" - >) (An: comp B,_,) + A®-2u?2- >)(An_g- comp B,,_) 
+... +m"B,, 

where A, means an r-line minor of A and where therefore A,, means A. 


With this auxiliary result in his possession he has no difficulty 
in proving his main theorem, namely, the identity 


| (A@yt+eby) . © - (Adan+ edna) | 
wan (pan) tp 


or, as we may formulate it for ourselves, If P be Siacci’s composite 
determinant formed from the matrices of A and B, and Q be that simi- 
larly formed from the reciprocals of the matrices of B and A, then 
Po AB-(). 

All he has to do is to show. that the coefficient of A"-"u" in P 
is AB times the coefficient of A”-"u” in Q, and this he obtains by 
using Jacobi’s theorem regarding a minor of the adjugate deter- 
minant. 

In his second paper he views P as the eliminant of the set of 
equations 


r=n 


dnt mba) t «+ Aden + Hb en) = o} 


arising from the two sets 


r=1 


r=n 
By Dy + Apyb, +... TApnly = My } 
r=1> 


r=n 


By), + Dyoly +. - TF Opnhn = — du} 


r=1? 
and he succeeds in deriving from the same two sets, by equating 
values of x,, the set 


(wat a Bet... +(e AAS) ug =o} 


of which Q is the eliminant. As the resulting equations P = 0, 
Q = 0 must have the same roots, he concludes that P and Q are 
connected by a constant multiplier, and taking the special case 
r\ = 0 he finds the multiplier to be AB. 
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Incidentally to this proof it is shown that 


phytr hip Ef 3 Ak tu Kis sae 
Pe Ae he Wikies Nate 1G) ==s | Caelcee ee oy 
. where A 
<a An Ary gael) 
line i “A Dy + Deo Bho 04 A Daas 
eee B Bro Dra 
and ie = ae ds + RB gy + Pues oe Asn » 
and where therefore 
B A 
hp A? ee atl =e B 


Putting f(u) for P when \ = 1, and multiplying f(u) by the 
expression which the theorem gives for f(—«), Siacci readily obtains 


Flu) fl-m) = ABS hy —Ieyy? © Man Ian? 
= MgB Ita Heat? 
Ni 2 bake soe Nan nn 


where the h’s and k’s are such that 
Rp Rap cate potas ot Rra lene aly 
lpi keys te Rylbog sh ets te Reakense = uO. 
The remaining portions of the two papers are occupied with 


deductions, some of which fall under Orthogonants and one under 
Recurrents. 


STUDNICKA, F. J. (1872): WALKER, J. J. (1872). 
[Novy dukaz poucky o pomerech mezi pivodnimi a predru%enymi 
determinanty a subdeterminanty. Casopis pro pestovint math. 
a phys., i. pp. 6-10. ] 
[Question 3690. Hduc. Times, xxiv. p. 296; or Math. from Educ. 
Times, xvii. pp. 110-111.] 

Studnicka’s so-called proof of Jacobi’s theorem regarding a 
minor of the adjugate is only suggestive of the truth : and Walker’s 
identity is that which began to appear with Monge in 1809, and which 
came later to be known as the ‘ extensional ’ of 


| a,b, || ed, | — | aye || Bya, | + | aydy || Byes | = 0. 


DETERMINANTS IN GENERAL (MUIR, 1872) 43 


MUIR, T..: WHITWORTH, W. A. (1872). 


[Extension of a law of determinants. Messenger of Math., ii. 
pp. 60-61, 80.] 

Whitworth’s further extension is that 2f in an n-line determinant 
A there be a p-by-q array, each of whose elements contains the factor 
a, then A must contain the factor u?*{-": and the reason is that if 
we multiply by a each of the n-p rows outside the array we obtain 
a determinant in which q columns contain a. The theorem should 
be compared with Dodgson’s of 1867. 


ALBEGGIANI, M. (1872). 
[Sviluppo di un determinante ad elementi binomii, ed applicazione 
Giornale di Mat., x. pp. 279-293.] 
The determinant dealt with is 


| (C1111 + 441011)(Coolo-+ Fapbo2) - » + » (Cannnt+dnnPnn) |; 
and the development is written in the form 


(n) (n-1) , (1) <1 , (n—2) , (2) (n) 
ae ew Ae TA eas Pl RAL 


where A’, A'”’ are p-line minors formed from 
| Cyr * Co9%y2 - - - Cnntnn| and | dyby*dapbeo . . - InnDan| 


respectively, subject to the condition that in such a product as 
(p) , (a) 


A, A, , where p+q = N, 
the two minors are understood to be complementary as regards 
the rows and columns from which they are taken. The result is 
thus closely like that reached by Siacci earlier in the same year. 
The remainder of the paper (pp. 285-293) is occupied with the 
deduction of four results of Siacci’s set as ‘ questions’ on p. 188 
of the same volume (see under Orthogonants). 


FONTEBASSO, D. (1872). 
[I primt ELEMENTI DELLA TEORIA DEI DETERMINANTI, e loro 
applicazioni all’ algebra ed alla geometria, proposti agli 
-alunni degli istituti tecnici. viii 134 pp. Treviso. ] 
Fontebasso’s aim was a text-book simpler still in style than 
. Trudi’s ; but though he reached it there is nothing very praiseworthy 
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in the result of his effort. It is strange, for example, to find in the 
short opening chapter valuable space given to two unnecessary 
though interesting theorems regarding derangements while skew 
determinants and other important special forms are nowhere 
mentioned. The theorems in question are 
1. The total number of derangements in the n! permutations of the 
first n integers 1s ¢}(n—1)n-n!. 
2. The total number of derangements in the n permutations got by 
permuting the first n integers cyclically 1s 4(n—1) n(n+ 1). 
Save for a very special persymmetric determinant there is 
nothing else worth noting. 


GUNDELFINGER, S. (1873). 


[Ueber einen Satz aus der Determinantentheorie. Zeitschrift f. 
Math. u. Phys., xviii. pp. 312-315. ] 


The theorem in question may be said to concern the ‘ increment ’ 
produced on the product of two oblong arrays by prefixing to each 
a column of units. It being understood that the given array 
consists of m rows and n columns, the said increment 


La Og O 1G, dp ay! Gy Ag... Ay Oy) Ogres 

1 2 be "i166 sea SFIS bbs... Be tl Broome 
| 1 cy ey... Cn | B Lecmarecal G. C5. 0 Cx Va Voss 

1+ 2aa (ease MeSiy Soe Yaa YaB Lay 

1+2ba 14+268 1+2by ...| | Sta 2bB Dy 

1+2ea 14+2ce8 14+2cey ... LCi eG Cy, 
—|. 1 1 1 

1 Yaa 2B ay 

1 Dba . 208 Zby 

1 Xena XB XMey 


m+1> 
where 2aa stands for a,a,+ da,+ ... +@na,. This agrees with 
the result obtained in a different way by Sylvester in 1852 where 
nm = m—1, and where, therefore, the product of the given arrays 
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vanishes and the enlarged arrays are square (see Hist., ii. p. 122). 
All that is further done is to change it into 


(-—1)™ : l 1 1 
Qm-1 : 

1 Y(a-a? S(a-—ByP Ya-yyP 
1 Y(b-a? Lb—By Wb-yy 
1 Ye-a? We-BP Te-y!P 


m+1 
exactly in Sylvester’s fashion. 

It is noted that when n < m—1 the product of the enlarged arrays 
also vanishes, so that the left-hand member is0. Attention, however, 
is not drawn to the fact that when n = m—2, we are led to Cayley’s 
results of 1841. For example, when m = 3 and n = 1, we have 

: 1 1 1 
» {2 @—a? (@-BP (yy? 
1eibea! UO —-BE by) 
Lote aay (eo Py ey), 
which becomes Cayley’s first result on putting a, 8, y = a, 6, ¢. 

Gundelfinger claims that his theorem and corollaries embrace 

most of the results contained in Baltzer’s § 16, § 17. 1-7. 


CATALAN, E. (1873): GAYLEY, A. (1873). 
[Sur un déterminant. Mélanges Math., i. p. 141; or Mém. Soc. 
R. des Sci. (Liége), (2) xiii. p. 141.] 
[Two Smith’s prize dissertations. Messenger of Math.,ii.pp. 147-149. ] 
Both unimportant. 


HAMBURGER, M. (1873). 
[Bemerkung iiber die Form der Integrale der linearen Differential- 
gleichungen mit verinderlichen Coefficienten. Crelle’s Journ., 
Ixxvi. pp. 113-125.] 
On pp. 115-117 Hamburger deals with a lemma regarding four 
sets of quantities, 
Yr Yor + + + 9 Yn Ly, La, + + + y Um 
UREEUP ONO need i eSiat-a. ows 
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in which any member of any set is a linear homogeneous function 
of all the members of any other set. Of course, it is impossible 
that more than three connecting sets of equations can be inde- 
pendent. For example, if it be given that 


(1, Yo, Ys)=(1, ly Ty 2a, Le, 3), (Mm, Nes 73) =( @y Gy dg YY1> Yas Ys)» 


| My, Mz Ms by by bg 

Ny Ny Ng Cy Cg Cg 

(m; UPD N3) = ( Ay Xe As » &1, £5 £3), (4, fo; E)=( fi Sof Vay, L5 Ls), 
My Me Mg J1 9293 | 
Vy Ve Vg hy hg hs | 


it is evident that there must exist between the coefficients the 
matrical relation 


(a a a ly ley bettie ta Ags & tea feeaton 
b, b, bg || m mM, ms M1 Me Ms | 91 92 Is 
Cy Cy C3 Vy Vg Vs || hy hg hs 


| Mer Ra eg . 
Now, what Hamburger in effect says—he does not use Cayley’s 
notation *—is that, if the third matrix in this last identity be the 
same as the second, then 


a,—O Qs a3 ji—9 Je hs 
by b,—0 bs = 1 =92—0 Is 
CQ Co C3—0 hy hy h,—0 


for all values of 6. By ‘way of proof it is pointed out that in this 
special case the matrical relation becomes 


Fe. ht 


(4G, Gg A M% Gs % % a3) (hb Lhe Lh | 
lL m, m |p My M 13 Mg Ng Ai nh fe Gon fs 9s hs 
b, b, bs b, bz bs by bz bs M, Mz M3 MM, M3 My, My Ms 
L mm |, my nm Izy mg fi In fags tn fs G5 hy 
G% Cg Ge Cg G& & Cs Mm My NM MN NM Ny My Ny Ng 
L m ™m t mm 13 Mgnz it Gt fo Go ta “Fa Gs tes 


* See Hist., i. pp. 85-87. 
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this being Cayley’s way of stating nine equalities of the type 


of hs Tne l, ly ls 
hmm fy 9 hy’ 
On account of these equalities it is next seen that 


1.€. Al, + am, + agsn, = fy + bg, + shy. 


a%—0 a, dg ||,  b l, 1, ls | fi-9 ft Is 
b, 6,—@ bs |+\ my mms} = | My Mm, Ms esi Gs —-o Os 
Cy C, C3—0 NM Ng Nz } Ny Nz Nz | hy he hs—9\, 


so that, if |lm,n,| be not equal to 0, it follows that 


| %4—O a, a3 ' fi-8 te ts 
| b, . b—@ bs =e ae ie ec eee 
ao Co.  C,—0 hy h, h,—@ |, 


as desired. Another way of stating the property is that the sum 
of the r-line coaxial minors of the one determinant is equal to the 
corresponding sum in the other; and a third way, only possible ten 
years later, would be: Jf m,, m,, u be matrices such that 

My = “LMNs, 
then m,, m, have the same latent roots. 

A second property is also enunciated and proved, namely, that 
if in the case of the one determinant all the r-line minors vanish for 
a particular value of 6 while all the (,—1)-line minors do not vanish, 
the same holds in the case of the other determinant ;—in later 


phraseology, the ‘rank’ or ‘characteristic’ of the two determi- 
nants is the same. 


RUBINI, RB. (1873): HESSE, O. (1873). 
[Tratrato D’ AtcEBRA. Parte seconda. viii+364 pp. Napoli.] 


[I Determinanti, elementarmente esposti. Traduzione del Valeriani 
Valeriano. Guornale di Mat., x. pp. 217-229, 325-342. Also 
published separately. ] 

The chapters in Rubini regarding determinants (i.-xu., etc.) 


contain essentially the same matter as his text-books of 1864— 
1867 above referred to. 
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JANNI, V. (1873). 
[Sul prodotto di due matrici. Giornale di Mat., xi. pp. 357-358.] 


The mode of proof which Bellavitis (1857) applied to the multi- 
plication of two three-line determinants Janni applies to the multi- 
plication of two y-by-n arrays,—that is to say, he begins with the 
product-determinant and investigates the result of the partition- 
ment of it into a sum of determinants with monomial elements. 


GORDAN, P. (1873). 


[Ueber den gréssten gemeinsamen Factor. Math. Annalen, vii. 
pp. 443-448. ] 


If we return to Brill’s second paper of 1871, we shall find that in 
proving his first theorem for the case where & = 2, we did not use 


the datum 
d}dw = 0, 


and we used unnecessarily the data 


Sac =0, Sobre =0, Shy 


A little examination will also show that for each case a different 
selection of data must be made, and that in fact the theorem as 
stated gives the aggregate of the data requisite for all the values 
of k. Manifestly there would be considerable advantage in recasting 
the theorem so as to have indicated the exact data requisite in 
each case; and this is what Gordan here does. In effect, what he 
says is that af an r-by-n array P and an s-by-n array Q be such that 
r+s =n, and the product of each row of the one by each row of the 
other be zero, then the r-line minors of P are proportional to the s-line 
minors of Q, the series of minors in the latter case being arranged in 
reverse order, and the members of one of the two series being signed. 
The concluding condition of this does not appear in the original, 
but it is necessary, as we have already shown. No proof is 
given, but it can of course be readily effected in the same manner 
as before, namely, by annexing any s rows to P and any r rows 
to Q, and then multiplying together the two resulting square 
arrays. 


0. 
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In illustration of one of Gordan’s applications we may note that 
if a, 8, y be the roots of the equation «+ ¢,a?+¢,0+c, = 0, then 


j Rees ee aay oe and Goan et 
Sqr 1 
rate mwa 
are two arrays conditioned as in the theorem, and therefore that 
1 oi ee Cae Co weber s 
Ja7Bry?| — [aR] a8B?y°] | a8 By" |” 


—one of the oldest properties of alternants. This suggests, too, 
that the solution of a set of simultaneous linear equations is in- 
volved in the theorem ; for example, the satisfying arrays being 


Oy Hag 5 8g BMPS Bs VO 
EER PT 
‘ epite C204 
we obtain 
x sere oat depen Zz eh) 
| tybye, | | @ydgeg| | yDaty | | yes | 


WISSELINK, D. B. (1873).* 
[lets ovER DETERMINANTEN. 38 pp. Deventer.] 
A simply and clearly written introduction well-printed on a large 


broad-margined page. It is the first instance—not a translation— 
of the subject being dealt with in the language of Holland. 


DOLP, H. (1873): REIDT, F. (1874). 

[Diz DeETERMINANTEN, nebst Anwendung auf die Lésung alge- 
braischer und analytisch-geometrischer Aufgaben. Hlementar 
behandelt. iv+94 pp. Darmstadt.] 

[VoRSCHULE DER THEORIE DER DETERMINANTEN fiir Gymnasien 

und Realschulen. vi+66 pp. Leipzig. ] 
These are workmanlike elementary class-books. The first is a 
particularly clear exposition, higher-pitched in its style than Hatten- 
dorff’s : the second is a trifle more elementary even than the latter, 


* No date on title-page. 
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giving much space to easy unworked exercises, of which there are 
over 200. As regards the arrangement of matter the second is 
superior. 


STUDNICKA, F. J. (1873). 
[Prispévek k theorii determinantu. Casopis pro pestovint math. 
a fys., Wu. pp. 282-285. | 
[Ein neuer Determinantensatz. Sitzwngsb.... . Ges. d. Wiss. 
(Prag), Jahrg. 1873, pp. 342-344. ] 

These two papers are practically the same, although the one is 
not an exact translation of the other. The theorem referred to 
in the title of the second is to the effect that of the difference of any 
two rows be a multiple of the difference of any other two, the determinant 
vanishes; and the generalization derived from it is of still less 
moment. It may perhaps be usefully compared with Dodgson’s 
sixth proposition regarding the evanescence of arrays. 


BALTZER, R. (1873). 

[Mathematische Bemerkungen. Berichte... Ges. d. Wiss. (Leipzig), 
XXv. pp. 523-537. ] 

The seventh of Baltzer’s notes derives Bezout’s result 
|a,b5¢5|*|debsea] — |aebscg|-|beca] + ..-.- = 0 

from the more readily perceived identity 

 [absc5] a, 8 

[4bsCg| a, dy ey 

[haben kas 0 


| hegbee ay esl 
The ninth note, while seeming to concern a different and less 
simple thing, is really occupied with an analogous identity, namely, 
| Mbycad ges | >| Uyrecsdaes| = | ubycgdyes | - | ayrocgd yes 

— | dytloe sh yes | - | Vidcat aes |, 
first given by Desnanot in 1819 (Hist., i. p. 141, G). The eighth 
note concerns Gundelfinger’s paper of the same year (1873), the 


chief object apparently being to register a counter claim in favour 
of his own, § 16, 12. 
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JANNI, V. (1874). 
[Dimostrazione di alcune teoremi sui determinanti. Gtornale di 
Mat., xi. pp. 142-145.] 


Janni’s theorems, though all simple, are treated with freshness. 
His first is that dealt with very shortly by Bellavitis in § 15 of his 
Sposizione of 1857 (Hist., ii. pp. 94-95), his proof resting on the 


fact that, for example, when | a,b,c,| = 0, we not only have 
b,A,+b,A,+b,A, = 0, 

and cA, +ce,A,+c,A, = 0, 

but also a,A,+a,A,+a;,A, = 0. 


Following on this are other properties of a null determinant 
established in his own way. He then proves Hermite’s conden- 
sation-theorem (Hist., ii. p. 46), deducing thence the corollary that 
of all the two-line minors of a determinant be divisible by the same 
quantity, any ma-line minor will be divisible by the (m—1)” power 
of the quantity, and deriving therefrom the two main properties 
of the adjugate. His last result is that a determinant is not altered 
by changing the sign of every element whose place-indices have an odd 
sum, this change being equivalent to changing the signs of the 
even-numbered rows and thereafter the signs of the even-numbered 
columns. , 


KRONECKER, L. (1874). 

[Ueber Schaaren von quadratischen und bilinearen Formen. 
Monatsb... . Akad. d. Wiss. (Berlin), Jahrg. 1874, pp... . , 
214-215, . . .; or Werke, 1. pp. 165-174. | 

Using the simplest case of Jacobi’s theorem regarding a minor 
of the adjugate Kronecker makes a deduction, of which it will 
suffice to give merely an example, namely, 

| aba cal, | ie | aCg4,| *|b,cg4, | er Kea i ie lal d, 

| boc3, | | bacat4| * | cyt, | |c,d,| -d 7 
the reader being referred to Hist., ii. p. 40, and to a result given 

under Axisymmetric Determinants (1874). 


= th, 
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SAGAJZO, A. (1874). 


[Wyxzap ZupEzny ALGEBRY.... Tom ii. Teorya Wyznacznikéw 
iich przedniejsze zastowania.... xii+400 pp. Paryz.] 

The volume, although like others entitled ‘ The Theory of Deter- 
minants and its principal applications,’ is practically a Polish 
edition of Salmon’s Modern Higher Algebra, with a few additions 
and amendments. 


ALBEGGIANI, M. (1874). 


[Sviluppo di un determinante ad elementi polinomi. Gvornale di 
Mat., xii. pp. 1-32.] 

Albeggiani begins by restating his development of 1872 for the 
case of binomial elements, and then he proceeds to establish it for 
the case of trinomial elements which he states in the form 

(x) (n) (n) 
Ming = NG + ANS + A 


+ aA, esis: Neate 


ae sats h) seg ; esata k) nose 
ae Aa AHS a 
ai SAS Aon one fe 


where the minors following any = are quasi-complementary,—that 
is to say, no two of them have a row-number or a column-number 
in common, and yet all the row-numbers are used. This naturally 
suggests the statement which is likely to hold for all cases; and 
on the hypothesis that it is true for the case of p-termed elements 
he sets about trying to prove it true for the next higher case. With 
exemplary patience he gives seven pages to the attempt and is 
successful, the final result thus being in double-> notation 


pa” = d(oacaeha? etre 


where a+8+...+7=%. 


- 9 
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_ To make the form of development more familiar to the reader, 
Albeggiani points out its partial resemblance to that of 


(@,+@,+ ... +4y)"5 
and on account of the latter development being better known he 


uses it as a mnemonic to recall the former. He thus writes his 
own theorem in the ultra-symbolic form 


mA” = (A, +A,+—. .+A,)”, 
the implied instruction being that the n™ power of 
A,+A,+...+A, 


is to be found in the usual way, and that then every term of it is 
to be suitably changed ; for example, 


n! 


OB SESSA ae ae 
aiB!...m7{"i4,...A 


Pp 


ste ope peer 
where it has to be noted as another pomt of analogy that the 
number of terms under the > is represented by the coefficient 
n!/a!8!... m2! which the 2 displaces. 

Consideration is next given to another ultra-symbolic form and 
to certain rather fanciful applications (pp. 13-24); and finally 
a re-examination is made (pp. 24-32) of Siacci’s theorems and 
deductions, some of which had been the original cause of Albeg- 
giani’s investigations. 


q 


GARBIERI, G. (1874). 


[I DETERMINANTI, con numerosi applicazioni. Parte Prima. Utile 
agli studiosi di matematica nei primi corsi universitari. xiv-+ 
267 pp. Bologna. ] 


In bulk this exceeds all previous Italian text-books except 
Trudi’s (1862) ; and, as appears from the title, it was intended to 
be much larger ; the Second Part, however, has not been published. 
Notwithstanding its greater fullness and general soundness, it 
cannot be said to show a marked advance in any particular. Of its 
twenty-two chapters the number strictly devoted to the theory is 
less than half, much space being given to geometrical * and alge- 


* Those interested in such applications will find a valuable paper of this year 
by Frobenius in Crelle’s Jowrn., 1xxix. pp. 185-247. 
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braical illustrations. The selection of matter is also somewhat 
arbitrary, some forms of special determinants being treated with 
considerable fullness and others not even mentioned. 

Under the head of general determinants very little falls to be 
noted. The expansion of | a,b,.c,| in terms of zero-axial deter- 
minants is reached by viewing the first row as being 

a, +0 0+a, 0+43, 
and partitioning the determinant into two; then treating the 
second of these two in similar manner; and soon. The procedure, 
however, is not so methodical as to suggest generalization.* There 


is also a fresh proof of the multiplication-theorem (pp. 155-158), 
but the importance attached to it by Garbieri is scarcely warranted. 


GUNTHER, 8. (1875). 


[LeEHRBUCH DER DETERMINANTEN-THEORIE, fiir Studirende. viii-+ 
236 pp. Erlangen. | 


Giinther’s aim was, like Trudi’s, to produce a fairly compre- 
hensive text-book less condensed than Baltzer’s and in general 
more suitable for learners. Like Trudi, therefore, he ended by 
writing a lengthy book. 

The first distinguishing feature of it is a fluently written and 
interesting chapter (i.) of thirty pages on the early history of the 
subject. This deservedly brings Rothe into notice, but in the 
desire for comprehensiveness does the same somewhat unnecessarily 
for Euler. A less justifiable peculiarity is a chapter (iv.) on cubic 


*There exists an intermediate expansion of |ai,| which might well find a 
place in elementary text-books, namely, that in which each diagonal element, 
a,y,, is accompanied by the determinant evolved from A,, by putting therein 


zeros in place of a), G9, . » ., Gr—1, r-1.3 for example: 
GM Ay | = a |boc,d,| + bg My | + Cg] + Gg m% 
Oy WOse O50, CEenC EC Diels eo, 
Ceo RCo Cale d, ds ad d dy a 
d, do dy, dy + ds @ Gs| + |. Gy, Gg a 
OT telat Os Cy esemiiy sin 
Ci C5 Crh ama. 


Zar 
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determinants ; this, however, in the second edition he was well 
advised in relegating to a less prominent position. A third note- 
worthy characteristic is the assigning of a whole chapter (vi.) of 
thirty pages to Kettenbruchdeterminanten. The geometrical appli- 
cations extend to only twelve pages. And, lastly, we may mention 
that, there being no footnotes, the bibliographical references are 
collected at the end of each chapter, where they form rather 
formidable-looking lists. 

So far as general determinants are concerned, there is nothing 
fresh to note. 


MANSION, P. (1874, 1875, 1876). 


[Principes de la théorie des déterminants, d’aprés Baltzer et Salmon. 
Nouv. Corresp. Math., i. pp. 114-128, 170-178, 206-222. ] 


[ELémenTs DE LA THEORIE DES Df&reRMINANTS, d’aprés Baltzer et 
Salmon. 44 pp. Mons.] 


[InrRopucTION A LA TukorIe pes Diérerminants. A l’usage des 
établissements d’instruction moyenne. 24 pp. Gand.] 


The second of these is a separate publication of the first; it 
is a singularly clear though short exposition with a sufficiency of 
worked and unworked examples to make it very suitable for use in 
schools. Nothing so good for beginwers had as yet appeared in 
French. The third, as may be guessed, is still more elementary, 
having its origin in notelets contributed to the Revue de Instruction 
Publique en Belgique (1875, 1876). 


GUNTHER, 8. (1875). 


[Didaktische Bemerkungen zur Determinantentheorie. Zeitschrift 
f. math. u. naturw. Unterricht, vi. pp. 138-150. ] 


The remarks concern (1) the cofactor of a single element, or of 
the product of two or more elements, (2) special cases arising in 
_ the solution of simultaneous linear equations, (3) zero-axial skew 
determinants of even order. Under the last head the attempted 
proof of Cayley’s property is based on a surprisingly questionable 
. lemma. 
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HAMBURGER, M. (1875). 


[Zur Theorie der Integration eines Systems von n linearen par- 
tiellen Differentialgleichungen... Crelle’s Journ., |xxxi. pp. 
243-280. ] 


Incidentally (pp. 265-266) Hamburger states that the number of 
independent relations of the type 


lfg|-[he| — [fl -lgk| + [fk|-|gh| = 0 
or (f,9,h,k) = 0, say, 


between 2-line minors of a 2-by-n array is 4(n—2)(n—3), that is 
to say, the number of different sets of four columns in which two 
fixed columns always appear; and what he claims to prove is that 
if |12| be not 0 and for all values of g from 3 to n|1g| and |2g| 
be not simultaneously 0, then all the relations in question are 
deducible from those of the type (1, 2,h,k) = 0. The simple 
facts are, that from the equations 


[12] [Ak] — [1A|+|2k] ++ [1K] = [2h] = 0 
[12] -|Ag] — [IRI -[2g] + [gl [2k] = | 
[12|-|g2] — [Ig|-|24] + |12]-[29] = 0. 


by using the multipliers |1g|, |1h|, |1%|, and adding, there is 
obtained 
[12] -(Ighk) = 0; 


and having thus got 
——(Ighk) = 0, (Igfh) = 0, (Ighk) = 0, 
there is similarly deducible 
|1g| + (fghk) = 0. 
Again, instead of (Ighk) = 0, we might equally easily have got 
(2ghk) = 9, 
|2g| - (fghk) = 0. 


Provided therefore |lg| and |29| be not simultaneously 0, it 
follows that 
(fohk) = 0. 


and thence 
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BELLAVITIS, G. (1875). 


[Determinanti e loro uso nell’ eliminazione. Atti del R. Istituto 
veneto, (5) 1. pp. 1180-1182. ] 


This is merely a portion of a useful subject-index of Bellavitis’ 
writings. Besides those to which we have in the foregoing directed 
attention he makes mention of his fifth, sixth, seventh and eighth 
“riviste di giornali,’ as bearing on determinants. These appeared 
in the Atti for the years 1862-1866. 


BALTZER, R. (1875): SALMON, G. (1876). 


[THEORIE UND ANWENDUNG DER DETERMINANTEN....  Vierte 
verbesserte Auflage. viiit247 pp. Leipzig.] 
[Lessons IntRopucToRY To THE MopERN HicHER ALGEBRA... . 
Third edition. xx+318 pp. Dublin. | 


Though the space devoted by Baltzer to the ‘Theorie’ is the 
same as in the third edition, quite a large number of changes, 
condensations and additions have been made. The most note- 
worthy change appears at the outset, where, probably as a 
consequence of Becker’s criticisms, the sign of a term is settled 
by considering the inversions of order both in the series of row- 
numbers and in the series of column-numbers, + or — being taken 
according as the two series belong to the same or different classes 
of permutations.* Two questionable alterations in the choice of 
technical terms are made, namely, ‘sub-determinant ’ for ‘ partial 
determinant,’ and ‘adjugate’ for ‘complementary.’ Generally, 
however, the changes are for the better. The matter is as condensed 
as ever. 

In the third edition of Salmon the first six chapters are in- 
creased, but as in Baltzer the added matter had already appeared 


elsewhere. 


LEGGE, A. DI (1874). 


[Teoria dei Determinanti. pp. (?) Roma.] 


* This change first appeared in 1872 in his Hlemente d. Math., i. p. 144, 
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STUDNICKA, F. J. (1875, 1876): MELLBERG, E. J. (1876). 


[O pavodu a rozvoji nauky o determinantech. Casopis pro pesto- 
vént math. a fys., v. pp. 1-9, 88-91, 193-199, 279-281. ] 
[Augustin Cauchy als formaler Begriinder der Determinanten- 
| Theorie. Hine literarisch-historische Studie. Abhandl. .. . Ges. 

d. Wiss. (Prag), (6) vii. 40 pp. ] 
[TEoRIN FOR DETERMINANT-KaALKYLEN. 121 pp. Helsingfors.] 


The first of these is either a preliminary sketch or an epitome of 
the second, and the interest of all of them is in connection with 
the history of the subject. 

Mellberg’s dissertation, it is true, devotes about seventy pages 
to an exposition of the theory and its applications, but these are of 
little moment compared with the fifty pages which precede. His 
plan is to enable the reader to judge for himself as to the exact 
nature and amount of the contributions of the early writers by 
giving the actual words of the relevant passages in their works. 
In this way Leibnitz, Cramer, Bezout, Vandermonde, Laplace, 
Lagrange, Gauss, Binet and Cauchy are dealt with, after which 
he makes short references to Jacobi, Spottiswoode, Brioschi, 
Baltzer, etc. 

Studnitka’s memoir, although avowedly seeking to establish a 
special thesis, is constructed on the same model as Mellberg’s. 
His list of authors is the same, save for the inclusion of Rothe and 
the omission of Binet. For the sake of additional clearness he 
appends to the account of each one’s work a concise statement of 
what was essentially new in it, and before entering on the subject 
of Cauchy’s memoir he gives a summing up of these epitomes. 
The result is a very readable and fair-minded ‘ study.’ 

The two publications, and especially Studnicka’s, must have had 
considerable influence in spreading clearer and truer views of the 
early history. Their independent and practically simultaneous 
appearance,—Mellberg’s dated the 1st of March and the other 
the 24th—show that it had begun to be felt that curt historical 
footnotes, which necessarily appear in the order fixed by the writer 
of the text-book for the purposes of exposition, have a tendency 
to mislead. 
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DIEKMANN, J. (1875, 1876): FALK, M. (1876): 
GULDBERG, A. 8. (1876). 


[Die Determinanten als Unterricht auf Gymnasien und Realschulen. 
Zeitschrift f. math. u. naturw. Unterricht, vi. pp. 1-21, 124-137, 
193-211.] 

[EINLEITUNG IN DIE LEHRE VON DEN DETERMINANTEN, und ihre 
Anwendung auf dem Gebiete der niederen Mathematik. Zum 
Gebrauch an Gymnasien, Realschulen u. andern héhern 
Lebranstalten, sowie zum Selbstunterricht. viii +88 pp. 
Kssen. ] 

[LARoBok I DETERMINANT-TEORIENS FORSTA GRUNDER, fér hégre 
laroanstalter och till sjelfstudium. iv+96 pp. Upsala.] 
[DETERMINANTERNES TxEoRI. Udgivet med bidrag af videns- 
kabernes selskab i Trondhjem. viiit+88 pp. Kristiania.] 


In his first publication Diekmann pressed on teachers his views 
as to the part that ought to be taken by determinants in a school 
course ; he then almost immediately after brought out a booklet 
planned and written in accordance therewith. Less than a third 
part of the exposition is devoted to determinants pure and simple, 
but the little elementary knowledge thus acquired is utilized to the 
utmost in the remaining pages. In some respects it is not an 
advance on similar booklets already,in use. The general question 
which he raised, however, was both timely and appropriate, and 
was certain sooner or later to be amply discussed by intemperate 
advocates of a novelty and by natural opponents of change. 

Falk’s publication, though meant for the same kind of readers 
as Diekmann’s, is of a quite different character, about two-thirds 
of it being occupied with the establishment and illustration of 
twelve carefully formulated theorems, including three on Jacobians, 
and the remainder with forty exercises, worked and unworked, 
culled from well-known sources. 

Guldberg’s is still less of an elementary introduction, being indeed 
a reversion to an earlier type and intended apparently for such 
readers as Brioschi and Baltzer had in view. It makes no pre- 
tensions to freshness of manner or matter. 
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WRIGHT, W. J. (1875): KEMPER, D. (1876): 
STUDNICKA, F. J. (1876): MULLER, H. (1876). 


[Tracts relating to Modern Higher Mathematics. Tract No. 1, 
DETERMINANTS. vili+72 pp. London.] 


[Determinants. The Analyst, ii. pp. 17-24.] 
Vv 


[Poéétkove nauky o determinantech. Casopis pro péstovdni math. 
a fys., vi. pp. 49-58, 97-105, 201-211.] 
[KuRzE UND SCHULGEMASSE BEHANDLUNG DER DETERMINANTEN. 
19 pp. Metz.] 


Everywhere except on the title-page Wright’s tract is styled 
‘Elementary.’ It is of course more commonplace in its character 
than its immediate predecessor in English, Dodgson’s (1867). If 
Todhunter’s sketch in his ‘ Theory of Equations ’ had been published 
separately, it would have been much preferable to Wright’s; the 
latter, however, is somewhat more extended in range. 

The others are very elementary. 


GUNTHER, 8. (1876): HOZA, F. (1876). 


[Das allgemeine Zerlegungsproblem der Determinanten. Archiv 
d. Math. u. Phys., lix. pp. 130-146. ] 


[Préspévek k theorii podrizenych determinantu. Casopis pro 
pestovdni math. a phys., vi. pp. 21-34; or, in German, Archiv 
d. Math. u. Phys., lix. pp. 387-400.] 

Both these papers concern Laplace’s expansion-theorem, their 
claim to attention being based on fullness of exposition and illus- 
tration. Taken together they occupy thirty pages of one and the 
same volume of the Archiv. In the former, which is the more 


ambitious, the question of the sign-factor is made a rather serious 
matter.* 


*In this connection 1 take the opportunity of noting an unseen school-program 
published at Danzig in 1868: Neumann, Ueber Vorzeichensbestimmung in 
Formeln der Determinantentheorie. 
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JANNI, V. (1876, 1879). 


[LezIonI pI ALGEBRA COMPLEMENTARE: Teoria dei Determinanti. 
(v)+50 pp. Napoli.]* 
[{Lezioni DI ALGEBRA COMPLEMENTARE. (viii) +228 pp. Napoli.]* 


For its extent (50 pp.) this is an unusually pleasing exposition. 
Most of the points worth noting, however, have already been 
attended to in dealing with the same author’s paper of 1874. 

Trudi (1862) is followed in making the sign of a term of a deter- 
minant dependent on the combined number of inverted-pairs in 
the two sets of suffixes ; but Janni shows in addition that the inter- 
change of two double-suffixed elements will make no alteration in 
the sign as thus determined ; that therefore the order in which the 
elements may happen to be taken in the formation of the term is 
of no real consequence ; and likewise that this order may be made 
such as to necessitate the counting of inverted-pairs in only one 
of the two sets of suffixes. 

Trudi’s theorem regarding a partitioned permutation is estab- 
lished only for the case in which the permutation 


lig tear sigh Maina s+ Oy 


has no inversions in either of its two parts taken separately, and 
where, therefore, the total number of inverted-pairs is 


A 


a,+a,t ... +an—3m(m+l1); 

but Janni proceeds to take another permutation 

BiB, +--+ Bm|Bmir- ++ Bn 
similarly partitioned and similarly in part arranged, and, asserting 
that the number of its inverted-pairs is 

By +B, +...» + Bm—Fm(m+1), 

is thus able, by reason of m (m-+1) being even, to conclude that the 
combined number of inverted-pairs in the two permutations 


Gass vat Gel Gasp ant say 
BiB: ~~ Bm| Bm +++ Bn 


* The first of these books seems a sort of trial] edition of cap. i., ii., iii, (pp. 1-64) 
of the second ; but in neither is reference made to the other, and the publishers 


are different. 
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is even or odd according as 


a tagt... ton+8,+8,+ .-- +8m 


is even or odd. The application which he afterwards makes of this 
in connection with Laplace’s expansion-theorem will be readily 
guessed. 


LAGUERRE, E. (1876). 


[Sur la méthode de Monge pour V’intégration des équations linéaires 
aux différences partielles du second ordre. Nouv. Annales 
de Math, (2) xv. pp. 49-58. ] 


The first section of the paper (pp. 49-53) is occupied with a pure 
problem of determinants, namely, the finding of values for 
a, b, ¢, d, a, B, y, 6 so that 


Ley sere as | 
ee ee | 

ho -D we =d, 

Op MeOMeY, 


may represent 

Hr+2Ks+ Lt—M+N (vt—s?). 
. The problem is solved, and the relation between two solutions 
discussed. 


| FROBENIUS, G. (1876). 
[Ueber das Pfaffsche Problem. Crelle’s Journ., lxxxii. pp. 230-315.] 


Frobenius having to deal with the vanishing of the minors of a 
skew determinant takes a, step backward (§ 4, pp. 239-241) to the 
consideration of determinants in general. 

He first gives an interesting proof of the fundamental theorem 
regarding the evanescence of an array. For better means of com- 
parison between it and Dodgson’s proof, let us apply it to the same 
simple case, namely, where the array to be proved evanescent is 


t, Oy ¢, Gy ae, 
dz by Cz dy e 
da, by Cy yr ee 
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with the data 
| a,b, | + 0, 
| ab.c3 | = 0, | yb,d5 | = 0, | yb.e3 | = 0. 
In effect Frobenius says that by reason of data (2), (3), (4) we know 
that for any values of z, y, z 
Az AyX+-AgY +-Agz 
b, b,2+b,y+b,z| =0, 
Cy GL 1 CY + Caz 
A GX+AYy+A32 
b, bx+b,y+b,z| =0. 
d; d, d,x+d,y+d,z 
G, Gy AyL+ AY +432 
b, b, ba+by+b,z| =0, 
So) 
But, then, by reason of datum (1), values of z, y, z can be deter- 
mined so as to make simultaneously 
A,0+4Y +422 = 0) 
b,x+by +b z = OJ; 
and, therefore, from the preceding three equations, with the help 
of (1), the same values of z, y, z will make 
E+ CY +C37 = 0| 
dz+dytdz = 0 
€,¢2+ey +e = 0). 
The existence of these five equalities, exactly as in Dodgson’s 
proof, involves the evanescence of the given array. 

Frobenius then proceeds to establish a fresh theorem on the 
subject, namely, that if in an oblong array all the (m-+-1)-line minors 
vanish, the m-line minors formed from any set of i rows are propor- 
tional to the corresponding minors formed from any other set. We 
may note, however, that this may be best viewed as an extension 
of the theorem that if a determinant vanishes, any two rows of the 
adjugate are proportional, and that a proof on the same lines is 
readily devisable. A second theorem which he gives is an easy 
deduction from the first, namely, that 1f an an oblong array all the 
(m-+1)-line minors vanish, and tt be possible to choose a set of m rows 


2 oF 
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whose m-line minors do not all vanish and a set of m columns with the 
same property, then the m-line minor common to the two sets cannot 
possibly vanish. What follows on this mainly concerns skew deter- 
minants, and is therefore dealt with elsewhere. 


HOZA, F. (1876). 
[Ueber das Multiplicationstheorem zweier Determinanten n-ten 
Grades. Archiv d. Math. u. Phys., lix. pp. 403-406; or, in 
Czech, Casopis pro péestovini math. a fys., vi. pp. 87-89.] 
The procedure is that adopted by Janni (1873), and is not more 
effectively carried out. 


HOZA, F. (1876). 


[Ueber Unterdeterminanten einer adjungirten Determinante. 
Archiv d. Math. u. Phys., lix. pp. 401-403. ] 


This is simply the ordinary proof (Cayley’s, 1843) with fuller 
details and explanations for the benefit of beginners. 


JOHNSON, W. W. (1876): DICK, G. BR. (1878) : 
TANNER, H. W. L. (1879). 


[On the determination of the sign of any determinant. Messenger 
of Math., vii. p. 59.] 
[On the sign of any term of a determinant. Educ. Times, xxxi. 
p- 161; or Math. from Educ. Times, xxix. pp. 99-100.] 
[On the sign of any term of a determinant. Messenger of Math., 
ix. pp. 51-52.] 

Johnson’s rule and Dick’s are both to be found in Cauchy (1812), 
the one being that in which circular substitutions are counted, and 
the other that connected with the difference-product. 

Tanner’s is of considerably more interest. If the determinant 
be | a,5|, and the sign of a,30,,049%4505, be wanted, he writes the 
row-subscripts of the determinant and under them the column- 
subscripts, both in their natural order, thus 

123 4 5 
1 to echo 


> 
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then the first element in the given term being a,3, he draws a straight 
line connecting 1 in the first group with 3 in the second, similarly 
2 in the first group with 1 in the second, and so on : lastly he counts 
the number of intersections of the connecting lines, and makes 
the sign + or — according as the number is even or odd. 

No justification of Tanner’s rule is given. It is not difficult, 
however, to see that it is an old friend (Cramer) with a new face, 
what is counted being the number of inverted-pairs in 31254. 


CAYLEY, A. (1877). 


[Note on a theorem in determinants. Quart. Journ. of Math., 
xv. pp. 55-57; or Collected Math. Papers, x. pp. 265-266. ] 
Cayley here gives what he calls the ‘ proper’ proof of an identity 
first noted by Fontaine in 1748, namely, 


q % GW A UW 
ee Date, Behe hs, 
on Se oS a a a ee 
aie aaa hats 


= | ab, || @3b4| — |%b3 || 4xba| + | trbal| abs], 
marking it like Bezout (1779) as the first of a series by proceeding 
to give 


NET ae gt aL SRE Pew: 
en ee oe ae eee Oy Be 052-04 Dy. 0, 
qa Cae Lara ade «Ben gtcurlt clelald far C0: Cae fbn £6 
BOl sig Pen fe? Vy tint Contactos % 
bs by bs OB tts Og. Va xg ede 
ty C4 ts. C5~) isl. In Cgortye Ls it- 
= |A4b.C5|°|44b5¢5| — | 4102Ca|-|¢a05C] + |21B2¢5| -|4sbae| — |Orb9%|*|%abacsl, 


‘or, as he writes it, 

0 = 123-456 — 124-356 + 125-346 — 126-345. 
Instead of following the matter up so as to include Sylvester’s 
theorem of 1851, he ends his note by recording the fourteen other 
like identities connected with a 3-by-6 array, and remarking that 
only five such relations between the ten products are independent. 
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_It is convenient to state here that in the following year, in the 
course of a short remark on Tanner’s paper of 1878, Cayley asserts 
the existence of the very important theorem afterwards known as 
the Law of Complementaries. (See under Skew Determinants.) 


GUNTHER, S. (1877): SALMON, G. (1877) : 
SERRET, J.-A. (1877). 


[LeHRBUCH DER DETERMINANTEN... Zweite durchaus umgear- 
beitete, vermehrte und durch ein Aufgaben-Sammlung be- 
reicherte Auflage. xli+209 pp. Erlangen.] 


[VORLESUNGEN ZUR EINFUHRUNG IN DIE ALGEBRA DER LINEAREN 
TRANSFORMATIONEN. Deutsch bearbeitet von Dr. Wilhelm 
Fiedler. Zweite Auflage. xiv+477 pp. Leipzig.] 

[Cours D’ALGEBRE SuPERIEURE. 4° éd. Tomei. xiv-+649 pp. 

Paris. | 

Giinther’s second edition is all that the title-page proclaims it 
to be. The historical sketch is improved and lengthened by in- 
sertions in reference to Hindenburg, Reiss, Grassmann and others, 
and by giving deserved attention to Studni¢ka’s views of the pre- 
ceding year. In the chapter on general determinants additional 
readable notelets on minor matters are introduced; for example, 
the paragraph (§5, p. 38) on the effect which is produced on a 
determinant by reversing the order of its rows or the order of its 
columns or the order of both. The bibliographical references at the 
end of this chapter are also largely increased; the same, indeed, 
is true of the whole. The Collection of Exercises (pp. 195-207) 
includes sixty-six items ; and it is followed by a two-page List of 
Text-books in a variety of languages. 

The second German edition of Salmon follows closely (pp. 1-66). 
the third English edition, the additional matter consisting almost 
entirely of illustrative examples. 

Serret devotes a chapter (pp. 527-598) to determinants and certain 
of their algebraical applications. The latter are the more interest- 
ing, the subjects dealt with being the discriminant (still called 
‘invariant ’) of a quadric, the transformation of a quadric, Sturm’s. 
theorem and its application to Lagrange’s determinantal equation. 


\ 
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BOURGET, J. (1877): DOLP, H. (1877): 
TEIXEIRA, F. G. (1877): ZELEWSKI, A. (1877). 


[Principes élémentaires sur les déterminants,... Journ. de Math. 
Elém., i. pp. 5-11, 33-37, 193-194.] 
[Dre DETERMINANTEN,... 2te Auflage, bearbeitet von W. Soldan. 


iv-+94 pp. Darmstadt.] 
[Nogoes elementares sobre a theoria dos determinantes. Jorn. de 
Scr. Math. e Astron., i. pp. 138-141.] 
[THEORY oF DETERMINANTS, with Applications. (In Polish.) x+ 
191 pp. Krakow.] .. 

In regard to the first three of these no remark is necessary save 
that the second edition of Délp’s booklet is an improvement on the 
first, the changes including (pp. 18-19) a variant of Becker’s proof 
of 1871 regarding the interchange of rows and columns. The fourth 
I have not seen. 


STUDNICKA, F. J. (1877). 
[Beitrag zur Determinanten-Theorie. Sutzungsb. . . . Ges. d. Wiss. 
(Prag), pp. 120-125.] 
The main object of the paper is to,advocate the use of 
(AyAnn—AinAm) ie | oe 21% 8 Ga in| 
as a means of evaluating | a1, -.. Gnn|. The application of it 


to obtain a result in continuants and another in skew determinants 
had already been made (Brioschi, 1856: Trudi, 1862). 


DOSTOR, G. (1877). 


[ELiments DE LA Taforre pes DirerMinants, avec application 
4 Valgébre, la trigonométrie et la géométrie analytique dans le 
plan et dans l’espace, a l’usage des classes de mathématiques 
spéciales. xxxi+352 pp. Paris. } 

Up till the appearance of Dostor’s work no text-book in French 
had been available for students save the translations of Brioschi 
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and Baltzer. It is consequently the more to be regretted that the 
new author does not show that great advance upon his predecessors’ 
work which might reasonably have been expected. Although it 
is the lengthiest text-book as yet published, a disproportionately 
large part of it (195 pages) is assigned to so-called ‘ geometrical 
. applications,’ so that only about 155 pages are occupied with the 
treatment of the theory. Further, since much of this is taken up 
with rather prolonged explanations and with so-called theorems 
like that of 1874, some important parts of the theory have received 
insufficient attention or none at all. It is regrettable to note also 
that notwithstanding the pains which he takes to be helpful to the 
beginner he is not always a safe guide. For example, he quite 
irrelevantly brings in the subject of “magic squares’ (pp. 55-58 ) : 
he is hopelessly wrong in evaluating a particular three-line deter- 
minant (p. 62); and he affirms (p. 75) that 


ee omer a 
| Oy Oa, and | 4G Gs 
| by b, bs | bbe 

1 2 3 


are equivalents. 


D’OVIDIO, E. (1877). 


[Le funzioni metriche fondamentali negli spazi di quante si vogliano 
dimensioni e di curvatura costante. Atti... Accad. der Lincet : 
Memorie, (3) i. pp. 929-986. Abstract in Math. Annalen, xii. 
pp. 403-419.] 


At an early stage in this extensive geometrical investigation the 
author has to deal with the determinants of an m-by-n array, and 
having shown that they involve (n—m)m quantities that are 
absolutely independent, he concludes (p. 940) that they must be 


connected by 
(N)m — (n—m)m — 1 


relations, from which all the other relations are deducible. 

This formula, it should be noted, has never been associated with 
the name of d’Ovidio. Even in Italy of the twentieth century 
it is spoken of as Vahlen’s formula of 1893. 
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MATZKA, W. (1877). 


[Grundziige der systematischen Einfiihrung und Begriindung der 
_ Lehre der Determinanten, vermittelst geigneter Auflésung der 
Gruppen allgemeiner linearer Gleichungen. Abhandl. d. k. 
Bohm. Ges. d. Wiss., (6) ix. 61 pp.] 
What is fresh in this interesting memoir is the mode in which 
the student is introduced to determinants and becomes acquainted 


~ with their fundamental properties. The set of equations 


AL +AgY +432 +AqU+a +... = A, 
b,2+6,y+6b,2+bu+b+... = by, 
CyL+-CoY+Cye@+Cqu+cgv+... = 


is proposed for solution, and by multiplication and subtraction 
x is eliminated between every adjoining pair of them, the oppor- 
tunity being taken to give a definition of a determinant of the 
second order and to use Laplace’s notation for the same. From 
the resulting set of equations 


| abo) y + |abg|z + |aby|u + |abslv +... = baa 
[Bien] y¥ + | Beg |2 + | Beg lu + [Oecslv +... = | dye |, 
ladaly + lads|z + ladslu + jadlo+...= leds | 


y is eliminated in like manner, the consequence being that some- 


_ thing more is learned regarding two-line determinants, and an 


opportunity is given for using 
|ab,¢,| instead of as|byco| — dsla,c| + ¢g|a40,| 


and calling it a determinant of the third order. The second derived 
set of equations 


[aybycg|z + |aybycg|u + |adcslv +... = | abecy | 
| Oyegdg 2 + |[Byedylu + |byeadslv +... = [ded,|, i 
[edes|z + |edeg]u + | Cdyes|v +... = | Gdee, 4 


is next treated in similar fashion, and with the like gains to know- 
ledge. A halt is made on reaching the fourth derived set at the 
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close of the 17 quarto page, and the opportunity is taken to 
ascertain, besides other things, what had incidentally been learned 
about the solution of two equations with two unknowns, three 
equations with three unknowns, and so forth. 

After this introduction there comes a chapter (pp. 22-42) which 
establishes the basic properties of determinants; then one (pp. 
42-46) which recurs to the work of the first, rounding it off by 
consideration of the (n—1)™ derived set of equations; and finally 
a chapter (pp. 46-61) which treats of the solution of linear equations 
by the method of ‘ undetermined multipliers.’ 

The procedure throughout is not at all of the stereotyped kind. 


PAIGE, C. LE (1877): JAMET, V. (1877). 


[Sur la multiplication des déterminants. Nouv. Corresp. Math., 
ii. pp. 141-144, 247, 275-276.] 

The row-by-row product of D, by D, being A, Le Paige, founding 
on the fact that A vanishes if two columns of D, be identical, con- 
cludes that D, is a factor of A; then similarly that D, is a factor ; 
and finally that the cofactor of D,D, in A is 1. 

To this Jamet naturally objects that the vanishing of D, does 
not necessarily entail the identity of two of its columns, and that 
therefore the demonstration is imperfect. 

Le Paige returns to the subject, and from the vanishing of D, 
draws this time a less objectionable conclusion which leads him to 
the vanishing of A, after which he proceeds with this proof as before. 


FROBENIUS, G. (1877). 


[Ueber homogene totale Differentialgleichungen. Crelle’s Journ., 
Ixxxvi. pp. 1-19.] 

At the bottom of the first page Frobenius introduces his use of 
the word * Rang’ as applied to a determinant, his definition being 
that of in a determinant all the minors of the (m-+-1)" order vanish 
but not all those of the m” order, the determinant is said to be of the 
m” ‘Rang.’ It is seen to be the same as the order of Rouché’s 
‘ critical minor,’ the latter, however, being from the first not confined 
to a determinant but used in connection with any oblong array. 


\ 
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SCHERING, E. (1877, 1878). 


[Analytische Theorie der Determinanten. Abhandl. d. k. Ges. d. 
Wiss. (G6ttingen), xxii. 41 pp.] 
[Théorie analytique des déterminants. Comptes Rendus ... Acad. 
des Sci. (Paris), lxxxvi. pp. 1387-1389. ] 


This is an imposing memoir founded on a supposedly fresh 
definition. In essence, however, it involves nothing new, the 
same fundamental idea having occurred to Scherk in 1825. All 
Scherk’s tediousness is consequently repeated: indeed, by reason 
of the use of subscripts that are themselves ‘ subscribed,’ Schering’s 
expressions quite outclass Scherk’s. The writing of a single term 
of an v-lme determinant occupies the whole breadth of a quarto 
page, as witness the following result which is reached on page 10: 

“Kin Glied der Determinante kann demnach immer in der Form’ 


TEs, x 3 IL Cin = Mu) (Km Ku) x BIL (ha hea a) % eT loan "et — 8) 


dargestellt werden,’—where E is any element denuded of its com- 
pound suffix, and 3 is a function-symbol corresponding to Scherk’s 
¢, and being such that 3 (x) is equal to +1 or 0 or —1 according 
as x is greater than, equal to, or less than 0. The consequences of 
investigating in this notation Laplace’s expansion-theorem, the 
multiplication-theorem, and the properties connected with Cayley’s 
‘skew symmetry ’ may well be left uridescribed. 


VOSS, A. (1877). 


[Zur Theorie der orthogonalen Substitutionen. Math. Annalen, 
xi. pp. 320-374. ] 

In the course of his work Voss arrives at a result which he recog- 
nises as being somewhat less general than Frobenius’ second theorem 
of the preceding year: and with a view to proof he takes the deter- 
minant | 0,, | and formulates the data 


(1) | Or4besba6 | = 9, 
(2) every four-line minor = 0, 


(3) | y:522b33 | = 9. 
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He then says that on account of (3) it is possible to determine 
x, y, 2 80 as to have 


bye +b yy +bis2 = 0 | 
by, +Bo9y+bo52 = 0 
bs%+by +0352 ole 
next that on account of (2) he can affirm that 
byt+dyyt+bys2 Oy, Dis Ors | 
Boyt +Dapy+by32 a4 O25 Og | 556 


bX +bs5y +0352 bsg O35 O56 
b,t+6, 04 +, 5% D1 bs bee | 


where 2, y, 2 have any values whatever and a is 4 or 5 or 6; and in 
the third place that by giving 2, y, z the special values alluded to 
and using (1), he is entitled to conclude that 
6 t+b,.y+b,.2 = 0. 
This means that multiples of the first three columns of the given 
six-line determinant can be taken whose sum is 0, and therefore 
that every three-line minor formable from the said columns vanishes. 
Since in the special case to which Voss had been led by the subject 
of his paper the three-line minors form either an axisymmetric or 
a skew array, the result reached involves the vanishing of |b4,b5943|, 
and therefore is at variance with (1). His view in regard to this 
is that, if on the supposition, along with others, that a certain magni- 
tude does not vanish, you can prove that it does vanish, then vanish 
it must. 


BARTL, E. (1878). 


KINLEITUNG IN DIE THEORIE DER DsTERMINANTEN. Zum 
Gebrauch an Mittelschulen sowie zum _ Selbstunterricht. 
iv-+96 pp. Prag.] 

The space which Délp gave to geometrical applications is occupied 
by Bartl with additional explanations and illustrations. The 
latter writer, indeed, is effusively helpful to the beginner, six 
pages being devoted to determinants of the second order, and 
eighteen pages to those of the third and fourth orders, as a pre- 
paration for the study of the general properties 
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MANSION, P. (1878): SERSAWY, V. (1878) : 
ZAHRADNIK, K. (1878): MOLLAME, V. (1878). 


[ELEMENTE DER THEORIE DER DETERMINANTEN. Mit vielen 
Uebungsaufgaben. iv+50 pp. Leipzig.] 

[Dre FuNDAMENTE DER DETERMINANTEN-THEORIE. Zum Ge- 

brauche fiir das erste Studium. vi+42 pp. Wien.] 

[O DETERMINANTIH drugoga i trecega stupnja. Za porabu visih 

srednjih ucilista. vui+39 pp. Zagreb.] 

[1 DETERMINANT, e loro applicazioni all’ algebra ed alla geometria 
analitica. Nuova esposizione elementare. xii+125 pp. Napoli.] 
Of these class-books the one which most invites attention is 

Mollame’s. Notwithstanding its bulk it does not go deeply into 

the theory, seventy-two pages being given over to algebraical and 

geometrical applications; but the remaining fifty-one pages give 

a very clear and attractive exposition well suited as an introduction 

for university students. 

Sersawy, who apparently writes for the same class of readers, 
gives much less matter and is less concerned with explanation and 
illustration : his work shows no advance. 

The German edition of Mansion’s Hléments is an improvement 
on what we have already seen to be good. 

Zahradnik’s little introduction confines itself in the main to 
determinants of the second and third grder. 


GARBIERI, G. (1878). 


[Intorno al trattato sui determinanti del Prof. Sigismondo Giinther. 
Bull. di Bibliogr. e di Storia delle Sev. mat. e fis., xi. pp. 257-318. ] 
In the sixty-two pages of this ‘rivista bibliographica’ exactly 
thirty-one are devoted to an account of Giinther’s first chapter, 
which, it will be recalled, deals with the history of the subject and 
which itself contains only thirty-one pages in the original. Gar- 
bieri’s rdle is almost that of a mere reporter, his main additions 
being due to the editor’s practice of pedantically giving the full 
title-page of every writing referred to. He also makes several 
corrections. 
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SCHOLTZ, A. (1877-8). 
[Sechs Punkte eines Kegelschnittes. Archiv d. Math. u. Phys., 
lxii. (1878), pp. 317-3824; or Miiegyetemi Lapok, ii. pp. 65 et seqq. | 


Like Brill (1871), Scholtz requires for geometrical purposes the 
case of Schlafli’s theorem of 1851, in which n, r = 3, 2. His proof 
~ (§2, pp. 319-321) is not essentially different from Brill’s. 


FALK, M. (1878). 


[Elementary demonstration of the theorem of multiplication of 
determinants. Report... British Assoc.... xlvili. pp. 473- 
475.] 


Falk’s mode of proof is the gradational,—that is to say, he shows 
that, if the theorem holds for See of the (n—1)™ order, 
it will also hold for determinants of the n order. It is put forward 
as an improvement of what he calls Brioschi’s, but which is really 
Spottiswoode’s. A sufficient idea of it will be obtained by con- 
sidering the case where vis 3. Manifestly we have 

EX + AY tyLZy = | Lyy22s| 

tyX,+Y2Vi+%LZ, = 0 

%gX,+Y3Y, +232, = 0 i 
and thence by multiplication and addition 


(ity FA gihg + Ugh) Xy + (AyYy +-UoYo +A 3%) Vy + (Aq +g%o t+ Ag2g)Zq = dy]27,y22; 
(By, +B o%_+b3%g)Xy + (BY, bee +0323) Vy + (B12 +05%-+9%5)Z, = by | X,Y 22s 
(Cyily + Calg + CX 3) Xy + (CY +CaYo + Cy%g) Vy + (4% + Ca%+C52%g)Z, = c,|Zyyoz. 
Consequently, if the determinant of the coefficients of X,, Y,, Z, 
here be denoted by A, we obtain on solution 
Ay UYi TAY +A3Yg 42 +Ag%_+A 325 | 
XA = | Myo23|-| b, Oy tbeyetbsyg 0,21 +09%_+525 | 
1G CY +CYo+ C3Ys Cry +a tC s2y | 
Ay AYaTA3Y3  Ag®a+Ag%5 
| @yYyo%s|-| D, OyYet+dsyy Oyz%>+dg25 
Cy Ceo C343 Coa +-C 32g 
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But the last determinant here is by hypothesis equal to 
|beC3||Yo%3| — bylaacs||yo%s] + ¢|dabal|yezsl, 


2.€.  |ab.c3|-| Yo%sI ; 


so that X,A = |2Ye23|+| @bo¢3|+| yo25| ? 
and = |X Yo%ql+| a bo¢3| 
as desired. 


BARANIECKI, M. A. (1878). 


[TrorYA WyzNnacznik6w (Determinantéw). Kurs uniwersytecki. 
xxii+600 pp. Paris. ] 


In bulk Baraniecki’s text-book greatly surpasses all its pre- 
decessors. It contains 250 pages more than Dostor’s, and the 
disparity is enhanced by the fact that whereas the French writer 
gives 195 pages to geometry, the Pole gives only 48, relegating 
them, too, not unjustifiably to an appendix. This great increase 
is due to a variety of causes,—a broad-margined page, an occasional 
want of discrimination between the important and the unimportant, 
and a general tendency to fullness of exposition both in the text 
and in the working of examples. 

The first seven chapters (pp. 1-280) concern determinants in 
general; the last three (pp. 388-530) deal respectively with axi- 
symmetric, skew and functional determinants: and the remaining 
two (pp. 281-387) with linear equations and other so-called alge- 
braical applications. Besides the appendix just mentioned there is 
also one of sixteen pages dealing with cubic determinants. 

All the contents are to be found in earlier text-books, but the 
writer has fully assimilated his material, and the sources used are 
as a rule scrupulously specified. For Polish students unfamiliar 
with other languages the handsome volume must be a most useful 
repository. 

In view of the author’s general accuracy it is surprising to find 
him led away by Dostor in the definition of 
! Gy Ag Gs | 
| 


b, b& bz 


| 
| 
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VASCENKO-ZACHARCENKO, M. E. (1878). 
[THEoRY OF DETERMINANTS AND TuEoRY OF Forms. (In Russian.) 
vi+501 pp. Kieff.] 

Ostensibly there is here devoted to the theory of determinants 
240 pages, but much of the space is occupied with algebraical matter 
that is not closely relevant. On the main subject there is nothing 
calling for attention. The tables of symmetric functions and 
eliminants at the end (pp. 220-240) are apparently reproduced from 
Salmon’s Modern Higher Algebra. 


WOLSTENHOLMH, J. (1878). 


[MaTHemaTicaL PRoBLEMs,. . . (pp. 275-280). 2nd edition. 
x+480 pp. London.] 
Wolstenholme * gives the 5-by-6 array 


aiveaipeye ela 

2 eb 
| dctiengat 
ea Nat seid ng ch 
Se » 


which conveniently illustrates Dodgson’s test for ‘ evanescence ’ 
(see above, p. 25). The first two primary minors can be shown 
to vanish by diminishing in each case the last row by the sum of 
the three immediately preceding rows, and they are easily seen to 
have a common 4-line minor which is not equal to 0. 


FALK, M. (1878). 
[Sur une propriété des déterminants nuls. Nowv. Corresp. Math., 
iv. pp. 373-376. | 
The property in question is that if a determinant be equal to 0, 
at rs possible to transform it so as to have a row or column of zeros. 
By way of proof it is pointed out that the determinant being | a,,, | 
the number of sets of non-zero values of 2, %,..., %, which will 
make the expressions 
Ay XT Agha... +AynXn , 
Kegs te » FAgn%n 5 


ut ee . +Onn&n ? 
* But it appears in Cambridge Univ. Exam. Papers, iv. (1875), p. 224. 
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vanish is known to be infinite, and that it is possible to have a set 
in which the value of one of the a’s, x, say, is 1. This being accepted, 
it is easily seen what multiples of the other columns must be sub- 
tracted from the k" in order to transform it into a column of zeros. 
The deduction is then readily made that to ensure the vanishing of 
a determinant it is necessary and sufficient that two of its columns have 
their elements proportional. 


DOSTOR, G. (1879). 
{Evaluation d’un certain déterminant. Archiv d. Math. u. Phys., 
Ixiv. pp. 57-59.] 

The result is a theorem of the type of Catalan’s of 1846 and Tait’s 
of 1867, and is to the effect that the determinant got from | a,, | by 
dimimshing every row by the sum of all the other rows is equal to 

—(n—2)2" | ay, |. 


KONIG, J. (1879, 1877). 

{Ein Beweis des Maultiplicationstheorems fiir Determinanten. 
Math. Annalen, xiv. (1879), pp. 507-509; also, in Magyar, 
Miegyeternm Lapok (Budapest), i. pp. 271-274. ] 

The determinant for the product of | x,y223 | and | a,b,c, | is got 
as the third of a series of results of which the first two are 
| CYe2s|° 0, = | 4% ey ts 

Yr Ye Ys 

He, % % 

Ay + Agi, dyt,+byty Xs 

Nyt aye OiYrtt, Ys 

| yz +Oeeq DZ +Oo%o  % 

The first is manifestly true; the right-hand member of the 

second is got from that of the first by performing the operation 
col, + d,col,, | a,b, | col, + 6, col, col, + a3 

and the right-hand member of the third is got from that of the 
second by performing the operations, 
col, + a,colg, col, + 6, cols; 
| becy | cols — | bye, | col, + | 4% | col, ; 
cols + | a,b, |. 


> 


and [2yYo%— | ° | ab. | = 
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BATTELLI, §. (1878-9): LIT, R. R. (1879). 


[I primt ELEMENTI DELLA TEORIA DEI DETERMINANTI, con alcune 
applicazioni all’ algebra ed alla geometria. Sch. Progr. Rovereto.] 
[BEGINSELEN VAN DE LEER DER DETERMINANTEN, met voorbeelden 
| en toepassingen. viii+38 pp. Amsterdam.] 
Both of these are quite elementary, and there is nothing about 
them more than their titles would lead one to expect. 


SIMONNET (1879). 


[Sur les conditions de lexistence d’un nombre déterminé de 
racines communes 4 deux équations données. Comptes Rendus 
.... Acad. des Sci. (Paris), Ixxxvii. pp. 223-224. ] 


The basis of the special investigation here is a carefully formu- 
lated theorem in general determinants which we may put in the form 
| im +B, = Aj," | Dial wa + A,,- | Dial w,2 + . + Age [Orel Gsm 3 
where | @m|, | 01, | are any two determinants; | A,,|, | Bj, | 
their adjugates; and | },, |, , what | b,, | becomes when its i" 
row is supplanted by the first n elements of the s” row of | dm |. 
No proof is adduced ; but if, in order to gain breadth, we view the 
theorem as giving the product of two determinants of the p® and 
q'" orders (p > q) in the form of a sum of products of two deter- 
minants of the (p—1)™ and (q¢+1)™ orders, there is no difficulty 
in establishing it, and its relation to previous work becomes 
more readily apparent. For example, when p, g = 4, 2 (or, when 
m,n = 4, 3), we have 


|aybyrgd al "| erfe|= | G1 Ge Gy Gy . . | = es tape act ld meee 
RR Ma VEE | 6, bs bs, bg —bd, —b, 

CiralotaCeu ac. | Gish Ca. Colnlig a Orn ees 

ils te Sars id, d, ds dy —d, —d, 


Ch eg ea ean es a 4 Cs es 

fi te fs : fi Je | ltt fe fs 

= —| ab,c, |-| dyeofs | +] aided, |-| qeofs. | 

— | Ged |-| dye fs | + |O,ed4 |"|@1e2fs|- 


In Sylvester’s similar theorem of 1839 p and q are equal. 


\ 
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{PAIGE, ©. LE (1879): JAMET, V. (1879). 


[Sur la multiplication des déterminants. Nowv. Corresp. Math., 
v. pp. 76-79. ] 

[Sur la multiplication des déterminants. Nouv. Corresp. Math., 
v. pp. 79-81. ] 


Le Paige and Jamet recall their work of 1877, and again try to 
show that if D, vanish, then A must vanish, using now the fact 
that the vanishing of D, entails the results formulated by Falk. 


MUIR, T. (1879). 


[General theorems on determinants. Transac. R. Soc. Edinburgh, 
xxix. pp. 47-54.] 

The first theorem, though only now published, is one referred 
to by the same author in a paper of 1873-74 as his “extension of 
Laplace’s theorem ” (Proceed. R. Soc. Edinburgh, viii. p. 23). It 
stands thus: In a determinant of the n™ degree, if the rows from the 
1* to the q” inclusive and the rows from the p™ to the n™ incluswe be 
taken; and if a minor of the (q—p+1)” degree be chosen from the 
rows common to these two sets; and if from the first set each minor 
of the q” degree containing the chosen minor be multiplied by the minor 
which contains both the complementary of the former and the chosen 
manor; and uf the sign (—1)° be prefixed to the product, s being the 
sum of the numbers indicating the rows and columns from which the 
Sirst factor is formed increased by q—p+1 for every such number greater 
than q ; then the sum of the products thus obtained is equal to the product 
of the chosen minor and the original determinant. The mode of proof 
will probably be sufficiently explained by taking the case where 
n, p,q = 5,3, 4. First we form the determinant 


Gf a; dy dy as 
b, 6, bg bg bs | 
1G Cg Cg Cy Cs 
ted, Gerda! ds 
| Cr Cs Oy Cz Og 
| d, dz d,; dy ds 
&% & crepes. Ose,” 
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which, by Laplace’s expansion-theorem, is equal to 

|aybocgd4| + |cgdge5| — |a,bsc.d5|-|edse4| + |@ebg¢a75| - |G 3ea]- 
Next we perform on the determinant the operations 


col,+col,, col,+col, 


TrOW;—IOW;, LrowW,—TowW,, 


and so obtain the form 


G& MM Az Ay as 
b, bz bs dg bs 
CG G& Cz C4 C5 
ears aaa rae dx 
Cz Cy 
ds dy 
@ & C3 €4 3 Cg 65 


which, by again using Laplace’s expansion-theorem, is seen to be 
equal to 
| @yboe34 ges | * | Cada |. 


The required result is thus reached. 

Of the second theorem the first case is identical with that given 
by Hermite in 1849, and the other cases result from the continu- 
ance of the condensation so begun. For example, » being 5, we 
have 


1 My Gz Gq G5 |=] | ayb,| |aqbg| |asba| |aads|] + Gg, 
b, b, bs bg bs | | %C2| | ¢3| |@sea| | aacs| 
GM Czy Ca OC | %d2| | a_ds| | sd] | ods | 
d, d, dz dy d; [2 | |aes| |@3¢a| | aes | 
& & €3 C4 &5 
=| |40.¢5| | debscq| | @sbac5| | + |aabs| + |@sb4| 
it | a2bsd4| | dgbads | 
| @b.5| | Gabs@q| | dgdaes | 


=| | qb cod, | | Qyba¢qds| | + | Qb3Cq |» 
| Aybae ge, | | Ab gC4es | 
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Coordinate with these, but in a sense subordinate to them, are given 


M% A dy My G5 |=]|4,b,| |a,b,| [abs] |abs|| + a5 
b, b, bs by 05 [Cp] [acs] [aca] | me5| 
G & Cy Cy C5 [%d.| |ads| |adg| | ads| 
d, dg dz dy ds | @y@| | aes] | ae] | mes | 
4 & €3 €, @5 
=| |abec3| | ab.¢q| | @bocs| | + | 2, |? 
| @ybydg| | add y| | beds | 
— bl arbees| | aibeea| | aidees | 
=| |abecad,| | aybeca¢5| | + | adyc |, 
| @yb,C3€q| | A Ooe es | 


the first. bemg Chio’s of 1853, and the others obtained by means 
of it. 

The third and last theorem concerns the multiplication of an 
n-line determinant by an n-termed expression. Its nature will 
be fully understood from merely stating the case where n is 3, 
namely, : 


/% d, a |(&+f+€s) 
b, b, 5s 
G % OC 
=| 4% 2 Assi +i Gh Yo 4 | +] % % as 
by bp bg | | hy Oaks aks bb, bs 
q Cy Cz | | GC Cg C1 Cts C€s |, 


and from suggesting an examination of the cofactor of any one of 
the €’s on the right-hand side. 

It is well to note in passing that the identities appearing under 
the second theorem may be viewed as propositions regarding com- 
pound determinants. As such the first set had been foreshadowed 
and in part formulated by Spottiswoode in 1853 (Hzst., 1. pp. 
202-204), and the specialized set fully enunciated by Sylvester in 


1851. 
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FURSTENAU, E. (1879). 


[Beitrage zur Theorie der Determinanten. Crelle’s Jowrn., [xxxix. 
pp. 86-88. ] 


The first of Fiirstenau’s theorems is identical with Sylvester’s 
of 1839, of which an easy proof was suggested by Cayley in 1843 
(Hist., i. p. 233 ; ii. pp. 10-11). 

The second is that ¢f the successive minor diagonals on the upper 
side of and parallel to the main diagonal be multiplied by x, x*, x, . 
respectively, and those on the under side by x-1, x-*, x3, ... re- 
spectively, the value of the determinant remains unaltered. In proof of 
this, it is pointed out that the multiplications in question are equiva- 
lent to multiplying the element in the (r,s)" place by z*~”, and 
therefore equivalent to multiplying any term of the determinant by 

gua that is, o. 


When x = —1 we have Janni’s case of 1874. 


CARR, G. 8. (1879). 


[Question 5752. Math. from Educ. Times, xxxii. pp. 54-55.] 
What is here proposed to be indicated is a method for changing 
a given algebraical expression into the form of a determinant. The 
process, which is illustrated by the expression 
abed +-bfgi-+-fh? +-def +cghp-+ahr+elpr 
— fhipr — ablr — ach? — fgh — bdf? — efhl — cdep, 
is commonplace when compared with Dodgson’s of 1867. 


STUDNICKA, F. J. (1879, 1880). 


[Ueber eine neue Determinantentransformation. Siteungsb. . .. 
Ges. d. Wiss. (Prag), Jahrg. 1879, pp. 487-494.] 
Vv 
[O nové pouéce determinantni. Casopis pro péstovdnt math. a fys.. 
ix. pp. 97-103.] 


The transformation referred to is the second of those spoken of 
as ‘condensations,’ and fully dealt with earlier in-the same year 
by Muir (see above, pp. 80-81). 


CHAPTER II. 
DETERMINANTS AND LINEAR EQUATIONS, FROM 1861 TO 1878. 


In the preceding volume the contributions to this subject were so 
unimportant. as not to warrant the segregation of them, and of 
course in the first volume segregation, even if possible, would have 
been highly undesirable. For the period now reached, however, 
the circumstances are in every respect different, and facility of 
reference can receive due attention. 


SMITH, H. J. S. (1861). 


[On systems of linear indeterminate equations and congruences. 
Philos. Transac. R. Soc. London, cli. pp. 293-326 ; or Collected 
Math. Papers, i. pp. 367-409. ] 


There here appears the theorem that if every determinant of the 
augmented array of a redundant system of linear equations be equal 
to zero, while those of the unaugmented array are not all zero, the system 
admuts of one solution and of one only. Thus, the redundant set of 
equations 


at+ay = f ) 
batby = 9 
c@tay = h 
datdy =k 


has one and only one solution if 
mb Gy a | 
Gch oh dy Wwsl0un and | 
yoy agemaedaainik 


jm Ob G dy 


1 dy by G dz 
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It will be noticed that two useful terms are introduced incidentally 
in the statement, ‘augmented array’ and ‘ unaugmented array’ 
representing important entities connected with the study of simul- 
taneous linear equations. 


TRUDI, N. (1862). 
[Tror1a DE’ DETERMINANTI, ... xii+268 pp. Napoli.] 


The section devoted to the Solution of Linear Equations (pp. 
113-121) is fuller than in any previous exposition, and a great 
improvement on Baltzer’s of 1857. The fifth paragraph of it deals 
with the case of 


r=n 
py Ly + Op hy iso Fp Lr a u, | 


f r=) 
when the common denominator of the unknowns vanishes and also 
one of the numerators. From this the first deduction of course is 
that the other numerators must vanish also; and the proof rests on 
the fact that the vanishing of the numerator of x, gives us 
UWAytUzAgt - ~~ +UnAn = 0, 
and the vanishing of the common denominator gives us 


An _ An _ _ Au 


Ae i Veron ve: ewes 
The second deduction is that one of the given equations, say the 
first, 1s derwable from the others ; and the proof consists in obtaining 
from these others by multiplication and addition the equality 
(QyAcst+ Os Agst . . . +O Ans) % 
+ Onn Nog + Aap Age Cite + Ann Ans) Lp, 
= Us, A, + Us A3,+ af aoe Mens ? 


and thence the equality 
=O, Aj 2 AA i L_— F900 Gy, Ap 4 —u,A,, ? 


from which the first equation of the set at once follows if A,, is not 
zero. The appearance of this extra condition at the close deserves 
note, as also the fact that it is unmentioned in connection with the 
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first deduction. A proof is also given of the converse of one of 
the theorems regarding the eliminant, namely, that f 


ayy Ay49 Bin uy 

A> a a u 

21 22 2n 2 a0) 
| 
| Ontir Anzie ++ + Aptin Unt 


then any one, say the last, of the equations 


r=n+1 
8X1 Oke... +anpX, = uy} 
r=1 


is a consequence of the others; the procedure being to perform on 
the given vanishing determinant the operation, 


col,.4,—(#,col,+2,col,+ ... +2%,coln), 
with the result 
{Unga — (Outi + On 41,28 + yt +n 4100p) [inl = 9, 
after which we have only to assume | a,,, | + 0. 
Lastly, attention is drawn to the simple fact that if we have 

n linear equations 

t+ Ayt+az+a, = 0 

b,c+ by + bz+b, = 07 

2+ Cy + C3z2+c, = 0 
determining 7 unknowns 2, y, 2, theh any other linear function of 
the same unknowns, D,x+D,y+D,2+D,, is readily expressible in 
terms of the coefficients, namely, is equal to 


| qbyczD, | + | a5,c3 |. 


BALTZER R. (1864). 


[Theorie und Anwendungen der ~Determinanten. 2te verm. 
Aufl. vi+224 pp. Leipzig.] 

Baltzer now notes (§ 8. 2) how the solution of n non-homogeneous 
equations in m unknowns is deducible from the solution of n homo- 
geneous equations in +1 unknowns, without, however, referring 
to the possibility of the reverse procedure. He also gives the 
second half of Kronecker’s contribution already mentioned (p. 14), 
namely (§ 8. 3, iii.), that if the minor | ay... a | Of | @1- ~~ ann | 
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do not vanish and all the minors of higher order do vanish, the set 
of equations 

Oa yX, basket... $anX, = of ‘ 
as consistent and (n—k)-fold indeterminate. 

For example, taking n = 5 and k = 3, we can, because of the 
datum regarding | a,b,c,|, obtaim from the first three equations 
satisfying values of 7, %, 3 in terms of 74, %,; and we can then 
prove that these values will also satisfy the remaining equations, 
because the requisite substitution in the left-hand members of the 
said equations leads to the expressions 


| %becsdq|%q + | %b.cd5| a5, 

| Mbecxeq|%_ + | MbC3¢5 | Zs, 
which, by reason of the second datum, are each equal to 0 for 
any finite values of 74, 25. 


Tr=1 


PADULA, F. (1864). 


[Ricerche di geometria analitica. Atti del R. Ist. d Incorrig. .. . 
(Napoli), (2) 1. pp. 37-76.] 

In a footnote extendmg over parts of pp. 42-46 a proof is 
attempted of the theorem that ¢f any two primary minors of an 
m-by-(m+1) array vanish, all the others vanish also. This, which 
is the case of Cayley’s theorem of 1843, where n = q = 2, is also 
identified with the theorem already formulated by Trudi, that 
of one of the unknowns 1n the set of equations 


QyyXy + AyXot . . . FAmXy = us} 
take the form 0/0, so also must all the others. 


DODGSON, C. L. (1867). 


[An Evementary TREATISE ON DETERMINANTS, .... viii+143 pp. 
London. | 


Chapters i. and iv. establish conditions under which equations 
of a set are consistent, inconsistent, interdependent, and so forth : 
also, consequences flowing from consistency : and, finally, necessary 
and sufficient tests for corsistency. They may thus be expected to 
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contam extensions and improvements of previous incidental work 
on the subject. The results are helpfully collected in tabular 
form (pp. 134-138); and by way of illustration four different sets 
of equations with arithmetical coefficients are investigated in full 
detail (pp. 111-116). To a certain extent tabulation is facilitated 
and conciseness furthered by using the term ‘V-block’ to stand 
for the array composed of the coefficients of the unknowns, and 
* B-block ’ for the augmented array, thus making possible such short 
sentences as 


V — oF a0; B = Q, Condeesh Die 
|V|=0, or #0; |B] =0, or £0; 
| Vi =.0, or #0; |Bi=0, or +0. 


This has its advantages, but there is also much against it, and it 
has certainly not commended itself to subsequent writers. As 
hitherto, therefore, we shall state the propositions at full length, 
merely agreeing with Dodgson to speak of an array as being 
“evanescent ’ when all its primary minors vanish. 

Taking chapter iii. (pp. 32-59) and noting first those which are 
not specially concerned with equations that are homogeneous, we 
have : 

(Ia,). If there be n linear equations containing n--r unknowns, 
and of a primary minor of the unaugmented array be not zero, the 
equations are consistent; further, “any values being arbitrarily 
assigned to the r unknowns unconnected with the said minor, one 
satisfying value, and only one, can be found for each of the other un- 
knowns. (Prop. II.) 

(Ia,). If there be n linear equations containing n-+r unknowns 
(where r may be 0), and of the unaugmented array be evanescent but 
the augmented array be not, the equations are inconsistent : and, on 
the other hand, if they be consistent, and have their unaugmented array 
evanescent, their augmented array vs also evanescent. (Prop. V., XV.) 

(Ia,). If there be n linear equations containing n-++r unknowns 
(where r may be 0): and if there be n—k of the equations having their 
unaugmented array not evanescent : and uf when these n—k equations 
are taken along with each of the remaining equations in succession, each 
so formed set ofn—k-+1 equations has its augmented array evanescent ; 
then (1) the equations are consistent : (2) of any non-evanescent primary 
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minor of the wnaugmented array of these n—k equations be selected, 
the k-Lr unknowns whose coefficients are not contained in it may have 
arbitrary values assigned to them, and for each such set of arbitrary 
values there is one set of satisfying values for the other unknowns : 
and (3) the remaining equations are dependent on the said n—k 
equations. (Prop. X., Cor.) 

Next we have propositions which, like the foregoing, do not 
specially concern homogeneous equations, but which bear on ‘re- 
dundant ’ systems : : 

(Ib,). If there be n linear equations containing n—r unknowns, 
and if the augmented array be not evanescent, the equations are incon- 
sistent : and, conversely, of the equations be consistent, the augmented 
array is evanescent. (Prop. III., XIII.) 

(Ib,). If there be n linear equations containing n—r unknowns : 
and wf there be n—r of the equations whose unaugmented array is not 
evanescent: and if when these n—r equations are taken along with 
each of the remaining equations in succession, each so formed set of 
n—r-+1 equations has its augmented array evanescent ; then (1) the 
n equations are consistent : (2) there rs only one set of satisfying values 
for the unknowns : and (3) the remaining equations are dependent on 
the said n—r equations. (Prop. VIII.) 

In the third place we have propositions which refer specially to 
homogeneous equations, the first being Jacobi’s of 1841 (Hist., ii. 
p. 324) : 

(Ila,). Lf there be n linear homogeneous equations containing n+1 
unknowns, then im every set of satisfying values for the unknowns the 
values bear to one another one and the same set of ratios. (Prop. IL., 
Cor.) 

(Ila,). In every set of n linear homogeneous equations containing 
n-+r unknowns, there 1s for the unknowns a set of satisfying values 
of which two at least are not zero. (Prop. XII.) 

(IIa,). If n linear homogeneous equations containing n+r un- 
knowns have for the unknowns a. set of satisfying values of which one 
as not zero, and vf on deleting the coefficients of the unknown which takes 
this non-zero value the remaining array is evanescent, then the whole 
array is evanescent. (Prop. XV., Cor.) 

Lastly, we have propositions which still refer specially to homo- 
geneous equations, but now concern ‘redundant’ systems mainly : 
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(IIb,). Jf n linear homogeneous equations containing n—r un- 
knowns (where r may be 0) have their unaugmented array evanescent, 
there is for the unknowns a set of satisfying values of which two at least 
are not zero, and of the n equations r+1 are dependent on the rest : 
and, conversely, if the equations are satisfied by a set of values which 
are not all zero, the unaugmented array is evanescent. (Prop. XI., 
Cor. xix.) 

As already implied, the proofs of all these propositions are most 
carefully set forth by Dodgson: we have considered it sufficient 
to indicate, by giving their numbers, the order which he found to 
be logically suitable for them. 

The main proposition of chap. iv., the chapter which deals with 
tests for consistency, is (p. 61) as follows: The necessary and 
sufficient test for a set of linear equations, which are not all homogeneous, 
being consistent is that either (1) there 1s one of them such that when 
it is taken along with every one of the remaining equations separately, 
each pair of equations so formed has its augmented array evanescent : 
or (2) there are m of them, m > 1, which contain at least m unknowns 
and have their unaugmented array not evanescent and are such that, 
when they are taken along with one of the remaining equations, each 
so formed set of equations has its augmented array evanescent. 

Of five Appendices the first (pp. 111-116) gives a very thorough 
exposition of how to proceed in the investigation of a given set of 
linear equations. As examples, sets of equations that are not all 
homogeneous, the two 


u+ v—2¢+y— z= 6 3a— y = —T 
2u+2v—42—y+ 2 = 3 6x—2y = —14 
ut v—2xz = "| t+ty=-l 
u— v+ 2+y—2z = 0), e+5y = 3 
be-Fiy = 297), 


are dealt with in succession, being tested (1) for consistency, (2) for 
interdependence, and (3) for the existence of unknowns to which 
arbitrary values may be simultaneously assigned. Similarly, the 
set of homogeneous equations 

Qu+ v+2e2+ y+ 32 = A 

5u+3v—4¢+3y— 62 = 0, 

u+ v—8r+ y—12z2 = o| 
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is examined, the test for consistency being now in regard to satis- 
fying values that are not all zero. 


VERSLUYS, J. (1870): VALERIANO, V. (1871): 
DONNINI, P. (1875). 


[Discussion compléte d’un systéme d’équations linéaires. Archiv 
d. Math. u. Phys., lu. pp. 257-277.] 
[Sistema generale di  equazioni lineari fra m incognite. Giornale 
di Mat., ix. pp. 371-376. ] 

[Un sistema particolare d’equazioni lineari. pp. (2). Livorno.] 
The theorem in determinants which is made the basis of Versluys’ 

discussion is identical with Dodgson’s of 1867 (chap. v. p. 67); 

and the body of the paper may be compared in subject with 

Dodgson’s chapters iii. andiv. Versluys distinguishes eight different 

eases in the solution of 


a,¢-+b,y+ez = a, 
and twenty-five in the solution of 


r=4 
a,¢-—-b,y+-e,z+d,w = er} 
r=1.- 
Valeriano confines himself to cases where the number of equations 
and the number of unknowns are the same, beginning with equa- 
tions that are homogeneous. 


r=3 


v=19 


FONTENE, G. (1875). 


[Théoréme pour la discussion d’un systéme de n équations du 
premier degré & m inconnues. Nowv. Annales de Math., (2) 
xiv. pp. 481-487. | 

In his subject Fontené restricts himself as Valeriano did (1871) ; 
but his aim is quite different, namely, to embody all his results in 

a single proposition. His success is more apparent than real, the 

enunciation of the proposition occupying almost a full page and 

not being a very compact whole. The purely determinant theorem 


which he uses (pp. 485-486) is in essence identical with Kronecker’s 
of 1864. 
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ROUCHE, E. (1875, 1880): MERAY, C. (1875). 


[Sur la discussion des équations du premier degré. Comptes 
Rendus . . . Acad. des Sci. (Paris), lxxxi. pp. 1050-1052.] 


[Note sur les équations linéaires. Journ. de V’ Ec. Polyt., cah. xlviu. 
pp. 221-228.] 
[Sur la discussion d’un systéme d’équations linéaires simultanées. 
Comptes Rendus.... Acad. des Sci. (Paris), lxxxi. pp. 1203- 
1204.] 


Rouché is still more ambitious than Fontené, his aim being to 
condense into one proposition the means of completely investigating 
a set of linear equations. Simplicity in enunciation is sought to 
be attained by introducing the term ‘ déterminant principal’ for 
the non-zero minor of highest order in the wunaugmented array, and 
the term ‘ déterminants caractéristiques ’ for minors of the augmented 
array but not of the unaugmented array which have the ‘ déterminant 
principal’ for a primary minor. Unfortunately, the terms, like 
Dodgson’s, are not happily chosen. After explaining them at con- 
siderable length (pp. 221-223) Rouché says : We can now formulate 
“la proposition qui renferme toute la théorie des équations linéarres.”” 
In English the proposition is : 

In order that n linear equations containing m unknowns may be 
consistent it is necessary and sufficient that all the ‘ characteristic 
determinants ’ of the set shall vanish ; and, of this condition be satisfied, 
the set has only one solution or is indeterminate according as the order 
of the said determinants is greater or less than m. 

The logical foundation for the proposition is well set forth (pp. 
223-227), but will readily be guessed by any one familiar with earlier 
work on the subject. In the actual application of the test to a given 
set of equations the first and fundamental requirement is of course 
the finding of a ‘ déterminant principal,’ and unfortunately Rouché 
gives no indication of the procedure which he considered best for 
attaining this end. Nor are any examples like those of Dodgson’s 
first appendix worked out. It is thus impossible to say whether in 
the actual practice of solution the condensation and simplification 
apparent in the statement of the proposition be realities of any 
appreciable value. The concept, however, of a ‘déterminant 
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principal’ is one not to be lost sight of : probably the most suitable 
English equivalent for the name would be ‘ critical minor.’ 

Méray’s contribution is embodied in three theorems, and is less 
original in both form and substance. 


DARBOUX, G. (1876). 


[Sur la théorie de l’élimination entre deux équations 4 une inconnue. 
Bull. des Sci. Math., x. (1), pp. 56-64.] 


As a lemma requisite for his main purpose Darboux formulates 
in his own way the theorem regarding the solution of n linear homo- 
geneous equations in » unknowns whose determinant | a,, | and 
all its minors down to |a,,_,| are equalto 0. This and a converse 
he takes pains to establish anew (pp. 61-63). 


VENTEJOLS (1877): D’OVIDIO, E. (1877) : 
BIEHLER, C. (1878). 


[Sur un probléme comprenant la théorie de l’élimination. Comptes 
Rendus .... Acad. des Sci. (Paris), lxxxiv. pp. 546-549. ] 
[Ricerche sui sistemi indeterminati di equazioni lineari. Atti. ... 
Accad. delle Scr. (Torino), xii. pp. 334-349. ] 


[Sur la théorie des équations. Dissert. 60 pp. Paris.] 


Ventéjols’ fundamental propositions are but variants of already 
known results. (See Dodgson’s text-book, p. 48 cor., p. 64 prop., 
p. 50 cor.) 

D’Ovidio confines himself to a full and thorough investigation 
of the case where there are n homogeneous linear equations in nr 
unknowns, his proposed object being to effect a generalisation of 
the theorem known from Jacobi (1841) to hold for the case where 
ris 1.* He notes at the outset that the generalisation had in effect 
been reached by Clebsch in 1872 (Abhandl..... Ges. d. Wiss. zu 
Gottingen, xvii. 60 pp.; or Math. Annalen, iv. pp. 427-434). As 
a matter of fact, however, the theorem which he attributes to 
Clebsch is nothing else than Brill’s theorem of 1871, which Gordan 
had restated in 1873. Viewed as a property of an indeterminate 


* See above under Dodgson, IIa. 


LINEAR EQUATIONS (VENTEJ OLS, 1877) 


93 


set of linear homogeneous equations it takes with D’Ovidio the 


following form: If 
W) 4a) 
Ee nee ee See Go. . ne) 


be r independent solutions of the set of equations 


a) (a) 2 
Oe tt > 2 ae, =I 
a” aE tay = 
ae eee , &, =O}, 
then the primary minors of 
(1) (1) 
AF 
(r) (r) 
ee 
are proportional to those of 
(1) (1) 
Pog eu eg Oe 
Sp ee ie em 
the ratio 
(1) (r) | .| (0 (n-r) 
(elf leey 2d Cyd: 


beng constant if a,...,b,c,.. ., dbea permutation of 1, 2,..., 0, 


and have w inverted-pairs. ‘ 


Biehler opens his thesis (pp. 5-10) with the solution of 7 linear 
equations in m unknowns; he does not, however, give anything 


really fresh. 


CHAPTER IIL 


AXISYMMETRIC DETERMINANTS, FROM 1846 TO 1879. 


Nore has to be taken that four of the writings here to be dealt 
with, namely, those of Cayley (1846, 1856), Brioschi (1854), and 
d’Arrest (1857) belong to the preceding period. In the case of 
Brioschi the account is supplementary to that already given. 


CAYLEY, A. (1846, 1856). 
[On some analytical formulae, and their application to the theory 
of spherical coordinates. Cambridge and Dub. Math. Journ., 
1. pp. 22-33; or Collected Math. Papers, i. pp. 213-223.] 
[Note upon a result of elimination. Philos. Magazine, xi. pp. 378- 
379 ; or Collected Math. Papers, ii. pp. 214-215. ] 
Save for the notation used Cayley’s fundamental property of 
1846 is 


&% 12 és &3 13 O3 

ANS eet MCs 

FOO: he f° FOS AG: 

pats ESE mn $1 = | No€ 5 | | GoEs | | €ans | 

fo No be fs 13 Os ie ip 2 Sy 

ao lfm bey Me yo ee a Hsia AE 1s 
pee Oa of OO oars EK D C jl &aal, 
I MER Fa Ca G tee Dadri os crs, lc 


an extension of Cauchy’s of 1844 into which it degenerates (Hist.. 
li. p. 26) when the suffixes 1, 4 are changed into 2, 3. 
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Similarly the result of 1856 is that if A, B,.... be negative 
elements of the adjugate of 
ahg€é 
hbf x 
g_f ¢ 
a boas § 
and a, 8, y be quite arbitrary, then 
B&—yn y&—ag an—Bé Lele By oy 
a h g (ey, A H Gla 
h b 7° \yeror  H BEY 6 
q fi c lan—Bé GF Cly 


BRIOSCHI, F. (1854). 
[La TEorIca DEI DETERMINANTI,.... vilit116 pp. Pavia.] 


Brioschi (§ 6), in defining after Gauss (Hist, i. pp. 64-65) the form 
adjunct or adjugate to 


Sa : a 2, eRe 7) 
reps Se OP, 90 
to be the form r=1,2 i 
Fea ae ea) 

») gre Sale We . +, ? 


where A,., is the cofactor of a,, in | a,,|, but where there is no con- 
nection between the z’s and £’s, writes the two as determinants of 


the (n+1)™ order, namely, 


vay | ss 

| 1p \n-2 . Ly Ly Che ity 3) Ln a . & &5 ay ol En 
SpA Ay ss Ban | a a 
Spier Ae ey > ay & a Gog» + + an 

Ln om hoe BO Gat ye Be En Gn One -- Onn 


the justification for which is seen on developing the determinants 
in terms of binary products of the «’s and the é’s respectively, and 
using in the case of the first a result of Cauchy’s regarding the 
adjugate of the adjugate (Hist., i. p. 110). The first of the two 
identities, for the case of n equal to 3, was given by Sylvester in 
1850 (Hist., ii. pp. 117-118). The second we should have drawn 
attention to when reporting (Hvst., ii. p. 153) Salmon’s remark 
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regarding the form taken by the evectant of the discriminant of a 
quadric when the discriminant vanishes. We see now that the pro- 
perty then stated is equivalent to saying that when the discriminant 
of a quadric vanishes, the adjunct quadric 1s expressible as a square. 

Brioschi also notes that if, in addition to the above-mentioned 
relation between the a’s and A’s, there be the following connection 
between the 2’s and é’s, namely, 


Ey = My MtAy%t ©. . +, Tn, 

fp = Uy Byte Let ) . . +45,2n,; 

& = AL, TO nghq Saal TAnnXn; 
so that each € is the differential-coefficient of the given quadric with 
respect to the corresponding x, and consequently so that 


@E, AME t+... +lnEn 
is equal to the quadric itself, then 
DyAmerks = | 1% - - - Ann | es os: 
It must not be forgotten, however, that the case of this for » equal 
to 3 is included in a result noted by Cayley in 1848 (Hist., ii. pp. 
116-117), and that the proof there given by us is generally applicable. 
As alternative proofs we may now add that 


SNe als Aah el ra | lees ae 
8 hag See ah qg 
yo hi ib -% 7 aes OR i 
Kaine jane ¢ 1 9. F204 | 
lah g 
= (WE Bayi 20) Op fa a 
and that lg f ¢ 
— | 1 a eZ 1 5 | Oe ee fa He ee 
o EAH, 8G S AGhes Aer | ans Salih 
E> 8B aly Gop ae 1 gin 
GN Ys G Fe z A 
= (2€+ynt2Q)d?, 


where A stands for the multiplier on the left. 
Another fact to be supplied is that Brioschi, when dealing (§ 7) 
with the subject of linear transformation, gives a property of pure 


® 


eS 
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determinants which we may formulate for ourselves thus: If the 
square of any determinant formed by row-multiplication be D, and 
the square formed by column-multiplication be D’, then the sum of the 
m-line coaxial minors in D is equal to the corresponding sum in D’. 


D’ARREST, H. (1857). 
[Beobachtungen des Cometen iii. 1857. Astron. Nachrichten, xlvii. 
col. 17-19.] 
From consideration of three special cases d’Arrest ventures on 
the generalisation that if in the application of the Method of Least 
Squares the so-called ‘ normal ’ equations be 


(aa)z+(ab)y+(ac)z+...= 3| 
(ab)x+(bb)y+(be)z+... = 0] 
(ac)z+(be)y+(ec)e+...= 4 
then the weights of x, y, z, . . . are 
A A A 
[aa]’ [b]’ [ec] *” 


where A is the determinant of the set of equations and [aa] is the 
cofactor of (aa) in A. In the same serial in 1866 (vol. lxvu. pp. 
174-175) a proof of the proposition is given but unaccompanied 
by any author’s name. 

It is perhaps worth adding that’ the array of coefficients in the 
‘normal’ set of equations is got by multiplying the array of the 
original set columnwise by itself. 


FERRERS, N. M. (1861). 
[An ELEMENTARY TREATISE ON TRILINEAR Co-ORDINATES (chap. iil. 
pp. 58-71). xii+154 pp. London.] 
One of the results, unfortunately inaccurate, given at the close 
of the short chapter on determinants is 


1 1 1 Hie 
Pe Ob OE OG. 4 eee 
TD Ore 8 OOS, aya Le dbo. 3. (Fete + - a 


1 cta ct+b 
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It is readily seen that the left-hand member 
| t 1 1 
1 —2a : 
= 1 -  —2b 
1 


and that therefore the right-hand member ought to be 
I peel nee aE ) 


(=1)'2"“labe... (G+ 5+ s+ ae 


where n is the number of variables.* 


BOOLE, G. (1862). 


[On the theory of probabilities. Philos. Transac. R. Soc. London, 
clii. pp. 225-252. ] 

An important part of Boole’s investigation turns upon the solu- 
tion of a peculiar set of linear equations, and he consequently 
devotes considerable space (pp. 235-240) to an examination of the 
determinant of the set. 

As the determinant is axisymmetric he begins by establishing 
the proposition which results, in regard to such determinants, from 
subtracting \ times the 7 row from the 7™ row, and thereafter 
times the 7 column from the 7“ column. This operation does not 
do away with the axisymmetry, and the diagonal element a;; is 
thereby changed into 

Qi, — 2A;;+ 7G, . 
*There is an interesting connection between this determinant, ® say, and 


Ferrers’ second determinant of 1855, F say (Hsé., ii. p. 142). For, putting the 
first variable here equal to 1, we have 
2 OIG y Gy oe i Ghy) == (CIDR eatin y(t shot eos +x) 
and therefore 
GUUS CH Win on 0 hy) Sai(( SIMS @er as & oa Gah 
In the examination papers of 1862 for the Ferguson scholarship, a case of this, 
with incorrect sign, is set for independent proof, namely, 


1 1 1 1 
1 l+a 1+b Il+e l+a 1 ul 
1 a+l : a+b atc} = @ 1 1+-b I 
1 b+1 b+a ‘ b+ce 1 1 l+ce 
1 c+l c+a c+b atl 
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Following this lemma and made in part dependent on it comes 
the rather notable proposition that if an axisymmetric determinant 
have all its elements of the form 

Aatubtre+...., 
and the coefficients \, u, v, . . . in all the diagonal elements be positive, 
and generally be such that all those joined to any one of the variables in 
any row be in order proportional to the coefficients of the same variable 
an any other row, then the final development of the determinant will 
contain only positive terms. The proof is disappointingly lengthy, 
occupying very nearly three pages (pp. 226-238). 

The other proposition, which is a deduction from this, is to the effect 
that of F be a rational integral function of n variables x,, X,, . . . Xp, 
having no powers of them above the first and having all tts terms 
positive, then the final development of 


F xi, oh Lean ee Wee ammer®. <4 LES 
2a ie Se A Pennie. S28 (8 
x,F, x,x,Fy, XA! x ap tee Boel og 
Ret X,X,F nl X,X,F eee ag x,F, ? 


where F,, ¥,, stand for oF /ox,, 0? /ox,0x, respectively, will contain 

nothing but positive terms. For the case of two variables the result is 
axyt+be+cyt+d axytbx axytcy 

axy + bx axyt+be aay = abcu*y* + abdx*y + acdxy? 

axy-+ cy axy axy + cy + bedxy ; 

and for the development in the case of three variables we are referred 

to a similar memoir * of the year 1857, where we find the expression 


(d+h+te+f) (abe-+ acg-+ abg-+ beg) 
+ (a+6+¢-+49) (dhe + dhf+ def +hef) 
+ (ac-+bg) (df-+dh-+ef +eh) 
+ (ag+be) (df +eh+de+fh) 
+ (ab +eg) (de+dh-+fe-+fh) 
+ 4agfe+4bcdh, 


* Boon, G., “On the Application of the Theory of Probabilities;to the Question 
of the Combination of Testimonies or Judgments,” Transac. R. Soc. Hdin., xxi. 


pp. 597-652 (see p. 648). 
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and infer that it is the equivalent of 
atbte+...+h atetdte a+tbtd+f a+b+e+g 


atctd-e a+ct+d+e a+d ate 
a+b+d+f a+d a+b+b4+f a+b 
a+b+c+g a-+e a+b a+b+c+g 


In connection with unisignant determinants like these, it is 
desirable to recall Sylvester’s paper of 1855 and Borchardt’s of 
1859 (Hist., ii. pp. 456-9). 


SIEBECK, F. H. (1862). 


[Ueber die Determinante deren Elemente die Quadrate der sechzehn 
Verbindungslinien der Eckpunkte zweier beliebigen Tetraeder 
sind. Crelle’s Journ., 1xii. pp. 151-159. ] 


The determinant in question is brought forward as a companion 
to Sylvester’s of the year 1852, being, in fact, the complementary 
minor of the zero element in the latter. It is shown that the ratio 
of the one to the other is 

2rp COs d, 
where 7, p are the radii of the spheres circumscribing the tetraedra 
and ¢ the angle of intersection of the said spheres. The interest 
of the paper, like Sylvester’s, is mainly geometrical. 


FREUCHEN, P. (1863). 
[To Determinanter af nte Grad. Math. Tidsskrift, v. p. 42.] 


The two determinants are the cases of Ferrers’ of the year 1855, 
in which a,=a,=a,=.... 


ROBERTS, M. (1864). 


[Question 694. Nouv. Annales de Math., (2) iii. pp. 139-140. 
Solutions by L. Ferrara, G. Torelli, in Giornale di Mat., ii. 
pp. 95-96, p. 191: solutions by A. Smet-Jamar, M. Cornu, 
H. Picquet, in Nouv. Annales de Math., (2) iii. pp. 395-399, 
and by “ Mirza-Nizam,” in (2) iv. pp. 500-504. ] 

Roberts’ result is essentially the same as Ferrers’ second, but is 
expressed more suggestively, namely, 
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ET ee eels] Sef) aaa): 
—l a -l....-—Il 
—l —l Ag os Yt —l 
SEP Pas Ph PSs. ap 
where f(x) = (x+a,)... (x+a,). Ferrara and Smet-Jamar 


develop the determinant in Cayley’s manner of 1847, obtaining 
f(1)—/’ (1) in the form 


(1—n) + (2—n) Sia, + (8—M) Syaja, +... + aay... On} 


Cornu and Picquet subtract the last column from each of the others 
and obtain the development in the form 


(1+4,)(1+a) . . . (1+an) E Goi. aided | 


Torelli, after generalising the determinant by putting —z every- 
where for —1, writes it in the form 


(z+a,)—z 0—z 0—2 
O—z (%+a_.)—z% 0—zx 


0—z . 0—x (t+a;3)—2 


which, if expressed as a sum of determinants with monomial ele- 
ments, gives 
(x+a,)(@+a2)...(4+an) — LS )(%#-+-a2)(%+a3) ..- (+a); 
te. f(x) — af’ (x): 
and “Mirza Nizam” obtains this wider result of Torelli’s by following 
Cornu and Picquet. 


WALKER, J. J. (1865, 1868). 

[Properties of the discriminant of the quaternary quadric form. 
O. C. and D. Messenger of Math., iv. pp. 25-31, 189-190. ] 
[Question 2730. Educ. Times, xxi. p. 139; or Math. from Educ. 

Times, xi. pp. 107-108. ] 
The subject here is mainly the vanishing of the primary minors 
of any axisymmetric determinant of the fourth order, the final 
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result being that all the primary minors will vanish when three of 
them vanish, provided that two, and not more than two, of the three be 
taken from the same rows of the adjugate. The number three is 
Sylvester’s 4(4—3-+-1)(4—3-2) of the year 1850. 

In proving a simple case of the well-known theorem regarding 
a minor of the adjugate he incidentally rediscovers the equality 


% : f J e—ab ef—ah eg—m 
f h : SES ef—ah f?—ac fg—qy | + a, 
ae eg—a fg—ay g—ad 


and thence later shows that when | a,b,c,d,| is axisymmetric and 
vanishes, we have 
J ayb,|*|a¢sdq] — |ab3|°|41%da| + | rba| | Geds| = 0. 


Here, however, we must note that for this last identity axisymmetry 
is not necessary, and that the other condition may also be dispensed 
with if in place of 0 we put a, | a,b.¢5d, |. 


CALDARERA, F. (1871). 


[Nota su talune proprieta dei determinanti, in ispecie di quelli a 
matrici composte con la serie dei numeri figurati. Giornale 
di Mat., ix. pp. 223-232. ] 

The main determinant dealt with is 


at+6 at26 a+ 36 
2a+éd 8a+86 4a+ 66 .... 
38at+d G6at4d 10a4+106 .... or, say D(a, 6), 
4a+6 10a+56 20a+156 


Sr aS 8 


nu 


it being first shown to be independent of 6, and consequently to 
be equal to 


ae or ose 1 1 

bie? 4, | 
Layla er emLe 
L.njdielOoneO 
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The evaluation of the cofactor of a” Caldarera effects with much 
trouble (pp. 226-231) by means of his (or, rather, Chio’s) conden- 
sation-theorem, not observing that a series of similar steps can be 
made by simply diminishing each row by the row immediately 
preceding : for example, when n = 4, we have 


yee 
D(a.) | 1 3 hae veers 
a | Lede| 

L 4-105) 


the theorem repeatedly used in performing the subtractions being 
ae a Cie ay = ee 


The same process applied directly to D(a, 6) gives the value a” with 
equal ease, showing at one and the same time that D(a, 6) = D(a, 0), 
and that the axisymmetric cofactor of a” in the latter is equal to 1. 


SCHULTZE, EH. (1871). 


[Uber die aus einer symmetrischen Determinante A, = 2+4,,.-.Gnn 
gebildete Reihe A,, An_,,..., Ay. Sch. Progr. 22 pp. 
Berlin. | 


The title is misleading, the subject really being the linear trans- 
formation of a quadric, whose discriminant is A,, into an aggregate 
of multiples of squares. As, however, one of the modes of trans- 
formation referred to is that resuscitated by Brioschi in 1856,* but 
originally due to Lagrange (1759 f), namely, that which changes 


Ay Ly” + Aggy + soe Cin + 204%, + OP ae salts 
into 
2 A, 2 A; 2 An 2 
AW uae Ye + AY rae Tied 


* Brioschi, F., ‘‘ Sur les séries qui donnent le nombre de racines réelles des équa- 
tions algébriques 4 une ou 4 plusieurs inconnues,”’ Nouv. Annales de Math., xv. pp. 
264-285; or Zeitschrift f. Math. u. Phys., ii. pp. 209-222; or Opere Mat., v. pp. 
127-143. 

+ Lagrange, J. L., ‘‘ Recherche sur la méthode de maximis et minimis,” 


Miscell... Taurinensts, i. p. 18; or Quvres, i. pp. 3-20. See also Gauss (1823), 
Werke, iv. pp. 27-53, and Jacobi (1847), Crelle’s Journ., lili. pp. 265-270. 
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by a transformation of the form 


Ly = Yyt CyoeYo + CygYg + + + + 1 CnYn, | 


oe Yo + CagY3 + + - - + ConYns 
Xn = Yn> 
the series A,,, A,_; . . . , Ay does come up for consideration. The 


only property established (p. 7) is: If A, and all tts coaxial minors 
of the (n—1)" order vanish, then every other coaxial minor of the said 
order will also vanish. This is easily arrived at by considering 
any two-line coaxial minor of the adjugate. 

We may note that in dealing with a second transformation— 
the orthogonal—Schultze formulates another proposition regarding 
the evanescence of minors, but that this is identical with the first 
of Dodgson’s pair of 1867. 


HUNYADY, E. (1872). 


[Question 979 (proposée par H. Brocard). Nowv. Annales de Math., 
(2) xi. pp. 39-44.] 


In seeking to solve anew Lagrange’s interpolation-problem, 
namely, to obtain the values of the A’s in the set of equations 


1 | eee 
A Lees cas eae A; ae et +...+ Aeaes — = Y, jag 
Hunyady finds that 
nt n-2 
Ce ae ae ee cos A [ (**) for n even 
i pot 7 = 
on ve a lo for n odd. 


HESSE, O. (1872). 
[Ein Cyclus von Determinanten-Gleichungen. Crelle’s Journ., 
Ixxv. pp. 1-12; or Werke, pp. 585-598. ] 


As is explained under Bordered Determinants, Hesse uses [a, 8] to 
stand for the result of bordering [w,,,] vertically and horizontally by 


Oy, Ag; GP hes ain Ol aa and ican Bo a ee ony ioe 
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respectively, and similarly [ay, G6] in the case where a two-line 
border has been affixed. 
The connecting relation 


[tn | -[¢8, yo] = [a, y]-[8, 6]—[a, 6]-[6, y] 


comes to his hand at once, on account of the member on the right 
being viewable as a two-line minor of the adjugate of the second 
factor on the left. In like manner, or by the mere interchange of 
letters, he obtains 


[ Uy | 3 lay, Bo] lu, B] ly, G1 [a, 6] ly; 8), 
l%n{*lad, y8] = [a, y][6, B]—[a, B][s, y]. 
Then, positing the axisymmetry of | u,,, |, he notes that 


[8, 5]=[6, 8], ...., 


and that therefore the first of the three right-hand members 
is exactly the sum of the two others. There thus follows the 
theorem 


(a8, yo] = [ay, Bd] + [ad, 8], 
or, as we may prefer to write it, 
[uB, yo] i Lay, Bo] + [ao, By] = 0. 


A second theorem which he gives is easily remembered from this, 
namely, that +f we annex to the three terms on the left the outwardly 
resembling multipliers 


[a, B] e ly; 6], [a, y] S [6, é], [u, d]- [6, y] 


respectively, the right-hand side need not be changed. This results 
from using the said multipliers on the three original equations, and 
then reasoning as before. 

For ourselves, we may note that the existence of the two equa- 
tions side by side is a consequence of the general fact that if we have 


X = a—b, —Y = b-s«, Z = c—a, 
it follows that we have both 
X—Y+Z=0 and cX—aY-+6Z = 0. 
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WILLIAMSON, B. (1872): BUCHWALD, E. (1872). 


[Condition for a maximum or a minimum in a function of any 
number of variables. Quart. Journ. of Math., xii. pp. 48-51; 
or his Défferential Calculus, 1 edition, pp. 340-343, 2° 
edition, pp. 363-367, etc. ] 

[Question 3683. Educ. Times, xxiv. p. 296, xxv. p. 18; or Math. 

from Educ. Times, xvii. pp. 66-68. ] 


[Betingelsen for at den algebraisk rationale homogene Function af 
anden Grad af n variable er positiv for alle Voerdier af de 
variable eller negativ for dem alle. Tidsskrift for Math., (3) 
i. pp. 20-25. ] 

The real object here is to obtain the conditions that must be 
fulfilled in order that a quadric may remain positive for all real 
values of the variables. 

The investigation, due in essence to Lagrange (1759),* is based 
on a simple transformation, three examples of which we may write 
for ourselves in the form 


_ & YY 
hy cana = (a,e@+a,y) + | a,b, | y’, 
b, b, Ly 
4 
a, — = (a,@+a,y+ a2) 4 
a, G, . aa | | a,b, 
OO Oey | QyCn | | ayes | 
Ci Cae uel ee 
Zz Ww 
=(a,¢7+..: aw) + | a,b; | [abel | y 
| aye, | | aye, | | aye, | | 2 
| ayds| +] ad, | | ad, fiw, 


where, it must be borne in mind, the square arrays are axisymmetric. 


* See immediately preceding footnote. 


} This restriction may be done away with if we alter the squared expressions on 
the right hand into 


(a,% + any) (aye+byy), (aye + dgy + gz) (ayx + b,y + GZ)5 cae 
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By dividing both sides by a, it is seen that in the case of the binary 
quadric the conditions are 


4 >0, | ab,|>0. | 

In the next case it is equally evident that they are a, > 0 and the 

like conditions for the quadric in y, z: and as by the previous case 
the latter are 

| a,b, | > 0, | 216. | | as | 


| aC, | | Cz | 


> 9, 


we obtain in all for the ternary quadric 


a, > 0, | a,b, | > 0, | a,b,c, | > 0. 


Similarly for the quaternary quadric we must have a,, | a,b, |, 
| a6,¢3|, | 4b.cgd,| all positive: and so on, the last determinant 
in each case being the discriminant of the quadric. It is casually 
added that if the 1*, 3", 5, ... . of the series be negative and 
the others positive, the quadric will be negative for all real values 
of the variables. 

As might be expected from the connection with Lagrange, it is 
also pointed out that, calling these determimants A,, A, As,..., 
we can by repeated applications of the fundamental transformation 
change the n-ary quadric into the form 


A, 
fae 


A,U,? + RU; + ASUS yet Sieare ick 
that is to say, into an aggregate of multiples of squares of linear 
functions of the variables : for example, 


aa +-by* +c2" +2dyz+-2eza+2fary 


2 = 

é a(tty+2 2) tie —S (y+ ape 2) + +e eae 

Finally, as the quadric is invariant to a variety of sets of inter- 
changes, there must be a corresponding variety of sets of conditions : 
and, as these latter sets must be all coexistent, there follows an 
interesting theorem which we may formulate for ourselves thus : 
If the axisymmetric determinant | a,b.c,d,| and tts coaxial minors 
| aybycg |, | ab. |, a, be positive, then all the other coaxral minors are 
positive also. 
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Having had in the foregoing to transform 
© let larcal|, —— |leabsl Ienes! Jada, 


into a, | aby |. A? | Ayboc3d, | ; 
Williamson proposed the general problem in the Educ. Times, where 
solutions by Townsend, Laverty, and himself duly appeared. Chio’s 
more general result of 1853 was apparently unknown. 

Buchwald’s paper is closely on the lines of Williamson’s. 


RITSERT, E. (1872). 


[Die Herleitung der Determinante fiir den Inhalt des Dreiecks aus 
den dreiSeiten. Zevtschrift f. Math. u. Phys., xvii. pp. 518-520.)} 
This merely gives a variant on the usual way of deducing the 
four-line determinant in question from the determinant which 
involves the coordinates of the vertices. 


BAUER, G. (1873). 


[Bemerkungen iiber einige Determinanten geometrischer Bedeutung. 
Sitzungsb..... Akad. d. Wiss. (Miinchen), ii. pp. 345-354.] 

The determinants are of the type dealt with by Sylvester (1852) 
and Siebeck (1862), and though there is considerable generalisation 
it only concerns the geometrician. 

Interesting on the same account and written about the same time 
is a paper of Gundelfinger’s, which, as it starts with a theorem 
regarding general determinants, has already been dealt with 
elsewhere. 

JANNI, V. (1874). 


[Dimostrazione di alcune teoremi sui determinanti. Giornale di 
Mat., xii. pp. 142-145. ] 
One of the theorems in question is Salmon’s of 1859 (Hist., ii. 
p. 153). The given determinant being 


Biot ty Seta ee et ee 
Ons iat Ounce ee 
t=O. ey fig deasoredasay, 
Soto af) Nh wee 
t% d@ gt 3 
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Janni puts D, G, I, J for the signed complementary minors of 
d, g, 2, j in the vanishing cofactor of x, and, performing the operation 


J-col;s + I-col, + G-cols + D -col,, 


obtains 
Ly % XL, L, ©)+H,1+e,G+2,D 
a ie ae 6 ; 

5 os Ue ae ee 
tet tft 
‘md g 1 
= —(#J+a,1+a,G+a,D)’, 
as desired. 


We recall, however, our remark under Hesse (1868), that if we take 
the determinant formed from the corner elements of the adjugate 
of A and apply Jacobi’s theorem regarding a minor of the adjugate, 
we have at once 


<A [ity do te Se) ae A Ob We |, 
ie eg er A be. f 
Or ee oH} | ¢ fh 
CO Ib) AN 


Further we note that it would have been equally appropriate to give 
HA = —(Ca,+F¥2,+Hz,+I2,)’, 

or EA — (Bz,+Ea,+Fa, +Gx,)’, 

or AA = —(Ag,+Bz,+Cz; +Da,) ; 

and that each of the four leads to the original form 
A=-— (0A? +a, +0,H? +a4J bye, 


GARBIERI, G. (1874). 
[DETERMINANTI, con numerose applicazioni. xiii+267 pp. Bologna.] 
Some of Garbieri’s deductions (pp. 67-75) from the result 


Oe Datong. o 
ee: Ae 


GG)... @ L=(—I{f@)—a2f(@)}, 


Ti Soap faa er 
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where 
f(z) = (@—a)(w—a) . . . (C—Gp), 
are more worth noting than his proof of the result itself (pp. 168- 
169). 
Thus, taking the case where 1 is 3, and where therefore the right- 
hand side is 
(—a,)(o—a)(a—a_) {1+ 2 4. 2 4 2} 


he shows that it is effectively applicable to the determinant of the 
well-known equation 


g f oa 


on account of the said determinant being transformable into 


| P(a—a) Fgh gh 


jgh — gb=r) gh + Pyle 
foh Toh h?(c—X) 
and the equation thus taking the form 


gh hf 


ES alg ANA: SN nn OE 
gh—af+fr a hf—bg+gr T Fy ch4hn ae 


ae a nae < rae = fgh 
A-—F A-—— A-> 
kaa g h 
for establishing the reality of the roots and determining their 
limits. 
Again, putting x equal to one of the a’s, say the first, in the general 
result, he obtains 


le it.” ae ee 
Ge 10) Oe ee 
@ G G@ ... & | = (—1)""' f(a,). 


Gi 50 ee 
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CAYLEY, A. (1874). 

[On the number of distinct terms in a symmetrical or partially 
symmetrical determinant. Monthly Notices R. Astron. Soc., 
xxxiv. pp. 303-307, 335; or Collected Math. Papers, ix. pp. 
185-190. ] 

Denoting by ¢(m, n) the number of distinct terms in a determinant 
of the (m+n) order having an m-line coaxial minor which is 
axisymmetric, Cayley, by considering two different forms of develop- 
ment—Bezout’s of 1764 and his own of 1847—arrives at the 
equations 


(m,n) = mo(m—1, nm) + np(m, n—1), 

o(m, 0) = o(m—1, 0) + mp(m—2, 0) + 4m(m—1)4(m—3, 1), 
and thence obtains 

p(0, 0) 1 
(1, 0), (0, 1) - 1 1 

(2, 0), (1, 1) (0, 2) | 2 2 1 
Then, confining himself to ¢(m, 0), he shows that the differential 
equation of the generating function of (m, 0)/m! is 


2 Ey as gayi 
dz, ~ la’ 
and consequently that 
geet 
~ (l—a)t 


This readily leads to similar results for ¢(m, 1), p(m, 2),.... 


As an afterthought (p. 335) he puts the said differential equation. 
in the form 


and thence deduces the equation of differences 


Un = Mya — 3(n—1)(n—2)Un_s. 
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CUNNINGHAM, A. (1874): ROBERTS, 8. (1874). 


[An investigation of the number of constituents, elements, and 
minors of a determinant. Quart. Journ. of Scz., (2) iv. pp. 
212-228. ] 

[Question 4392. Educ. Times, xxvii. pp. 45, 66; or Math. from 

Times, xxi. pp. 81-83. ] 

Cunningham devotes §§ 8-10 (pp. 220-224) to the number of 
terms in devertebrate and vertebrate axisymmetric determinants. 
There is an oversight, however, in his reasoning, and his results 
are correct only as far as the fifth order. He concerns himself also 
(§ 14) with the number of &-line minors in an n-line axisymmetric 
determinant. 

Roberts’ difference-equation for the number of distinct terms is 


Uy — Una — (NL) Ubg-g + 4(M—1)(N—2) { thn—-a+(N—3) Una} = 0, 

and Cayley establishes it by taking his own, namely, 

Un — NUy_y + 3(n—1)(n—2)uy_3 = 0 

or, say, BE, = 0, 
and showing that the other is 
E,+(n—1)E,_, = 0. 
The first eight values of w, he finds to be 
L, 2,25, 179 13,1388, 2461, 181565. 


Roberts himself identifies the problem with that of finding “the 
number of distinct ways in which 2n things, two of a sort, can be 
made into parcels of 2.” 


PAINVIN, L. (1874). 


{Note sur la méthode d’élimination de Bezout. Nowv. Annales 
de Math., (2) xiii. pp. 278-285. ] 


A clear exposition of the mode of obtaining the axisymmetric 
eliminant of two equations in 2. 
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SEELIGER, H. (1875). 


[Bemerkungen iiber symmetrische Determinanten, und Anwendung 
auf eine Aufgabe der analytischen Geometrie. Zevtschrift f. 
Math. u. Phys., xx. pp. 467-474.] 


With the help of an unwieldy multiple-sigma representation of 
the elements of a power-determinant Seeliger arrives at Sylvester’s 
unproved proposition of 1852 regarding the p™ power of an axi- 
symmetric determinant. To this he adds the statement that the 
four modes of performing the multiplication lead to the same result. 
Another proposition is that the p” power of a vanishing two-line 
determinant is axisymmetric. 

He next investigates the consequences of the simultaneous 
vanishing of a determinant and one of its primary minors, say the 
determinant | a,b,c,d,| and B;. Since all the two-line minors of 
the adjugate must vanish, he has of course 


0 = 4,B;| = |A,B, |= east] 


oa | C,B, | | CBs | = | C,Bs | 
| D,B, | ae | DB; | a | D,B,| 
and ~0 = A,B, = AB; = A,B, 

= C,B, = C,B, = CB, | 
D,B, = D,;B, = D,B, ), 


from which it is easy to see that 
either G=A,= C, = D;, 
or Oia BPiatB, = "By 


The general result is that if a determinant and one of its primary 
minors, M, vanish, then the other primary minors which are in the same 
row of the adjugate with M must also vanish, or those which are in the 
same column. As a corollary it is added that when in addition A 1s 
axisymmetric and M is coaxial, there 1s no alternative. 

Following on this is a proposition less readily acceptable, namely : 
If an n-line axisymmetric determinant and n-2 of its primary coaxial 
minors simultaneously vanish, then all the other primary minors 
vanish also. It is at once seen that after the application of the 
preceding corollary the only elements of the adjugate that require 
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consideration are those of the last two-line coaxial minor ; in other 
words, that the adjugate must be of the form 


OO nun te OO IE | 

0 Op OO 

oe tsar oes 

eb Haren | apne’ Saat 8 

GO re OL, Seat iits 

Further, it may be agreed that the data give us 

cX+yY =0 
yY+2ZL = | 
Ree YO 


but the deduction made therefrom, namely, that 
Xe = ZF 0, 


is clearly not the only one. A test case that we may put to our- 
selves is 


a b b 
i KO 
imc Beak. 


Finally, Seeliger considers the primary minors of the product- 
determinant, showing that they must all vanish if the one factor 
and its primary minors vanish and the other factor does not vanish. 


GRAVELAAR, N. L. W. A. (1875): PICQUET, H. (1875). 


[Neuer Beweis fiir die Realitaét der Wurzeln einer wichtigen Gleich- 
ung. Archiv d. Math. u. Phys., \viii. pp. 301-318. ] 


[Sur une propriété du discriminant des formes quadratiques. Assoc. 
frane. pour Vavancem. des sci. 4° sess. (Nantes), pp. 225-230. ] 


Both here, when dealing with Lagrange’s determinantal equation, 
and in a similar paper of 1878, Gravelaar rehearses at the outset 
a few necessary properties of axisymmetric determinants. One 
of them is that ¢f an axisymmetric determinant with real elements 
vanishes, all the primary coaxial minors have the same sign: it is 
an immediate consequence of an old result (Lebesgue, 1837). 


\ 
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Another is identical with Schultze’s of 1871: and a third is a slight 
variant of Janni’s of 1874. 
This last is also Picquet’s main algebraical result. 


GLAISHER, J. W. L. (1874, 1878). 


[On the solution of the equations in the method of least squares. 
Monthly Notices R. Astron. Soc., xxxiv. (1874), pp. 311-334.] 

[Questions 4418, 5530. Educ. Times, xxvii. p. 69; xxxi. p. 21. 
Solution by E. J. Nanson in Math. from Educ. Times, (2) ii 
pp. 95-96. ] 

What is given in the Hduc. Times is an expression in the form of a 
series for d’Arrest’s ratio of an axisymmetric determinant to one 
of its coaxial primary minors. A perusal of the paper on the Method 
of Least Squares will show how the expression originates * (see 
§§ 5, 6). When freed of awkward notations it is, in the case of the 
fourth order, 


| @yb.Co0 4 | i a,” | a,b, |? | dbo, |? 


| AybeC5 | an ay a, | a,b, | L | db. | - | 1b.¢¢ | 
We may note for ourselves that the corresponding identity when 
axisymmetry is not insisted on is (Hvst., i. p. 40; iii. p. 51) 
| boo | dg a, | yds ["| ads | wa A,b2Cq| | aod 5 | 


Dior. | Ayb265 | ay Gy | 4b, | | a,b, | | a,becg |’ 


and that a very instructive way of establishing it is to combine 
the first two terms on the right into one, then in similar manner 
combine the result thus obtained with the third term, and so on, 
the successive ‘ approximations,’ so to speak, being 
| | a4, | | ab3d4| | ayboCadg | , 
Pa, 7 | aybg|? | bees | 


The series is thus seen to be one of those that close up telescopically. 


* Other papers on the same subject are— 

Gerr, P. van, ‘“‘Over het gebruik van determinanten bij de methode der 
kleinste kwadraten,” Nieww Archief voor, Wiskunde, i. (1875), pp. 179-188. 

CatTaLan, E., ‘*Remarques sur la théorie des moindres carrés,” Mém. de 
VAcad....de Belgique, xliii. (1878), pp. 24-33. 
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SMITH, H. J. 8. (1876). 


[On the value of a certain arithmetical determinant. Proceed. 
London Math. Soc., vii. pp. 208-212 ; or Collected Math. Papers, 
ii. pp. 161-165. ] 


The determinant in question is that in which the element in the 
(r, s) place is the greatest common measure of r and s, namely, 


eo Eg PP | 
12a 18 
i ie ee ae 
I=2...1.4 


and Smith’s theorem is that the determinant of the n™ order, D, 
say, is equal to 
(1) - (2) (8)... Ha), 
where y(7r) is the number of integers not greater than r and prime 
to r. Recalling the fact that 
1 1 
=n(l1——j)(1——).... 
v(m) nf eS ( re 
nn n n 
=n————— 2... +-—+—-+....,, 
Pr Pr + Ps if PiPs a 


where the p’s are the prime factors of n, he performs the operation 
of subtracting from the n‘* row the rows whose order-numbers are 


adding those whose order-numbers are 
hg LL 
PiP2 PiPs  -  ” 
subtracting those whose order-numbers are 
n 
PiP2Ps’ 


and so on: and this being done he is able to show that all the 
elements of the n'" row vanish except the last, which becomes v-(n). 


oe 
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There is thus obtained 
D, = W(n) : Ds 
and thence at once the desired result. 

A number of similar theorems are briefly referred to: (a) where 
the element in the (r, s)" place is a constant function of the greatest 
common measure of r and s; (b) where it is the least common 
multiple of r and s; (c) where the diagonal elements are certain 
conditioned numbers other than the first integers. 


GLAISHER, J. W. L. (1876). 


[Theorem relating to the differentiation of a symmetrical deter- 
minant. Quart. Journ. of Math., xiv. pp. 245-248.] 


The theorem is to the effect that, [fu = 1/A?, where A stands for 
| 2a, yp yp 
| ey 2yn gg 

As, Ugg 25 
. . . . Ors = Osry 


then any derivative of u with respect to one or more of the a’s is equal to 
any other such derwative having the same number of occurrences of 
each suffiz-number. For example, 


er A sea ret BERD ce 


It is an inference from a property of the multiple integral 
(J. Vie ay 2a Ree 


where Q is the n-ary quadric 


ym HX ) 

2a, tp tg +e | % 
Ao, 2dg9 dag: « + «:| Xs 
Gane WWaeeess ects 


whose discriminant is A. 
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TRZASKA, W. (1876): FERRERS, N. M. (1876). 
[Question 201. Nowv. Corresp. Math., ii. p. 401. Solution by 
Even, 11. pp. 91-92. ] 

[An ELEMENTARY TREATISE ON TRILINEAR COORDINATES, 3" ed. 
(pp. 59-73, 172, 179). xiv-+184 pp. London.] 


Exactly in Cayley’s manner it is shown that higher-order deter- 
minants formed like his third of 1841 (Hvst., ii. p. 110) vanish also. 
The result intended to be given by Ferrers (p. 72, ex. 8) is 


(b+)? e b? 
C (c+a)? a = 2(bc+ca-+ab)?. 
b a (a+b)? 


JAMET, V. (1877): LONGCHAMPS, G. DE (1877). 
PAIGE, ©. LE (1879): WOLSTENHOLME, J. (1879). 


[Sur une application des déterminants. Nouv. Annales de Math., 
(2) xvi. pp. 372-373. ] 

[Des fractions étagées (p. 325). Grornale di Mat., xv. pp. 299-328. ] 
[Question 514. Nouv. Corresp. Math., v. p.452. Solution by Jamet, 
vi. pp. 92-93. ] 

[Question 6038. Hduc. Times, xxxii. pp. 243, 315; or Math. from 
Educ. Tumes, xxxii. p. 91.] 

None of these is of any moment, the first and third being but 
instances of the square of an oblong array, the fourth a simple 
instance of the multiplication of two determinants, and the second 
a reproduction of Ferrers’ first result of 1855. 


MANSION, P. (1877). 


[On an arithmetical theorem of Professor Smith’s. Messenger of 
Math., vii. pp. 81-82.] 

[Généralisation d’un théoréme de M. H.-J.-S. Smith. Annales... 

Soc. Sci... . Bruaelles, ii. (B), pp. 211-224; or as §iii. of 

pamphlet “Sur la théorie des nombres.” 16 pp. Gand, 1878.] 


Mansion, recognising not only that Smith’s determinant is axi- 
symmetric but that it also has the element in the place (7, s) equal 


iN 
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to the element in the place (r—s, s), obtains the array of D,,, from 
that of D, by annexing to the diagonal of the latter the additional 
element &+1 and completing the new row and column by inserting 
in both cases the elements of the secondary diagonal of D,: for 
example,* D 


awed pl I 
et eos si 
RS ie ee ae 
Ey ey ts ee ry | 


bike Thad ail Wer 


He next states that with a suitable alteration in the meaning of 
the theorem holds when in all the places of D,, we put instead of 
1, 2,3,... any quantities x,, 2, Z3, . . . respectively ; for example, 
oe as Ms i a as 
% Tz Ty Lz Ty Te 
ty Ty Ly Ty I De 
L Ue LY Uy % Tr 
yyy % ty ty 
% Uz Tz Lz % Le 
This is seen to be transformable by substitution so as to have all 
the factors on the right-hand side of the equality monomials, the 
result then being 


ml 2, (L2—2;) (%3—4)(©4—%p)(%5—2,) (%—Xg—Xq-+-). 


¢ 


4% Wn Yi 41 4 41 

YW Wty Ye 4 Wt+Ye 

YW Yr Wt ¥s yy Y WTYys ee 

41 Wty. 41 YWtYetye +Y2 ASbekid ghake 
wn 41 yy Yi YWt+Ys 41 


% Wty. WtY¥s Wty WA WtytYstYe 
where the suffixes in any place (7, s) are the common divisors of r 
ands. The same result is also suggested if we take Smith’s theorem 
and by a well-known property of integers express every element 
of the determinant as a sum of y’s; for example, 


3=V()+¥3) 6 = ¥)+¥2)+¥8)+¥©). 


* This means that instead of defining a,, as being the c.c.m. of 7 and s, we may 
substitute apr = 1, Uys = Ar—s,s» ar,s = As,re 
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CATALAN, E. (1878). 


[Théorémes de MM. Smith et Mansion. Nouv. Corresp. Math., 
iv. pp. 103-112.] 
This is a fresh and clearly written exposition, the last of Mansion’s 
theorems, however, being altered for the worse into “ Tout produit 
est égal & un déterminant.”’ 


STODOLKIEWICZ, J. (1878). 


[Proof of Cayley’s formula for calculating the number of different 
kinds of terms in an axisymmetric determinant (In Polish). 
Izwiestja Cesarskiego Uniwersytetu Warszawskiego, 1878, 
INO= 6:7] 

The formula referred to is the difference-equation 
Un = NU, -1 — 3(n—1)(n—2)u, -5, 

which is now established by merely using elementary properties 

of determinants. Putting v, for the number of different kinds of 

terms in the special form of n-line determinant which is only axi- 
symmetric after a row and a column have been deleted,f we see, 
from familiar developments of the two determinants, that 


Un = Una +(n—1)Uy-» = 3(n—1)(n—2)v,,_. ? 
Ory SM) +(n—1)0,3 } 


and between these the v’s can readily be eliminated, with the desired 
result. 


PAIGE, C. LE (1878). 


[Sur un théoréme de M. Mansion. Nouv. Corresp. Math., iv. 
pp. 176-178. ] 


Taking Mansion’s determinant for yy,... 4, Le Paige performs 
the operations 


col,—col,, col,—col,,.'.. . ,° colg—col, ; 
col,—col,, col,—col, ; 
col,—col, ; 


* Or Baraniecki’s text-book, chap. x. § 94. 
{ e.g. an axisymmetric determinant unsymmetrically bordered.. 
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obtaining thereby 
|W 
ne - 
ras Ye 
4% Ye - Ys 
Lge Foals Ys 
% Ye Ys - + Ye 


He then follows up with the like operations on rows, showing, 
contrary to Catalan’s opinion, that all the non-diagonal elements 
could be made zeros. 

The intermediate form here reached by Le Paige is not un- 
worthy of note. 


MANSION, P. (1878). 


[Démonstration d’un théoréme relatif 4 un déterminant remarqu~ 
able. Bull.... Acad... . Belgique, xlvi. pp. 892-899.] 


If in Mansion’s determinant for ¥,4,4.4,Y;y, we change y, every- 

where into y,2z,, we must obtain a determinant equal to 
Yi% ° Yor ° Yrs + - + + Yor, 
and therefore equal to 
PY oY YY 5Yo ° %1%2%3%4%5% » 

thus indicating a very simple rule for the multiplication of two 
such determinants. This, however, is not the result which the 
ordinary multiplication-theorem of determinants gives: and what 
is now shown is that if the two factors be taken in Le Paige’s inter- 
mediate form the said theorem gives the product in Mansion’s 
form.* 

The law of formation of Le Paige’s form is given as 


Bp = Yr when s=r 
= 0 when s>r 
SSO, WHEN 68.7 


* Denoting the three forms in the order of simplicity by M, P, O, we may express, 
the relation between them thus : 
IME (Geri co scteoine)) tek (Seals Cargeieg a tt) eke (Lye ly te ie) 
aes (Uae is nels) ice Os pe Mas we) lanl) Dn Livers ai): 
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WOLSTENHOLME, J. (1878). 
[MaTHEMATICAL PropLeMs... 2" edition. x+480pp. London.] 
Under No. 1627 (1), (2), Wolstenholme gives 
—2a atb a-+c 
b+a —2b b+ce]| = 4(b+c)(c+a)(a+), 
|eta e+b —2e 
and Ferrers’ result of 1876, the latter of which includes No. 1627 (4). 
No. 1630, so far as it is correct, is identical with a result of Caldarera’s 


of 1871, and is included in one of Baltzer’s of 1864. No. 1633 
asserts that 


1 COs a cos(a+B) cos(a+B+y) 
COS a 1 cos 8 cos (6+ y) 
cos (a+ 6) cos 6 1 cos y 
cos(a+@B+y) cos(6+y) cos y 1 


and all its primary minors vanish, a fact which we may verify for 
ourselves by showing that it equals 
sin’a -sin?(a+ 8)-sin?(a+8+y)> 1 
COS a atl, MD 
cos(a+8) 1 1.1 
cos(a+8+y) 1 1 1 


| 
i 
| 
{ 
| 
| 
Je 


SYLVESTER, J. J. (1879). 


[Note on determinants and duadic disynthemes. American Journ. 
of Math., i. pp. 89-96, 214-222; or Collected Math. Papers, 
il. pp. 264-280. ] 

This interesting paper, which is based unconsciously on Cauchy’s 
expression of a substitution as a quasi-product of circular substitu- 
tions (Hist., 1. pp. 101, 304-305) deals with the number of terms in 
axisymmetric and skew determinants. In addition to previously 
known results he asserts (p. 93) that ¢f u, be the number of distinct 


terms in an ‘invertebrate’ (i.e. zero-axial) axisymmetric determinant, 
then 


Un = (MTU ny AU na) — 3(m—1)(N—2)ty_s, 
thus giving+.» 0; 1, 196,722, e130, 0603.ccne 
for the first seven values of u,. 


CHAPTER IV. 


SYMMETRIC DETERMINANTS THAT ARE NOT 
AXISYMMETRIC, FROM 1862 TO 1879. 


THE two kinds of determinants that are here considered are ex- 


emplified by 


Des Oy Aig hy 


In the first kind the r” row from the end is, when reversed, the same 
as the r” row from the beginning,-«a peculiarity which, as a conse- 
quence, is found also in the columns: a fitting name for it is centro- 
symmetric. In the second kind each column has only two distinct 
elements, one in the intersection with the diagonal, and the other 
occupying all the remaining places. If each row be multiplied by 
the element which does not appear in the row, the result is an 
axisymmetric determinant ; for example, 


Ly sy big ey AX, yy Ayllg Nyy 
Of NGOs Oy Ugh nla Ang Anh, | 
: = ; | > Ay An hgh,. 
Oy |g, Lay Oy Ugh, Usha gl, MyM, | 
Oi tn Otay | Ugh, Ay Ag Ah, | 


An n-line determinant of the first of these kinds evidently involves 
3n? variables when v is even and $(n?+-1) when n is odd ; an m-line 
determinant of the second kind involves only 2n. 


~ 
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ZEHFUSS, G. (1862). 


[Zwei Satze itiber Determinanten. Zeitschrift f. Math. u. Phys., 
vii. pp. 436-439. ] 
Zehfuss’ second theorem concerns a determinant whose elements 
. are situated symmetrically with respect to the centre of the square. 
When the order-number is even, 6 say, it is to the effect that 


Ay As A, As Me 


Hy C, +05 Cot, Cgtc, C) = C53. Cg te Gs 
U, A, Ag Ay A, 
the result being reached by performing the operations 
TOW, -+IoW,, rowW,-+Tr0W;, TOW3+L0W, 
followed by 
col, —col,, col;—col,, col,—colg. 
When the order-number is odd, 5 say, it is similarly seen that 
G, UM My Uy As 
6. SU Os bb a.+4, a+a, 24 
i, Fe . a = nee bene 2b, ried eae 
b. b, bs b, b, Cy C5 Cs b,— b, b, — by . 


Der Gyre Oy Oy 
The latter case, however, is incorrectly stated by Zehfuss, the 2’s 


in the first determinant on the right being omitted and a power of 
2 prefixed to the said determinant as a factor. 


FERRERS, N. M. (1866). 
[An ELementary TREATISE ON TRILINEAR CoorpinatTEs. (Chap. 
ii. pp. 59-72.) 2° edition. xiv+182 pp. London.] 
Ferrers’ last exercise when correctly stated* depends on the result 
* Another mode of correcting would make the underlying result 
a® (ct+a)®? (a+b)? 


(b+c)? b? (a+b)? | = (a+b+c)3( — a3 — Dab), 
(b+c)? (c+a)? Co 


A, +g U,tA, Agta, G,—Ag Ag—A, As—M% 
= |b, +b5 bb, b, +6, |.|b,—b, 6,—8, 6, —b) 
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(b+c)? b? ce 
a (c+a)? e = 2abe(at+b+c), 
a? b? (a+b)? 


given the same year in Salmon’s Modern Higher Algebra (p. 14). 
The determinant has the simple axisymmetric form 


(b+c¢) ab ac 
ab (c+a)’ be 
ac be (a+b)? |. 


SARDI, C. (1868). 
[Un teorema su’ determinanti. Gvornale di Mat., vi. pp. 357-360.] 
Sardi viewed his determinant as a generalisation of Torelli’s 
axisymmetric determinant of 1864. When of the fourth order it is 
| @, My Gy M% 
hy Wg Gg. hy 
Oy Ty he Oy 
Gy Og Gy. W,.\, 
all the elements of any column being identical except the diagonal 
element. Of his two ways of treating it the second is the better, 
namely, changing it-into a determinant of the fifth order by appending 
a row of four zeros and then a column of five 1’s._ This five-line 
determinant is then seen to be equal to 
Ap Oy 
Ly — Ay 


L,— Ay, 


1 

j 1 

Lz — Oy ‘ 1 
1 

1 


—a, —U, XO hy, 
and therefore equal to 
(x,—4a,)(%,—@)(L,— Ag) (L,—Ay) 
+ (%,—4))(%,—Ay)(L_—Gg) U, 
ae (%,—@,)(%,—,)(%,— 4) Qs 
+ (%,—@,)(%—As) (@,—,) A 
+ (a@—Ap)(%3—A3) (Ly — Ay) 
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or 


, a. As A : oy 
L,—,)(Ly—Ay)(L3— Ay) (7 —a) {1+ -%— + as BoA \. 
( 1 1 2 DIN, 3)\% 4 Z,—4a, Ly— Ay L3—As Ly— 


He might appropriately and with equal success have followed 
Torelli’s method, namely, beginning by changing the diagonal 
elements into 


L,—G,+4,, G—A+Q,, Ly—AztA,, %—A,+d,. 
He might also have remarked that when each of the a’s is made 


equal to z and each of the a’s equal to a, the value of the determinant 
is (x—a)t-1{x+(4—l1)a}. 


LUCAS, F. (1870). 


[Sur une formule d’analyse. Comptes rendus... Acad. des. Sct. 
(Paris), Ixx. pp. 1167-1168; or Journ. (de Inouville) de Math., 
(2) xv. p. 179.] 
Lucas’ determinant is the particular case of Sardi’s, in which the 
diagonal elements are such that the sum of the elements of each row 
is x. The value of the n-line determinant is thus 7(~—2a)"—. 


WOLSTENHOLME, J. (1870). 


[Question 3285. Educ. Times, xxii. p. 209, p. 259; or Math. from 
Educ. Times, xv. pp. 40-42 ; solution by V. Mollame in Giornale 
dt Mat., ix. (1871), pp. 58-59.] 


Wolstenholme’s result is that, if s stand for a+-b-+c-td, 


(s-ayr a e 
b2 (s—b) b2 b2 ay a eee ae 
2 © (s—c? 2 = 28°. abcd (= + 3 os aS =). 


a d? a (s—d/ 
It is seen to be the next higher case of the general theorem fore- 
shadowed under Ferrers (1861). To establish it S. Roberts in effect 
transforms the determinant by subtracting the first column from 
each of the others and removing the factors s?—2sa, s?—2sb, s?—2sc, 
s*—2sd, the development being then found in the form 


$$ + (s—2u)(s—2b)(s—2e)(s—2d)+(s + a 


b2 (pd d2 
s—2a tT s—2b + sae + s<3a) 
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from which Wolstenholme’s form * is readily derived. The merit 
of Roberts’ result is that it is true for any value of s and is easily 
generalizable, the corresponding expression for the three-line 
determinant being 


(a= 2ay(o—2by(o—20)-(s + 


a b? ce \ 
—2a * s—2b = = 
which, when s stands for a+b-e, is easily reducible to 2s? - abe. 


J. J. Walker’s procedure, on the other hand, is to start with the 
more general but self-evident result 


A+a a a a 
cep  p B 


y y = Opy 
é é B= Tyas 


= ABCD + >)ABC6, 


and then make the requisite substitution. 
Mollame’s process at the outset resembles that of Roberts, but is 
not an improvement. 


GUNTHER, S. (1873, 1876). 


[Ueber einige Determinantensatze. Sitzungsb.... Soc. zu Er- 
langen, v. pp. 85-95. ] 


[Ueber aufsteigende Kettenbriiche. Zeitschrift f. Math. u. Phys., 
xxi. pp. 178-191.] 


What is here established, in two different ways, is Lucas’ special 
result of 1870. 

In the paper of 1876 Giinther incidentally returns to the subject 
($5, pp. 183-184), the penultimate form of his development, how- 
ever, being the same as Albeggiani’s of the year preceding. 


* Wolstenholme’s form of development seems oddly chosen ; for it manifestly 
= 255-Dabe — 8st-abcd = 254(s- Labe — 4abcd) 
= 284+ da*be. 

The corresponding determinant of the fifth order, when s = a+b+c+d+e, 


is equal to 
2s°(s. Za*bc + 12abede), 


from which the preceding result is got by putting e = 0. 
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ALBEGGIANI, M. (1875). 
[Dimostrazione d’una formula d’analisi di F. Lucas. Giornale di 
Mat., xiii. pp. 107-112.] 

With considerable fullness of explanation the determinant is 
expanded in a series arranged according to descending powers of z, 
the result being 
x" — C,_11°(2a) a4 + C,_1.°(2a)* a" — ... + (—1)* "(Ca)" 2, 

dul. x(a— Xa)". 
Specialization is then needlessly used to obtain the otherwise self- 
evident result 


Zia @ aa 
a & @ a @ 
CO POY Wee 
a0) Oita: Beige 
are ee 
and Sylvester’s evaluation of the circulant 
G(e 18 ete) 


JOHNSON, W. W. (1877). 
[Problem 156. Analyst, iv. pp. 90-91.] 
As the interchange of any two variables of the determinant 
1 


Sy Se 
mH a 0 


a 
a 


may be effected by an even number of interchanges of lines, it 
follows that the determinant must be a symmetrical function of 
the variables. In the next place it may be shown that the deter- 
minant must be of the form 


1—2))ab+y>jabe—z> }abed +... , 
and lastly that 
2, ivetteta tied ben epee 
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SCOTT, R. F. (1878). 


[On some theorems on determinants. Messenger of Math., viii. 
pp. 33-37. ] 

Scott’s mode of dealing with Lucas’ determinant is independent 
of any development, the factors being obtained by inference. That 
z is a factor is known. from the sum of the columns: and, by sub- 
tracting a suitable multiple of a particular column from any one 
of the other columns and then putting x = 2a, it is seen that 
x — >a is a factor of the latter column as thus altered, and that 
therefore (c—a)*- is a factor of the determinant. 

The same procedure, he adds, gives the related result 

Z—a, 2a—a, La—a, 
ya—a, I—d, La—da, 
— ==) — n—!1 

La—a, La—a, «£—a, mide ae) 70) Brea 


= 1% 


WOLSTENHOLME, J. (1878). 
[MATHEMATICAL PROBLEMS. ... 2” edition. x+480 pp. London.] 
Under no. 1627 (6), Wolstenholme gives 
| a—n(b+c) (n+1)b (n+1)c 
(n+1)a 6b—n(e+a) (W4+1)e | = n*(a+b-+c)’, 
(n+1)a (n+1)b  c—n(a+b) 
apparently not observing that it includes 1627 (3) and 1627 (7). 
The case of it where n is 1 is also a case of the first equality given 
by “H.1” in 1846 (Hist., uu. p. 114). 


SCOTT, R. F. (1879). 
{On some symmetrical forms of determinants, Messenger of Math., 
viii. pp. 131-138.]  ° 


‘The latter half of this paper is occupied with very special forms 
of centrosymmetric determinants, beginning with the 2m-line 
determinant whose primary diagonal consists of a’s, secondary 
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diagonal of b’s, and whose every place else is occupied by ¢’s. With- 

out using Zehfuss’ theorem, this is found to be equal to 
(a—b)"(a+-b—2c)"-1(a+b4+2c -n—1), 

the factor (w—b)" being got by considering the effect of putting 


a = b in the determinant, and so on. 
The other determinants are still more fanciful in form: for 


example, 

Y 2 28-0275 4 

d “2701.0 wc (a—b)(a—y+c—d)* + (c—d)(x—y—a-+b)* 
dd atc inee € a—b-+c—d 

ce yu d da _(a+b)(e+y—e— d) —(ct+d)(a+y-—-a—by” 
Cx Baa ote a+b—c—d 

y bb a @ 


the first step in the evaluation here being made with the help of 
Zehfuss’ result. 


SCOTT, R. F. (1879). 

[On some symmetrical forms of determinants. Messenger of Math., 
vill. pp. 145-150.] 

In returning to determinants of Sardi’s form, Scott returns also 


to the original method of Sardi, namely, substitution of a suitable 
determinant of higher order. He thus obtains for 


(w—a)? b? Col tae (w—a)* ab ac 

a (a—by Ca nes As ab (a—b)? be 

a2 b? (w—cyP... ac be (w—c)? . 

the forms ‘ 
1 —d —b? en ae Cars| 1 —-—a —b —c 
1 a(a—2a) | a «(x—2a) ; 
1 ; x(a—2b) b : a(x—2b) 
1 a(a—2c)... C : : w(a—2c)... 
em, elt 8 coe oe ee 


respectively, whence comes the common development 


2 2 2, 
x"! « (~—2a)(x—2b)(x—2c) ... {2 ++ maby + —_ + Ss ALCAN } ° 


(| 
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The result of bordering the given determinants, by prefixing 
horizontally and vertically 


isa iia inci Mane, Ai 
_ to the first, and 
Oy ti, hy. Cie. 
to the second, is a pair of determinants with the values 


1 af 1 
xz—Za =) ay wick IF 


_ a* b? e 


zg”! - (x—2a) (x—2b)(x—2c) ... { 


The case of the former value where 
z= a+bte+... 


is fully worked out for m = 3 and for n = 4. 

In his text-book, which appeared the following year, he goes a 
little further (pp. 216-218), bordering axisymmetrically the first 
of the initial determinants above with the two lines 


De Aye at bed, 0) 
By, ye oes as 0, 0, 


the evaluation being 


I 1 By Bs 
1. {(~—2a)(x—2b) . c it iE ie ee oe * PEA NPI) or nar’ 
B By BY Be? 
Pace ee ri z—2a t 2—2b + ; 
and generalizing the second initial determinant so as to have 
x ab, a,b, apetein ss Shoes { (X,—4,5,) (X,—a,b,) Be .} 
a,b, Xo gb f a,b, Ags \ 
sk (hain Bea, 


Ge day RS vipat 
He also notes (p. 214) the peculiar 2n-line determinant whose odd 
rows have an a where they intersect the diagonal and a 6 elsewhere, 
and whose even rows have the reverse construction, the evaluation 


pone (—1)"-2- (n—1) - (a—b)". 


CHAPTER V. 
ALTERNANTS, FROM 1860 TO 1879. 


A.tTHouGH the attention given to alternants in the preceding 
twenty-year period was very considerable, greater, indeed, than 
in the case of any other special class except axisymmetric deter- 
minants, the present: period shows a marked increase, the number 
of writings being almost doubled, and one or two of them being 
of unusual extent. 


CLEBSCH, A. (1860): ‘UN PROFESSEUR ’ (1860). 
[Ueber symbolische Darstellung algebraischer Formen. Celle’s 
Journ., lix. pp. 1-62.] 

[Solution de la question 515. Nouv. Annales de Math., (1) xix. 
pp. 181-182.] 

In the first of these two papers (p. 41) there incidentally occurs 
the simple equality 


a? ab, b2 
ay” Ab, b,2 


a," a,b, -b;* 


= | %be| + | abs | - | abs |, 


which is perhaps best viewed as the result of substituting b,/a,, 


b,/d2, b3/a3 for x, y, z respectively in the two forms of the difference- 
product of x, y, z. 


The second paper merely reproduces Cauchy’s mode of factor- 
izing | a,°b,tc,* s . . |. 
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BORCHARDT, C. W. (1860). 


[Ueber eine Interpolationsformel fiir eine Art symmetrischer 
Functionen und iiber deren Anwendungen. Abhandl.... 
Akad. d. Wiss. (Berlin), pp. 1-20; or Gesammelte Werke, 
pp. 153-172.] 


From a different standpoint the interpolation-formula here 
dealt with may be viewed as giving an expression for the quotient 
of an alternating function | F,(z,) - F.(%). . . Fin(&%m)| by the 
difference-product of the variables. The theorem is that if none 
of the F’s be of a higher degree than the (n—1)", and n be greater 
than m, then 


| F (2) + F(%) . . . FL) | 


(at, 6 <0 | 
2 f | F(a) - Faz) . oa F,, (am) | 2 R(x, Day + + +> Lm s Amtis Amtes> + +» On) 
| | aya’ Sea ay R(a,, Og, + + +5 Ams Am4is Am+t2, 2 + +5 a,) 
where R(2, X,. . -; Lm} A, Gg, - + +; An) Stands for the product of 


the mn differences got by subtracting each quantity on the left of 
the semicolon from each quantity on the right, and where the > 
betokens a sum of C,,,, terms, of which the first is given and the 
others differ from the first merely in having another set of m of the 
a’s instead of the first set. 

In regard to this it is appropriate first to note that there are 
C,,m different cases in which the equality is easily seen to hold, 
namely, the cases where the values given to the variables are any 
m of the quantities a,,a),...,4,. Nothing more than substitu- 
tion is required, all the C,, ,, terms on the right except one vanishing 
in each case, and that one being identical with the left-hand member. 
It should be noted too that the specified limitation respecting the 
degree of the F’s is not here required. 

In order to establish the absolute identity of the two members 
Borchardt uses n? times Lagrange’s interpolation-theorem 


Bp OW) s(4 Bye) Fy(a,) 
$(2) — $(a)° (2z—a,)  $'(ap)- @=a,) * in) (2—an)’ 


in which $(z) = (2—a,)(—az) .’. . (@—a@,), and which only holds 
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when m<n, and thus obtains from the multiplication-theorem 
of determinants the result 


| F,(%) 5 F(a) Onto Fm) | 


ae | Fi(ay) - Fy(ag) . . - Fm(am) | le 4. se Pe et 
=>; $ (ay) + $ (ag) - = f (am) | (% 1) 1 ( 2) 2 s (Lm a if 


It only remains then to employ on the right the already known 


equalities 
$ (ax)- $ (ap) - 29 f (am) a (— 1 yee | Aas oars ara |?- R(a,, ss+y Gms Omti+*s Gn) 
ae 4 | idea | | 
[eas s Oe oa) aa eas 
a =i an al a! -1{ — (_])m(m-1), 1"2 m hag m 
| (a — a)" (atg—a)7)... (Am — Og) 2 | = (—1) Ri 


and on the left the self-evident identity 
f(a) - $(%) PePiS. P(Zm) = R(x, +++) Um; Ay, Ag, +++, an) 
= RG. «+, Lm; Ay,-- + Oy.) Ee(Sys 3 Sar tone nin SOeGay 


A remark added by Borchardt, and specially interesting from his 
standpoint, is to the effect that when m is taken equal to 1 the 
theorem degenerates into 


F, (2) = » F,(a,)- R(a5 aa, as, + + +» an) 


R(a,; Og, Agr + + «5 Gn)? 
that is, into 


F,(%) ir » F(a) 

R(Sp3a pag, 204 kaa) Rais faensatiw, cane — ays 
which is exactly the simple interpolation-theorem used in the 
course of the demonstration. 

On our side, however, it must be noted that Borchardt’s theorem 
is of no practical use if we are seeking for the result of the per- 
formance of the actual division indicated in the left-hand member, 
as the equivalent offered by the other member involves not only 
the legitimate ’s, but also the n extraneous quantities a, a... ., ay. 
For example, when m= 2, n= 3, F,(z) = bz, F(z) = cz*, we 


obtain for 
ba, cx? 


bx, Cat? a (2 —q), 
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which is manifestly equal to bcx,2, the expression 


(2% — 43)(%— a3) (2 — ag) (%_— ae) (2 — a) (%_ — a4) 
b Q1Qo/ z Aya Aga 3 > 
; (a; — a3)(ag— a3) sie (ay — ag)(ag— ag) ie : (a, — ay)(a3 — a4) 


and, if m were greater, we should be offered a greater number of 


more complicated terms. 


TRUDI, N. (1864). 


[Intorno ad un determinante piu generale di quello che suol dirsi 
determinante delle radici di una equazione, ed alle funzioni 
simmetriche complete di questi radici. Rendic. dell’ Accad. . 
(Napoli), pp. 121-134; or, with slightly different title, 
Giornale di Mat., ii. pp. 152-158, 180-186. ] 

The main theorem reached by Trudi is essentially the same as 
one of Jacobi’s of 1841 (Hust., 1. p. 341), namely, where the quotient 
of an alternant by the corresponding difference-product is expressed 
as a determinant whose elements are complete homogeneous 
functions of the variables. These latter functions, which Jacobi 
denoted temporarily by C,, C,,..., are recognized by Trudi as the 
‘aleph’ functions of Wronski (Hist., ii. pp. 216-218), and are suitably 
represented by enclosing the set of variables within brackets and 
making the degree-number an exponent: for example, 

(a, b,c}! = a+b-+e, 
(a, b,c)? = a? +b2-+'c2 + ab +ac-+be. 
Starting with the self-evident development-formula, 
more...) =a +a "(b,c,,.., dp +a (b,6,...,U°+...+(0,¢,..., l), 
and having thence shown that 
(PU i6 phn ty a Oy Un Cross LY ADs we bY 

and 
(G0 0 tO (Ge 5 tue (h—U) (8, B,... «5 2, He, LY, 

he is prepared to deal with the determinant in question, namely, 

|a*bFerd® . . .|. 

Subtracting the first column from each of the others, he finds 

ree sce d= |. at (a,b* (a,cy-! (a, ado 
ab oF ch dp | ae (a,b)P-1 (a,c)P-! (a, d)P-} LENIN) 


Bie bY cl dy Ge Oty a= (ase\r =~ (0,a)" 
m0 oe * a? Ga OF 4a,cr-" (a, ay! 
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In the second place, by treating the new determinant in the same 
way, the second column being now the subtrahend, he removes the 
factors c—b, d —b; and finally there is obtained 


a’ (a,,b)*-!, (a,b, cp-2. (a,b, ¢,d)"* 
| a®becrd®| | a® (a,b)’-1 (a,b,c? (a,b,c, d)P-® 
[a%ceds| | ay (a,byr-! (a,b,c? (a,b, ¢, dyr-8 
a (aby 3o, Gib ey *) (Gb, a) ae 
A variant form of this is got by showing that all the variables can 
without any substantial change be introduced into each column, 
namely, 
(a,b, ¢, d)* (a,b. edt (b,c dy—- (Gb eo gee 
(a;.6, 6, dP. (bode (a, b,c, O8-* fa, 6-07 dr = | 
(a,b, Gd)’, (a, by 6, dy | (0.00, 6 di") (4,0; Cn al 
(4,0, AY (Gb. 0,:0ve (G20, dy “(a, Oe-gre- 
Both forms agree with Jacobi’s results, when in the latter m is put 


equal to n. Jacobi’s procedure, however, is not nearly so attractive 
and convincing as Trudi’s. 


BALTZER, R. (1864). 


[ITHEORIE UND ANWENDUNGEN DER DETERMINANTEN. 2te 
vermehrte Auflage. vi+224 pp. Leipzig.] 

The section dealing with the difference-product (§ 10. pp. 70-92) 
is much fuller than in the previous edition. Most of the additions, 
however, have been already noticed under their original authors. 

Attention is properly drawn to a theorem suggested by Borchardt 
in 1859 when dealing with Bezout’s condensed eliminant (Hist., 
ii. p. 148), namely, that if 


Fay) = Dd (oue'y Vo eo 
| F(hyky) F(heke) ey D F(hjKn) | 
= [ Mgdyy..s « Gaorman or Ca tay ay vot Cate ere ice ne eae 


this is merely a double application of the multiplication-theorem. 
Leaving out one of the difference-products we should have another 
so-called theorem. 


then 
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Cauchy’s identity (Hist., i. p. 345)* 
F(a) -f(aa). . - «f(an) = (-1) aay... "|, 
where F(x) = (w@—ay)(@— a4). . .(@— aa), 
is exemplified by the case where the a’s are the n‘ rocts of 1, the 
square on the right being then equal to 
(- 1) -Vr-2) qq”, 
As a contribution of his own, Baltzer brings forward 


a Un E (ee | we 2-1 
=e a) fF a) eS) ely 
in order to introduce another result of Cauchy’s, namely, that 
when 


a | 
| aa, - 


Uy, Ug, - - - > Un = Oya, ~ +25 a 
the bracketed expression + on the right is equal to 0 when 7 has any 
one of the values 0, 1,..., n—2: secondly, is equal to 1 when 


r= n-—l1: and, thirdly, is equal to the complete homogeneous 
function of a, ag, .. . of the (r—n+1) degree when ¢ has a greater 
integral value. 

It is also worth noting that he gives (§ 10. 10 and 17) expressions 
for the (i, k) principal minor of 


Jaya,.-. a, "| andof |(8,—a)-(B,—a,)"'.-.(Bn—an)* |, 
01 ’ 
1 


ae sas 


and 


i( i) gax) 1 at —a.)- -—a,)7 
~9(Bi)" Fa): Bi=a; (8, — a,)*(Ba— 4g) . - » (Bn— an) : 


where ¢,,_, is the coefficient of a?~*~’ in f(a;), and 
g(z) = (x—B,)(a@—By) ... («—B,). 
* Originally in Journ. de Véc. polyt., x. (1813), p. 485, pp. 497-502. 


+It is also clear that in this particular case the bracketed expression is the 
coefficient of <——} in 


1 1 i 
oe 
} (=a) F(a) * (@ = a9) F(a) (= an) F"(an) 
and therefore in 1/f(z), a result given by Jacobi and used above by Brioschi 
(Hist., ii. p. 216). 
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To these may be added from another section (§ 3. 15) the result 


on-i 
Oa, * O05 = OG.=) 


n-1 


=(—1)"-1-(n—1)! 


Oo1 
a,a,---a 


(ioe | n—-1 
aa, se ¥ a, 


STERN, M. A. (1865). 


[Ueber einen Satz aus der Determinantentheorie. Crelle’s Journ., 
Ixvi. pp. 285-288.] 


The theorem is that if ¢,, ¢2, . . . be functions of the first, second, 
. . . degree in the variable, and have 1 for the coefficient of the 
highest power in each, say 
pi(@) = £+4y, 
P(e) = L404 .L+Ay9, 


gn -1(&) = 1 ila TR a annem’ mis ey 


then the determinant 


1 g,(%) g2(%) «.-- Pn=1 (x) 
1 dy(&2) g$o(®%) ~~~ Spa (Z) 
1 $1 (Zp) f2(Zn) ee ae Pn-1 (Lp) 
is equal to the difference product cf a, %,..., 2, being in fact, 
although Stern does not say so, the difference-product multiplied 
tow-wise by 1 in the form 
1 
(ay 1 
Ap yg 
G33 Mg, Ags IL 


The theorem is clearly a case of that which we have spoken of under 
Baltzer (1864) as a “so-called theorem.” By means of it the 
determinant 


| C:.,,0 Ona C,,,2 OG C. n-1 |, 
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or 
% $2(%—1) 3a, (x, —1)(x, —2) 
1 2 2 (te — na 8% (%2 —1(% —2) ES 


Laie i M- ey ie. ee _9) 
is at once seen to be equal to the difference-product divided by 
1n-123"-34"-4 | | . (n—1)1,—a result obtained the same year 


by Zeipel (see chap. xx.) when studying determinants with elements 
of the form C.,,,. 


DIETRICH, M. (1865). 


{Zur Theorie der Determinanten. Archiv d. Math. wu. Phys., xliv. 
pp. 344-355. ] 


Dietrich’s subject is really the difference-product and related 
determinants, and the interest of the paper at the outset (pp. 344~ 
348) lies in the order in which a number of previously known 
theorems are evolved. As an instance we may take the axisym- 
metric determinant 


D) 
2a, 2a, “ay 
a +4, a +4, % Tan rrr 
2a, 2a, 2a, 20 
ares Y 
a: Og +a or 
Gy +a, dg+ 2 atan ar + as 
presul 5:2 n 
-) > ? > 
2an _2n Aan 
pay tna =tibs Guh@, |; 


as Dietrich writes it. This he reaches while on the way to Cauchy’s 
double alternant of 1841 (Hist., i. p. 345), whereas if in Cauchy’s 
result he had put each negative @ equal to the corresponding a 
he would have obtained 


ie Lind: on. ay dl 
1 Ts 1 ea) 
artas DP aida. de NO/ 

OS ty OR 


where D is the product of the differences of the a’s and S the pro- 
duct of the corresponding sums. There would then only have 
remained to multiply both sides by 2a, + 2ag.... 2ay. 
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The fresh matter consists of deductions from Cauchy’s result 
just mentioned ; for example, 


We eS 1p ne dy OO) 
az = (aiyho. 2 = eee 
(as— B,)(as— Be). - - (as— Br) Rial, des). Sa Bee oan 


Ce yee ooo 5 UD 


where in the denominator on the right we use Borchardt’s 
notation of 1860. The sets of simultaneous linear equations 
corresponding to these new determinants are also dealt with. 


SALMON, G. (1866). 


[.... Mopern HicHer Atersra. 2" edition. xv+296 pp. 
Dublin. | 


In view of subsequent extensions three of Salmon’s exercises are 
worth noting, namely, 


1 sina cosa 


1 sinB cos | = 4sin}(a—)sin }(6—y) sin})a—y), 
1 siny cosy 


cos$(a —B) cos$(a+) sin}(a+ 8) 1 sina cosa 
cos }(B—y) cos}(B+y) sin}(B+y) |= 4/1 sinB cosB 
cos$(y—a) coss(y+a) sind(y+a) 1 siny cosy |, 


sina cOSa sinacosa 
sinB cosB sin8cos 8 |= 2sin$(a—) sin }(8—y) sin }(a—y) 
siny cosy sinycosy| -{sin(a+)+sin(8+y)+sin (y+a)}. 
Attention might have been drawn by Salmon to the common factor 
sin 3(y—8) - sin 3(y—a) + sin 3(8—a), 
and to its analogue in algebraic alternants, namely, the difference- 


product. Were it not important to bring out this fact, the 
evaluations 


0 0 0 

Dusin(a-8), $D>Jsin(a-B), 4)>)sin2asin(B—y), 
might be considered more easily obtainable and in other ways 
preferable. 
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RUBINI, R. (1866). 
{Su talune formule relative a determinanti. Rendic. dell’ Accad. 
ele jt (Napoli), pp. 109-115; or Giornale di Mat., 
iv. pp. 187-192.] 
Rubini’s fundamental result originates in the equatement of the 
two forms of solution of the set of linear equations (Hist., ii. p. 155) 


aia, + at,t...+an = ale 
) Ee eae) 
namely, the solution 
Bea oko t fu) 
: (w—a,) f(a) 
ri f(u) |, where f(u) = (w—a,)(w—ag) « . . (w=, 
2: 


~ (w—ag) f (ay) 


and the solution 


Aue 
pS 
t= 

0.1 n-1 
z ig meg where A=|a,a,... a" 
2, an 


The result which evolves itself quite simply is 

A*-2{ f(u)}*-! = (= 1)P 8 Agave. » Aageu 
The particular case where u = 0 is then deduced and the outcome 
formulated; and lastly, with some trouble (pp. 113-115) both 
members are expanded in ascending powers of wu and the coefficients 
of like powers equated. 


TARLETON, F. A. (1867). 
{Question 2367. Educ. Times, xix. p. 280; Math. from Educ. 
Times, ix. pp. 69-70. ] 

Tarleton’s theorem is that the Jacobian of Xa, LaB, LaBy, . . 
with respect to a, 8, y,... vs equal to + Ga, B, y,...)3 and the 
proof is made to depend on changing the determinant into the form 

1 Ya—a YaB—ara +a? 
1 Ya—B YuB—Brat+—? ... 
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We may note for ourselves (1) that if m be the number of variables, 
the connecting sign-factor is (—1)?*-), the said determinant being 


equal to 
UMA ia etsy PERE? 1 : 
GRY 6 Binet s PM 0 be rh La —1 ; 
Ly ay ieee Oe eS wae 1 a 
Lend Ded? nOF* fake LaBy=—2aB Za —1l ... 


and (2) that, save for this question of sign, Cauchy’s reasoning 
about | a°B'y?. . . | might with equal effectiveness be applied here 
(Hist., i. pp. 309-310). 


COTTERILL, T. (1867). 


(Question 2409 or 4830. Educ. Times, xx. p. 42; xxviii. p. 194 ; 
solution by J. Hammond in Math. from Educ. Times, xxvii. 
pp. 26-27. ] 


The theorem set for proof is that if (pxy) be an alternating function 
of p, X, y, and the function be of such a nature that 


(pxy)(pzt) + (pyz)(pxt) + (pzx)(pyt) = 0, 
or, say, (p,xyzt) = 0, 
whatever p, X, y, Z, t may be, then 
(acd) (aef)(bde) (bef) — (bed) (bef) (ade) (acf) 
is an alternating function of a, b, c, d, e, f. 
Neglecting Hammond’s procedure and taking one of the fifteen 


pairs of letters that may be interchanged, say 6 and e, we see that the 
new function will be alternating with respect to the pair if 


(acd) (aef) (bde) (bef) — (bed) (bef) (ade) (acf) 
= —(acd)(abf)(edb)(ecf) + (ecd)(ebf)(adb)(acf), 
that is, if 
(acd)(bde){ (aef ) (bef) + (abf)(cef)} = (bef )(acf){(bed)(ade) + (cde)(adb)} , 
and therefore if 


(aef) (bef) + labf\(cef) = (bef)(acf) } 
and (bed)(ade) + (cde)(adb) = (acd)(bde) 
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that is, if 

¢(f,abce) = 0 = g(d,abce): 
and this by hypothesis is the case. In the same way it is readily 
found that the fourteen other interchanges necessitate only two 
other pairs of conditions, namely, 

(a, cdef) = 0 = g(b, cdef), 

o(c,abdf) = 0 = ¢g(e,adb/). 
There is thus a considerable surplusage of hypotheses in the pro- 
position as enunciated. 


I 


CLEBSCH, A., anp GORDAN, P. (1868). 


[Ueber biternare Formen mit contragredienten Variabeln. Math. 
Annalen, i. pp. 359-400.] 


The procedure followed (pp. 390-391) in order to obtain the 
quotient of |a°b*c*| by |a°b'c?| is exactly that laid down by 
Jacobi in 1841, the result being of course 

(a, b, 0)" (a,b, O-" — (a, bey *(a, b,c)" 


as we also know from Trudi (1864). 


MERRIFIELD, £&. W. (1870). 


[A verification of the solution of a particular system of simultaneous 
equations. O. C. and D. Messenger of Math., v. pp. 206-207.] 


The system referred to is Lagrange’s of 1775 (Hist., i. p. 155), 
and the procedure is fully indicated by the word ‘ verification.’ 


EUGENIO, V. (1871): FIORE, V. (1871). 


[Quistioni. Giornale di Mat., ix. p. 67.] 

[Dimostrazioni d’una trasformazione di determinanti. Gtornale 
di Mat., x. p. 170.] 

_ The questions concern the identities dealt with by Prouhet (1856), 

and well known prior to that date. 
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NAEGELSBACH, H. (1871). 


{Ueber eine Classe symmetrischen Functionen. Sch.-Prog. 42 pp. 
Zweibriicken. | 


This is an elaborate investigation of the quotient of | a* at a} 
by the difference-product of the a’s, the contents of its forty-two 
well-filled pages being divided into twenty-two sections with seventy- 
one numbered results. These last, however, are of very unequal 
importance, most of them in the early sections being already known 
although their authors are not named, a considerable sprinkling 
being trivial, and many, especially in the later sections, belonging 
strictly to other branches of algebra than determinants.* 

The most important theorem is dealt with in §§ 6, 7 (pp. 8-11). 
Beginning with Bellavitis’ result of 1857, namely, 


0 1 h-1 h+1 n 
q 

a, 4, yey a, oe G 

0 1 k-l h+1 n 
a, A... H, a, 12s G, = res 
“a n—h°* ’ 

h—-1 h+1 iO 

() 1 
6 Ay 4 ems a, a, eee a, 


where C,_, is a function of the a’s defined by the identical equation 
(w—a,)(a—a,) . . . (x—a,) = 2"—C,a"14C,2" 2... 
and ¢? denotes the difference-product of the a’s, he continues the 


use of Bellavitis’ procedure. That is to say, by annexing an addi- 
tional row and column he forms the determinant 


0 1 h-1 h+1 2) n+1 
a, a, she 1 a, athe te a, a, 

0 1 h-1 h+1 n n+1 
a, a, Spee a, a, Peace a, a, 

0) 1 h-1 h+1 n n+1 
, a, nhs Be ie hers a, a, 
CP Oe ane ar ea ete 


which from what precedes is known to be 


NG), (Ay bg ye 8) 5, aye) (a, CHS, DEC) 


* The main results are clearly stated on pp. 149-152 of his paper “Studien zu 
Fiirstenau’s neuer Methode...” in the Archiv d. Math. u. Phys., lix. 
pp. 147-192. 
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and therefore 


— (Cspn las Ban YO pace) Gn)+2C,_,(2,, ea An) } 
-{(e—a,)(t@—a,) . .. (wan) O(a, 5 Thies" 5, Bq) 
= (Caner t2Cy-n)-(a"—Cyort+ Cor...) Zh 


He then equates the coefficients of x in the two members of 


this, obtaining 


0 1 h-1 h+1 Jad oF il : n+l 
a, ae; 1 1 Z a, 1 ° 1 
Orc h-1 Ati j-1l jt n+1 
(1p | Mite Fa a, 
“i gaae | h-1 A+ j-1 j+l n+1 
ee Oe AE eG a, 


Sty yO Cy — Cho, Or 


and thence 

0 as ae att j-1 gt n+l om Cas Ci 

Gs Qo, err i) Aaa . les C 
i n+l1-h n-h 


Following the same procedure with this second result as a basis, 
he next obtains 


Ooo h-1 h+l TA ete! k-1 k+1 n+2 
Pia eit ian Gea the ugar Senos Bene te 


Cire -k Oar -k C,, -k i 
= Che; Cri-j CS &, 
q 
eas h Crs —h C,, -h 


and thereafter in similar fashion 


tt) 1 h-1 h+1 Ufo | k-1 k+1 t-1 +1 
Be, Geta ie Oy Dye aie Uy My woe Oy Oy gine s Ohig Gig.s » 


Crts-1 Ch42-1 Chis -1 C21 
Cie. k Cra Cute Ones 
Cris =< Crye-j Coa =y C, 
Cr4s-n Crte- h Cr4s -h Ces 


The general theorem which Naegelsbach thus arrives at* is 
perhaps best enunciated in the form of a ‘rule,’ namely, The given 


* Naegelsbach burdens himself with a troublesome. sign-factor which, by two 
simple changes, we have rendered unnecessary. 


¢. 
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alternant being | a, as a% . . . a? |, where B, y, . . . , w are integers 
in ascending order of magnitude, write down in descending order the 
antegral indices which do not appear in the series 0, B, y,...,@: 
subtract each of the said indices from w, taking the remainders for the 
suffices of C’s for the first column of a determinant, and making the 
C suffixes of every other element 1 less than that of the corresponding C 
in the immediately preceding column. This determinant of C’s ts 
equal to the quotient of |a;abat . . . a°| by the difference-product of 
the a’s. For example, the missing indices in | a°b’c*d° | being 4, 3, 1, 
and the defects of these from 6 being 2, 3, 5, we have 


i Gee 0 } >I eae if | 
0f275,)6 2 1 0 
Coe St sOa' remealiss | Zabe Sab La 
C, 0,0, | | : abed abe |. 


A new departure of Naegelsbach’s is to use Trudi’s notation 
(a, b,c, . . .)’ in cases where the integer 7 is negative, the meaning 
being determined by assuming Cauchy’s identity 


allied. 


(a,; Gg, - ++, Gn)” = 


to hold for negative integral values of r. This manifestly entails 
that 

(a,, Og, = += » Gp) = 0 for 1k =-—l, —2, Oh ce s3 —n+1, 
and that whenr = —n”, —n—1, . . . non-zero values again appear. 


In the case of none of these negative values of r has the aleph- 
function definition 


fe > hy he 
(ay, Gy, +--+ 5 On)” = Sata... alm 


hy+... thn=r 
any meaning. When, however, r=—n, —n—1,... Naegels- 
bach shows that the similar definition 
eS 
hh; do oan) = eee a le Es a rage ee 
( 1? 2? » Gn Gj “dy A ah ay 2 a, 


hit... thn=r-n 


is in keeping with the above assumption, For example, when 
n = 3 and r = 4, the said assumption gives 
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ise: Se-= |l a @ 
a ep Se AT Or rae spe 
Teac ee (0 a il Ay 
, wr atl Ll @ a? 
=—,,|b07 BF 1 Te bx 62 
a2b2 2 
¥ Cis get | t. le ¢é 
1 
=> pies (be + ca + ab) 


sy a el i) 
abe @ tot +e"), 
which clearly is the same as 


9 org! 
SE Severe 


ht+k+l=1 


His next most important theorem is reached in § 13 (p. 17), and 
concerns a determinant whose elements are aleph functions, namely, 


| [x] [xe] oon [ey] 
[xi— po] [ke—pe] --- [kn— pe] 
Les “pe bea pal -+ + [Ka-ps] 
i “ a an - ++ [Kn-Pnl |; 
in which [x] stands for (a), a,..., a,)*. By means of a previously 


established result each element is expressed as a sum of n products. 
The determinant is thus resolved into two determinants, one of 
which is complicated but is changeable into the same simple form 
as the other, the final result being 


[k1] [xa] 1 ae] 

[k,—1j Ue ~ om ate Lie 
ns he peat, ‘ee le wi eof 
[—pntnr—-1ll] ... [—pptn—1] [n—]1] 
[-petn—2] ... [-tn—2] [n—2] 


[= aa ee Me iS [0] 
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The common form is that which we have seen obtained above by 
Trudi as an equivalent for the quotient of an alternant by the 
difference-product of the variables, and we thus conclude that the 
given determinant must be equal to 


| ae a; pees cack | rg hae a, fate t oars an 3 | 
ue . 
Oates an dwiGnes tee. 


MERTENS, F. (1872). 
[Auszug aus einem Schreiben.... Crelle’s Journ., lxxv. p. 264.] 


The matter here dealt with is Borchardt’s generating function 
of 1855 (Hist., i. pp. 173-175). In its place Mertens suggests 


Onley hae eet os ee thts eee te oe =V (CG, te, POA ae t,) 
F (4) “F(te) . - - F(t) 
where f(t) = (¢—a,)(t—a_) . . . (¢—a,), asserting that the coefficient 


of (t,t, . . . t,)~1 in this is the symmetric function V(q,, a, . . . , Gy). 
As Borchardt’s function had undeservedly withdrawn attention 
from Jacobi’s result of 1841 (Hist., i. pp. 336-339), namely, that the 
symmetric function 


P(t, Ae, - 5 Qn) 
| 3QNOe ese aa 


is the coefficient of (¢,t, . . . ¢,)~! in 


Lae... HT Lp lty te ste) 
(Ome FC) Kia: Git was aks 


Mertens’ closely analogous result has a double importance. In a 
sense Mertens’ theorem is more general than Jacobi’s: for the 
integral symmetric function, V, in the former is any such function, 
whereas in the latter it is one which arises from the division of an 
alternating function by the corresponding difference-product. 
Taking advantage of this and of the fact that 


041 


P(A) Days +) Ap) LEP, Aig, + + +) Un) 
|ajay. ann" [aia oR ley 
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we obtain by substituting the latter expression for V(a,, dp,... , Gp) 
an alternative form of Jacobi’s function, namely, 


HO aunt, St Olde. Ve mn) 
F(t) F(t)» F(tn) 


To understand the exact bearing of these forms on one another, it 
is important to consider a special case, say the case where 


n=2, V = a,2+a,?. 


Mertens’ generating function then is 


t * (4.—b) - (¢,?-+t,”) 
(4, —) (ty —Ay) + (tg —4) (tg —Ay)’ 


which is equal to 


( fry. ty 3 ty%t, . i t,7t,? oF ae 


Gah ee esr Srascy 


sees sig zat 4218 134, Fi 27 3t,4 
where the numerators are the aleph functions of a,, a,. In this 
the coefficient of (t,t,)-) is 
Ne + Ne —Ny?, 
4.6. 2(dy? + Ay + Aq”) — (4, + ag)", 
as it should be. Jacobi’s theorem, on the other hand, we can only 
utilize when we so choose his aaymmetzic p that 


He a a+ 02 
Doing this by putting ¢(a,, a.) = a,—a,%a, we obtain, in place of 
Mertens’ numerator, 

(—1) + (4—4) - (4?—-4*h), 

ie, >t ea 
and therefore, for the coefficient of (¢¢,)-1, 

2N2—Ny’, 
as before. In the third place, Borchardt’s generating function in 
its original form is 
3 1 1 Tate} 
4-g ; ty— A ty—A, ty—Ay’ 
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which is found to be 
1 1 2a,a 
Fat (at ad (p55 7 tips) + (at+an (sa tage) tae to 


Ks a,2-+a,2 is the coefficient of (tf,)-*(4,? + 4%). Lastly, 
Borchardt’s derived form * is 
0 9 
2 ty 
7, ? 
where Z = (t.—t))](42—Gt, +e) (fo? —Gyte+c.). This, when the tire 
some operations indicated are performed, becomes 
2tle— G(t, +b) +2¢ 
(4,2 — cyt + C2) (fo? — Cyt + C2)’ 
which is exactly what is obtained by performing the simple addition 
specified in the origmal form. Also, since its denominator is 
identical with the denominator in Mertens’ form, we readily see that 
the cofactor of either term of (¢,t,)-°(4?-+#,”) is 


2Np —GN1, 


as it ought to be. 


GORDAN, P. (1873). 


[Ueber den gréssten gemeinsamen Factor. Math. Annalen, vii. 
pp. 433-448. ] 


Gordan here makes an effective application of Brill’s theorem of 
1871 regarding two arrays so related to one another that the principal 
minors of the one are proportional to those of the other. A simple 
example or two will make the general procedure clear. 


* The following writings concern this form— 

1856. Cayuiey, A. A memoir on the symmetric functions. ... Philos, 
Transac, R. Soc. (London), cxlvii. pp. 489-499; or Collected Math. Papers, ii. 
pp. 417-439 (see pp. 421-423). 

1864. Baxrzmr, R. Theorie und Anwendung... 2te Aufl. pp. 24-25. 

1875. Brono, F. Fad pi. Sur la fonction génératrice de Borchardt. Crelle’s 
Journ., lxxxi. pp. 217-219 (cf. Baltzer, 1864). 

1876. Kostxa, C. Ueber Borchardt’s Function. Crelle’s Journ., lxxxii. pp, 
212-229, 
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If a, 8, y be common roots of the two quartic equations 
a,04 + ax? + asx? +ae+a5 = 0 
by + bya? + bgx* + bax -+b; = 0 


it at once follows that we have two arrays 
a a® a* a 1 
BBs BB 1 


cian ccc cledin dae 2 


Ay 


b 


As 


bs 


bs 


Ag 


be 


as 


bs 
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satisfying the conditions of the said theorem, and that therefore the 
ten alternants formable from the array on the left are proportional to 


|@4b5|, —|@b5|, 


-> | be]. 


Similarly taking four roots all belonging to one quartic equation 
we should obtain the old result that the five alternants of the array 


ie Pee ek es 
1p & f° pt 
ate a ie onlay ss 
se li oie atl 
are proportional to 
@,, —Qz, 3, —G,4, as, 


and therefore to 


1, Ya, LYaB, YaPy, aBye. 
In the next place, by taking the same quartic and using it thrice, the 


two arrays would be 


Cee Ca a ak eae a Le 
Be 3? BA BF BP Bl. ty ay 
Dye So a ek Gq) Og 
Gamo 6 oO “Oe orl ls 
and we should have, for example, 
| a8 8521 | % My % ty 
es eee OS yy «0g | hey aie Gy 
| a367y1 | 
az a, a, a, a3 
1 & 4 
sabe: ess — Da 
ee ity Teas ates EaB 
Cue Uy Oy 
>> —=2 
dy Oy a8 aby 
Ge uy 


As 
Ns 
as 


Ag as 
Og . 
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in accordance with Naegelsbach’s theorem. Of much less note is 
the last of the series of deductions, exemplified by 

| iso. Se, cet 

(Se ae 1, —a, 2%, —a3, z'. 

| ; ‘ 1 =—% 

ae é : 1 —=z | 

Thenceforward (pp. 436-448) Gordan occupies himself with the 

main subject of his paper, showing first how Sylvester’s bigradient 
may be transformed into Euler’s product of differences (Hist., uw. 
pp. 369-370, 374-375) and passing on to the analogous trigradient 


arising from three given equations in 2. 


WEIHRAUCH, K. (1874). 

[Zur Determinantenlehre. Zedtschrift f. Math. u. Phys., xix. 

pp. 354-360. ] 

The second section (pp. 359-360) establishes the determinant 
form for the difference-product by a gradational proof, (n—1)" 
order to n™ 

MALET, J. C. (1874). 
[On certain symmetric functions of the roots of an algebraic equation. 
Transac. R. Irish Acad. (Dublin), xxv. pp. 337-342. ] 

Malet’s result is essentially the same as Naegelsbach’s of 1871, 
and.is obtained in the same way. He evades the difficulty of the 
sign-factor. 

GARBIERI, G. (1874). 


[I DETERMINANTI, con.... xiii+267 pp. Bologna.] 
Garbieri establishes the already known (1864) identity 


n—1 | 


2 
We Op 2. ea ea 


es | a 
=(—])""|a,a, .. 


Dis ee ws Wn _ 
: a, | lala)? af'(a)t on ik sitet 


where f(x) = (w—a,)(x—a,). . . (c—a,). 
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A simple mode of verification consists in comparing the cofactor 
of any one of the w’s on the one side with its cofactor on the other. 

A similar expansion is obtained for the determinant got by sub- 
stituting the w’s in any other column of |a/a,...a"'| than the 
first. 


BELTRAMI, E. (1874). 


[If DeTERMINANTI, con... . , per G. Garbieri. pp. 169-171.] 
Beltrami carries us a step further than the so-called theorem 


noted by Baltzer (1864). Instead of multiplying | aga). . . Gn—1, n—1 | 
01 n-1 ret ° 4 
by |a,a,...a, | he (or Garbieri) multiplies 
2 n 
re i a ibs elgg Days) a, a, 
Aro Ay ates  Ony i ae . a, 
by 
2 n 
An-1,0 On-1,1 - ++ GAn-101 1. a, a OS a ie 
c: Cie, ae ae Se eae 


where the c’s are defined by the identical equation 
(a—a,)(t—ag) . . . (t—ay) = Ege" + ¢,0"-1+ on" 2+ ...; 
and denoting 
Ag +O +O? +--+ +m" by f(€), 
a + at see gh ean °t ee ou Hale), 


Bn —1,0 + On ttt: 1% ee - MO. 
he obtains for his product 


flax) falas) .--- Silan) fila) 
falas) Flas) eae + San) fl?) 
fale) Add. oe wes helo) 
0 Rites, 0 Cot" + cyx"-2+- 2. 
As, however, the multiplier is ¢4(a,, ag, . . . ay, x), and therefore 


= (t—a,) (7—an_) ee (—ag)(%—ay) ; (ay, Ag, ++ +5 Qn) 
= (aoa +. eg)» (ays ag, - +5 dnd; 
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division at once gives us 


Ao oi Ee Con 
a a. eee OF 
|Ailax) + falas) - - - - fn(an) | = ee "Sees ie : 
(ay, Og, «+ + +5 On) On—-1,0 On—-1,1 oe Ona 
Cy Coe see Cy ’ 


a result which we may advantageously formulate for ourselves as 
follows: If the n-line alternant constructed from n variables, ay, 
Gp)... a, and n univarial functions of the n” degree, f,, f.,..., fh, 
be divided by the difference-product of the said variables, the quotient 
1s expressible as a determinant of the (n-++-1)” order, whose first n rows 
consist of the coefficients of the functions and whose last row consists 
of the coefficients of the powers of x in the expansion of 


(x—a,)(t@—ag) . . . (K—ay), 
the order of writing the coefficients in every case being that corresponding 
to the ascending order of the powers. 
For example, the given functions being 
Ay + a,0 + a,27 + a,x, by) +b,7+b~?+bex3, oo +¢,0 +027, 

and the given variables \, u, v, we have 

Apt AA+AAR+AgA> Ug tayUtag*+agu® Ag+ ayy+dgv?+agr | 
bo + byA + bdr? + b3A3 dg + by + byu2?+bgu? byt byw +b? + bgv3 


Cot cA + c,d? Cot Cy + Cop? Co + Cy + Cyr” 
i (v—m)(v—A) (u—A) 
Gr ay Got id, 
a Oat Os byob 
= Coan ack Cs Gs 


—Auv Dm —DX 1 


KOSTKA, C. (1875). 


{Ueber die Bestimmung von symmetrischen Functionen der Wurzeln 
einer algebraischen Gleichung durch deren Ooefficienten. 
Crelle’s Journ., 1xxxi. pp. 281-289.] 


Kostka, like Malet in the preceding year, discovers for himself 
Naegelsbach’s theorem of 1871, establishing it in a very simple 
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and attractive way, which we may illustrate by the example already 
ased, namely, | a°%c?d* |. Writing this in the form 


a& a a @ at a af 
6° 1 b2 $8 64 b® 56 
Cree ee ee 
Seite cqiayE: Bea ya ge Gs 


he performs the operations 
col, —C, col,+C, col, —C; col,, 
col, —C, col, +C, col, —C, col,, 
col, —C, col,+C, col, —C, col,, 
which give the result 
Ya aa 


BS b&b 6? 6 
fd & é 
—i@d° dd, d ; 
1 —() 3 0 4 


that is, 


iebiced| >| °C, 
Cece C, 
1 C, Cy ? 

and thence, as before, 

Ce Ca 

| abcd? | cade: 

Poids | —| Cs Ge G 
ce C; C, . 


He also makes the first rediscovery of Schweins’ multiplication- 
theorem of 1825, and then takes the fresh step of using it to express 
any symmetric function as a sum of determinants. Thus, since 
Schweins’ theorem gives 

| a®btc?d3 | - (a2b?--02c?+-a2d?-+-b2c2-+b2d? + c?d?) 
= | alb’c?d* | — | a®b?e8d® | + | a®btctd? |, 


156 HISTORY OF THE THEORY OF DETERMINANTS 


we have 
| atb?eed!| — | a°b®cd | | abictdb | 
| abte2d? | | a®btc2d |" | a®btePds |’ 
and therefore, by Naegelsbach’s theorem, 
Cy Mel Cc, C 
Py) oe mS la wt 
py is A G4, Cl SOs) 
The accuracy of this is readily verified, for the right-hand member 
= 20,—20,0;+C,? 
= 2abed —2(Sa?bc+-4abcd) +(La*b? +2>da*bc+babed) 
= aoe 
The rest of the interesting paper deals with certain special cases 
and applications. 


ys a2b? = 


SCHRODER, E. (1875). 
[Ueber v. Staudt’s Rechnung mit Wiirfen und verwandte Processe. 
§6. Math. Annalen, x. pp. 297-301.] 

Schréder’s result is implicitly included in Beltrami’s, from which 
it can be deduced by putting one of the given variables equal to 0. 
Thus, putting y = 0 in the example given under Beltrami, we obtain 

A+arA+a,r7 a +A,ut+agu?2 a? 
bt+bA+D A? b,4+b,u+b3u2 6° | + (u—A) 


C+ Cpr C+ Cope é 
M% Qs, a 
Si by 7) 5, bs bs 

GO Cy 


Am —A—pe 1, 
which is an example of Schréder’s. 


VALERIANO, V. (1876). 


[Alcune notevoli applicazioni della induzione matematica. § 6. 
Giornale di Mat., xv. pp. 41-45.] 
The subject is the factorizing of 


[Gane Sos ebeaend a. |mees el eee 


Brioschi (1854) might have been referred to. 
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BRUNO, F. FAA DI (1875, 1876). 


[Sur la fonction génératrice de Borchardt. Crelle’s Journ., 1xxxi. 
pp. 217-219.] 


[TuEorte pes Formes Binarres. xvi+320 pp. Turin.] 


For the function in question, dealt with above under Mertens, 
(1872), Bruno obtains a fresh expression, 


1 
F(t) Raises F (tn) P(4, rt Ca) 

fi) fi)—4f) ... (n—)?*f) —f'F'&) 

F (te) f(te)—tof (te)... (m—Mt F(t.) fF Ut.) 
To illustrate its superiority over Borchardt’s, he applies both to the 
case where the given equation is a quadratic, pointing out, as | 
Cayley had done in 1856, that Borchardt’s form was ‘not a very 
convenient one for calculation.’ He also applies his own to the case 
of the cubic, the result being an interesting exercise in the use of 
alternants. 

In his book the section (pp. 38-50) devoted to the subject contains 
a verification by Cayley of Borchardt’s equality (Hvst., ii. p. 174) 
Dy ==T A. 


¢ 


FERRERS, N. M. (1876): MALET, J. C. (1876) : 
HARRIS, H. W. (1877). 

[AN Exementary TREATISE ON TRILINEAR CoorDINATES. 3" 
edition (pp. 59-73, 172, 179). xiv-+184 pp. London.] 
[Question 5144. Educ. Times, xxiv. p. 212; Math. from Educ. 
Times, xxvill. pp. 51-53. ] 

[Question 5473. Educ. Times, xxx. p. 197; lv. p. 437; Math. 
from Educ. Times, (2) ui. p. 82.] 

Both of the questions noted concern | a°b’c"d? |, the one dealing 
‘with the multiplication of it by a+b-+c-+d, and therefore answered 
by Schweins in 1825, and the other giving the three-lme com- 
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pound determinant equal to | a°b”c"d? | - | a°b'c’d? |, and therefore 
answered by Bazin in 1854 (Hist., ii. p. 207). 
All that Ferrers gives is the easily reached result * 
4 | a®b'c2dFe® | —6 | a®bic2dte® | = | a®bte*dPet | - X(a —b)?. 


SALMON, G. (1876). 


[.... Mopern Hicoer Atcesra. 3'edition. xx+318 pp. 
Dublin. ]} 
A note by Cayley (pp. 290-292) deals with determinants of the 
form 
oa) py) -.-| 
Wo) Vy) 


3 ls 


to which, oddly enough, the name ‘rational functional determi- 
nants ’ is given, because ¢, yy, . . . . are taken to be rational integral 
functions. A method of Jacobi’s (Hist., i. p. 341) is illustrated by 
showing that 


a aP var (a,.:0,:6) (a, 03-0)2 SAG be) 
be be by | = &(a, b,c) | (a,b,c)? (a,b, c)®-? (a, b, c)8-? 
ce cB er (a:b, c}% Sasbyeyr handy ey Bi. 


KOSTKA, C. (1876). 


[Ueber Borchardt’s Function. Crelle’s Journ., lxxxii. pp. 212-229.] 


The main interest here is connected with the generating function 
of 1855+: but as the investigation of this involves the frequent 
use of determinants of the form 

Ch Ci Ci 
Cr-s &-8, 1-8, 
Ci-8, Ck-d,” Ci-8, 


where ¢, is defined by the identity 
(t—t,)(~—t,) spine (x —t,) = x" —¢,2"-1-+¢,¢%-2— Ore ug 
* Cambridge Univ. Hxam. Papers, iv. (1875), p. 220. 
{In the list above (p. 150), bearing on this subject, should be inserted :— 


1860. Meter, F. Sur une nouvelle fonction génératrice des fonctions symé- 
triques, Bull del Acad... . de Belgique (2) x. pp. 608-631. 


Al 
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the development of such determinants in terms of the ¢’s comes in 
for considerable attention in the second section (pp. 216-224). 


FRANKE, E. (1876). 


[Ueber den Ausdruck, welcher im Fall gleicher Wurzeln an die 
Stelle der Vandermonde’schen alternirenden Function tritt. 
Crelle’s Journ., |xxxiii. pp. 65-71.] 


If the roots of such an equation as 
P— p+ pe? — py? +pye—ps = 0 


be all unequal, we have already seen how a set of five equations is 
obtained for the determination of the p’s in terms of the roots 
(Hist., uu. pp. 168-169, 175-176, 181-182). When the roots are 
net all unequal, differentiation is necessary in order to obtain the 
required set: for example, if the roots be 


a pumbaD:, 6, 
the set is 
ae—pat +pa® —p ar + pa—p, = 0 
5a*— p,- 4a? + pp+3a?— p> 2a + py 
b> — p,b* + pb? —psb® + pyb—p; = | 


| 
=) 


ll 
= 


5bt — p,- 4b? + p,+3b® —ps-2b + py 
206? — p,- 126? + p,-6b —p,-2 = OQ). 
Now Franke’s problem is in effect the solution of such a set when 
the given equation has 
a roots each equal to a, 
8 roots each equal to 6, 
anda+@+...equalton. He successfully plods his way through 


the maze, and formulates at some length the result. The case where 
all the roots are alike is used as a test, the common denominator 


of the p’s then degenerating into 
(n—1)! (n—2)!... 211! or (n—1)(n—2)2... 2221941, 
as we know it ought to do. 
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DOSTOR, G. (1877). 


[ELéMENTS DE LA THEORIE DES DETERMINANTS, AVEC... . 
Xxx1+352 pp. Paris.] 

The following result is established by Dostor (pp. 87-88) at 
considerable length, 
fa (a+2)? (2a-+a)? 

b  (b+a)? (2b+2)? | = 323- €3(a, b, c) - {22Za+3aDab+6abc}. 
| & (e+a)3 (2c+2)8 | 
We may add that if, in the last column, the coefficient 2 were attached 
to the z’s and not to the a’s, the right-hand member of the identity 


would be 
—6a3 - ¢ 3(a, b, ¢)- {2a?Xa+3xdab+3abc}. 


CAYLEY, A. (1877). 


[On the general differential equation Ox//X—dy//Y = 0, where 
X, Y are the same quartic functions of z, y respectively. 
Proceed. London Math. Soc., viii. pp. 184-199; or Collected 
Math. Papers, ix. pp. 592-608. ] 


Here it is the observation on which the investigation rests that is 
of interest to us, namely, that 


eae tA Ge Posen) a 
| Gey ete NY, 
eee — () 

22 z2 ] NE Z 

| ww il JW 
is a particular integral of the equation 

ie) iC) fe) 
x y z So. 


Rett yet yw 

and consequently is the general integral of 
Ox | OY 

ox ere 


when z and w are constants and enter only as one constant. 
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FROBENIUS, G., anp STICKELBERGER, L. (1877). 
[Zur Theorie der elliptischen Functionen. Crelle’s Journ., Ixxxiii. 
pp. 175-179.] 


So far as the pure theory of alternants is concerned, the only fresh 
point in this paper is the consideration of a determinant of the form 


Ls 1 = 1 
j i W(tlo + ve) oe YU) +%,) 
FL Plate) =. veleeg to) |. 
The investigation is conducted on the understanding that 
Glog a(u 
elu) = Re) 


where o(_ ) is the function-symbol introduced by Weierstrass, and 
where therefore —y’(u) defines Weierstrass’ other function (u). 
The result obtained is shown to include Hermite’s equivalent of 
1876 for the alternant 


| 1 p(t) (ru) --- (Up) | 

FT elm) 9m) = en) 

| - pap 

(1 plu) py)... 9 Mu) 
({Crelle’s Journ., \xxxii. p. 143) and Kiepert’s of 1872 for the per- 
symmetric determinant P(’(u) - o’(u),... , e?"-(u)). 


BORCHARDT, C. W. (1878). 


(Zur Theorie der Elimination und Kettenbruch-Entwickelung. 
Abhandl. ... Akad. d. Wiss. (Berlin), 1878, Nr. 1, pp. 1-17; 
or Gesammelte Werke. | 


This is based on a theorem of Rosenham’s of 1845, which, as not 
involving determinants, was not given by us when dealing with his 
paper (Hist., ii. pp. 160-161). It is to the effect that the resultant 


of the equations 
f@)=9 ga) =9 


of the m and n degrees respectively, is 


F(a) a As . f(a n)* G(an4s) + ° G(Gn+m) 


R(a,, se 5 Ans Antiy + + + >» es ie 
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where R(. . .) indicates the product of the differences got by 
subiseune, ao ‘quantity on the left of the semicolon from each 
quantity on the right, and where the = betokens a sum of Chua 
terms of which the first is given and the others differ from the first 
merely in having another set of n of the a’s instead of the first set. 

For example, the resultant of 
. az+b =0 and cxr?+dzr+e = 0 
is 

(aa+d)(aB-+b)-(cy +dyte) , (aatd)(ay+)-(B°+dB+e) 

(y—a)(y—B) (8—a)(B—y) 
4 (8 +b)(ay+6) -(ca®?+da+ é) 
(a—B) (a—y) 
As a mere help towards acceptance it may be pointed out that 
the expression is manifestly of the 0°" degree in each of the a’s, 
of the n‘" degree in the coefficients of f(z), and of the m‘" degree in 
the coefficients of g(z). 

There is herefrom suggested to Borchardt the finding of ex- 
pressions of like kind for the other ‘ simplified remainders ’ whose 
vanishing is the necessary and sufficient condition for the existence 
of a common factor of f(x), g(x); and, this being accomplished, he 
uses his paper of 1860 to show how older expressions for these 
‘remainders,’ such as Cayley’s and Sylvester’s, may be reproduced. 
He then passes on to the case ($2) where f(x), g(x) are of the same 


degree. Here he not only obtains his result in the same manner 
as before, but, denoting 


f(a) ao) ae (y) g(x) by F(z, y), 


and recalling Bezout’s ‘ abridged method,’ he arrives at a second 
and quite unlike expression. Equatement being thus possible, there 
is evolved the very noteworthy identity in alternants 


| F(a,, ay eS - FG, « ay) | ; 
1G, some yg Gita seen 
(—1)?- ie ate - f(a,) “g (4,4) De 9 (a2,) 


“> ae Gy4ys > 5° G5,) 


The remaining half of the paper is concerned with the related 
question in continued fractions. 


ia 
| 
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GARBIERI, G. (1878). 


[Nuovo teorema algebrico e sua speciale applicazione.... Giornale 
di Mat., xvi. pp. 1-17.] 

Garbieri’s first theorem is an extension of Beltrami’s of 1874, the 
degree of the f’s being no longer kept from exceeding that of the 
alternant, namely, the n. If the excess of the one over the other 
be h, so that 


Frii(E) now stands for a y+an€+ ©. © +Opngn€"*, 


then 
| F(a) * fo(as) ahs F(a) | 
Ca (Gay eta, 
Ln Ay Uy + + Gon Oon4+1 s+ Aoynth 
— Ay ay Aye se Why Oy n+1 se Nth 
= | On -1,0 An-11 On -1,8 On—1,0n On—1n41 Pim Bis ® On —1yn-+h 
Cy Cn-1 Cy_2 Pikeune Co 
| 
| Cr Ca Ao AG Co 
I oe e ° ° Ch Ch-1 Jee Cy 


The mode of proof is quite similar to that previously employed ; 
that is to say, the right-hand member is multiplied rowwise by 
Ce itg 2 hy Gy, Ye, Yi, --s 3. 9x) Ml the LOI |avoy, . yey, 
and the result being found to be a determinant which is manifestly 
resolvable into 

| Fi(ay) *Folas) -- + Sn (Gn) 1° PYo) PCY) - - - P(Yn) * §(yo, Yr +++ Yn), 
it is only necessary to make use of the further fact that the multi- 
plier itself is resolvable into 


GE(ay dg,» a) P(Yo) BY) ©» « PY)" For Yo + + > Yad: 
A suggested alternative mode of proof is not essentially different 
from Mansion’s of the following year. 

Of the previously obtained results which Garbieri notes as being 
included in his own, the most important is Naegelsbach’s of 1871. 
In illustration of the relationship between the two, let us put in the 
above 


A@m@=0, fA@=7, fla=%, fx) = x. 
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We then have from Garbieri 


| a0 B?y*e? | 


Gla 8, ey ae pte 7 


aByd —YaBy Lab —Za 1 ; 
aByé —XaBy YaB —Za 14%, 
. aByd —XaBy XB —Za 1 


from which, manifestly, there comes on the right 


—| —XYaBy —Xa 1 
aSyo 2aB —Za 
—ZaBy 2aP |; 


and this is Naegelsbach’s result. 
Garbieri’s next theorem concerns the double alternant formable 
from the bivarial function 


D(a REE 
and two sets of variables 
Gy sQgy sey Gy BEG © ore age eee 
Calling the function F(z, y), Garbieri affirms that 


| F(a; 6;) * F(a, 85) Joe F(a,B8,) | 
§4(a,, MLD ST a,,) eGR oF: Bo, ic? Bn) 


= A+1 al 
= (—1) Mo Ag ++ Aon = nga +++ Aontn On 
t / 
Ayo Ay, fe Ayn Qi nti ere Dy n+ Cn-1 Ch . ee 
, 7 / 
Ano Any occ Onn Qanti Muay Annth Co Cy Cy siete 
Gntno Antar-+: Antin Antanti-:++ AUntnatnr 
Ce i Cee ees 
Ch oe ee cn eC 
eae 
Ch Ch—y one Co 


ALTERNANTS (GARBIERI, 1878) 165 


where the c’s and ¢’s are defined by the identical equations 
(z—a,)(t—a,) . . . (w—a,) = oe" +e,2" 1+... +0, 
(x—B,)(2—B,) . . . (c—B,) = cow®+c,a"1 +... +6%. 

The mode of proof preferred is similar to that chosen in the case 

of the first theorem, save that the right-hand member is now multi- 

plied by the two difference-products 


ei ot Wai Mas hs ale Cas en oss Onn faikave oc tp 
in succession, and that prior to multiplication the determinant 
form of each of these is raised in the usual way from the (n+h+1)* 
order to the (n+2h+2). Another proof, however, is indicated, 
dependent on the use of the first theorem; and it is also pointed 
out that the second theorem includes the first. 

Finally, note is taken of Borchardt’s special case of 1859, where 
h = —1; and the fact that Cauchy’s result of 1841, though not 
included, may be deduced with ease by putting 


F(a, y) = mee) 
and (x) = (x—B,)(e—B,) . . . (e—B,). 


CROCCHI, L. (1878). 


[Sopra le funzioni Aleph ed il determinante di Cauchy. (Giornale 
di Mat., xvii. pp. 218-231, 380.] 

After a study of Trudi’s paper of 1864 regarding the resolution 
of | xt 2§ 2% a |, Crocchi is led to hazard the assertion that for 
a similar reason any Jacobian ought to be divisible by the difference- 
product of the variables, and that the search for the quotient may 
be furthered by means of the relation 

Of Is In 2 | Nn 
Oa, Ct, On, OY, Y2 Yn 
Nothing is said regarding the f’s being symmetrical with respect 
to the z’s. As an inustration of his suggested process for finding 
the quotient he takes Trudi’s case, choosing for this end 
Si = Sa41+(a+)), Yi = §+1, 
Se = 841+ (8+1), Yo = 8+ 2, 
Ss = S4it(yt+l), Ys = 8 +3, 
J, = 841+(6+1), Y, = 8,+4, 


| O41, Ye Yn | 
Oncdg. ea. 
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where 8, = a{+2;-+43+2;. This, it will be observed, ensures that 


Oh We Ya Me | = | ancora | 
Oar, Oly OX, OX, | Setar 

and en Yo Os Ys = Fn ou batt | F 

Cay ON, Cy ON, 1234 |; 


and there remains the trouble—which is still ample—of solving four 
sets of four simultaneous equations of the type 


Hy ry fr We 4 Fr Os 4 Ha Ye _ 
OY, O02; OYg ON, OYg OX; OY, OL, OX, 
in order to obtain the corresponding values of the elements of 
i Sa Is Fa) 
OY1 CY CYs OY 
At the end of the paper there is given another illustrative result 
worth noting, namely, The Jacobian of the first n Aleph functions 


of a set of n variables is equal to the difference-product of the variables. 
This may be appropriately grouped with Tarleton’s of 1867. 


WOLSTENHOLME, J. (1878). 
[MarHEmatica, PRopiems.... 2"¢ edition. x+480 pp. 
London. ] 
Here (p. 276) we have two additional examples of alternants 
whose elements are goniometric functions, namely, 
1 cos(8-+y) sin} (8B—8) sin? (y—6) 
1 cos(y+a)_ sin®4(y—6) sin?3(a—@) 
1 cos(a+) sin?4(a—6) sin?}(G—8@) 
2sin } (y—B) sin }(y—a) sin }(8—a) 
- {2sin 26+ 2sin(a+@8+y—6)—sin (6+y)}, 


and 
1 cos(a+@) sin?}(8—6) sin?}(y—6) | 
1 cos(6+8) sin®} (6) sin®} (a—6) | 
1 cos(y+8) sin?} (a —6) sin®}(6—6) | 
2 sin }(y—B) sin J (y—a) sin §(8—a) 
-{2sin 26+sin (a+ 8+ y—0)— sin (a+6)}. 
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CAYLEY, A. (1876): SCOTT, R. F. (1879). 
[Theorem in Trigonometry. Messenger of Math., v. p. 164.] 
[Note on a theorem of Professor Cayley’s. Messenger of Math., 
viii. pp. 155-157.) | 


By substituting the proper exponential expressions for sines and 
cosines, Scott proves that 

| sma cosa sin(A+a)sin(u+a) sin (v+a) 

'sin@ cos8 sin(A+ 8) sin(u+ 8) sin (v+ f) 

| sin y cosy sin(A+y) sin (u+y) sin (v+y) 

= sin (y—8) sin (y—a) sin (G@—a) -sin (a+8+y+A+nu+y), 
which becomes Cayley’s result when a+@8+y+A+puty = 0. 
In his text-book of the following year he gives the similar example 


1 tana sin2a 
1 tan8 sin28 
1 tany sin2y 
ey ily sina mg 
We may note in passing that these may with advantage be assimi- 
lated to Wolstenholme’s example by changing the alternating factor 
on the right into 
28 sin } (y—A) sin } (y—a) sin }(8—a) 
- cos } (y—8) cos } (y—a) cos }(8—a). 
Scott adds four additional results, namely, 


| 1 cosa sina sin3a 
1 cosB sin sin38 
| 1 cosy siny sin3y 
| 1 cosd sind sin3d 
= 2°IIsin 3(a—() 
- {cos (8a+8+y+6) + cos }(a+3B+y+6) +... 5 
sina cosa sin2a cos2a 
sin8 cos8 sin26 cos26 
siny cosy sin2y cos2y 
sind cosd sin2é cos2d 
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= 2IIsin}(a—8)- {cos 4(a+B—y—6) + cos $(a+y—B— —6) 
+ cos k(a+é—B—y)} ; 


| 1 sina, cosa, sin2a, cos2a, ... sin”a, Cosna, 
1 sina, cOSa, sin2a, cos2a, ... SiNNag COS Na, 
Lov SGaa i oo. Wye Aico ee ee ~ 2 + COS Ttsics 


= (—1)"4""Isin $(a;—a), where* 7 >7; 
and 
cosha sinha _ cosh38a 


cosh 8 sinh@ cosh36 
coshy sinhy cosh3y 
= 4sinh (y—8) sinh (y—a) sinh (8 —a) + cosh (a+8+y). 

The second of these four he generalized later in the same year 
(Messenger of Math., viii. p. 184), the angles a, 8, y, 6 then giving 
place to a, a, ..- , Gen, the multiples 1, 2 to 1, 2,..., n and 
the evaluation to 

Q2n2-2a+1 2 II gin 4 (a, —an)k>n 


- >) cos $(aytagt eee ARO SO 5 sarees —O,): 


SCOTT, R. F. (1879). 
[Notes on determinants. Messenger of Math., viii. pp. 182-187.] 


The results given by Scott at the outset (§ 3) are those assigned 
above to Bellavitis (1857) and Naegelsbach (1871). He then 
passes on to double alternants, opening with Zehfuss’ theorem of 
1859 and a companion-theorem of his own, namely, 


(a, —B)" ... (a, —B,)" re ... @—8 

ie —B,)" . aa aur _ (M) (Jo -- oe n sheb | Gg—By --- o2—f8 
le ne 

ayer ain — Bn)" Qn—By .-- a,—8 


where ie stands for n(m—1)...(m—r+1)/1-2...7, and the 
suffixes attached to ¢ 3 imply that the a’s are the Pahl in the 


* We hove annexed the sign-factor. 
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one case and the 8’s in the other. Unfortunately, no proof is given 
of this latter important result. The next two theorems are really 


cases of the two preceding, namely, the cases where the variables 
are 


Gy, Gg, - - + 5 An, & 


By, Bo, a) Bi Zz; 
and the final pair are 


| (a B)* --. (By) 1 | 
(o,—8,)" ax} Paran | = (n),(n_) . . (i), eee 
qt | 


: 1 i: 

—p)** ... (a,—B,)*! 1 

Ng oF a as er ie (1+1) (+2)... . (M+ Vn cle. p 
mo)? .... (a,—f,)***" 1 i ae pea 

1 1 

> 
a, —B, ay =6, 1 | 
where P = Sek mr ec ae 
| 1 1 


MUIR, T. (1879). 
[General theorems on determinants. Transac. R. Soc. Edinburgh, 
xxix. pp. 47-54. ] 

On p. 54 there is given a result more general than Malet’s of 1876 
but less general than Schweins’ of 1825, the real point of interest 
being that it is made dependent on a theorem for the multiplication 
of any n-line determinant by any n-termed expression. 


MUIR, T. (1879). 


[Preliminary note on alternants. Proceed. R. Soc. Edinburgh, 
x. pp. 102-103. ] 


The note describes itself as an abstract of a paper on the general 
subject of the quotient of an alternant by the difference-product 
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of the variables. As, however, previous to printing, the main part 
of the paper was found to be covered by Garbieri’s of the preceding 
year the manuscript was withheld (Proceed. R. Soc. Edinburgh, 
xiv. p. 433). 

[The word ‘alternant’ appears here for the first time as the 
designation of a special form of determinant. Having been told 
that I had been forestalled in the usage by Sylvester, I called it 
from the outset ‘“Sylvester’s word.”’ My informant, however, was 
probably in error, as some years afterwards I found Sylvester 
employing it to Genote a peculiar form of operator in the theory 
of reciprocants. (American Journ. of Math., ix. pp. 130-132, 
published in January 1887.) ] 


HAHN, J. (1879). 


[Untersuchung der Kegelschnittnetze deren Jacobi’sche oder 
Hermite’sche Form identisch verschwindet. Math. Annalen, 
xv. pp. 111-121.] 


One of the identities here used (p. 117), which may be written 
| aya |" | aye |” | aye |” 
2 | ayby| | Bye] | eae] =| tye] | yee] | ae] = | | bate |? | Orye |? | brze |? 
| 4% |” | CY |? | 2 |? 
‘it is best to view as a simple case of Zehfuss’ theorem of 1859 
regarding a double alternant (Hist., ii. p. 190), the product 


. 


| 2b. | > | Bye | + | cr@e | 
being equal to 
@, (yd, a, 
Db, 8 
Clee: 


0 

: nee a 

ie. a De? (=) 
222) \@ 


as we have seen above (p. 132). 


()() 


* Collected Math. Papers, iv. pp. 415-417. 


> 
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MANSION, P. (1879). 
[On rational functional determinants. Messenger of Math., ix. 
pp. 30-32.] 

Mansion re-investigates in an interesting way the theorems of 
Naegelsbach and Garbieri, using alternants of only three lines. He 
first considers the evanescent determinant 

la™ a®—a’F(a) | 
B" 8" BrE(B) 
y” ve y’F(y) \, 
where 


F(a) = a'§—ea*+er—c, = (w—a)(a—B)(e—y), 
and therefrom virtually obtains the identity 


| apy? ** | — | a” Bry?t? | -}- fn | a Bryet! | — Cs Ja" Bry? | — 0. 
By putting in this m = 0, 1 = 1, and in succession p = 0, 1, 2, 3, 
four equations arise, from which 

| a®Bty? | | a°Bry* | | a®Bry? | | u®Bry? | 
Pe i ee a ley 1 lay 
are obtained in terms of the c’s. Similarly, by putting m = 0, 


n = 2, and in succession p = 0, 1, 2, 3, other four equations arise 
which give similar expressions for the quotients of 


| a°B*y? |, | a®B?y*], | a®BPy® |, — | a®By*| 
by | a°81y"|. On this investigation Naegelsbach’s general theorem 


is made to rest. 
Next, taking the determinant 


p(a) wa) x(a) 
¢(8) (8) x(9) 
bly) Vly) xy) |, 


where 
plz) = Ay tA wt+Ag?t+ ... +A,e, 
y(a) = By+B,z+By?+ ... +B, 
x(a) = Cot Ce+Cae+ 22. + 09% 


i 
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he compares the cofactor of | A,,B,C,| in it with the cofactor of 
the same in 


A, A, A, JA, A, As Be 
By B, B, B, B, B; B, 
Cy OO Care gin Cee 
—es RE | 1 | a°Bry? |, 
—C, Cog —Cy 1 
Ce C. Cy 1 
—C; C, —(, 1 


and, ascertaining by Naegelsbach’s theorem that they are identical, 
he views Garbieri’s theorem as established. - 

It is important to note in passing that the latent identity to 
which we have drawn attention and which may be readily formulated 
for any number of variables can also be proved by means of the 
extension of Schweins’ multiplication-theorem. 


BERG, F. J. VAN DEN (1879). 


[Ontwikkeling van eenige algebraische en van daarmede gelijk- 
vormige goniometrische identiteiten. Verslagen.... Akad. 
van Wetensch. (Amsterdam), (2) xiv. pp. 340-359. ] 


Van den Berg starts with an identity which in effect is an assertion 
that the difference-product alternant 


as not altered in substance by changing the last column into 


(a, —b,)(a,—b,) . . . (a;—by) 

(a2 —b,)(@g—bg) . . . (Ag—by_1) 
where, be it noted, the number of binomial factors in each element 
of the substituted column is 1 less than the number of columns in 
the determinant. His next step is to consider the result of a sub- 
stitution which differs from this in having n binomial factors in each 
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element of the substituted column, the outcome being that the new 
determinant divided by the old is equal to 


2La— Xb. 
For example, 


a (a—b,)(4,—b,)(a,—bs) |) 1 a, a,3—a,*2b+a,2b,b,—b,byb; | 
A, (a,—6,)(d.—b_)(ag—b3) | = 1 a, a 3—a,?Xb+a.Xb,b,—b,b.b; | 
@s (43—b,)(a3—b,)(a3—bs) 1 ag 43°—a3?Xb+432b,b,—bybyb; | 
(loa a)? 1 a 4, 
=|1 5a, a2|—|1 a, a? | Xb 
| 1 ay ae 7 a, a,° 
1 a a,’ 
=/1 a, a,? | (ta—Xb). 
1 a, a;* 
By similarly substituting in the last column of 
laja,a,a,|, |ajaza,a,|, |aa,a,a,|, 


we obtain in the same way determinants which when divided by 
| a’a,a.a, | give respectively the quotients 


aa, pass dhibe, 
d)14s aa >jbibsbs, 
Ay Ag, —b,bab3b4, 


the series of resulting identities degenerating into a well-known 
series of early date on making the 6’s vanish. The already partially 
known non-determinant forms of these identities are next given, 
being derived by expanding the determinants in terms of the 
elements of what we have called the substituted column and their 
complementary minors. For example, 
(a,—l 1 )(aq— be) (A,.—b;)(dg—by) , (a3— b,)(@g—b,) ea 
(a, —45)(@,—Gg)  (@g—Gs)(4g—@,) — (@3—4) (43 — 4p) 
(a, —b,) (4 —be) (4 — bs) me (4,—by) (a2 —be) (d2—5s) 
(a —4,) (a, — 43) (d_—@3)(@2—Ay) 
(@3 —},) (43—be) (43-53) 2 Sys 


(@3—A,)(43—4e) 


’ 


a 
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Van den Berg’s second section (pp. 345-356) concerns identities 
similar in form to the foregoing but having angle-functions in place 
of the a’s and b’s. He first, however, proves the general proposition 
that 2f f(z) stand for (z—a,)(z—a,) . . . (z—a,), then 


O12 n-2 
| a aa, a (ay) Z 
fortes Base oeficiont of in 22), 
| ata,a, ar, a | 


illustrating it by the case, already dealt with, in which n = 3 and 
(z) = (2—b,)(z—b,)(z—b,), and where therefore 
gz) _ A2#—22b+ 2Zb,b. — bybebs 


f(@) B—2da + 2Da,d_— Aydt’ 


and the coefficient of * -is equal to 


da -—>b. 
Then, in the expression 


yes (a, —b,) (a, —bs) 


@, —Aq) (A —4s) 


given above as an equivalent for Ya— Xb, tana,, tan B, are sub- 
stituted for a,, b, respectively, and the said general proposition with 
other assistance is used to show that 


Sin Bi sin 8) 189) sin (Za 29) 


sin (ay— ag) sin (a,— ag) 


The three determinants dealt with that have angle-functions for 
elements are (1) 

ypyn-l iy 2 j — = 
sin"“4q, ‘sin"“a,cOSa, =... sina, cos"-%a, cos"-'a; 
sin™1q, sin"*a,cosa, .... sina,cos"%a, cos"!q, 


(2) the determinant formed from this by substituting 


sin (a —8,) sin (a,—() .... 8in(«,—B,,), 


gn (ag—)) sin (ag—P4) .... Sin (ag— B,), 


for the first column and lowering the powers of the cosines in the 
other columns by 1; and (3) the determinant formed in the same 
way save that the powers of the cosines are increased by 1. The 


ALTERNANTS (BERG, 1879) 175 
first determinant is stated to be equal to the product of the sines 
of the differences of the angles, that is, to 

sin (ay— az) sin (a;j—a3). . . . Sin (a,_;—4,); 
the second and third to have the first for a factor with 
sin (La— ZB) 
for the cofactor in the one case, and 
COS a; COS Us . . . COS an COS GB, cos B,. . . cos B,- (= tan a—Z tan 6) 


in the other. 
The last section (pp. 356-359) is of less importance than the others, 
the only statement worth noting being that 


sin”*'g, .sina, cosa, sin”a, sin’a, cos’a, | 
sin”*'a, sina, COSa, | and | sin”a@, sin’a, cos’a, | 
lee SE . . o6 | 
sin”*'qa, sina; COSa; sin” a, sin?a; COS’as | 
are divisible by 
sin (4; — ag) sin (4, — ag) Sin (42—4s), 
o 
the latter, indeed, divisible by 
sin‘a, sina, Cosa, | 
sinta, sina, Cosa, 
sinta; sin*a, Cosa, |, 
and therefore by ; 
(sin? — sin*a,) (sin?a, — sina) (sin?a,—sin*a3), 
which equals 


sin (a,— dg) Sin (4; — a3) sin (4,—a3) * Sin (a,-+a9) sin (a;+a3) sin (a2-+a3). 


CHAPTER VI. 
COMPOUND DETERMINANTS, FROM 1862 TO 1880. 


STILL greater progress than in the case of alternants has here to be 
chronicled. Not only is the number of writings more than treble 
the number for the preceding twenty-year period, but there is also 
a large proportion of them of considerable importance. 

Compound determinants of the special type associated with 
Wronskians (Hist., ii. pp. 227-228) will be found referred to in 
chap. viii. 

ZEHFUSS, G. (1862). 


[Zwei Satze iiber Determinanten. Zeitschrift f. Math. u. Phys., 
vu. pp. 436-439. ] 


Zehfuss’ first theorem is one of the extreme cases of Bazin’s of 
the year 1851, namely, 


[¢yBeya---An| ladeys.--An| ---- [arBe... aq] 
| Boys. --An| | abeys--- An| ey cee 5 
|.baBaryin oer sudhanls (ahuctaletVetnien-d ge le pink siete 6) ore mele eal) 


= | aiby eda) aiaease\n oe 
His proof is a lengthened way of saying that if we multiply the 
compound determmant by |azys..-.2,| in row-by-column 
fashion we obtain a determinant having for its elements the elements 


of |a,b,. . .1,|, each multiplied by | aGyys. . .A,|, and being 
therefore equal to 


| ayb. « 2 bal >| ay8s - c NS) 


The theorem is used to prove Jacobi’s theorem regarding a minor 
of the adjugate. 
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FRANKE, E. (1862): BORCHARDT, C. W. (1863). 


[Ueber Determinanten aus Determinanten. Crelle’s Journal, 1xi. 
pp. 350-355. ] 


The subject is the m‘" compound and any minor of it, and there 
is obtained not only Sylvester’s theorem regarding the former, 


Lin Ibn = | an |'@-P—, 


but a theorem including Spottiswoode’s results in reference to the 
latter and corresponding to Jacobi’s theorem regarding any minor 
of the adjugate. Franke’s mode of proof is the gradational,—making 
any case dependent on the preceding case—and, though greatly 
superior to Spottiswoode’s, is not very attractive. Besides it is 
overshadowed by two footnotes of the editor’s. 

In the one footnote Borchardt deals with a k-line minor of the m™" 
compound in the manner initiated by Cayley in 1843 in the case of 
the (n—1)" compound. Retaining the first & rows of the compound 
and substituting zeros for all the non-diagonal elements of the 
remaining rows and units for the diagonal elements, he then multi- 
plies this new determinant by the (n—m)" compound, and from the 
result, with the help of the above-mentioned theorem of Sylvester’s, 
obtains the theorem which we may formulate for ourselves thus : The 
first k-line coaxial minor of the m™ compound of |a,| 1s the product of 
the complementary of the corresponding minor of the (n—m)"" compound 
by | an) [KO *. 

In the other footnote Borchardt goes back to Cauchy’s result of 
1812 (Hist., i. p. 118) regarding the product of two complementary 
compounds, 

Pp ein be D [Qin ba -e = | Qin 1% 
and by a mere consideration of dimensions assigns to each its proper 
power of the original determinant. 


JANNI, G. (1863). 


[Nota sopra i determinanti minori di un dato determinante. 
Giornale di Mat., i. pp. 270-275. ] 

The subject is the same as Franke’s of the preceding year. First 

there is given a lengthy but fresh proof of Sylvester’s theorem that 
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the m* compound cf | a,,| is equal to | a,,|-'"?. The proof, 
though not worth reproducing, is interesting as suggesting considera- 
tion of the relation between the m* compound of | a@,,| and the 
m'” compound of the equivalent determinant 


QM Ne --- Uy 
Gy, Ayn +--+ = Aan 
Cit, Wea: nt name 
te 
1 
: soar tae? 1 
For example, the second compound of 
dy G, Gs 
by bs bs 
Oy Con Csne 
1 


is the product of the second compound of | a,b,c, | by | a,b,c; |. 
Janni’s mode of dealing with a k-line minor of the m'” compound 
is practically the same as Borchardt’s. 


SYLVESTER, J. J. (1863). 


[On a question of compound arrangement. Proceed. R. Soc. London, 
xii. pp. 561-563 ; or Collected Math. Papers, ii. pp. 325-326.] 


[On a theorem relating to polar umbre. Proceed. R. Soc. London, 
xii. pp. 563-565; or Collected Math. Papers, ii. pp. 327-328.] 

[Sequel to the theorems relating to ‘canonic roots,’.... Philos. 
Magazine, (4) xxv. pp. 453-460; or Collected Math. Papers, 
ii. pp. 331-337. ] 


All these papers refer hurriedly and somewhat obscurely to 
‘double determinants,’ the last of the three indicating the line of 
investigation in which the idea had originated, and the two others 
being bye-products of the result. 

An ‘observation’ appended to the first says, ““A double deter- 
minant means the resultant of a system of m-+-n—1 homogeneous 


\ 
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equations each containing mn terms and linear in respect to each 
of two systems of m and n variables taken separately, but of the 
second order in respect to the variables of these two systems taken 
collectively.” It is also stated to be representable by an ordinary 
determinant of the (m-+-n—1) order* whose elements are them- 
selves “sums of simple determinants of the (m+n—1)™ order.” 
Cayley’s resultant of the year 1854 is referred to as the particular 
case where m, n = 2, 2. 

The theorem of the next paper is spoken of as the auxiliary by 
means of which he obtains “the resultant of a lineo-linear system 
of equations in its most perfect form. It is easy,” he adds, “to 
obtain two different solutions, each of them unsymmetrical in 
respect of the data of the question,” but this theorem effects “a 
conversion and fusion of each of these into one and the same deter- 
minant, symmetrical in all its relations to the data.” 

An important part of the third paper concerns the elimination 
of u, v, w and z, y from the equations 

(bu-+-b’v-+-b"w)y — (auta’v+a'w)a 
(cu+e’'v+e"w)y — (bu+b’u+b"w)a = 
(du+dv+d'w)y — (cu+cv+e'w)x 
(eut+evte"w)y — (dut+dv+d'w)x = 0) 
the eliminant found being a compound determinant of the third 
order, which we may write in the form 
{1456| |1246|—|1345| |1234| 
[2456] |1256|—|2345] [1235] 
|3456| |1356|—|2346| |1236| |, 
if we use |rstw| to stand for the determinant whose columns are the 
rh, st? ¢, u' columns of the 4-by-6 array of given coefficients. 

We may add for ourselves in passing that this would still be the 
eliminant if the 24 coefficients were all different. Further, it may 
be noted that though Sylvester in this last paper viewed the dis- 
covery of double determinants as “the dawn of a new epoch in the 
history of modern algebra,” he never afterwards returned to the 
subject. 


Py 
i) 


* This cannot be correct, because the ‘resultant is of the degree 
(m+n—-1)!/(m—-1)!(n-1)! 
in respect of the given coefficients.” 
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CAYLEY, A. (1865). 
[Solution of a problem of elimination. Quart. Journ. of Math., viii. 
pp. 183-185 ; or Collected Math. Papers, vi. pp. 40—-42.] 
The given set of equations 

| a wy ty ays yf | 
& b&b GG Gd & 
| Qa, b, Co de & 
| @3 bs cg ds @5 


is replaced by 
4 = Nyy Ag, + AgGs, | 
wy = Ayby + Azby + Agds, | 


xy? = yO, + Aylg + a 


and this, after division and substitution of k for z/y, by 
Ay(4, —kb,) + Ap(a.— by) + Ag(ag—Kbs) = 0 
Ay (6, —ke,) + A,(b,— key) + Ag (bzs—ke,) = 0 
Ay (6, kay) + Ap (C.—Kd) + Ag (¢s—kds) = 0 
A,(d, —ke,) + A,(d,—ke,) + A3(d,—ke,) = 0), 
in which the eliminands are k, 1, Ae, Ag. Using on the equations of 
the last set the multipliers 
| bcos |, —|GyCds|!, | aybods|, —| %bpc5 |, 
obtainable from columns I, 2, 3 of the array 
Q, d az b; by 63 
b, bg by G Ge C3 
4 % Cs d, d, ds 
d, dp dy & & @ 
appearing in the set, we obtain, after addition and division by k, 
4123-A, + 5123-A, + 6123-A, = 0, 
where 4123 stands for the determinant whose columns are columns 


4, 1, 2, 3 of the said array. Similarly, by taking our multipliers 
from columns 4, 5, 6, there results 


1456-A, +2456-A,+3456-\, = 0. 


COMPOUND DETERMINANTS (CAYLEY, 1865) 181 


Again, by going through three similar operations, the sets of columns 
used being 156, 426, 453, we obtain on addition 


(—k-4156-A,;+ 2156-A,+ 3156-5) 
+(  1426-, —k-5246-A,+ 3426-d,) 
+( 1453-0, + 2453-,—-6453-A,) = 0, 
which, with the help of our second result, can be cleared of k and 
becomes 
(1426 +1453)A, + (2156 +2453), + (3156+3426)A, = 0. 


The desired resultant equation thus is, as in Sylvester’s paper of 


1863, 
| 4123 142641453 1456 | 


5123 2453+2156 2456 | = 0. 
6123 3156+3426 3456 


For the next higher case of the problem the corresponding equation 
is also given. ; 


REISS, M. (1867). 


[Beitrage zur Theorie der Determinanten. vili+113 pp. Leipzig.] 


The second section (pp. 25-54) of this important memoir is devoted 
to compound determinants whose elements are equigrade minors 
having for each row one invariable set, of row-numbers, and for each 
column one invariable set of column-numbers. To this special 
class belong almost all the compound determinants hitherto met 
with. From the definition it is evident that every member of the 
class can without risk of mistake be specified by giving its diagonal 
term : for example, we can safely put 


1s) MMS Pts 

24| |46] | 62 

13: [35], al for | |35| |35| |35 

| oa 46 62. 24| |46| |62 
B1| |51| |51 

24| |46] | 62 


and 


934| |134]_ | 124 |223] | dee jae 
| 234 aa oul 123| | for the adjugate of | 1534]. 
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The first eight pages constitute a general introduction to com- 
pound determinants, including much on the subject of notation 
and nomenclature, the notation being as a rule imperfectly suggestive 
and somewhat ungainly. The next four pages deal with three 
already known theorems, namely, first, the theorems regarding the 
k* compound,—a theorem primarily formulated by Spottiswoode * 
in 1853, but obtainable also from Sylvester’s theorem of March 1851 
by putting n = 0 (Hist., 11. pp. 204, 196); second, the ‘ extensional ’ 
of this, that is to say, the said theorem of March 1851; and, third, 
Franke’s theorem of 1862 regarding a minor of the & compound. 
The last appears in the unattractive form 


f L, A ac =) caf EC” = , ( Vey 5 oo a) 
Nye Aires Amt = + Ayo/> 


which may be partially explamed by saying that C is the generating 
or basic determinant 
(* oe os 
Canoe ey ESM 


that the left-hand member is an m-line minor of the k" compound 
of C, that this minor’s cofactor in the compound is 


E -*( Um-t1 oem, 'x0 
m1 co ee Ano ’ 
that the compound itself is 
la aie a 
(ot 2)! we), 
that E is an undetermined sign-factor, that N° stands for 
n(n—l) .. . (n—k+1)/k!, 


that i stands for (2 —1)(n—2) ... (n—k)/k!, and that 


v( ) stands for the cofactor of °( ) in C.. By way of illustra- 
tion there is taken the case where n = 5, k = 2, m =7, and the 
particular 7-line minor is 
{35 Se 24| |25| (34! (35) |45 
12} {13} |14| |15) | 23 a | 35 |. 


* Incorrectly, v’ standing for (mn —1);, not for (m —1);-4. 
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The complementary minor of this in its own compound being 


| | 12) [13] [23 | | 
34| |35| |45! |, 
and in the complementary compound being 
345| | 245 | 


| 145 | | 
125} |124) |123) |, 
the result obtained from the theorem is 


| 12345 345| | 245 ast | 


ey 119345 "| [125] j 124] | 123 


The second factor here, however, being equal to 


345 | ee 145 
1512) |412| |312] |, 


is observed to be an ‘ extensional ’ of 


321 
543 


and therefore to be equal to 


/32145| | 45 
|54312| °|12 


Reiss thereupon goes a little beyond Franke and gives 
14; |15| |24| |25/ |34| |35] |45)] _ — | 12345 
12} |13) |14] |15| |23} |24] |25)] > |12345 


An investigation then follows (pp. 37-50) for the purpose of enabling 
us in every case where it is possible to take this additional step and 
others like it; in other words, for the purpose of resolving any 
minor of any compound of C into factors which are C and minors 
of C. It is duly recognised that on the application of Franke’s 
theorem we may not always be led to a minor like 


1345} [245] 145 
1195) 124] 193] |, 


which is fully resolvable,—that, for example, the said application 
might bring us down to such a compound determinant as 


12| |34 
12| {34} |, 


2 


2 


2 (45 
112 
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which is irresolvable, or to such a compound determinant as 
| 12| |13| |14 

12| |13| 123 

which is equal to 0. Thus, the 9-line coaxial minor 


1234| |1235| |1245| /1345| (1356| |1456| |2345| (2356) | 2456 
1234} |1235| |1245| |13845| | 1356 | 1456} |2345| | 2356] | 2456 


of the 4" compound of | jee | is by Franke’s theorem equal to 


123456 |°-© | (45| |35| [34] |25| [15| |12 | 
123456 45| |35} 134] |25) [15] |12) f, 
and by the same theorem 
12 1B | a 34 Ee | 45 | | a Sara 245 | | 235| | 145| | 135 
12 Fr }25| |34] 135] 145] | — | 12345) 245| 235) | 145) | 135 


so that the given minor is equal to 


123456 |4 | |1385! |145) |235) |245 
123456 135; |145| |235 245 ‘ 


When, however, on perceiving that the compound determinant here 


is an extensional, we try to proceed further by using Franke’s 
theorem on 


13) (14! |23 bel 
13| '14| [23] | 24] |, 


we are brought up against the irresolvable factor 


| 12 34 
12| |34| f, 
and thus have to be content with the result 
123456 |* . | 2345] _ ae 345| | |5 
|123456| * | 12345] ° | | 195 36 "|5], 


which still contains a compound determinant. Notwithstanding 
this narrowing of the field, however, pains are taken to classify cases 
for treatment, to formulate a general result when full resolvability 
is known to be possible, and to give a rule for anticipating the final 
factors by counting the number of occurrences of suffixes in the 
specification of the given determinant. Thus, the result obtained 
by repeated applications of Franke’s theorem as follows : 


\ 
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| [224 (125) (126) |134) |135) 136] |145| | 234 Ea 236| |245| |345 
| 125} |126 |134' |135} (136! |145| |156| |235| |236| |256| [345] |356 

_ | 128456 =] Son bed 135| (134! |125| |124| /193 

= | 193456 1356] |235, [156] |136| |135; |125 |193. 

— — | 128456 )* | 12345)° 23) (13) |12 

= ~|193456| ° | 12356 35} 115| [13 

_ _|123456|? (12345|? | 123/2 

= ~|193456| ° | 12356! ° | 135), 


is held to be also involved in the simple fact that the row-suffixes 
of the generating determinant occur in the given compound deter- 


minant 


Be Bee ye. OS 


times respectively, and the column-suffixes 


S000, 62-05 pO 
times respectively. 
The Third Section (pp. 55-99) is concerned with compound 
determinants of a different type and with the relations of these to 
those of the Second Section. An example of the new type is 


112345} |12345| |12345) | 12345) es 12345 
12567, | 12568) |12569| | 12578 | 12579] | 12589) 
(12345) | 12345) | 12345| | 12345) | 12345| Pee 
13567; [13568 | 13569] | 13578] |13579| | 13589 
12345] | 12345 |12345| 112345] | 12345: Bes 
14567| |14568) |14569' (14578 |14579 | 14589 
12345| |12345| |12345| |12345) |12345| | 12345. 
23567| |23568| |23569| | 23578| |23579| | 23589) 
(12345; |12345! |12345| | 12345] |12345) | 12345 
|24567, |24568, |24569| [24578] | 24579] | 24589 
12345| |12345| |12345| |12345. |12345] | 12345 
34567| |34568| |34569| 134578 |34579) | 34589 


the essential characteristics being that the set of row-suffixes never 
alters throughout the whole of the elements, and the set of column- 
suffixes attached to any element contains a fixed number of suffixes 
which remain invariable throughout the row and a fixed number 
which remain invariable throughout the column to which the 
element belongs. Such a determinant cannot any longer be safely 
denoted by its diagonal term ; but if we insert some mark to separate 
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each set of column-suffixes into its two parts, we obtain a quite 
simple and satisfactory notation: for example, the above deter- 
minant may be appropriately denoted by 


12 345 ee ee Base brit ek 
| 12,567 reo 14,569| |23,578| | 24,579} | 34,589) |, 


if the requisite convention be adopted with reference to the use of 


the comma. Both kinds of compound determinants appear in the 
simple identity 


b, Gy [bye5| | eyats| | yds | | a,Dyc5| | @yDeer | | dbp | 
by C5 | deer] [gy | | gby | | = | | eedscs | | aybeC,| | AgdgCy | 
bg Cg | | bgCy | | egy | | gdg | j dsb,c, | | UsdeCz | | AgDeCy | 


and this in the notations referred to is 
1A, Does|°| | Ose, | [Cay | | @ebo| | = || e1,0465! | ty, Det, gs Baca | cs 


On occasion the invariable set of row-suffixes may be temporarily 
dispensed with: this is in effect what is done when the principal 
minors of an oblong array are denoted by the numbers of their 
columns only. It is the latter contracted notation which was used 
in 1851 by Bazin in his statement of the first theorem regarding such 
determinants (Hist., i. pp. 206-208). 

Reiss’ notation is of course very different from the foregoing, both 
in principle and in appearance, and considerable space is again 
devoted to it. Six pages have to be gone through before his first 
theorem is reached. This theorem, however, is fundamental, and 
deserves every attention. It may be viewed as giving the resolution 
of a special compound determinant of the second kind into two 
factors which are compound determinants of the first kind. We 
shall take it in a slightly different light, and for the sake of clearness 
give a formal enunciation of it in words, detailing fully the con- 
struction of the determinants involved :—If the combinations of n 
letters k at a time be taken, and each combination with any k suffixes 
be used to denote a determinant, and the whole of such determinants 
be made the diagonal of a compound determinant and be understood 
to suggest as usual the other elements of the latter, then, D being this 
determinant and D’ a determinant similar in construction save that the 
combinations are taken n—k at a tume and are furnished from a 


\ 
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different collection of suffixes, the product DD’ is expressible as a com- 
pound determinant in which the (i, j)* element is a determinant denoted 
by all the n letters accompanied by the i” of the first sets of suffices and 
the (n—}j)" of the second sets. The proof is a mere application of the 
multiplication-theorem, with the assistance of Laplace’s expansion- 
theorem. Thus, if n=5, k=2 and the letters be a, b, c, d, e, we 
first form the ten combinations ab, ac, ... , de, then the deter- 
minants | a,b, |, | as¢,|,... by taking any suffixes whatever, and 
finally from these the compound determinant 


| | 5, | | AC, | |asd,|... 1, 
so that we have 


D=| |abo| | ace] [ad] ... | dyes] 
|@3bg| | Gag] | agdq] -. ~ | bse] 
|@5bg| | sce] |@sde| --- | Fsee| 
or eA gst 
Similarly, we form the combinations abc, abd, .. . , cde, writing them 
for present convenience in the reverse order, then the determinants 
oe eels ..., and finally have 
ty = es bde| |bce 
. ToS bate Ana Ls Oo. tn 
_ | led e if de| |bce 
in Oo es / 13% $62" 3° 
cde| jbde bee 
4’ 5'6'| | 4°56" 4° 5’ 6 
é¢@ el s\b de bce | 
ae 8’ 9’ of! 8’ 0’ vf! 8’ 9’ 


The result of the multiplication of these, after altering the signs of 
the 2°", 4*, 6, 9 columns in one of them, is 


; abcde abcde| 
DD’ =| |y21/9'3'| |124'5'6'| 
abcde abcde 

SAMeon Se 344 5' 6’ 
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To state the general theorem in symbols is not at all an easy matter : 
Reiss puts it (p. 61) in the form 


Ne fo, Oe alps. wtKG 
oe (a LL ERORES oC) 


a! nas ype. ke Les ear aA ae Veeshey: i) 


? 
é \oit Ad. .. AKO 


where the left-hand member is the compound determinant 
ee rae nk(,a | 
| °K (at x) “K (at x) 


ink (, a 4, eae a l, 
“VK (a%, ° ve on a 


whose typical element ¢ ve (a ee zy) stands for 
VK a p 
(3 etn. eh SA ee 
Or, Gy, Up, ap 
If instead of the ten entirely different pairs of suffixes 
12, 34, 56, . 
there were taken the ten pairs 
ir AR Ne ig Ik year gues 1 


which are combinations of 1, 2, 3, 4, 5, the compound determi- 
nant reached, D, would be the second compound of | a,b,c,d,¢; |, 
and could therefore be replaced by | a,b.csd,e, |*. Similarly, if the 
sets of suffixes 1'2’3’, 4'5'6’, . . . . were the triads obtainable from 
1’, 2’, 3’, 4, 5’, we should have 


and if both these restrictions in the selection of suffixes were made, 
the resulting special case of the theorem would be, on leaving out 
the common set of row-letters, 

| | 12,1’2'3’ | | 13,1'2’4"| .. . | 45,3°4’5" | | = | 12345 |4- | 1/2’3'4'5'6' |6. 


a 
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This exemplifies a very interesting theorem stated by Reiss (p. 62) 


in the form 
k+x k/,a1...K° WiT> bch deg ee APS ka 
Cc A = : eee ll kK e siere Ct+K k 
hte «| @ 1. Be) Ss Cae Coe! 
where Pas AP eee | kn Ko 
E=si(p K»)(—1) , 


but apparently altogether lost sight of until rediscovered and 
enunciated in a very different guise by Picquet in 1878. It should 
be noted, however, that as regards one case of it Reiss had been fore- 
stalled by Bazin in 1851 (Hist., ii. pp. 206-208). The exact con- 
nection between the two theorems, Bazin’s and the so-called 
Picquet’s, is probably best expressed by saying that, if we specialize 
Bazin’s by removing the ‘extension’ and specialize Picquet’s by 
putting & = 1, we shall reach the same result. 

The general theorem, Reiss notes, may be sometimes applied with 
success in treating the problem of resolvability put forward in the 
Second Section, the appropriate cases of course being determinants 
of the type to which the two factors in the theorem belong. Thus 
the determinant 


jabc| |abd| |acd veel 
(123) |124 TSS) TSS 
being of this type, we take a determinant of the twin type 
dcba 
14321 ; 
and finding that their product is equal to 
eee 
1234 
abcd 
124310 Bef 
va abcd |obed| 
1564| |1563| |1562| 
|abed abcd| |abcd re ey 
17894] |7893| |7892| |7891) |, 
we have 
abe| |abd| |acd \bed| aoe 
123) (124) /156| |789){ |1234)..,1256) (1789). 
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Similarly it may be shown that 


1234 ee 1246 te et i ree bie heey 
1234 1230 126y 1se€| Bee | = | 1984aj"|123By|"|12de€ 


and so on in general, a first requirement being that the & of the 
theorem be equal to n—1. Again, the given determinant being 


i el BL 


12345 
1nOck |, 


Reiss selects the twin form 


| 34] |24] 123, 114) {13 Bad 
56; 126) |25! | 16 2 


which, being a second compound, is equal to 


: 1234 |8 
i 12561, 


and, finding that the product of the two has a vanishing column, 
concludes that 


ie 


13| |14| |23 24 si 


Much of the space that follows (pp. 67-89) is occupied with the 
question of the vanishing of compound determinants of the two 
kinds, the requisite criteria being found for a number of special 
forms. The results are mainly deductions from the fundamental 
theorem or its corollaries. 

The concluding portion (pp. 89-99) of the Section is devoted 
to the establishment of a theorem regarding any minor of the 


determinant 
okt« ik cee Ke 
Cheek aCe Is % sx Ko) 


which we have seen to be the subject of the so-called Picquet’s 
theorem. The result obtained is related to the latter theorem 
exactly as Franke’s is related to Sylvester’s, and, as Reiss points 
out, degenerates into Franke’s theorem simultaneously with the 
degeneration of Picquet’s into Sylvester’s. 

In an Appendix (pp. 100-113) Reiss makes a variety of 
applications to Geometry. 
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KRONECKER, L. (1869). 
[Bemerkungen zur Determinanten-Theorie. Crelle’s Journ., xxii. 
pp. 152-175 ; or Werke, i. pp. 237-269.] 

The theorem which the first of the notes concerns is § 4.7 of 
Baltzer’s second edition (see above, p. 14), and is to the effect that 
of the determinant | aya... . Aim | be bordered in n® different ways, 
the typical resulting determinant being 


[Mp Man... Om Oy 
Ag, ion 55 6 4 ee ele 
or Bix, Say, 
Amr Ame +--+ = Anm An 
a1 Ane sees On 


where h and k are any one of the first n integers and n> m, then all 
the (m-+1)-line minors of |B,,| must vanish. The proof consists 
in expressing each B in terms of the elements of its last row and 
their complementary minors, and then pointing out that any one 
of the (m-+1)-line minors in question, as thus altered, can be seen 
to be expressible as the product of two vanishing determinants. 
Hesse’s compound determinant like | B,, | may be worth recalling 


(Hist., ii. pp. 130-132). 


HUNYADY, E.' (1875, 1876). 
[A kipszeleten fekvé hat pont feltételi egyenletének kiilonbézé 
alakjairdl. Ertekezések a math. tudomanyok korébol (Budapest). 
iv. 6 (23 pp.)] 
[Ueber die verschiedenen Formen der Bedingungsgleichung, welche 
ausdriickt, dass sechs Punkte auf einem Kegelschnitte liegen. 
Crelle’s Journ., \xxxiil. pp. 76-85. ] 


What concerns us here is a three-line determinant which is doubly 
compound, that is to say, a determinant whose elements are them- 


selves compound determinants. If we put 


X,,; for | yn2x | 
XG ik for | Ry Ly, ‘i and LoVe Linn | for Yui Zain — YunZnis 


Zn, i for | en4x | 
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it may be written 


| YieZas| | ZieXas| | Xr2Yas| 
| YseZe1] | ZaaXei| | X3a¥e.| | and be denoted by A. 
| YseZos| | ZseXes| | Xse¥os| 
Multiplymg rowwise by 
Sr a ge 
| Xsa Ysa Zea | 
Xara Za) 
we obtain 
| XyoVasZoa | 
A: | XaeY 34Za5 | aaa | Xa VeLie | | XyaVorLZas | 
| XseYosZie| | XseYosZaal | KseYosZas lI; 
whence 
Ne | | XsaVeLZr2| | XsaVeZas | 
| X56 Yo3LZy0 | | X sg VosLas | 
| | ayes |-| tata] —| Cayaes|-| tare | 
| | tayets | *| wate | | 244 s% || Cey52s | 


| MYo%—|° | Yate | - | CeYa%s|- | Cays25 | 
—| Xyors| >| try a%s | * | CoH s% | * | Peya2s |- 
The vanishing of the left-hand member is in co-ordinate geometry 
the expression of Pascal’s theorem, and the vanishing of the right- 
hand member is the analogous equivalent of a theorem of Pappus 
or Desargues. The proof of the identity of the two members may 
be interestingly compared with Cayley’s procedure of 1843 (Hist., 
i. pp. 10-13). 

Using other multipliers than | X,,.¥3,Z,;|, for example 

| XaeY 34Ze1 | ? | Xw2YosLise i, 

Hunyady obtains the requisite variety of similar expressions for A. 

It has also to be noted that by taking a multiplier in which no 
suffix is repeated an equally interesting result is reached: for 
example 


oy 


A 2 leXan Nag liead = 125 - 126 , 134 - 234 - 356 - 456 
— 123 - 124 - 156 - 256 - 345 - 346, 
where 125, 126,... . stand for | 74.2, |, | %%/e%|,... « 
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SCHRODER, E. (1875). 
[Ueber v. Staudt’s Rechnung mit Wiirfen und verwandte Processe. 
Math. Annalen, x. pp. 289-317.] 


Schréder’s second subsidiary theorem connected with deter- 
minants is given (§ 7. pp. 301-305) as a result in elimination, and 
is to the effect that the eliminant cf the set of equations 


L, Lo sae eet ewig 
Pac pte * oat ry aoe eS eS. 
i bs, he; Ae ial a gn, = | 
8=1 
bus Gn Ung + + + + Ann 


18 | bib... byn|. If each equation of the set were written in the 
usual way with each unknown accompanied only by its own coefii- 
cient, the eliminant would of course appear as a compound deter- 
minant, and would on examination be found to be of the type dealt 
with by Bazin in 1851, and thus equal to 


| Gita: « Bay] ?.| Grttee se Gag |? 


Schréder’s procedure is of a different character. 


D’OVIDIO, E. (1876, 1877). 


[Nota sui determinanti di determinanti. Atti ... Accad. delle 
Sci. (Torino), xi.’ pp. 949-956.] 
[Addizioni alla nota sui determinanti di determinanti. Ath 
Accad. delle Sci. (Torino), xii. pp. 331-333. ] 


The results in D’Ovidio’s ‘Note’ are mainly rediscoveries, as he 
himself points out in the ‘Additions.’ One of them, however, is 
less manifestly so than the others, and deserves enunciation in its 
new form, namely, If in every possible way pu. of the last \ rows and 
uw. of the last» columns of | a, |, where of course n > > p, be deleted, 
the determinant whose elements are the minors thus resulting is equal to 


| Qn-a |@ -I)y-1 | Qin [~My b 
The elements in question being of the (n—,)"" order, the said deter- 


minant of them must be a minor of the (n—)" compound of | a,, |, 
and as such is noteworthy in being expressible in terms of a power 
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of the ‘generating’ determinant | a,,| and a power of a minor of 
the latter. A little examination will show that the theorem is an 
‘extensional,’ and further inquiry will also make clear that it is 
not essentially different from Sylvester’s of March 1851 (Hist., 
il. pp. 194-196), the m, n, r in the latter corresponding to A, n—A, 
Ap. 

On the other hand, the companion theorem of § iii. (pp. 955-956) 
is new. We may formulate it for ourselves as follows: If every 
possible u-line minor of | a, | be taken whose rows are not all included 
im the last \ rows and whose columns are not all included in the last 
r columns, the determinant of these minors is equal to 


| Ain-2 [esleat : | Ain [=U 1AM 1 


Here, as in the other, the determinant dealt with is a minor of a 
compound of | a, |, the compound being now the u"" and the order 
of its minor (m) —(A), ; whereas, in the preceding theorem, the 
compound is the (n—,)" and the order of its minor (A),. 

In his ‘additions’ D’Ovidio passes on to a third determinant got 
from that of the immediately preceding theorem by substituting 
for each element its complementary ; this, he says, is equal to 


| An —rti,n J&-De-1 . | Oe [toMy 


where | @,-)+:,n| 18 the complementary of |a,,,-,|. He also gives 
the ratios of two pairs of other determinants; namely, the 
determinant, F say, whose every element is obtained by deleting 
uw rows and wu columns belonging either all to the last ) rows and 
» columns of | @,, | or all to the first n—) rows and m—2 columns ; 
next, the determinant, G say, with elements obtained in similar 
fashion, but the condition of choice now being that at least one row 
and one column shall belong to each of the two specified sets ; and, 
finally, the two determinants, F’, G’ say, got from these by substi- 
tuting for each element its complementary. The ratios given are 


CEE = | ayy [MOON 
G/F’ = | Ga, [p= Myla ANy, 
The order of F is manifestly (A),-+(m—A),, and that of G 
(™)u—O)u—(2—A)u- 
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TANNER, H. W. LLOYD (1877). 


[Question 5247. Educ. Times, xxx. p. 20; Math. from Educ. Times, 
XXvill. pp. 41-43.] 

The theorem here proved is not essentially different from Bazin’s 
of 1851, but the proofs given are both new, and the second, by 
G. 8. Carr, is noteworthy. When applied to the first example 
given by us under Bazin (Hist., ii. pp. 206-208) and somewhat 
improved, it is as follows, | A,B,C,;D,| being the adjugate of 1234: 


| 5234 6234 a;A,+6,B,+¢0,+d;D, a,A,+b,B,+¢C,+4,D, 
| 1534 1634 | ~ | asAg+b,B,+¢,C,+d;D, agA,+b,By+ Co +4,D, 
A,B,C,D, | a;b,C,d, 
ie | A,B,C,D, Adele 
= | A,B |F|asbe] +... + | GDe|-| esds| 
= | aybyesd, | {| egd, |-| 5b, | fT | a5, |*| esd, | } 


| a,b,¢,4, | -| Ab 6Ced, |. 


MERTENS, F. (1877). 

[Satze tiber Determinanten und Anwendung derselben zum Beweise 

der Satze von Pascal und Brianchon. Crelle’s Journ., |xxxiv. 
‘pp. 355--359. ] 

Mertens might quite appropriately have adopted the title of 
Hunyady’s paper (1875-6), their common subject being the elimi- 
nant-forms connected with six points on a conic. The one form 
dealt with by both writers is the doubly compound determinant 

| | YieZu5| | ZosXso] | Xa Yor | | or A. 
The other forms which Mertens deals with are 
LWP A Wy Ae, DY 


SMe. he , 
Ty Ya a Yan 2pn~ Ten | or P say, 


Py 
a a [TL 
and 
LyX, YyYo %hq YiZoTYoR% Mg +%H, LyYot+ey, | 
Lolz YoYs  2%3 YoRgtYs%_ %@3t+%sLq Toy Tso or, Q say; 


Lely Yor 26% YoUTY%  — MMAMXe U1 +MYe 
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and the relations established by him are 
. A,= —P = Q. 
The basis of this relationship he finds to be the fact that all three 
expressions are homogeneous and of the second degree in each 
of the six sets of coordinates, and all vanish if one set of coordinates 
be made the same as another set. That Q vanishes on putting 


V5 Ys 2p = Ms Yi> Ay 
he proves by performing the operation 
row, > 346 — row; ° 246 + row, - 236 — row,- 234, 
the first row then becoming a row of zeros. 

He also gives an interesting result regarding a quasi-adjugate 
of P, namely, that if in P there be substituted for the elements of 
| X,¥25 | the elements of the adjugate | X,Y,Z,| and for the elements 
of | xXY5%| the elements of the adjugate | X,Y,Z_|, the resulting 
P ws —| x, yo2, |? | Xyy5Z, |? temes the original P. This he establishes 
by making the substitution not in P, but in its equivalent —A. 


SCHOLTZ, A. (1877-8). 


[Sechs Punkte eimes Kegelschnittes. Archiv d. Math. u. Phys., 
xii. (1878), pp. 317-324; or, in Magyar, Muegyetem: Lapok, 
ii. (1877), pp. 65- .] 

Scholtz’s object is quite similar to that of Hunyady and Mertens, 
neither of whom he mentions. He brings forward no new eliminant- 
form, but his exposition is specially clear and full, and his mode of 
establishing the identity of the expressions which we have denoted by 


—P, A, D 


is his own. As auxiliaries he uses, after proof, the case of Schlafli’s 
theorem of 1851, in which n, r = 3, 2, and the theorem concerning 
a 3-by-6 array, 


| yo%| | Zam pl | @aye | 
[yy] | %as| Jays] | = |xayeze|-| ayer | — | waypee | + | ayer |, 
lye] | zeae] | aeye| 
a special case of which had been employed by Mertens, and which 
in general form is probably due to Hunyady (see below). 
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FROBENIUS, G. (1878). 


[Ueber die schiefe Invariante einer bilinearen oder quadratischen 
Form. Crelle’s Journ., |xxxvi. pp. 44-71.] 

By ‘Sylvester’s Determinantensatz,’ to which § 3 (pp. 53-54) is 
devoted, Frobenius means the first theorem of March 1851: The 
proof adduced is far from attractive: thus, in the case of the 
example before given by us (Hist., ii. p. 61), he has to multiply 


| a,b,¢,4,€; fg; | 


laboriously by | a,,c, |° in the form 


| b,c, | 
-| 29C5, | 
| 2b, | 
01,05; | 
M1sboCs, | 
143s, | 


And C-, | 


—| bye; | 

| 4¢ | 
—| a,b; | 
| a,b,Cz | 
| 4,5,¢, | 
| a,byCs | 
| a,b7¢, | 


| b,c, | 
—| aC, | 

| 2,6, | 
| a,b,c, | 
| a,b,c, | 
| a,b,¢ | 
| 4,b,¢; | 


—| a,b, c4| 
—| a,b,c, | 
—| a,b,c; | 
—| a,b,c; | 


and then divide the result by | a,b,c; |*. 


243] 


PICQUET, H. (1878). 


(Sur le déterminant dont les éléments sont tous les mineurs possibles 
d’ordre donné d’un déterminant donné. Comptes Rendus 
Acad. des. Sci. (Paris), lxxxvi. pp. 310-312.] 

[Analyse combinatoire des déterminants. Comptes Rendus 
Acad. des Sci. (Paris), lxxxvi. pp. 1118-1119.] 


[Mémoire sur l’application du calcul des combinaisons 4 la théorie 
des déterminants. Journ. de Ec. Polyt., Cah. xlv. pp. 201- 


Picquet’s short communications to the Academy of Sciences 
contain the enunciations of nine theorems at first supposed by him 
to be all new: the memoir, on the other hand, is an exposition of 

_ what he believed to be the whole subject, with his own theorems 
set in their appropriate places. It (the memoir) is orderly arranged 
and clearly written, and, although among the more important of 
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the writer’s predecessors Reiss and D’Ovidio are lost sight of, it 
remains a valuable monograph. 

In the first twelve pages there is little that is fresh. We may 
note merely that formal proof is given (pp. 205-206) of the pro- 
position that the m™ compound of | a,| ts not altered in substance 
if to each of its elements be prefixed + or — as determined by the sign- 
rule associated with Laplace’s expansion-theorem; that (Cor. p. 208) 
the m" compound is equal to the (n—m-+1)" compound: and that 
(Cor. p. 211) to every minor of the order (n—1),, in the m™ compound 
there 1s an equivalent minor in the complementary compound. In 
connection with the second of these we may remark that the 1* 
and n'" compound are not only equal but are identical. 

The first thing noteworthy is a preliminary theorem, which, 
although formally proved, rests manifestly on the simple fact that 
the m™” compound of a minor of | a,, | 1s @ minor of the m™ compound 
of |a,|. It is to the effect that any m-line minor of | a,| 7s 
expressible as the (m—1),” root of a minor of the (m—t)” compound of 
|a,,|. This is followed by the related result (p. 213) that ¢f M, be 
an h-line minor of | an |, Mi-» being ats complementary, and there 
be formed all the minors of the (h--k)” order which contain neither all 
the rows nor all the columns of M,,, then the determinant whose elements 
are these minors is equal to 


(Min) Bs , | Quin oa sort ses ta 


It ought to be noted, although Picquet views the matter from a 
different standpoint, that we have here again an instance of a minor 
of the m' compound being expressible as a product of a power of the 
generating determinant by a power of one of its minors. 

What is next reached is the interesting theorem (no. 8), which we 
have already spoken of under Reiss as the so-called ‘ Picquet’s 
theorem.’ As now stated, it is to the effect that if every set of q 
columns of | a, | be replaced by every set of q columns of |b,, |, the 
determinant, V say, of the square array of determinants thus obtained 
as equal to 

| Ain oa a° | bu |™—9q =, 


A mode of proof is at once suggested if it be observed that the 
first factor of the result is equal to the (n—g)" compound of | a, | 
and the second to the q"" compound of | 6,,|. If in the formation 
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of the elements of this ‘ mixed n‘" compound,’ if we may so call it, 
the two basic determinants were to change places we should have 
another determinant V’, which would consequently be equal to 


| bie heat ‘ |@4, tots 
so that there would result 
2. (nr) 
VV = {fan Ln l fs 


as an analogue to Cauchy’s theorem regarding the product of 
complementary compounds. Of course the elements of V and V’ 
might be so arranged that any element of the one would contain 
those columns of | a,,, | and | 6, | which are not contained in the 
corresponding element of the other, and be thus, in an extended 
sense, complementary. Picquet might also have noted that if | },, | 
were the conjugate of | a,,|, his mixed compound would then be 
equal to 
| Ain a. 

Towards the close of the memoir (pp. 238-241) an important related 
result is given, namely, that the ratio of any h-line minor of V to 
the complementary of the corresponding minor of V’ is equal to 


{ | ain | . | bin| Y if 
| ain [O24 -1 “i | Dy (es, 


Two modes of proof are given, the nature of which will be guessed 
when it is recognized that the theorem is a generalization of Franke’s 
of 1862, into which, as a matter of fact, it degenerates when | ),,, | 
is such that b,, = 1, b,, = 0. In this again Picquet was forestalled 
by Reiss. 

The ninth theorem (p. 216) is professedly Sylvester’s of March 
1851 (Hist., ti. pp. 193-197): the tenth is an alternative mode of 
stating the ninth: and the eleventh is essentially the same as one 
of D’Ovidio’s of 1876 (§ ii. of the ‘ Nota’). This last, for the sake 
of uniformity, we may enunciate in our own way, namely, Jf M,, be 
an h-line minor of | ay |, My-» beg its complementary, and there 
be formed all the nvinors of the (an—h—k)” order such that neither all 
their rows nor all their columns belong to M’,-,,, the determinant 
whose elements are these minors is equal to 


(M,)™-?-% - | Bin eta Sse : 
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At this stage considerable space (pp. 222-233) is devoted to 
examples illustrating the theorems thus far reached and leading to 
another theorem (no. 12) a which the m compound of | @,, | is 
made to produce a mixed m'* compound by replacements from the 
m" compound of | b,,, |. There then follows Sylvester’s theorem of 
August 1851 (Hist., ii. pp. 61-62): and the memoir ends with a 
theorem regarding a special minor of the mixed n'* compound V 
above referred to. 


RUBINI, R. (1878). 


[Formole di trasformazioni nella teorica dei determinanti. vornale 
di Mat., xvi. pp. 198-208, 344.] 


Rubini’s main theorem is that extreme case of Bazin’s which had 
already been rediscovered by Zehfuss in 1862. His mode of 
establishing it is to multiply | a,,,| by | 2, |, equate the elements 
of the resulting product to the elements of | b,,, | in order, solve for 
the «’s in rows, and then substitute their values in |7,, |. The 
outcome being a compound determinant equal to AB"-!, the com- 
panion determinant equal to A”-1B is noted, and easy deduchowe 
made. Attention is also drawn to special cases; in particular, how 
by taking one of the given determinants equal to unity, say equal to 


By G4Dy 4D. 
(kA), (K+1), (4+2), 
(kA), (K+1), (h+2). .... 


the adjugate of the other determinant can be obtained in any 
number of forms. 

The really fresh result of the paper is contained in § 5, where he 
shows, merely by making a column of A identical with a column of 
B, that his supposed new compound determinant equal to AB"! 
has every one of its primary minors exactly divisible by B"-?, and 
that as a consequence of dividing by this factor there is obtained 
as an expression for AB an aggregate of products of pairs of deter- 
minants,—in other words, Sylvester’s expansion of the years 1839, 


1851. From this, again, easy specializations and deductions are 
made. 
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SYLVESTER, J. J. (1879). 


[Sur les déterminants composés. Orelle’s Jowrn., lxxxviii. pp. 
49-67 ; or Collected Math. Papers, iii. pp. 456-473.] 

At the outset (pp. 49-53) Sylvester rehearses his previous work 
on the subject, the appearance of it being slightly changed because 
of a fresh notation : for example, the theorem regarding the evalua- 
tion of the m‘" compound takes the form 

5 es ss A OrGeties (SG atm 
Sa, 21 Og, Oe > eas .+ On = ae si ge a , 


and the ‘ extended ’ m compound is written 


(6b, 2isby Sid, 218i | HE BB LSS sBy Dia, ag OS ain | 
He also illustrates diagrammatically the degeneration of one of his 
theorems (Hist., ii. pp. 197-200) into the ordinary multiplication- 
theorem, the product of two rows or two columns 
(G,, Gg, Ag, Aga, de, Ag, Aa) 
being representable in the form 


liebe ieet ll: Sr aopt le 
inet odizad, 
bet. PUR Hy 
1 @ 
pe tes Sy: Me 


There then comes his new but improved generalization (pp. 53-55), 
the subject of which is already familiar to us from the writings of 
others, namely, the expression of a minor of the m'" compound of 
| a,, | in terms of minors of | a,, |. Reiss, who had tackled the 
problem in 1867, is not referred to. In effect Sylvester says that 
every minor is so expressible if it be constructed so as to have each 
of its elements containing a rows and a columns chosen from a fixed 
rows and a fixed columns of the generating determinant, 8 rows and 
8 columns from 6 other fixed rows and columns of the generating 
determinant, and so on, the number of lines in each element thus 
being 
at+B+... +6 
the number of lines in the generating determinant 


et Dae ct) 
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and the number of lines in the constructed minor 
‘CaatCopt+ «+ +O, ¢- 
For example, if the generating determinant be 


123456 
123456 


and if the submitted minor of its third compound be such that each 
of its elements contains two row-numbers and two column-numbers 
chosen from 1, 2, 3, and one row-number and one column-number 
chosen from 4, 5, 6, then the said submitted minor must be 


> 


124) |125| |126| |184) |135/ |136] |234| |235| | 236 
124} |125) |126; |134| (| 135| |136| |234| |235| |236| |, 
and according to Sylvester it is equal to 
123456 |? | 123 *_ | 456 
123456 123 | "| 456 |. 


Following on this illustration, or, rather, on the ‘extensional ’ 
of it, there is given an alternative mode of stating the theorem 
together with full diagrammatic illustrations (pp. 56-65). The 
paper concludes with an afterthought involving a further generali- 
zation in which oblong arrays take the place of determinants. 


MUIR, T. (1879). 
(See under this heading in chap. i.) 


HUNYADY, E. (1879). 


[A masodfoki feliiletek elméletéhez. Ertekesézck a math. tudo- 
manyok kérébol (Budapest), vii. 5 (36 pp.).] 
[Beitrag zur Theorie der Flaiche zweiten Grades. Crelle’s Journ., 
Ixxxix. pp. 47-69.] 

Hunyady’s mode of discovery, as we have already seen, is the 
familiar one of seeking out two or more expressions for one and the 
same condition and then comparing the results. On this occasion 
the condition is that connected with the existence of ten points on 
a quadric surface. As the outcome of some research (pp. 47-48) 
he brings together a series of related problems in geometry, and 
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a 


thence obtains by elimination six forms of determinants whose 
vanishing is the condition in question. 
If the coordinates of the i of the ten points be denoted by 


(x, Y Yis Zi» W,), 


and the determinant | x,y,z,, | by 


| wkt|, 
the eliminants reached are 
pe 2 
ee ry Ay Og Ry eg Se ey 
| 2 5 5 
Dy? Yo" By Wy? Bon Tey... 2xWy or D say 
? b ? 
Sere rs: 2 
Ko Fe Fe. a) eagle Ay be ~ = Myo 


where 0 is written for 10: 


35 |-/1245| |1235|-/1345| |1235|-|2345) |1245!-|1345] |1245]-|2345] |1345]-/2345| 
4 _ |1236|-|1346} gs es |1246]-|1346| |1246) 412346] |1346]-|2346| 


30 | 1240] |1230]-|1340| 11230): "12340 {1240}-|1340| |1240]-/2340| |1340]-|2340| 
| 1237 |-|4567| |1347|-|2567| |1457|-/2367| | 1257 |-| 3467] 
| 1238 |-|4568| | 1348 |-/2568| | 1458|-/2368) | 1258]-|3468| | _ 
| 1239 |-|4569| |1349)-|2569| |1459|-|2369| | 1259|-|3469| 
| 1230 |-| 4560| |1340|-]2560] |1450]-|2360| | 1250 |-| 3460 | 


| 1256 |-/2346| | 1236 |-|3456| |1456|-|2346| | 1256|.|3456| | 1236|-|1456| 
| 1257 | -| 2347 | eee | 1457 |-|2347| |1257|-|3457| | 1237 |-| 1457 | 


=(z, 


| 1250 |-| 2340 | | 1230 |-| 3450 "/1450 |-| 2340 | | 1250]-|3450| | 1280|-/ 1450 | 


and two others of still more complicated form. 

As a first step towards the establishment of the relations between 
D, E, F, G, Hunyady proves the identity existing between | «,y,2,0, |° 
and the ten-line determinant, Q say, whose rows in order consist 
of the terms of the expansions of : 


(x, ‘be 1 We +w,)? 


a = ley yee 
(x+y, +2, +W,) (B+ Yo +2, +r) 


(@5-+Y3-+23-+-Ws) (X+Y, +2, + W,) 
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respectively. His procedure is similar to that followed by Scholtz* 
in dealing with the corresponding theorem regarding | 1,23 |*,— 
that is to say, he multiplies the ten-line determinant by 
| a2, | ° | 5% | >| Yur | | Yrz2™s | 
reduces the product to the form 
YY 22 WW Yp®otYo% Ye TYoW, % We 1% Wy 
YY %2_ WW Yy2sTYs% YWstYsW, %W3--2,W, 
— | 1934 |° YY ta eas eee Sea 
YoYs 
the six-line determinant of which he says is equal to 
— | Yo% 0 | | 324 | + | Yae1Me | > | Yr2025]- 
He thus obtains 


S = | 1234|> 
as desired. 


Taking then the determinant S derived from S by substituting 
for each element its cofactor in | 1234|, Hunyady multiplies D by 
it, and obtains after reduction 

DS = |1284|8-E, 


which, since S is equal to | 1234|°*5, gives the relation between 
D and E to be 
E = | 1234 |7-D. 


Similarly, with the help of other lemmas, it is shown that 
F { |1245|-|1346|-|2356| — |1256|-|1345|-|2346| } D, 
G = — |2345|-|3451|-|4512|-|5123|-|1234]-D. 


The fifth and sixth forms of eliminant are also satisfactorily accounted 
for, being shown, like the others, to be multiples of D, namely, the 
one equal to 


—|7890|-F, 
and the other equal to 


—|7890| -[8906|-|9067 | -|0678| -|6789]-G. 


*See above under General Determinants. 
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HUNYADY, E. (1879). 
[Der Satz von Desargues iiber perspectivische Dreiecke. Crelle’s 
Journ., lxxxix. pp. 79-81.] 

Here Hunyady’s object is to establish the identity in coordinate 
geometry which is the equivalent of Desargues’ theorem. To this 
end he first shows, in regard to the array 

ey ols ae ye Te 
Yi Y2 Y3 Ys Ys Ye 


% % 23 % @ 2%, 


that 
z 2,2 2 
Laie! fm | | 2,Ys | = | feiygee Leases | 
piv erg Wane CG BEY aa Tel 
1 Ys%6| | Z| | LHe | 3% 443% 1 | > 


which is readily done by multiplying the determinant on the left 
rowwise by 


yn 
Hy Yn % 
Zo Yo % 


He then forms the array 


where |X,Y,Z,|, | X,Y,Z,| are the adjugates of | x,y,z, |, | 2y52 | 
respectively, and applying to it the theorem just reached obtains 
of course 

_ | 1% Y¥22Z;| | X,¥,2, | 
TP MY3%, | | KV 5% | 


Here, however, each element of the first column on the right can, by 
multiplying by | z,y,z,|, be shown to have |2,y,z,| for a factor, 
and similarly each element of the second column to have | 7,¥,2, | 
for a factor, the right-hand member thus becoming 


| 24Ys%— 1 | TY5% | 
| 24Yo2%5| | BYs2%5 | 5 


|¥,Z,| [Z,X%5| | Xs¥e| 


| %Yo%q | ° | 2sY52e | ° 


206 HISTORY OF THE THEORY OF DETERMINANTS 
so that, on using again our initial identity, we have 


[1 ¥:2.] [2%] |XsVol | = layers || eyes | Vga eee | ey ||: 
which is the result sought to be established. 
As the said initial identity is not essentially different from one 
‘given by Scholtz in the second volume of Miiegyetemi Lapok, it is 
important to note that Hunyady here states that the substance of 


the present paper had appeared previously in the first volume of 
the same publication. 


PASCH, M. (1879). 


[Ueber gewisse Determinanten, welche in der Lehre von den Kegel- 
schnitten vorkommen. Crelle’s Journ., Ixxxix. pp. 247-251.] 


Save in one instance the determinants referred to in the title 
are those with which Hunyady, Mertens and Scholtz have already 
made us familiar. The demonstrations are Pasch’s own, but 
present no feature of particular interest. The fresh result is 


| XaYs25| | LoMs2%—_| | LYs251 | TeYo2s1 | PoYg2q | | LeY2s | 
| 25] | esYi%1 | LeY%6| | Vs%r%1 — | Vayy%s | | VeYa2s | 
| ryYo2s | |UyYo% 1 — | LyYo%s | |MYo%s | — | BYo%| | %Y02s | 


= | @yYo%s|"° |)? Yo? 25” Ys2q %lls Teo |- 

By expanding the left-hand member in terms of the elements of 
its first row and their complementaries, we obtain without difficulty 
(235:236-314-124-165 — 236-234-315-125-164 + 234-235-316-126-154) 123. 

But of the three terms here within the brackets, 
the first = 235-236-314(125-416 —126-415), 
the second = 236-125-146(235-431 —231-435), 
the third = 235-126-154(236-314—231-346), 
and consequently their sum is 
—(236-125-146-435 —235-126-154-346) 128. 
We thus have for our compound determinant the equivalent 


1237(125-146-236-345 —126-145-235:346), 
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which, with the help of a previous identity (—D = P) becomes 
the result desired.* 


BORCHARDT, C. W. (1880). 


[Remarque relative au mémoire de M. Sylvester sur les détermi- 
nants composés. Crelle’s Journ., Ixxxix. pp. 82-85; or 
Werke, pp. 494 et seqq.] 

After restating Sylvester’s theorem of the preceding year, Bor- 
chardt intimates that in consequence of correspondence with 
Sylvester he had been requested by the latter to withdraw the 
theorem for the present. He then conclusively shows that the 
enunciation cannot be accepted as correct by taking the simplest 
possible case, namely, where 


n= 4, ‘a= 2, a = 1, 
b6=2,- B= 1, 
and where, therefore, the subject under discussion is the resolva~ 


bility of 
| | 13 | 14| |{23| |24 
Fe 


114} [23] | 24 
that is to say, of the central four-line minor of the second compound 
of | ee . According to Sylvester this central four-line minor 


# 


must be equal to 


|1234| | |12| | |34 
| 1234] 112)” |34l, 


and Borchardt formally proves that it is equal to 


1234; | |12/ {12| 
1234} "| }12| |34 
34| [34 
12; |34) |, 

as indeed is manifest from Franke’s theorem of 1862, which Borchardt 
had established and had helped to make known. 


-*This is not Pasch’s proof, which would have necessitated the introduction 
of additional notation and auxiliary matter not otherwise of use in the present 


connection. 


CHAPTER VIL 


RECURRENTS, FROM 1858 TO 1879. 


No special form, save Alternants, has received so much attention 
during the period now reached as Recurrents; and, what is more 
striking, the signs of increase of interest taken in it are much more 
conspicuous than in the case even of Alternants, the number of 
writings being about five-fold what it was in the preceding period. 
Doubtless part of this is due to the fact that the form lies near the 
surface, so to say, in many parts of Algebra, so that examples are 
easily got at,—one for every recurrence-formula known or unknown. 
In this way not a small portion of the work spent on it seems some- 
what futile, and we have consequently curtailed our reports as far 
as was possible without doing injustice. As stated at the close of 
our first chapter on the subject (Hist., i. p. 218) it is the recurrence- 
formula, not the recurrent, that is of prime importance. 

Two of the writings here dealt with belong to the period of the 
preceding volume; there also formal note should have been made 
that Continuants, whose history begins in 1853 and is treated 
separately, form a special class of Recurrents. 


BRIOSCHI, F. (1858). 


[Sulle funzioni Bernoulliane ed Euleriane. Annali di Mat., i. pp. 
260-263 ; or Opere Mat., i. pp. 343-347. ] 
In this notice of no. 9 of Raabe’s Mathematische Mittheilungen 
(160 pp. Ziirich, 1858) Brioschi gives in passing the result 


a | 

‘ih (GH ie Moe ieee 142 fn 
2 1 = (=1)***- (a6) a, oa a, : 
Oy Dons Cree Ms aaa >» ATS RE ee 


n 
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where ¢, &,...,€,, being neither negative nor fractional, satisfy 
the equation 
€,+2@+3es+ ... +N, = N, 


and where Ye stands for e,+e,+ ... +e 


ne 


BRUNO, F. FAA DI (1859). 

[THéorie GENERALE DE L’ELIMINATION. ..  x+224 pp. Paris.] 
Of the seven carefully formulated propositions regarding sym- 
metric functions which are the subject of Bruno’s opening chapter 
(pp. 1-22), the first and last involve a recurrent. The first, being 
already known (Hist., ii. pp. 211-212), is only worth mentioning 
because of the fact that in a footnote (p. 2) its quasi-converse is 

deduced from the same set of equations, namely, 
| s 1 | 
Rayon ts Bie | 
T | 8 i ee eee | 
The other is taken from Brioschi,* by whom it was used for the 
purpose of expressing in terms of the a’s any symmetric function ¢ 

of the roots of the equation fs 


a" +a,0"+ . . . +4, = (4—ay)(—ay) . . . (t—ay) = 9. 
It is 


og 
" 6, a 
(r—1) og a, 1 
O8y—4 
7) = 

ie) 

i Pcs 
, Tie *—1)d, go 2, Oy 


*Brroscul, F. Sulle funzioni simmetriche delle radici diunaequazione. Annali 
di sci. mat. e fis., v. (1854), pp. 422-428. 
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The recurrence-formula on which it is founded, namely, 


op op Ober gee 
Sana eae Ba kiya ce 
is obtained from 
Op _ Of OH, 1 Of | OMe Op | Wn 
06, Oy - OS, ms Oa, 08, bate? OA, 8, 
on substituting * 
Oa, 
—— One, for . 


It is evidently only helpful when 0¢/0s,, 0¢/0s,_,, ... are already 
known in terms of the a’s, a contingency which would supervene if 
the ¢’s were being calculated for tabulation in ascending order of 
degree. Thus, in the illustrative case where ¢ = S)a;‘a,%as, 
Brioschi has to assume as known 

sf = Sarto, = — aa, + a,20,+.. 


- = a, a, - or = — a+ 5a,a,+ ... 
4 


A one-page table of such results is given by Bruno (pp. 19-20), but, 
unfortunately, it is very inaccurate. It could readily have been 
checked with Hirsch’s Sammlung of 1804 or Cayley’s memoir of 
1856-57 (Philos. Transac. Roy. Soc. London, cxlvii. pp. 489-499). 


* From the identities 


3 +a, = 9, 8. +8, +2a,=0, ..., 
there is obtained by differentiation 

Gat eS 

On 7 Vea 

Cay _ 08, _ 1Os, 

Os “ Oa. eld? 

Ody _ 0% 1, Os 108, 
O8p = 7255,, 9 ay 08; Tey 


‘s > 
and it is this, arrived at in a different manner, which is Brioschi’s warrant 
for the substitution here used. 
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Attention is drawn to the fact that in the case of both propositions 
the final expansion is isobaric, the weight of each term being of course 
equal to the degree of the symmetric function concerned. 


SYLVESTER, J. J. (1862). 


[On the integral of the general equation in differences. Philos. 
gr 8 q 
Magazine, xxiv. pp. 436-441; or Collected Math. Papers, ii. 
pp. 318-322. ] 


The given equation being 
AU + Ogtte-1 + CxUz-p +.... = 0, 
with the conditions Uy = 1, Uco = 0, it is readily seen that 
Ug = Ry =~ (—)"Qyde.. s An; 
where R,, is a recurrent ; for example, 
B= 2b, 6, 0, bs 
a, 6; Cs ds 


Ay by % 
» sy Dy 


Sylvester consequently is led to seek a rule for finding the final 
development of such a determinant. To this end he writes the 
determinant in the form 
43 42 41 40 
3,3 3,2 3,1 3,0) 
2,2 2,1 20 
Lid Ons 


takes all the descending sets of integers beginning with 4 and ending 


with 0, namely, 
43.210 


4320 
4310 
4210 
430 
420 
410 
40, 
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and finally, from these sets, constructs the terms 
4,3 x3,2 2,1 1,0 
—4,3 x3,2 x2,0 x(1,1) 
—4,3 x3,1 x1,0 x (2,2) 
— 4,2 x2,1 x1,0 x (3,3) 
4,3 x3,0 x (1,1 x2,2) 
4,2 x2,0 x (1,1 x3,3) 
4,1 x1,0 x (2,2 x3,3) 
— 4,0 x(1,1 x2,2 x3,3). 


No justification of the ‘rule ’ is given. 


TRUDI, N. (1862). 


[TEORIA DEI DETERMINANTI, e loro Applicazioni (pp. 122-128), 
ix+268 pp. Napoli.] 

In the division of agv"+... by dDox™+. .., where m and n are 
positive integers and m=, Trudi stops on reaching the remainder 
which is of the (n—1) degree in x. Assuming the identity 

OR ae eee GPM Spor Ne aaatel, ener 
ae Sea dations Saf >t bon Sele 


A R 
Be pee 


he multiplies both sides by B, and, equating coefficients of like 
powers of x, obtains the necessary equations for determining the 
q’s and the c’s in terms of the a’s and 6’s. The expressions for the 
q’s are of course in accord with Faure’s (1855); the expressions for 
the c’s are 


1 
pi) 81) 85) SO Ge eee ate) es 

Boren soe een ao eee ee when m = n, 
Ol bay blo" tesco eel oar ie 
1 1 
re A A Ay B % A as 
Oe Ope abe O15 Dy ae ke ate eae when m = n+l, 

by Oy (Og | by Op Oe |: 


and so on. He also by summation obtains a single determinant 
equal to Q and another equal to R. 
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He does not, however, note that the results when once got are 
susceptible of the simplest possible verification. Thus, whatever 
the letters may denote, we have as manifest identities 


A= | % a |B— : a A 
‘ by "hh, Bis 
1 1 | 
cf ES ON - by B | 
6° Oz bo 6, Ba | 
1| | 1 ri 
A= 3% % % [B+ B M % as 
By) a 0 nal 
by 0, 2 | Dy. Db, Ba 
by bth <a CE GR oar 


and, A and B being defined as above, the first identity is to be used 
when m = n, the second when m = n+1, andsoon. For example, 
when m = n+2, 


| 1] i 1 | 
one a ay at 3 dy thy Oy B—55| yy Oy 
By! F by Oe ae by | of by b, | 
| . by b, by b, by by b, b, | 
1 lj ‘ 
is wera by |Z + zl % % -}3 
0 °| by | °| ay b, by 
Gz bz by 
and 
R= 5 MG & A — ax"? —a,a"* 1 — ax" 
O) A by B —byx” 
4 by b, Be — byartt— bya” 
by b, b, Ba? —byx"*? —b,a"*1 — bx” 
b . by bart+ber 2+... 
(by By by tber t+... 
by 0, by bgx™ 4+ bye"? + . 
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es gi .0; One ieee eee, 
Coie pig te 
S PED Oh, 1s 
bo 5, b bs 
the coefficients of 2"-1, x"-2, . . . agreeing with the expressions 
found for ¢, ¢, . . . in the early part of the exposition. 


In a closing remark on the possibility of the unlimited continu- 
ance of the division he gives as an example, 


AyX + A, 1 i 1| Ree ee b —3__ 
oh eA ie — 72 | a ‘9 | x + 0 ay ‘0 : x ec 
bor? +baz+b, 0d Day Oy af aa” Boe Be 
by by | 


where the determinants are continuants. 


TRUDI, N. (1862). 


[Intorno ad alcune formole di sviluppo. Rendic. dell’ Accad. 
. (Napoli), pp. 135-143.] 

Having obtained independently Faure’s result of 1855, Trudi sets 
himself the task of finding an expression for the development of 
the related determinant, namely, the determinant of which 

1/(aq+ae+...+a,7™) 
is the generating function. Applying to the case where f(u) = 1/u 
a general formula given by Fergola for the 7*" differential coefficient 


of f(u) with respect to x he establishes Brioschi’s result of 1858 in 
a slightly extended ih namely, 


| % . % 
| GM % 4% => Lye . (de)! -a@ n- Xe aia aja. +. 4," : 
4 a sp AC 


He ad uses res to arrive at a similar expression for the corre- 
sponding determinant in the case of the quotient 

bot” +b,a"14 ...+0, 

agu™ +aa" 4+... +a, 
and finally making the numerator here the derivate of the denomi- 


nator reaches Waring’s expression for a sum of like powers of the 
roots of an equation. 


oO 
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ZEIPEL, V. v. (1862). 
[Om en klass af determinanter. Ofversigt .. . Vetenskaps- Akad. 
Forhandl. (Stockholm), Arg. xix. pp. 439-445.] 
The kind of determinant referred to is exemplified by 


cox —2Z 


Cox —x 
cé’xz (ec—1) dz | 


cé*x = (c—1) da —2£ 
| co’ (2e—1)0*~ (e—2)dz |, ...., 
where the first row is 
C5h, rat 0; OF 20; 
and any other element a,, is got from the formula 


a3 = 04,1, te G-1,5-1° 
We may with convenience denote them temporarily by 
Zit Ligh A 

Zeipel’s first theorem calls to mind one of the earliest found 
properties of Wronskians, being to the effect that the differential of 
such a determinant is got by substituting for the last row the row which 
would follow the last on continuing to apply the same law of formation : 
for example, 


6| 26n —& ‘ =a 262 —2 OSs 
262% da —2£ | 26a da —2£ | 
26%, 362% 8. | «| Lote 5é%x 36% | 


The gradational style of proof is used, it being shown that, if it 
hold for the first r cases, it must hold also for the (r+1)". To 
this end Z,,, is expressed in terms of the elements of the last row 
and their complementary minors, with the result 

Ly, = a COP ek (er, —7,) 2 Z,0°@ 

Tet) eZ ess 
differentiation is then performed, and in the subsequent condensa- 
tion of terms use is made of the fact that according to hypothesis 
Z, = «26Z,+(c—1)Z, dz, 
x6Z,+ (c—2)Z, 62, 


N 
w 
I 


LOL,» + (c—r+1)Z,_, 62. 


Sie 
~~ 
\] 
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The final expression thus obtained for 6Z,,, is found to be equiva- 
lent to the determinant form aimed at. 
The other matter dealt with is the so-called ‘evaluation’ of the 
Z’s. The result of differentiating x° being cx*-1dx, we have 
sear tLe 
and from this, in the same way, 
See = a 16Z,+Z,(c—1) a *6a 
a? {x6Z, + (c—1)Z, 6x} 


| 


Sige Dns 
and so forth. The result thus led up to is 
LTO 


FERGOLA, E. (1863). 
[Questioni 5, 6, 7. Giornale di Mat., i. pp. 63-64; i. pp. 221-222; 
iii. pp. 190-201 ; iii. pp. 94-99, 377-380. ] 

The interest of these problems attaches mainly to the Theory of 
Integers. What belongs to the theory of determinants is usefully 
segregated by Mola in his second paper, namely, the question of 
the final expansion of the recurrent 

a, 1 

QM a 2 

ds My G 3 
The nature of the ‘rule’ which he reaches is evident from the result 
given by it in the case of the fourth order, namely, 


{ a,,4,4 AG a,a. 0 
4! a Dead Bo Neat 22 1“3 371 
UG +1) 0 +2)(1+3) *2@+2 71043) +3884) 
es AAA, AAA, Gxt, 4) 
1(1+1)(1+3) 1(14+2)(1+3) 2(2+1)(24+2) 4)’ 
1.€. a,*+ 3a,’ + 8a,a,—6a,?a,—6a,, 


where the sets of suffixes are permutations of the partitions of 4. 
The final form of expansion is that of an isobaric function, namely, 


Era Gea eoniare 
S (= 1p rea a 
112%... n+ e! e,! 


iano «Bon 
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where, in forming the terms to be summed, each e may be 0 or any 
positive integer subject to the condition 

ley t2e,+3e,+... +e, = 2. 


D’OVIDIO, E. (1863). 
[Due teoremi di determinanti. Giornale di Mat., i. pp. 135-139.] 


D’Ovidio’s first determinant is best viewed as being constructed 
by prefixing the row 


ae 1, 00, 
p 
and the column 
BS oe 1 1 
PAM +h) Ape) (pin 
to the persymmetric recurrent 
1 1 a | 
(n—p)(n—p ° naeaee 
—1)3 ci eee Paani (n—p+2)? “°°? 2P 1p tal 


Calling it D,_,,., and performing the operation 
col,—pcol,, 
D’Ovidio at once obtains 
Pere, = ea Dy Ss) 
and thence finally 
I 


Dion = p(pth...n 


As a corollary he has of course D, = = where D,, is a persym- 


metric recurrent exactly like that to which the row and column 
were prefixed ; for example, 


i 

i 

ee 

Piva Dias a 
dees to ean A 
Fs bre a | 
Meth last, 
AN ile. Wai AB 
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His second is viewable as a generalization of another persym- 
metric recurrent, namely, of 


Bae 
(1) Pin fi ee Ot Oe oes 


where m, = m(m—1).... (#w—w4+1)/1-2- ....2. The last 
. row of this being 


PLT FO AER cee Ca 
we have only got to multiply its first element by 
I(n+1)(m+2).... (n+p) 
and all the other elements by 
I/n(n+1).... (n+p—1) 


to obtain the last row of the new determinant, D’, say, every 
other row being formable from the row following it by lessening 
pby 1. Evaluation is then effected by performing the operation 


oe 


col, — col,, 
which leads to the result 
= (m+p+ 1) Eat + iy Dee 
and thence finally to 
he (m+pt+1)(m+p+2).... (m+p+n—1) = a ae 
7 (p+1): (p+2)! (p+n—1)! (ptr)! 
3 (GT Gey ee i 


As a corollary, obtained by putting p = 0, it is noted that the per- 
symmetric recurrent used as a basis for construction on starting is 
equal to 
m(m+1)....(m+n—1)/n!, te. (m+n—1),, 
the four-line case bemg 
eas te | 
Mm, “in, Sil 


- m (m+ 1)(m+ 2) (m+) 
i. 1-2-3-4 


Met ion, 1 


Ms, Ms, My My 
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We may note for ourselves in passing that the two corollaries, 
which D’Ovidio says he received from Trudi, are very readily 
obtained by using the multiplication-theorem, the multipliers for 
the 4" order being 


| ih 1 1 
eT ee 1 —m (m+1), —(m+2); 
1 1 
‘ 77 2! : I arn! (m+1), 
1 
- Cay 1 aaied 
(tS : ; : 1 
respectively, and the products 
BE Li oi 1 
] ; , ; 1 


1 1 1 1 
| hos) pe Ti —(m+3), (m+2), —(m+1), m, 


by reason of the vanishing of the (r+-1)-termed expressions 


1 Pee ti 
Mote aie i Gon ee 


My — Mp? M, + Mr2*(M+1), —.... 


respectively. 
TRUDI, N. (1864). 
[Intorno ad un determinante pit generale... . Rendic. dell’ 
Acad. ..+- (Napoli), pp. 121-134; or Giornale di Mat., ii. 


pp. 152-158, 180-186. ] 


The second part of Trudi’s paper concerns the relations between 
the ordinary combination-functions 2a, 2aB, ZaBy, . .. . and the 
aleph functions of the same variables. Writing the expression 


(w—a) (— 8) (@— y) (e— 6) 


| Fad © oad at oa | 
Tae BP RT’ 


in the form 
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and treating the first four columns of the numerator in the manner 
set forth in the earlier part of his paper, he obtains 


1 1 
Np x 
Noa er ee ev | = af —Da-2 + LaB-o?—...., 


Noo Ne Ny eee 
Be Ny a eg 


whence are got, by equating coefficients, the determinant expres- 


sions for La, 2aB, . . . . in terms of the alephs. The two other 
modes ot expressing the same relations follow in the way one would 
expect. 


HANKEL, H. (1865). 


[Darstellung symmetrischer Functionen durch die Potenzsummen. 
Crelle’s Journ., |xvii. pp. 90-94.] 


Hankel’s theorem may be put in the form 


where .-A, =| & 1 
Sap Sg 2 


Bras. sae ae 6 Sar Sy4. ety 884... +0 


and the items comprised in 2’(A,) are obtained by permutation of 
a, 8, y,..., v, and those comprised in 2”(A,) by permutation 
of all except vy. For example, 


i 1 XV 8, 1 : 
Denon ae 
. Sa+B 8g 4) 


Satpty Spty 8, | 


{i Mt 
Ta OF >, (Sa8p8y +28. 48+ —Sa+pSy — 2884 y8a) 


uh [ Sa8p8y+28a48+y — 8a+pSy— rae 
2 ! +868a8y+28p40+y — Sp+aSy — 28a+y8p 


= 8a8p8y+2804-6-4+— Sa+B5y— 88 4y8a— Sa4y8p, 
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. cy 
and > siete may >, (Sa8p8y+280+6+y—8a+pSy— 288+y8a) 


= ee ee enn 4 
3! — 4 (854 y8a+Sp+08y +8,+.8°) 
= 8,88... . , a8 before. 


The mode of proof is the gradational, the step being from one value 
of n to the next higher. 


SIACCI, F. (1865). 


[Sull’ uso dei determinanti per rappresentare la somma delle potenze 
intere dei numeri naturali. Annali di Mat., vii. pp. 19-24.] 


Beginning with the determinant 


ee : 
Brie eg ; 
ee | 3 3 Pee % ; ; 
Z AS 4 Cee ae ,» or R(z) say, 
ZA tr; (7)o Re are ba (rs 
1 gett ] (r+1), (r+1), .. .- (rt) (7 t+) 
Siacci performs the operation 
col, -+col,-+zcol,+2?col, +. fg ee COL) 


and obtains at once 
R(z) = R(z+1) — (r4+1)!2, 
whence R(z+1) = R(z+2) — (r+1)!(z+1)’, 
R(z+n) = R(z+n+1) — (r+1)!(2+0), 

and, therefore, by addition and substitution of 0 for z, 

R(m+1) = (r+1)!(+2"+ ... +n’) 
as desired. 

Siacci, however, goes on to point out that by performing on R(z) 

the operation 

col, +col,—z col,+2?col,—2col;+ . 
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there is obtained 
R(—z) = R(—24+1) + (—1)(r+- D! 2, 
and thence, in the same way as before, 


(—1)R(—n) = (r+1)! (7+ 2°+ 2. . +2. 


He thus has two expressions for 1"+27+ . . . +n”, namely, 
R(n+1) rR(—n) 
pe gimme sw) ean 2 


and the curious deduction 
R(n+1) = (—1)'R(—n), 
which it is interesting to verify by taking the ordinary expression 
for the sum of the 3" or 4 powers.- 
The rest of the paper is occupied with deducing from R(n) the 


well-known non-determinant form of expression involving Bernoulli’s 
numbers, these last appearing as persymmetric recurrents, namely, 


1 

B, = (—1)#!-(2n)!/5, 1 
1 1 
Thea 
1 1 1 
il 3! wien 


SALMON, G. (1866). 


[Lessons Introductory to the Modern Higher Algebra, 2" edition. 
vili+296 pp. Dublin.] 

A table is given (pp. 285-292) of the simple symmetric functions 
of a, B, y, . . . . from the 1* degree to the 10 inclusive in terms 
of Xa, YaB8, LaBy, . .. , the results being taken from Cayley’s 
memoir of 1856 and checked with Meyer Hirsch’s table of 1804. 

The connection of such a table with recurrents has more than 
once appeared (see above, p. 210, .. . ): it should be recalled, 
however, that a no less close connection exists with alternants. 
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WOLSTENHOLME, J. (1867). 


[A Book or MatHematicaL Prosurms,.... 344 pp. London 
and Cambridge. ] 


Problem 922 concerns the determinant whose first row is 
Bia Mali te), Titel d alin os <5 Glas on ons 
and whose (r+1)* row is in every case got from the 7" by 


differentiating with respect to z,. The value of the determi- 
nant is readily seen to be 1. 


SARDI, C. (1867). 
[Nota sui numeri primi. Giornale di Mat., v. pp. 371-376.] 
Defining &,,,, by the identical equation 
(w@+1)(27+-2) .. . (@+n) = a +h, a" +h, w+ Lk. 


Sardi establishes the relations 


; ), = 0, 
2h, 2 —(n) kn re (n aF 1 )s = 0, 
) 0 


and thence obtains 


| (+1), — —1 
(n+1), (nm), —2 


mite: \(m+1), (ns  (n—1), 


Sah 


(n+1)p (Mp-1 (N—Ip-2 -. . (n—p+3), —(p—1) 
(n+1)p+1 (Mp = (M—1)p-1 -- - (N—P+8). (n—p+2), |; 
from which his results regarding primes are deduced. 

It must be noted, however, that almost a century earlier the said 
set of relations was ready to hand for the construction of a recurrent, 
having been reached by Lagrange in 1771.* 


' *TagRanece, J. L. Démonstration d’un théoréme nouveau concernant les 
nombres premiers. Nowy. Mém.... Acad. des Sci. (Berlin), An. 1771, p. 125; 
or @uvres completes, iii. pp. 422-438. 
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DIETRICH, M. (1868). 


[Ueber den Zusammenhang gewisser Determinanten mit Bruch- 
functionen. Crelle’s Journ., lxix. pp. 190-196. ] 
Viewing 1/(1+-a,x-+a,22-+ ....) as the generating function of 
the persymmetric recurrent 


a 1 : ee | 
Gage garth dm Deca: | 
Sup sues a BORA er | 
By An-1 An—2 Suen chee ay ly 


Dietrich seeks the generating functions of two recurrents A, and B,, 
which differ from this in having 6’s in place of a’s in certain columns, 
namely, A, in the even-numbered columns and B,, in the odd- 
numbered columns. From an expansion of A, and B,, it readily 
follows that 


A,,—% Bn +@An.—@3Bn3+ .... = 90, 
Bn—),An-.+-6.B,.—OsAn et. = OF 
so that on putting 
az) =ltare+ae?t..., 
bx) = 14+ 004+ ba?+ ..., 
and A(z) = 1—B,v+A,z?—-Bow3 +... , 
Biz) = 1—A,v+B7?—Agw3 t+ . .. , 


he obtains 
a(z)+A(v) = 1—(B,—a,)- a+ Ont oe 
b(x)- A(w) = 1+ O-a + (Ap—b,B,+b,)2?7 +... , 
a(v)- B(w) = 1+ 0-7+(B,—a,A,+a,)a?7 + ..., 
b(z) - B(x) = 1—(A,—},) -# + Orage 


and consequently 
a(a) - A(2) +a(—2)-A(—a) = 2) 
b(x) - A(x) — b(—a)- A(—az) = 0, J 
a(x) - B(x) — a(—2) - B(—2z) = 0, 
b(«) * B(x) + 6(—a) - B(—2) = 3 | 
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whence & 2b(—z) 
A) = G@)-b(—2) Fala) Bea)’ 
B(2) 2a(—z) 


~ @(e)-b(—a)-Fa(—a) - b(@)’ 
In like manner he next finds the three generating functions of three 
similarly related recurrents, and so generally. 


POLIGNAC, PRINCE C. DE (1868). 
[On a problem in combinations. Proceed. London Math. Soc., 
ii. pp. 69-74.] 

The problem is to find the number of combinations of 7 things 

taken from the 2p+q things 
gis Dig oe. ep eis. Ua. tO, iy las teen the COE 
subject to the condition that no b can be taken along with the corre- 
sponding a. The section (§ ii.) of the paper in which recurrents 
are used is not only of little interest for the student of determinants, 
but is quite superfluous in view of the satisfactory solution obtained 
in the preceding section (p. 71), namely, 
PC ae Deg) Magirt ete pra gs ee ete Coes 
which (p. 74) is the coefficient of x” in the expansion of 
(1+22)?(1+<2)!. 
SARDI, C. (1869). 
[Sulle somme dei divisori dei numeri. Giornale di Mat., vii. 
pp. 112-116.] 
[Su talune serie, ed applicazione all’ aritmetica. Guornale di Mat., 
vu. pp. 257-312.] 

The expression obtained in the first of these papers for the sum 

of the divisors of any integer 7 is 


(—1y"| A, 1 
ae a 

Tay ane ea) 

Ara As 


° E 
> 


wo 


nN? 
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where Ay p(o41) = (—1)”(2p+1), and the other A’s vanish. Another 
is given in the second paper, which contains in addition a number 
of other recurrents connected with the Theory of Integers. 


EUGENIO, V. (1870). 


‘[Considerazioni intorno a taluni determinanti particolari. Giornale 
dt Mat., vii. pp. 285-290. ] 
The determinant 


ay 1 
2i, 9, Ok 


Kat norte LAG ns tis pe SOR NG Says 
| 4a, toe, 

| 

| 


we are already familiar with, knowing that it equals 
a®+B™+y"+..., 

when 2%. = 2a, %= 248, %3= Yay, .. . (Hist., iw pr 2). 
Eugenio considers two other special cases, obtaining 

N = (—1)""(a" +6"), when z, = (a’t!—b"*")/(a—b), 

N = (—1)""a, when 2, = (a+r—1),; 
and thence making deductions regarding the roots of certain special 
equations. 


HESS, E. (1872). 


[Zur Theorie der Vertauschung der unabhangigen Variabeln. 
Zeitschrift f. Math. u. Phys., xvii. pp. 1-12.] 


The subject here is essentially the same as that of Bruno’s paper 
of 1855 (Hist., ii. p. 214), namely, the successive differentiation of a 
function of a function. The aims, however, of the writers are 
different. Bruno expresses the successive differential-coefficients 
of p{(x)} with respect to x in the form of determinants in which 
appear successive differential-coefficients of yw with respect to x 
and successive differential-coefficients of ¢ with respect tow. Hess, 
on the other hand, expresses the last of these sets of differential- 
coefficients in terms of the first two sets. For example, denoting 
the three sets by 


F,, Boy BS ae 2 Vi Vr, Vs, « sv.8 52 Pyy Day Oy, so 


\ 
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respectively, we have from him 


1 il 
$3 = ay A i ee 31 3, : Hs 5 
(TT) Qe Wy OF, TU Be 2. F, 
2v, 3, Fs BW3 5, VY Fs 


3, 83 by, F, 


where the coefficients of the W's in the diagonal decrease by 1, and 
the coefficients of any other Wy, say that in the (r, s)" place, is the 
sum of the coefficients in the places (r—1, s—1) and (r—1; s). 


SIACCI, F. (1872). 

[Quistione 10. Giornale di Mat., x. p. 360; or Annali di Mat., 
(2) v. p. 304. Solution by F. Tirelli in Giornale di Mat., xii. 
pp. 75-78. ] 

The determinants occurring here are two n-line variants of 

Spottiswoode’s recurrent 


ani . . -¢ a8) tan ce. Lx —l 


On : : Ee ¢ 
for ajc" +a,0"1+....+4,, or F(x) say, the one variant P 
being got from this by the initial operation 


1 
col, stag col, 
and being equal to F(z)/a), and the.other Q by the initial operation 
x 
Col a col, 


and being equal to F(z) /a, after a change of sign of all the elements. 
Denoting the complementary minor of the (r,s)" element in the 
one by P,., and in the other by Q,,, Siacci affirms (1) that 


AyuP,, 8 +a,Q,, Siege F(a) or 0 
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according as 7 and s are equal or unequal: and (2) that if each 
element of P be increased by y times the corresponding element of 
Q, the resulting determinant, R say, is equal to F(z) - F(y)/a ap. 

The former proposition the solver finds the more troublesome to 
prove: the latter he establishes by noting that R is symmetric 
‘with respect to x and y, and by performing on it the operation which 
evaluates P and Q, namely, 


TOW, +2 TOWn1+27TOW,» +... . 


He does not, however, seem to observe that R can also be obtained 
by multiplying Q,-,, by P in row-by-column fashion, 


GAMBARDELLI, F. (1873). 


[Sui coefficienti delle facolt& analitiche, iv. Appendice. Sullo 
svilippo delle funzioni isobariche. Gornale di Mat., xi. 
pp. 86-89.] 


Gambardelli’s appendix, with its elementary account of isobaric 
functions and its illustrative examples, resembles Bruno’s paper of 
1856. It is his fifth example that explicitly concerns us, this being 
Brioschi’s of 1858. He might, however, with equal appropriateness 
and merely by equating two known expressions (Waring’s and 
Brioschi’s) have given us as his second example 


Get 
vy SG Pilea Rak Shs AR Moe ee ee ms 
3a Ag Ay i pS e (—1)***- (Se—1) 1 1 2 * 4 

) Gy) ey Si ent? 


Ady Gy A 
n 


and with no great additional trouble (see Glaisher 1879, infra) 


a% —l 

2d, Oy yd wii . 
3a 2d, Ay 3 rant oe ; a, 
48 Sa gi Qag he sa Se 
4 n 


as his third example. In this way inquiry might have been suggested 
as to the existence of a relation between isobaric functions and a 
certain form of recurrent. 
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BRUNO,. F. FAA DI (1873). 


[Sur les fonctions symétriques. Comptes Rendus.... Acad. des 
Scz. (Paris), lxxvi. pp. 163-168. ] 

Bruno here compensates for the above-mentioned inaccuracies 
in his Théorie de l Elimination by suggesting an improvement in 
the tabulation of the symmetric functions and by reprinting as 
illustrations the first eight tables. Table VI. appears as follows : 


ag GQ, | Byhq | Mg? | AO,” | ag0Q0,| 40,2 | ap? | a2? | Ao Ne Gye 
Za =| -6 6 6 3 -6 -12 Ceo 9 | -6 1 
Zep = 6 ~-1 -6 -3 1 ps ad 2 | -4 il 
Za4B? = 6 | -6 2 aid 2 4 -2 | -2 1 aor 
Za*6* = a -3 | -3 3 3 -3 0 1 Party aes 
Zatpy =| -6 1 Z 3 -1 -3 1 
2a pry = 
Za*By6 = 
Eatsty? = 
2a2B75 = 
DaByde = 
yaBydeg = 


It differs from Cayley’s in having Cayley’s 4" and 5 columns 
interchanged, and also the 7'" and 8" rows, thus exhibiting perfect 
axisymmetry and ensuring that in every case a partition and its 
conjugate shall be equidistant from the middle of the series: for 


example, 2 
Fy Litt. and slal 


liga Veal 
1 
Ly 
2.€. 4+2 and 2+2-+41-+1, 


in the third place from the beginning and the third place from the 
end respectively. 
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GUNTHER, 8. (1873, 1876). 

[Darstellung der Naherungswerthe von Kettenbriichen in inde- 
pendenter Form (pp. 41-46). iv+129 pp. Erlangen.] 
[Ueber aufsteigende Kettenbriiche. Zeitschrift f. Math. u. Phys., 
xxi. pp. 178-191.] 

Giinther points out that the numerator of the single fraction 

Ayboby.. «Dy + Gedgby.. By + Ady... Dp oH Gp-1Dn + Gn 
6,b,... 0, 4 
which is the equivalent of the so-called ‘ascending’ continued 
fraction 


en Ln 
= n 
+ . 
Ay + 72 
a, + 3 
a, 
by 
> 
b, 
or of 
ay ue) a3 Cy 


Tyillc, byob bhp aheae Galan, hea wees 
is expressible as a determinant, namely, 


a, —l 
ad, 6b, —1 
Qs b, —1 
Oe vf b,, a | =" fs ab 
Un b 


the form of which recalls Allegret’s of 1857. He also transforms 
a multiple of this into a continuant by performing the operations 
On-1*TOWn — Uy *TOWy-1; 
Ong *YOWy-1 — On. TOW -2, 


and thus shows that the given continued fraction is equal to the 
‘descending ’ continued fraction 


Oy, 


Ab, 
Ayb3-+ A, — 
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a result previously reached by Schlémilch * through the form 


a cl 
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STUDNICKA, F. J. (1874). 


[Ueber die independente Darstellung der n-ten Derivation von 
gebrochenen Functionen einer Veranderlichen. Sitzungsb.. . . 


bohm. Ges. d. Wiss. (Prag.), Jahrg. 1874, pp. 1-2.] 


The expression obtained for the n™ derivative of u/v is not 
essentially different from Spottiswoode’s of 1853, but is much less 
simple, being in fact Spottiswoode’s expression for the (n—1)” 
derivative of (vu’ —uv’) /v?. 


WEIHRAUCH, K. (1874). 


[Zur Determinantenlehre. Zeitschrift f. Math. u. Phys., xix. pp. 
354-360. ] 


When dealing with the number of terms in the final expansion of 
a zero-axial determinant (see below in chap. xxi.), Weihrauch 
proves in two ways (pp. 357-358) thatr 


(m), 1 . 

(m), (m—1), 1 . 

abi yee. 0), (iv shams] me 
(M)n—1 (m—1),,-» (m—2),-s (m—3),,-4 suey ie 1 

(m)n (m—1)n-1 (m—2),,-2 (m—3),,=3 omen’ (m—n-+l1), 


His initial form of expression for the said number of terms is also 
a recurrent. 
We may note in passing that Weihrauch’s result is readily 


* See Zeitschrift f. Math. u. Phys., iii. (1858), Literaturz., pp. 63-64; and for the 
subject generally Giinther’s Vermischte Untersuchungen zur Geschichte d. math. 
Wiss. (1876), pp. 93-135. 
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established by using the multiplication-theorem, the multiplier and 
product being, in the case of the 4" order, 


1 —(m),  (m), —(m), Lats 1 : 
1 —(m—1), (m—l1), : : 1 : 
1 —(m—2), : : 1 
1}, | —(m), (m—1); —(m—2), (m—3), | 
respectively. 


NAGELSBACH, H. (1874). 
[Zur independenten Darstellung der Bernoullischen Zahlen. Zeit- 
schrift f. Math. u. Phys., xix. pp. 219-233.] 


From recurrence-formulae Nagelsbach deduces four different 
ways of expressing a Bernoulli number by means of a determinant. 
The two simplest of the results are 


Berviel og: ee eae SE = = 
iG “5-7. In—+1) - 9-1 
5-60 be Oat ae 
Sig: gee he 
4 052 9a. 9) 
: rer ist 
and 
Qn-l 
B,=|1 3, 
. 2n+1)! 
ee ee a 
is Tata 
Tio Ostee: 
where r, stands for r(r—1) . . . (r—s+1)/s!. 


HAMMOND, J. (1875). 


[On the relation between Bernoulli’s numbers and the binomial 
coefficients. Proceed. London Math. Soc., vii. pp. 9-14.] 


Hammond’s fundamental result is 


2) 
sa) 9) 


et Oly ge oe- 
Vv ¢ p Wy" p” 3g’ |*' 
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where the values of W(x), W(x), ... when x = 0, are denoted by 
w, W’,.... It is an immediate consequence of Spottiswoode’s of 
1853 (Hist., u. p. 210) in regard to the n™ differential-quotient of 
v-(z)+¢(z). From consideration of the four special cases 

(a) W(x) = 2, p(x) = e&*—l, 

(b+) fz) =e—-1, (2) = &+41, 

(c) W(x) =sing, (x) = cosa, 

(d) W(a) = g, ¢(z) = sing, 
he obtains four expressions for the n‘" Bernoulli's number B,, 
namely, 


| at 
a cae : 2 


pase 1 12 i 
2n+1)! j Q2n__]) -9"-(m—1)! 
(2n +1) ene ( ) (7 —1) ee 
14 6 4 1 6 20 6 
2Q7 OBA Sy | 
_ eee lee | 53 : - al Ingeimates 
Den Ae | e es 2 1 ! Dag TS | 
ee yt a) Gag tet i105 
ohn nee 21 35 7 
PiT S621. | 


He also considers the case where (2) = 1 and $(zx) = cos, and 
obtains for the n'" Eulerian number E, the expression 


i ei oes 
oe I 
Patoc los At 
P25 10 1,28 


It is important to note, however, that all these are with equal 
appropriateness viewable as cases of Faure’s expression of 1855 
for the quotient of two power-series, 


Ge ee Ce xs 
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GLAISHER, J. W. L. (1876). 


[Expressions for Laplace’s coefficients, Bernoullian and Hulerian 


numbers, etc., as determinants. Messenger of Math., vi. pp. 
49-63. ] 


This paper seems consequent on Hammond’s, and implicitly 
recognises the fact that such a general result as Hammond’s or 
Faure’s enables any one to multiply instances at will. Thus, from 
consideration of the quotient x/(e*—1) Glaisher obtains Siacci’s 
expression for the n" Bernoulli number with the concomitant result, 


i 
x 1 
dh 7 aif 
Jieeo i d = 0; 
1 1 1 
ramen a 
2n-1 


also, by partitioning the original set of equations into two, he 
obtains from the one Scherk’s implied result (Hisé., i. p. 479), 


ak 
B, = 4-(2n)!| 5 1 
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Similarly, having reached Hammond’s first recurrent with the 
concomitant result, 


he obtains, by the like partitionment, 


1 


B, = 53 ee 2 - 
2-3-5... (2%+1 
eh capcom 
doe) Oleg) 
| aw Gy} es) 9) 
n+l 
and 
B eel iP a) 
n~ @n+2)! : 
Be hana ten, | 
16 AD pA 
1 8 28 70 | 
) mie 
To these expressions for B, have also to be added 
(Qn)! | 1, (Qn)!] 1 | 
g2n-1 (Q2n J) | 3! Q2n-1 | 31 
ape a | A met 
Bi a? Bae 
ao oly ol Fragma le a | 
Tat) 2) 7) Glo! 
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the one originating in the quotient tan z/x and the other in z/tan z. 
The latter, however, is readily obtained from Nagelsbach’s first 
expression of 1874 by dividing the rows in order by 3!, 5!,7!, .... 
and multiplyimg the columns in order by 0!, 2!,4!,.... We may 
note also that a like process of transformation applied to the other 
expression given under Nagelsbach leads to 
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Beals 5 Qn-1  (2n—1)! 
pe 
Bi a! 2 
Orient 
7! 6! at 2! 
Lcbosaed gy ote | 
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The other quotients considered are 
l/cosz, ax/log(1+z), I/e, 1/(1 —2ha+h?)?, 
the first leading to Scherk’s implied result, 
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the second to 
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the third to Trudi’s of 1862, and the fourth to 
1 1 a 
‘ ai At 
4(a?—1) sien al 
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as an expression for the so-called n‘" ‘ Laplace’s’ coefficient, that 
is to say, for the coefficient of h” in the expansion of the quotient 
in question. 

Tn a different and less satisfactory way the result, usually attri- 
buted * to Janni, 


a) — na, + 4n(n—l1)a, —... = | a 


n+l 
is obtained, the left-hand member of which becomes 
(1 —a)", ( —] PACO?; 
when for a, we substitute 
aie 7 a: 

respectively. 

Lastly, by differentiating expe” and its equivalent power-series, 
in which the coefficient of x” is e'*40"/n!, a set of equations is reached 
giving 


eo" =| 1 —-!1 
1 1 9 
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y 1 es 
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Hammond being the only previous writer referred to, and 
Faure’s general result being in substance arrived at, it might 
have been well to indicate the relationship that is established 
by merely substituting 

tay’ + samp" +..., ptad’'+tarp"+..., 
for the former's y(«), $ (a). 


* See below in chap. xx. under Janni (1876). 
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BRUNO, F. FAA DI (1876): GLAISHER, J. W. L. (1876). 


[THtorie DES Formes Brnalres (§§ 89, 90). xvi+320 pp. Turin.] 
[On certain determinants. Report... British Assoc., xlvi. (Glasgow), 
pp. 13-14.] 


To the tables of symmetric functions previously noted by us 
may now be added the table of ‘ weight eleven,’ giving the fifty-six 


functions Dal, La!9B, Xa°G?, Da®By, .... m terms of Ya, La B, 
LaBy,.... This Bruno reprints from a paper of his of the pre- 
ceding year (Nachrichten ... Ges. d. Wiss. (G6ttingen), 1875, 
pp. 390-393). 


In regard to the other paper, it is enough to say that the recur- 
rents appearing in it are connected with the Theory of Integers and 
resemble those of Sardi (1869). 


LUCAS, E. (1876, 1877). 


[Théorie nouvelle des nombres de Bernoulli et d’Euler. Comptes 
Rendus.... Acad. des Scr. (Paris), Ixxxiii. pp. 539-541; 
in full in Annali di Mat., viii. pp. 56-79.] 

[Sur les rapports qui existent entre le triangle arithmétique de 
Pascal et les nombres de Bernoulli. Nouv. Annales de Math., 
xv. pp. 497-499. ] 

[Sur les sommes des puissances semblables des nombres entiers. 

Nouv. Annales de Math., xvi. pp. 18-26.] 


Lucas’ main purpose is to point out a fecund source of recurrence- 
formulae for the sum S, of the 7° powers of the first integers. 
Having shown that by putting n, n—1, n—2,..., 1 for n in the 
identity 

(n+1)"—n? = (r) nr" +(r)n7P+. i... 
and adding there is obtained 
(n+1)"—1 = (7) S,1+(r)8,.+ . . . = (S+1)j-S,, say, 


and thence Siacci’s recurrent for (r+1)!8,, followed by a recurrent 
for the n Bernoulli’s number, he proceeds to say that instead of 
(n+1)"—n’ we might take 


F(nt+l)—f(n) = qn’ t+an+... +a,, 
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and thence obtain 

f(n+1)—f(1) = a8,+¢,8,4+ . . ~+4,8). 
As a matter of fact, however, the forms of f(n) which he finds useful 
are not very varied, being, in addition to n’, 
(n—l)’, (n—3)", n(n+1)...(n+r—1), 
the second of which leads to the recurrence-formula 

(2n+1)"—1 = (28+1)]-(2S—)], 
and thence to 
21.1.3-5.... (Qr+1)S, 

yl antiy 1 ‘ 
(2n+1)? 1 (3), : 
(20 “p)° 1 (5), (5), 


(2n+-1)""* 1 (2r—1), (2r—1), .... (27—Lere 


Qn+1y" 1 (r+l), (2r+l), 2... (2rt+Daors 
Since with Lucas the Bernoulli numbers, 8,, B,, 8, .... are 
-, ae = 0, —z0; 0, 73 0, —20 0, oe LEED 


our B, being thus equal to (—1)’"6,,, he is enabled to write 
Bernoulli’s relation in the form 
r(S,,—”"+) = (8+n),—8,, 
and thus obtain such recurrence-formulae as 
(6+1))—B, =Q, 
PAR jas the ly, 


STUDNICKA, F. J. (1877). 


[Ueber die independente Darstellung der n-ten Derivation einer 
Potenz, deren Basis und Exponent verschiedene Funktionen 
einer Variablen bilden. Sitewngsb.... Ges. d. Wiss. (Prag), 
pp. 368-373. ] 

[Weitere Beitrige zur Differentialrechnung. Sitzwngsb. .. . Ges. 

d. Wiss. (Prag), pp. 393-399. ] 


In the first of these papers the n‘ differential-quotient of w" is 


obtained in the form 
w’-A,, 


r+1+ 
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where 
An, =|¢ he 
$" $ rate 
pe” 24" ¢ 
GO> (Ty gest (1 eget Og 
and ¢ = vlog uw. 


The second paper is occupied with special cases of the corre- 
sponding expression for the n‘” differential-quotient of w/v. 


PELNAR, M. (1877): STUDNICKA, F. J. (1878) : 
MORENO, G. (1878). 
[O souctu m-tych mocnin Cisel fady prirozené. Casopis pro pésto- 
vdnt math. a fys., Vi. pp. 279-280. ] 


[Ueber eine neue Formel der Combinatorik. Zitzungsb. . . . Ges. 
d. Wiss. (Prag), pp. 295-298. ] 


[Dimostrazione di un teorema di Eisenstein (Nota *). Gornale 
di Mat., xvi. pp. 175-176 ; or Nouv. Corresp. Math., iv. p. 334; 
vi. pp. 79-81.] 


The result of the first paper is Siacci’s of 1865; that of the second 
paper is Sardi’s of 1867; and that of the third is Weihrauch’s of 
1874. 


7 WOLSTENHOLME, J. (1878). 
[MaTHEMATICAL PROBLEMS.... 2” edition. x+480pp. London.] 
Two fresh results are given. The first is 


‘Gye Al 
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Vv, = (a—1)" (27 —1),(a—1)"? sk (n—2), (a—1)"-$ pep ile 
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The value is also stated to be 


{(p"*?— pp) — (qr*2—g™*1q) | + (p—q)(p+q—2), 


where p, q are the roots of the equation «?—(a—1)a+1 = 0, and 
to be 


q osm pera (us2)64 
ay ca ee. sin @ 3 
where 2cos@ = 1—u. 


Next, the value of the n-line persymmetric recurrent, whose 
repeating elements in the successive diagonals are 


Se ee pee oats ry) Da sis 


respectively, is given equal to 


grits Pe meh + ey ee 
F(t) F' (®) SF (2) 
where f(z) = 2’—a,2°"+a,2—-—... ., and %, &) oa). + 5 Bp 


are the roots of the equation f(z) = 0. It is also noted that 
when each a becomes 1, the determinant vanishes, save when 


n=0 or 1 (mod 7), 


the value then being (— 1)r or (=1F respectively. The former 
statement recalls Brioschi’s general result of 1855 (Hist., ii. pp. 
212,...), the determinant being equal to the n'" aleph function 
of z,..., 2%. The latter cannot be right; for, if U,,, stands for 
the n-line persymmetric recurrent with 7 consecutive units in its 
first column, it is clear that 


,, = 1, and _U,, =0 when’ >1; 


the vanishing being due to the identity of the last two rows. Also, 
we have 


Pn get = Waa eae: ood +(—1)*°U,, ce (—1)*, 
Teen ee es tS ye suey a(t, 
Deas a Uni pc Uann-3t- eae .+(—1)"7U,, 


= Ui wh eae af n> 4, 
= (—l1)»®-(-1)" =0, ifa>4 


~ 
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JANNI, V. (1878). 


{Sopra una formola di Waring. Rendic.... Accad. delle Sci.... 
(Napoli), Anno xvii. pp. 27-31.] 
The determinant form (Hvst., i. p. 211) for s, in terms of the 
coefficients of the equation 
w+0,0" "+a" + .. . +a, = 0 
is taken, and expanded in terms of the elements of the first column 
and their complementary minors, the result being written 
(—1)'s, = a,D,_,—2a,D,_.+3a,D,_,— . 3 
He then expands the D’s as Trudi did in 1862; and making sub- 
stitution for them deduces Waring’s formula, as Trudi also did. 
Another contribution is noted in chap. xx., under Janni, 1876. 


GLAISHER, J. W. L. (1878). 
[On a class of determinants. Messenger of Math., vii. pp. 160-165.] 


The results here given by Glaisher are fairly evident consequences 
of Faure’s proposition of 1855, namely, that if 


1+b,0+bo?+ 2... 
ora 1—P,x+P.7?—Poy3+ 2... 
then P, =| a@—6, 1 


lm: 


First he says that if 

(l+ae-+ay?+ ..)t = 1—Ayw+A yz —Agi+ ..., 
it follows that A, is the same function of the a’s as a, is of the A’s, 
and that if in addition 


(1+6,¢-+6.0?+ .. .)-! = 1—B,v+B?—B+ ... , 
then we have 


qb 1. % (eo) 2b Ir BAe. 
n—0, Gye of Bees | B,—A, B, 1 
eee Bsa By 1 
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RECURRENTS (GLAISHER, 1878) 243 
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and other identities of like character. 


GLAISHER, J. W. L. (1879). 
[On a class of determinants, with a note on partitions. Messenger of 
Math., viii. pp. 158-167.] 
The differential-quotient of log(1+a,z+a.uv?+....) being the 
quotient of two power-series, Glaisher obtains with the help of 
Faure’s result 


(je fy “lL oear, 20 oe. 2S Coefiicient of 2°18 
ite, Wie sie log (1+a,7-+a.%?+ ...), 
3a, Gd &@ 1 
44, ds Gy 
i” 
and in similar fashion 
= a, —l : . ...+« | = Coefficient of x in 
24, a —2 Nees 7 Bis eXp (40+ ar7+.. .). 


303 2d, ay —3 


If we call the former coefficient b, we have 
exp (b,0+b2?+...)=1l+tame+amg+..., 


and therefore 
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By putting x for a, in the first result and noting that the function 
expanded in powers of x is then 


—log (l—zx) —log (1 —2?) + log (1+ 2%), 


it is found that 


12 
22 
32 
42 


wow — & 


= 0, 1, —3, 4, —3, 1 


bo He 
a 


when to the modulus 6 


n= 0, 1, 2, 3, 4, 5. 


Sunilarly, by putting n+1 for a, and noting that the function is 
then —2 log (1—z), it follows that 


ee 


n 


and by putting (n-+1)? for a,, the function then being 


we have 
13 
98 
38 
43 


12 
92 
82 
42 


log {(1+2)/(1—2)}, 


12 


92 2 "/"" | __ (—4 when n is even, 
32 92 7" "|" | 2 when n is odd. 


n 


The note on partitions is of still smaller interest from the point 
of view of determinants, and closes with a caution, that might — 
have been amplified, against using any of the recurrents of the paper 
for the practical purpose of finding the coefficients of the logarithmic 
expressions in question. The caution, indeed, also applies to his 
papers of 1876 and 1878, the three being considered by him as one 
and the paragraphs numbered accordingly. 
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STUDNICKA, F. J. (1879). 


[Notiz iiber einige Determinanten, in welchen Binomialcoefficienten 
als Elemente auftreten. Sitzwngsb. . . . Ges. d. Wiss. (Prag), 
pp. 292-295.] . 


One of the results is Trudi’s (see above under d’Ovidio), and the 
other is 


(m), (m), 1 aes 

(m)s (lp (my 1 2... |_| (+R—=1)y (m+0— Daa 

(m), (m)z3 (m)p (m), .... (M+7)ni1 (m+n—1), |, 
where the given persymmetric determinant is not itself a recurrent 
but a primary minor of such a determinant, and a simple case of 
Zeipel’s third form of 1865 (see chap. xx.). 

It is difficult, however, to see why Studnicka did not proceed 
with his evaluation. Performing on his two-line determinant the 
operations 

col,—col,, row,—row,, 
we obtain 
(M+N—2)nir (M+N—2)y |; 
and using on this the identity (h), = h!/k!(h—k)! we readily reach 


(m+n—1), < (m+n—1)nsy Fe 
m+tn—Il 


TANNER, H. W. L. (1879). 


[Question 6040. Educ. Times, xxxii. p. 243; Math. from Educ. 
Times, xxxvi. p. 83.] 


Tanner’s result,—in a less awkward form than his,—is 
(by (b)” 
(2B) OTD a na 
(3b)”* (3b) (3b)”” (3b)2”” / er ‘ | 
(nb) (nb)! (nb)? (nb)® 2... (mb) | 
ey pee LL OL BI. ns, 
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where 
b** = b(b—a)(b—2a). . . (b6—n—1- a). 


To the element in the (n, 1)” place Tanner has —(nb)"” annexed, 
the right-hand member being then 0. 


CROCCHI, L. (1879). 


[Una relazione fra le funzioni simmetriche semplici e le funzioni 
simmetriche complete. Giornale di Mat., xviii. pp. 377-380. ] 
The relation is Brioschi’s of 1857 connecting the s’s and alephs 

(Hést., ii. pp. 216-217). Crocchi, however, notes in addition that 


S1, S3,. . . are the same functions of the c’s as they (the s’s) are of 
the alephs, and that s, 84,.. . are the same functions of the c’s 
aS —Se, —S,4,. . . are of the alephs ; for example, 
5) = G, =, 
S=| G 1 =. | N 1 
26° ¢ 1 2m, N, 1 


He might readily have gone further and affirmed that ¢/ we have 
got the eran for the c’s in terms of the s’s we have only to change 
the 1, 2, 3,. . . of the minor diagonal into —1, —2, —3,...in 


order to a the expressions for the alephs in terms of the s’s; for 
example, 


q = S1, Ny = Sy, 
1 | 1 
Co — TN Sy i No = 31 Sy =i 
Sg 51 |, S § |, 
Teel 1 
C3 = 31, Sy 1 N35 = 3) Sy —]l 
| ee 
83 82. S|, Sg Sp» S|, 
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and that the alephs are the same functions of the c’s as the c’s are of 
the alephs ; for example, 


Ni = G, q =, 
No=ic¢ 1 | G&=|N, 1 

Cg , Re. Ny |, 
N,=l|cq, 1. Cz =([N, 1 

Cz ey ot Ne N, 1 

Cs f& GI, Ns RN. Nz I, 


As has already been pointed out, however (Hist., ii. p. 218), all 
these results are of less importance than the three sets of equations 
from which they are derived, namely, 


3,—c¢, = 0 N,—¢, = 0 —N, = 0 
S_g— $4Qy +26, =— a No— NyC, +Cy = | So +5,N,— 2, == 0 


They are but illustrations of the general proposition that the set 
of recurrence-formulae 
aP,+4,Q, = | 


b,P, +b,P,Q, +b3Q. =0 k 
oP 5+ CP2Q; +¢sP1Q.+64Q3 = 9 | 


gives P,. as a recurrent in terms of ‘Q,, Q,1, ...,» and at the 
same time Q, as a recurrent in terms of P,, P,_,,... .; for 
example, 
P23 = —|4Q, 4% ~~ |+ abc, Q3 = — OP, A . > Agb C4. 
b.Q, 5,Q, 5, bP, bP, bs 


C4Qs CaQe CoQ; ee OM ig OA 


CHAPTER VIII. 
WRONSKIANS, FROM 1862 TO 1874. 


SYLVESTER, J. J. (1862). 


[Sur une classe nouvelle d’équations différentielles et . . . . Comptes 
Rendus ... Acad. des Scr. (Paris), liv. pp. 129-132 ; or Collected. 
Math. Papers, ii. pp. 308-312. ] 


Taking the persymmetric Wronskian 


Y 4 Ye- Js 
4% Yo Ys Ys 
Y. Ys Ys Ys 
1Ys Ys Ys Yo}; 
where y, stands for d’y/dx’, Sylvester denotes it by 


Dy, 
and of course readily finds that 


d | . d2 
Ta P34) all halal peo: de (Dsy) — SU ney re 


Y Yo Ys | Wn Ye Yl 
tt shoe aon hg Ys Ys Y 
He then points out that on this account 
| d 
| Dey da (D,y) | 2 Dati) 
d a2 | » 1. 4 3 ; 
qo) gaa Dy) 


is a minor of the adjugate of D,y, and that therefore 


D,(Dsy) = Day - Day, 
the generalization being 


D(Dny) = Diy * Dn s1Y- 
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FUCHS, L. (1865). 
[Zur Theorie der linearen Differentialgleichungen mit verinderlichen 
Coefficienten. Crelle’s Journ., lxvi. pp. 121-160.] 


The second section of this (pp. 126-131) deals with the Wronskian, 
but not in any fresh connection. 


ZMURKO, W. (1871). 
[Dowdd na twierdzenie Hesse’go o wyznacaniku funkcyjnym. 
Pamietnik Towarzystwa Nauk Scislych w Paryzu, i. pp. 89-92.] 


The theorem here proved and spoken of as Hesse’s is the first of 
the two theorems of Hesse’s which had been previously reached by 
Christoffel (Hzst., u. p. 228). Zmurko had already dealt with the 
subject in 1866 (see above, p. 16). 


CAYLEY, A. (1872). 


[On Wronski’s theorem. Quart. Journ. of Math., xii. pp. 221-228 ; 
or Collected Math. Papers, ix. pp. 96—102.] 


Cayley first shows that in Wronski’s own form of development 
the “ loi oe ” is not more general than 


F(a) = 1 fF + phe eT ele 
me: te LiBige pits: pat aah 
ne Pte" (PF) 
Nee. VET ; S Ma Neen 
“T-2-3 g8| * i) seer er Pe 1.2 
eo” "(PRY 
6 REY 
aL Ae Seca oe Ae ow 
where F, 7, F’,... . stand for F(a), f(a), F(a),..., andaisa a 


of the equation “g(2) = 0, and therefore also ae ee, x) +A f(z) 
He then obtains, by the use of Lagrange’s theorem, the Bee 
form 


en Oe 
ra=PaTrg + TG) 


250 HISTORY OF THE THEORY OF DETERMINANTS 


where the conditions are the same save that (x—a)y, (x) is put for 
¢(z). As the first development of F(x) must be identical with the 
second, he is thus face to face with unverified evaluations of the 
Wronskians in the former of the two, and he sets himself the task 
of supplying the want. The procedure followed, however, is not 
at all attractive. 

It is impossible not to note the irony involved in Cayley’s use of 
Lagrange when we recall the object of Wronski’s Réfutation. 


FROBENIUS, G. (1873). 


[Ueber den Begriff der Irreductibilitat in der Theorie der linearen 
Differentialgleichungen. Crelle’s Journ., lxxvi. pp. 236-270. ] 


[Ueber die Determinante mehrerer Functionen einer Variabeln. 
Crelle’s Journ., xxvii. pp. 245-257. ] 


For the discussion of the subject of the first of these papers, the 
theorem regarding the vanishing of a Wronskian is found by 
Frobenius to be a requisite, and he consequently devotes §1 (pp. 
238-240) to the consideration of it. It would seem that he was 
thus led to the investigation of Wronskians in general, and apart 
from their relation to differential equations, for, after a brief interval, 
the second paper, a short methodically arranged exposition, was 
written. . 


Immediately following the definition comes Christoffel’s theorem 
of 1857, namely, 


WY. Ye. - -- > Y9n) = 9" WG Yo, Ya) 


the proof consisting in writing for y” in the right-hand member the 
determinant 


y 
y y ; 
ve 2y'. ¥ 


yr (My EMI) (m—2y"— sy 
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and then performing the multiplication in row-by-column fashion. 
From this identity, by substituting 1/y, for y and by noting that 


AY, = Wy, Yn) 
dx Y; YY 


, 


there comes the next result, namely, 
1 

W(H, omer. Yn) = po WLW (ys) Wr Yd), ore #19) W (4, Yn); 
1 


a condensation-theorem, we may note, similar to Chio’s for general 
determinants. (Hist., i. p. 80.) 

An interruption here takes place in order to establish the theorem 
of the previous paper, namely, that 7f W(y,, ..-, Yn) vanish identi- 
cally the y’s must be connected by a linear homogeneous relation with 
constant coefficients. The method of proof is gradational, the case 
for \ functions being made dependent on the case for \—1. Thus, 
it being given that 

Wy, ---5 Yr) = 9, 


it follows from the identity just established that 
WW (4,42), Wry) ----s Wyi.%)} = 0, 
and therefore by hypothesis that 
Wis 4s) +e, WUis 9) Fs +e Wyirys) = 0. 


This, however, through division by y,? can be written 


whence by integration followed by multiplication by y,, we have 


CY, +OYot --- + tQY = O 
as desired. 
Returning to the condensation-theorem, Frobenius by repeated 
use of it shows that 


Wy, weey Yn) = WLW, Yor Ys): W(%, Yar Ya) . » WY, Yor Yn) ; 
wy, Y>) i 
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and thence proceeds to establish generally that 


Wie, FLD Oe eS, a) 


W 1 W(t, . +. 5 Uy Oy i WV thy eh taG thea wero W (prety thes v,)} 
v-l e, 
TW(u,...,4,)} 


‘This, we may pause to remark, is viewable even in the simplest 
case as the resolution of a special compound Wronskian into factors, 
and is thus comparable with the series of identities given at the 
close of Christoffel’s paper (Hzst., ii. p. 227). 

The case where » is 2 is considered of special interest, and thereon 
the remainder of the investigation is based. It is first stated in 
the form 


W (Hm, LIC) Yr-1y Yirsis oy sas Yn> Yi» y) 
= WiW(y, COs) Yir-1» Yrsis Os Yas Yr)s W(y,- ane » Yr Yirsrs- Cit Yn» y)} 
IW alien « 5.th) 
but this is readily seen to be the same as 
Wigs 85 Yibue Peg eee os a) 
W (4H, Oe eee) Yn) W (y,, als ee 82-9 Yn) 
Bee CLS eet per ee eh 
Ox WW (GYinekt E) 4 


and the three important quotients here being denoted— not merely 
for shortness’ sake—by 


(Tyee, (= 1 PPG) (1) PG ee, 
we are free to put it in the form 
Co) 
2x Ply) = = Ply, %). 


A study of the z’s then follows (§§ 2, 3, pp. 248-252). Developing 
the determinant 


| ‘ 

| Y Yo Ee! A | 

| | 
Yi Yo,1 se Ynyt 
Yin-2 Yon-2 Be pi Yan -2 

| Yur Y2,n se Yun ) 


where y,,, stands for O*y,/Oz*, and which therefore is MWiGiop os ven 
when A = n—l, in terms of the elements of the last row and their 
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Wiz = +Y2% +.. 
Yix%4= = +Yei%. +.. 


Yi,n—2%1 +Yo,n-2%+ - - . 
Yin" +Y2,n-12%2+ . - - 


. Yrs y = | 
: TU niin = |, , 


complementaries, we obtain by taking \ in succession equal to 
. , 2—1 the set of equations 

+a «=U; 
5 +Y nin = 0, 


in which, as we may note for ourselves, the definition of the z’s is 
involved. If, for shortness’ sake, we put : 


Sap for Yra2iptY2,0%2,e+ © © © - EY na2np > 
we thus know that 
S00 = 810 = 8,9 = +. +» = 8p29 = 9, 
a Sriyo = I. 


But by differentiating s, 1,9 once, 8-2, twice, and so on, it is readily 
shown that more is known in regard to s,,s, that, indeed, 


0 <n-l1 
Sap = 4 if a+ £B- 
((—-1¥ tie 
Putting therefore « = 0, 6 = 0,1, 2, ..., n—1, we have 
ZY, +eYo +.... T2nYn = 0, 
2141 +242 +. enya = 0, 
Digit Zagat 2. 2 Fea nedn = 0, 


CUpnhier sn leaeo! & 6 e an an = (Fairs, 


and are face to face with the interesting fact that what we have 
reached is almost exactly producible from the previous set of 
equations by the interchange of y and z. Important conclusions 
follow of course with ease. In the first place, the determinant of 
the new set being W(z,,..., 2%) and not being zero, it is known 
that the z’s are not connected by a linear homogeneous relation 
with constant coefficients. Next, it is seen that the solution of the 


set is 
Y, = (- 1 WG: bobo g Beebe ey a. oe Zn) 
k W(2,, Ol Ce Mob) Zn) ) 


254 HISTORY OF THE THEORY OF DETERMINANTS 


and a comparison of this with the definition of z, makes it reasonable 
that the 2’s be termed the adjunct functions of the y’s. Less 
expected is the identity 


Wyn eu.) ei eee W Gases Sou) 


which is obtained by simply using the multiplication-theorem, and 
which, when k = 0, becomes 


W (Gi TES) OW Eines s Saas 
or, in words, the Wronskian of a set of functions and the Wronskian 
of the adjunct functions are algebraical reciprocals. 
The subjects of §§ 4, 5 (pp. 252-255) are the quotients P(y, z;), 
P(y), etc., and in the results, as might be expected, reciprocity is 
still a feature. 


The paper concludes (§6) with an application to differential 
equations. 


TRANSON, A. (1874). 


[Réflexions sur l’événement scientifique d’une formule publiée par 
Wronski en 1812, et démontrée par M. Cayley en 1873. Nowv. 
Annales de Math., xiii. pp. 161-174. ] 

[Loi des séries de Wronski: sa phoronomie. Nowv. Annales de 

Math., (2) xiii. pp. 305-318. ] 

The ‘formula’ referred to is Wronski’s “loi supréme,”’ which 
Cayley had dealt with two years before. Although in telling 
sympathetically the story of Wronski’s poorly appreciated labours 
Transon draws particular attention to the use of determinants, 
he merely restates (§ 4, pp. 313-315) the fundamental property of 
them enunciated in 1815 (Hist., i. pp. 475-476), and gives the 
simplest illustration possible. 


CASORATI, F. (1874). 
[Sui determinanti di funzioni. Mem... . Istituto Lombardo, xiii. 
pp. 181-187. ] 
When dealing with other forms of determinants whose elements 
are differential-coefficients, Casorati formulates two theorems 
regarding Wronskians. The first, however, is that more than once 
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already referred to as being due to Christoffel, and the second is a 
mere companion to it in which the introduced function appears as 
a divisor instead of a multiplier ; for example, 


Uv WwW 
wie 4) = = AWw, v, Ww). 
PASCH, M. (1874). 


[Note iiber die Determinanten, welche aus Functionen und deren 
Differentialen gebildet werden. Crelle’s Jowrn., lxxx. pp. 
177-182. ] 

Pasch’s addition to the theory is that ¢f the leading minor of the 
array 


y oy, Oy, 
Oe VOX” 
Oe Ye 
Y2 Gx Ox? 
Yn OYn 
Yn 3x Ox? 
—that 1s to say, the Wronskian of yy, Yo, .- ~ » Yn—vanishes identi- 


cally, every other n-line minor of the array vanishes also. 

Much more important is his acceptance from Rosanes (1872) of 
the conception of a determinant of more general form than the 
Wronskian, namely, the determinant 

DS 02 Fg t= OF Ya) Ok) BAY) WY yy Yor > - » Yn) 


where the y’s are functions of x,, %,,... , and where 
oy oy 
éy stands for u, ae, + Uy oa +..., 


cy  ,  6(dy), 
oy ” 6(6"y), 


and the v’s are any magnitudes whatever. To this new determinant 
¥ the above theorem regarding W is extended, and an application 
is made to binary quantics. 
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Connected with this application the interesting fact is brought 
forward that when y,, Yo, ---» Yn are binary quantics of one and the 


same degree, Rosanes’ determinant (1872) may be utilized instead of 
the Wronskian, the relation between the two being 


oN, Oly Ce : 
Oxi! Ox* Oy ee ee oy" 
Cru, (emlea opin. 
Ox} Ox” “ay 2 eta w oy 
ou, Oo” Ue Uy 
Oxon Ox"*oy ogee se ©) fue 
m(m—1)\(m—2)?.... (m—n+1)7 
7 yee) a ‘ W(u,, Ung, + + + ey Uy); 


where the w’s are binary m-thics. By way of proof it is only necessary 


to multiply the determinant on the left by y2"”~” in the form 


Py (nay @ ly a 
ye (n= 2) cy 4 Sa | 
alte ek Re aces | 
| 
Soi 
y? 


CHAPTER IX. 
JACOBIANS, FROM 1862 TO 1877. 


BRIOSCHI, F. (1863): HERMITE, C. (1863). 


[Sur la théorie des formes cubiques 4 trois indéterminées. Comptes 
Rendus .. . Acad. des. Sci. (Paris), lvi. pp. 304-307; or Opere 
Mat., iv. pp. 331-334.] 

[Extrait d’une lettre de M. Hermite 4 M. Brioschi. Crelle’s Journ., 

lxni. pp. 30-32 ; or Zuvres, ii. pp. 289-292. ] 


Brioschi points out that wu being a ternary cubic, H its Hessian 
and K its sextic covariant, the Jacobian of u, H, K is also a covariant. 
To this Hermite adds that the new covariant contains the dis- 
criminant as a factor, and that the variable cofactor is resolvable 
into three cubics. 


MALMSTEN, C. J. (1862): BERTRAND, J. (1864, 1870). 


[Mémoire sur l’intégration des équations différentielles. Journ. 
(de Liouville) de Math., (2) vi. pp. 257-374. ] 
[Déterminant d’un systéme de fonctions. Traité de Cale. Def. 
et de Calc. Int., 1. pp. 61-72. ] 

{Changement de variables dans les intégrales multiples. Tratté 

de Cale. Diff. et de Cale. Int., ii. pp. 468-469. ] 


These are really second-editions, the first being a free translation 
of Malmsten’s memoir of 1858, and the others being reproduced 
from Bertrand’s memoir of 1851. 

Bertrand adds seven interesting results to serve as exercises. 
One of them is an extension of the theorem regarding the vanishing 
of a Jacobian, namely, The necessary and sufficient condition that n 
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functions of n+h variables shall be connected by an equation inde- 
pendent of the said variables is that the Jacobian of the functions with 
respect to any n of the variables shall vanish. Two of them bear on 
the theorem concerning the condensation of the Jacobian into one 
product (Hist., i. p. 391). The first is familiar, namely, he alters 


x = pceosd | f z= Vp?—2—y? 

y=psinésiny; into 4 2 = pcosé 

; ape y = psin@siny, 
and so obtains 


O(z,y,.2) _ Oz Oa Oy _ p. 


DOE). 2p, 0b So ee 
In the second the data are 
I = COS gy 


%_ = sin g, COS dy 
Lz = sin d, Sin gy COS ds 


Tn = SIND, SIN Fg. . . . SIN Sn_1 COSGy) , 


and the result 
O(a, Lg, + + » In) é g : t 
— 4 = sin", - sin” 1¢4,- sin®™-*g..... a 
(dr, er++ +> gn) Pa ie) gs si" dy 


What may be viewed as an illustration of another theorem of 
Jacobi’s (Hist., 1. p. 389) is the result 


—1 -1 - 
Oa Satan oe es Sania) ee 
ae > 
O(n, a Ly) ee 


where 7,?-+%,?+...+2,?= 1. 


WOLSTENHOLME, J. (1868). 
[Question 4892. Hduc. Times, xxviii. p. 252; or Math. from Educ. 
Times, xxvi. pp. 104-105.] 
The theorem here dealt with is that of §15 of Jacobi’s memoir 
of 1841 (Hist., i. pp. 378-380). Any fresh interest is due to the 


example given in illustration of the simplest case of the theorem, 
namely, the Jacobian of 


+640, ax+bytcz, w+y2?+2%, be—cy, cr—az, ay -~ be; 


== 
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or, say, 
P, Q RB, AB, G 
with respect to a, b, c, x, y, z. This, because of the well-known 
relation 
P Q = 2 2 2 
lan| — ABO 
must vanish; and it is thus suggested to ask for an independent 
proof of the identity 


ee ee —z y 
ick Zz —2 
Zz —y 2 
=0 
a 2 c —b 
by —c a 
cz b—a 


Such a proof is not given.* 


BAEHR, G. F. W. (1864). 


[Note sur le changement des variables dans les intégrales multiples. 
Archw d. Math. u. Phys., xii. pp. 453-495.] 


The relevant theorem regarding the Jacobian is dealt with on 
pp. 474-479. ‘ 


COMBESCURE, E. (1867). 


[Sur les déterminants fonctionnels, et.... Annales sci. de 
Ecole Norm. Sup. (1), iv. pp. 93-131.] 


* One, however, will be found in the fact that the columns of the determinant 

are connected by the equation 
Reol, — Qcol,+ Pcol, —- A col,—-Bceol,—-Ccol, = 0. 

But it is also interesting to note that, if we express the determinant in terms 
of the minors formed from the first three rows and the minors complementary 
to these, we find that Q is a factor of each term of the development, and that the 
cofactor vanishes because it is equal to 
PQ 


pu wth + B+ OF. 


260 HISTORY OF THE THEORY OF DETERMINANTS 


CLIFFORD, W. K. (1864). 


[On Jacobians and polar opposites. O.C. and D. Messenger of Math.. 
ii. pp. 229-239; or Math. Papers, pp. 23-33. ] 
In accordance with Cayley’s usage of 1843, the statement 
aU wv wv 
Oz Oy ez 
aL ob oh 
On Oy 2 
means that all the principal minors of the array vanish: and in 


view of Donkin’s notation for Jacobians a natural abridgment 
of this would be 


=10 


OTD) os 

O(a, yz)” 
—an abridgment actually found in a later paper of Cayley’s (Quart. 
Journ. of Math., xiv. 1876, p. 295). Clifford, however, extends 
to the array the name ‘Jacobian’ and views it merely as a locus. 
Thus U = 0 being the trilinear equation. of a conic, and L= 0 
that of a straight line, the array, called ‘the Jacobian of U and L,’ 
represents the pole of L with respect to U. The paper is otherwise 
wholly geometrical. 


BOOLE, G. (1865). 
[A Treatise ON DIFFERENTIAL Equations. 2nd edition, pp. 24-25. 
Supplementary vol., pp. 56-59. ] 


In establishing the simplest case of the theorem regarding the 
vanishing of a Jacobian Boole had closely followed Jacobi (Hist., 
i. pp. 365-366). Later, when generalizing, the datum now being 


Oy; thes, «0s » Un) _ 0 

O(a Page ee ; 
he keeps the old path only up to the point of showing that u,, can 
be expressed as a function of %, Up, ..., Up, 2. He then, without 


any apparent advantage, introduces differentials, showing that the 
equation 
Wn ayy 4 en 


nn ou, + 
ou, 4 


OUgt... + oe 


Un 
ily Dina OUn4 + On Oy = 0 
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must be a consequence of the equations 
Ou, = 0, Olg=0,..., Uy = 0, 
and that therefore 


from which, as before, the required conclusion can be drawn. 


LIPSCHITZ, R. (1866). 


_ [Ueber gewisse Beziehungen zwischen raumlichen Gebilden. Crelle’s 
Journ., lxvi. pp. 267-284. ] 


Incidentally rae shows (pp. 279-280) that if 
= af (2; Le, ie oe Ln) 


= Sa I( Ly, Vay ta x.y. Ly) 
Py SCM a al A 
then 
O(gr, Gar - - - > Pa) _ fn of of 
oe one ae & =f (test + os ae 


The proof is hardly needed. 


NATANI, L. (1867). 


[Substitution, lineare. Hoffmann’s Math. Worterbuch, vi. pp. 
605-685. ] 


Seemingly, as an extension of Hesse’s theorem of 1844 (Hist., ii. 
pp. 235-237), Natani gives the rather loosely worded proposition 
that af there be n homogeneous equations, all but one of the same 
degree, the partial differential-quotients of the Jacobian are proportional 
to those of the function of unique degree. 

We prefer to substitute the following :—Jf u,, u,..., Uy, be 
homogeneous functions of X,, X., -.-,Xn, the first n—1 of them 
being of the p” degree and the last of the q’” ae then 


ama: Set 0 + a—Pigg-(mafae) 
x5 =P WE “ alt NI+(q—- P) se (cfm) | 
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where J stands for the Jacobian of the u’s with respect to the x’s, and 
| [11] (22). . . [nn] | 

for the adjugate of the Jacobian. Thus, when n = 3 we have 

Qu, Ory Oty Ou, 


Fa es ere » Ty = da, P O25)’ Sy si eee 
Cos ile a ils ir ae 
PMs Oty Ong On, Ps oa, OX, Oe PMs 
Os Clg Ouls tls Os Os 
qus Op a Bay Gus Or, Oa, Oa» qus 
or 2,5 = puy[ lr] + pusl2r] +qual3], 


and differentiating with respect to x, there results 


2 oa = (py + pir] =) 
+ (pu Up 1, pl2r] 52) 
+ (qu, 2) + g[3r) 9), 
=p > et +p > [else 
+(q—p)us ee “Ge (an 


Olt 
=p Yul + 0-4(¢—pz (ul). 
ety a differentiating with respect to 7 we have 
el te) 
Se = Pt Ad + (p—1)5 + (gp) a (ual). 
If, now, for a set of values of the x’s the u’s vanish, these equalities 


become 
i) 
= (q— p37] aI 


=(o—p)lst) a a 


and therefore for the sa et of values 
OW a _ Os Ou 
OX, Ot, 08, Om,’ 


as Natani asserts. 


JACOBIANS (NEUMANN, 1868) 263 


NEUMANN, C. (1868). 
[Zur Theorie der Functionaldeterminanten. Math. Annalen, i. 
pp. 208-209. ] 


-This is merely an unexpected verification of Jacobi’s ‘ fundamental 
lemma’ of 1844 (Hist., ii. pp. 230-234). 


CLEBSCH, A. (1868). 


[Ueber eine Eigenschaft von Functionaldeterminanten. Crelle’s 
Journ., |xix. pp. 355-358. ] 

[Note zu dem Aufsatze “Ueber eine Eigenschaft....” Orelle’s 
Journ., |xx. pp. 175-181.] 

The property in question is to the effect that If u,, u,, us,... 
be n+1 homogeneous integral functions of the r degree in the n 
variables X,, X_, X3,-- +3 Vy; Vor- +--+» Vas be the set of Jacobians 
formed from the u’s; and W,, Wo,..., Wns the set formed in like 
manner from the v’s ; then 

bea as er ee 

Se ee 
By way of proof it is shown that, whatever values the a’s and b’s 
may have, the last row of the determinant 


Ov; OY, Ov, 


— hoe 1 a b 
OL, OM, On : ‘ 
OV, Ov, OV, 4 b 
On, OL, vf ewe Oy 2 2 
Wns Ons nt TOE b ; 
GOW) Yoon i re sd 
rae » ait, Yd 


can be made to vanish : that therefore 


Shit Saw, an Sart bw = 0; 
and that therefore, “by putting the coefficients of the products 
a,b, separately equal to zero,” there results 
Up/W,.— Uj,W, = 0 
as desired. 
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The problem of finding the common multiplier connecting any w 
with the corresponding u is only touched on in the first paper, but 
is fully solved in the second. 


GILBERT, PH. (1869). 


[Sur une propriété des déterminants fonctionnels et son application 
au développement des fonctions implicites. Nouv. Mém. de 
V Acad. roy. de Belgique, xxxviii. pp. 1-12.] 

The real character of the property in question is somewhat 
obscured by being discussed along with its application to the 
problem of extending Lagrange’s theorem for the expansion of 
F(u) in a series of ascending powers of « when 


w= ataf(u). 
It may be freed of unessentials and conveniently formulated as 
follows: If the differential-coefficients of u,,U,.,.. . , U, with respect 
to x be proportional to the differential-coefficvents with respect to €, the 
common ratio being p, and the u’s be also functions of a,,ag,..- 5 ap, 
then 


te) {oe phe. a 2195 (0,7. , U,)| Op. te) 
ox VOtaie s & Ge ag) of Olan eees)s O(a See 
All that is given by way of proof is a verification for the first three 
cases. For example, when n is 1, the right-hand member 
= 219 za _ 0(%, 9) 
OF" Oa) O(a, €) 
Poy | Of By _ Duy OG | Dey OG 


Acree O€ Oa, Oa, 0€ O€ Oa, 
Ou, fe OU, Go) 2 10 (¢ a) 


aetObeate checaa mee oF 
= a) = the left-hand member. 
a, Ox 


The case where n is 2 is made dependeat on this, there being then 
the two given equations 


OU, _ , OW OU, OU, . 


CTU AY Sibel ii 


JACOBIANS (GILBERT, 1869) 265 


and the case where n is 3 is similarly made to rest on the cases n = 1, 
m = 2. The work of verification, however, increases seriously with 
each step. 


IMSCHENETSKY, V. G. (1869). 


(Sur l’intégration des équations aux dérivées partielles du premier 
ordre. Archiv d. Math. u. Phys., 1. pp. 278-474.] 

The third section of the first chapter (pp. 284-287) of Imschenet- 
sky’s memoir is devoted to a full and carefully expressed proof of 
the theorem regarding the vanishing of the Jacobian. What is of 
interest in it is the mode in which the Jacobian is shown by the 
translator J. Hoiiel to be expressible as a single product. The 


functions of z,,..., %, beng u,,... , u, there is first deduced 
by elimination 
U, = $,(%, +--+ + Ln), 
Uy = $o(Uy, B+ -- » Lp); 
Us = p3(Uy, Us, Hs,- ++ + 5 Ln); 
Un = pn(Uy, Ugy ss eos Unis Ln), 
and then unity in the form 
1 
2b, | 
OU, 
_ 23 _ obs don 
OU, Ws, 


is multiplied in row-by-column fashion by 


Oh ess, gy OCD. s+ sy Lp), 
the result obtained being 
Og, Cb, Or 
Of, Ck, Os 
Oh, Ops 
0%, 0% 
Ops 


OL, 
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by reason of the equality * 


Odr OU, Oder OUr_y 
OU, Oats cheek Or] CLs 


Opr __ Oy 
Ot, Cks 

A comparison of this with Baltzer’s procedure of 1857 and 1864 
will be found instructive. In his edition of 1870 a change was made. 


+ 


KRONECKER, L. (1869). 


[Bemerkungen zur Determinanten-Theorie. (Auszug aus Briefen 
an Herrn Baltzer.) Crelle’s Journ., Ixxii. pp. 152-175; or 
Werke, 1. pp. 237-269. ] 


Kronecker’s second note (pp. 153-158) contains suggestions for 
the improvement of § 12 of Baltzer’s third edition. He prefers (§ 1) 
to establish at an early stage Jacobi’s theorem regarding the 
Jacobian of the y’s with respect to the z’s when 


Bigs 5 Yar Bs eg Oe en Pee. hy en ee 
and thence to deduce the otherwise known results (a) where F, 
does not involve 7,, 2%, .... , % 3 (0) where 

Fi = —yi + film, %,----, Bp); 
(c) when the given equations are such that 
Ys = Yr Yor - + + +s Yrs By os. »)5 


these results being 


ons oF, , | oF, oF, 
(a) eam. onan oy tt By, > 
of, fn 
Oe ras = 
(c) fs ieee 


The rest of the paper (§§ 2,3) is devoted to a critical examination 
of the nature of the relation which exists among the y’s when their 
Jacobian with respect to the x’s vanishes. 


* In differentiating, with respect to «,, the members of 


Ur=r(Uyy Ug, +. +4 Up iy Ury Ertiy ++. 5 Bn), 
the term O¢,/0x, occurs only when 7 = s. 
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TRZASKA, W. (1871). 
[O pewnem zastosowaniu wyznacznikéw funkeyjnych. Pamietnik 
Towarzystwa Nauk Scislych w Paryzu, i. pp. 113-121.*] 


‘The theorem here dealt with is an extension of one noted by 
Bertrand in 1864. In order to suggest the mode of proof it may be 
conveniently formulated as follows: The necessary and sufficient 


condition that the functions uy, Us, .. . , U, of the independent variables 
Xj, X_,..., X, Shall satisfy p relations independent of these variables 
as that the leading minor of the (a—p)” order in the n-by-m array 

ou, OU, Ou, Ou, ou, 

ORGIOS re b AGT ORs) BY IR 8 pi KORS: 

ou, OU, ou, ou, Ou, 

On NOx, ee On RO it Oxy 

Oe Oy. (| iy s,| ees Us 

Ce Nel hes! tgOR a FONG ne we kt inl) OK 

Ou, OU, Ou, Ou, OUy 

Cie Oy ay Oe SOR a OR at OR 


shall not vanish, but that all the minors of the (an—p-+1)” order 
obtained by bordering the said leading minor shall vanish. 

On putting p = 1 and m = n+h we have the case given by 
Bertrand, and on further putting h = 0 we reach the fundamental 
case dealt with by Jacobi. 


MINCHIN G. M. (1871). 
[Elementary demonstration of a fundamental theorem. Quart. 
Journ. of Math., xii. pp. 172-175.] 
The theorem in question is that of which the conclusion is 
Os awe tosis Yn) O(%y, Uy sss - Tn) _ 12 
et ee WP OO Ue, 2s oe Yn) 
and the demonstration is based on the fact that the Jacobian is the 
determinant of the set of equations which give the increments 


*Or Baraniecki’s text-book, chap. xii. §118. 
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accruing to the functions as the result of assigning arbitrary incre- 
ments to the independent variables. The procedure is far from 
direct, and has no special claim to be called ‘ elementary.’ 


ROSANES, J. (1872). 
(See under this heading in chap. xxii.) 


SPOTTISWOODE, W. (1872). 


[Remarks on some recent generalizations of Algebra. Proceed. 
London Math. Soc., iv. pp. 147-164.] 


One of Spottiswoode’s ‘ remarks ’ is (pp. 162-163) that 


OY, Bias Ae aS Yn) ine ay 
Ole 5 ae 5-1) On 
if 
Y = Yi teYot - - + + Fenn 
and = 6,0, tet... . +enIn, 
where ¢€,, &,...., é, are a set of ‘algebraic keys’ or ‘alter- 


nating units’ The reason for this is that we have two 
expressions for oy/dx,, one from each of the assumed equalities, 
namely, 


ie) i) OYn i) 
est + ep +. ae + ene and ane 
We have only then to give 7 in succession the values 1, 2,...., 7 


and multiply. 
By way of application a theorem in Jacobians is got from the 


identity 
O n io) n 
(2) Gy) = 


FALK, M. (1874, 1876). 


[Om funktionaldeterminanter.  Tidskrift f. Mat. och Fys., v. 
pp. 193-206.] 


[Bearbetning af nadgra teorier ang&ende differentialeqvationer. 
Dissert. 57 pp. Helsingfors.] 


The first paper is an elementary exposition embodying three of 
the main properties: it may be viewed as a first edition of § 4 


\ 
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(pp. 45-59) of the “ Larobok” of 1876. The second paper opens 
with a section bearing the same title and dealing still more briefly 
with the same matters. 


CASORATI, F. (1874). 


[Sui determinanti di funzioni. Mem... . Istituto Lombardo ... 
xii. pp. 181-187.] 

This paper is avowedly suggested by a part of Jacobi’s of 1833, 
Casorati’s purpose being to establish additional theorems regarding 
the two forms of determinant—the Jacobian and pre-Jacobian— 
dealt with by his predecessor, and to formulate analogous theorems 
for the Wronskian and Hessian. It is thus a study of the effect 
produced on such determinants by multiplying or dividing all the 
functions involved in them by another function of the same variables. 

To Jacobi’s theorem 


J fu, fy fw) = aK (ft 0, wv), 


fu % 
So Uz Vz We 
: | Sz Us Vs Wz], 
where the suffixes 1, 2, 3 denote differentiation with respect to x, y, z 
respectively, there is given the companion 
O( fu, fr, fw) _ fr3| f 
Of, Y 2) 


and to Jacobi’s 
K( fu, f-v, fw) = f-K(u, v, w) 
the companion 
K(fu, fo, fw) = fPK(u, », w). 
Attention is then drawn to the fact that Jacobi’s first theorem 
involves the proposition that any pre-Jacobian may be expressed 
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by means of a Jacobian; and that thus, on using the well-known 
double theorem regarding the vanishing of a Jacobian, we obtain 
a corresponding theorem regarding the pre-Jacobian, namely, If the 
pre-Jacobian of a set of functions vanishes, the functions are connected 
by a homogeneous relation: and if a set of functions be connected by 

_a@ homogeneous relation, their pre-Jacobian with respect to a common 
set of variables vanishes. 

Of course this pair of theorems can also be established inde- 
pendently, and Casorati does so establish them. For example, it 
being given that 

F(u, v, w) = 0, 
and that F is a homogeneous relation, he has at once from Euler 


or oF oF 
UA ea or ae, => 0, 


and by simple differentiation 
OF Ou | OF dv | OF ow _ 
CUS On 100 teva OW CEE, 
OF du , OF ov, OF ow _ 
Ou Oy Ou toy, “ON yn 2 

so that on eliminating oF /du, oF /dv, OF /ow there results 


0, 


U0, An 
On this, however, we may note for ourselves that if wu, v, w be 
functions of more than two variables, say of x, y, z, we have 
WU Uy Us Ve 
OU. Ur) Ve [Uy - il = 9, 
wD Wh” 2, Tas 


one of the group of vanishing three-line determinants being the 
Jacobian, as is proper. 


CROCCHI, L. (1878). 
(See under this heading in chap. v.) 
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NANSON, E. J. (1877). 


[Elementary proof of a theorem in functional determinants. Mes- 
senger of Math., vii. pp. 120-121.] 


This is an attempt to generalize the mode of proof by Boole (and 
much earlier by Jacobi) to establish a connection between wu and v 
when 0(u, v)/d(z, y) = 0. It seemingly avoids the method of 
‘induction,’ but it does so by being made to rest on the contra- 
positive proposition.* 


* The case immediately following Boole’s is where wu, v, w are given functions 
of z, y, zand O(u, v, w)/O(x, y, z) = 0. Proceeding exactly as he does, we may 
consider x, y eliminated, and the resulting equation expressed in the form 


w= fu, v, 2). 
From this we obtain 

dw _ Of du , Fa 
Ca ~ Qu Ox Ov Ox 
Ow _ Of ou , OF ov 
Oy ~ Ou dy * G& By 
OE, 0 tn sis OF SOL 
Cz Ou cz lei (Oe eras) 


and these three equations enable us to reduce the last row of the vanishing 
Jacobian to 
OF. 0; of, 


Cz’ 
oS Olu, Olu, v) 
Oz O(a, y) 


Now it cannot be that the second factor here is 9, for, if it were, u and v would 
by the previous case be independent : hence 

Q 
and therefore f is independent of z,—that is to say, w is a function of w an 
v only. 


so that we have 
=, 0) 


CHAPTER X. 
SKEW DETERMINANTS AND PFAFFIANS, FROM 1861 TO 1880. 


THE corresponding chapter in the preceding volume did not end 
with 1860, but brought the record up to 1865. There ought there- 
fore to have been included in it a note of Sylvester’s of 1861; the 
omission is herewith rectified. To the same longer period belongs 
Clebsch’s memoir, ‘‘ Ueber das Pfaff’sche Problem ” (Crelle’s Journ., 
lx. pp. 193-251, lxi. pp. 146-179). In this case, however, the 
omission was intentional, as Clebsch, unlike Frobenius the author 
of an equally long memoir with the same title, does not devote any 
special attention to the determinants which he uses. 


SYLVESTER, J. J. (1861). 


[Generalization of a theorem of Cauchy on arrangements. Philos. 
Magazine, xxii. pp. 378-382; or Collected Math. Papers, ii. 
pp. 290-293. ] 

In the third footnote Sylvester incidentally states that ‘polar’ 
would in his opinion be a better name than ‘skew,’ and he defines 
a Pfaffian as a “sum of quantities typifiable completely, both as 
to sign and magnitude, by a duadic syntheme of 2n elements.” 


NATANI, L. (1867). 


{Substitution, lineare. Hoffmann’s Math. Worterbuch, vi. pp. 
605-685. ] 


Natani’s §5 (pp. 618-621) concerns “symmetrische und sym- 
metrale Determinanten,” the latter adjective (symmetral) being 


SKEW DETERMINANTS (NATANI, 1867) 273 


introduced as an equivalent for ‘ zero-axial skew.’ When the skew 
determinant has not a zero diagonal, he calls it ‘improperly sym- 
metral ’ (wneigentlich symmetral). 


VELTMANN, W. (1871): MERTENS, F. (1876). 


[Beitrage zur Theorie der Determinanten. Zeitschrift f. Math. u. 
Phys., xvi. pp. 516-525. ] 

[Ueber die Determinanten, deren correspondirende Elemente a,, 
and a,, entgegengesetzt gleich sind. Crelle’s Journ., lxxxii. 
pp. 207-211.] 

The two parts of the fundamental proposition regarding zero- 
axial skew determinants are here established from a direct 
consideration of the terms of the final development of a general 
determinant as set forth by Cauchy in 1841. This, as we have 
seen, had already been done by Cayley himself in 1860: Veltmann 
and Mertens, however, arrange their matter with greater care 
and in much fuller detail. 


CLIFFORD, W. K. (1873 2). 


[On Pfaffians. Math, Papers, pp. 535-537. ] 

In § 1 of this posthumously printed note Clifford defines a Pfaffian 
by means of what, following Hankel, he calls ‘ alternate units.’ * 
Such a definition was of course to be expected in view of the 
analogous definition of a determinant involved in the work of Grass- 
mann (1844) and Cauchy (1847). Forming a linear function of 
the binary products of four alternate units, 1,, t, 13, 4, say the 
function 

Cyolyly H Aygtylg + Oy glyty T Aggtotg + Aygtoly + Uggtala > 
and raising it to the second power, we obtain 
2 (4 Aggy 3% 94 + Oyy%o3) ty tol sty» 


in which the Pfaffian of the second degree appears as a factor. 
It is the general result including this which Clifford uses, his 


*Cauchy’s ‘clefs algébriques’ (1847): Sylvester’s ‘polar umbrae’ (1862) : 
Hankel’s ‘ alternirende Einheiten ’ (1867). 
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definition being in effect that a Pfaffian of the n’ order is the 
cofactor of nlit,... t, mM the expansion of the n” power of a 
linear function of the binary products of the 2n alternate unis 
iy lg, oe 6 9 lone 

In § 2 he obtains a more complicated result, which might in like 
fashion be used as the definition of a zero-axial skew determinant. 


HOVESTADT, . (1873). 


[Ueber eine mit dem Problem der kleinen Schwingungen verwandte 
Aufgabe. Dissert. Bonn.] 


According to Lipschitz * this deals with the properties of a skew 
determinant with univarial diagonal. 


CUNNINGHAM, A. (1874). 


[An investigation of the number of constituents, elements and minors 
of a determinant. Quart. Journ. of Scv., (2), iv. pp. 212-228.] 


Cunningham devotes §§11, 12 to the number of terms in skew 
and zero-axial skew determinants; but, as in the case of axi- 
symmetric determinants, he makes an oversight, and his results 
are correct only as far as the seventh order. He concerns himself 
also (§ 15) with the number of k-line minors in an n-line zero-axial 
skew determinant. 


GUNTHER, S. (1875, 1877). 


[LenRBucH DER DETERMINANTEN-THEORIE, ... . viii+236 pp- 
Zweite Aufl. x1i+209 pp. Erlangen. ] 


In his exposition of the elementary properties of skew determi- 
nants (pp. 95-106) Giinther draws attention to a still more specialized 
form, namely, a determinant of the 2m" order, which, besides being 
zero-axial skew, is symmetric with respect to the secondary diagonal, 


* Sitzungsberichte.... Akad. d. Wiss. (Berlin), 1890, p. 508. The dissertation 
I have not seen. 
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and which can be shown to be equal to the square * of a determinant 
of the m order ; for example, 


OG HMIIGes vain 
ate Te MR PMG, 
wre eel mips! Ayank e atd b+te |? 
—e —g —k f fh ha eee iin Ueto 
as —b+e —f+tg k 


| —d —h —g —f 

—e —d —c —b —a 
He does not, however, note that, by changing the signs of the last 
m rows, the determinant becomes centro-symmetric, and that there- 
fore, by Zehfuss’ theorem of 1862, it is equal to 


(-—1) i: a+td b-+c —e a—d b—c | 
—a+d h f+g{.| —a—d —h f-—g 
—bte —ftg k —b—ce —f—g -—k|, 


where either determinant can be made the conjugate of the other 
by changing the signs of all its rows or of all its columns. Nor does 
he note the deduction regarding an axisymmetric Pfaffian. 


FROBENIUS, G. (1876). 
[Ueber das Pfaff’sche Problem. Crelle’s Journ., |xxxii. pp. 230-315. ] 


In the section (§ 4) dealing with, general determinants the theorem 
last reached by Frobenius, as we have seen, concerned a determinant 
having an m-row array and an m-column array, each with a non- 
vanishing m-line minor and yet having no non-vanishing minors of 
the (m-+1)™ order. Applying this theorem to determinants of 
special form he obtained at once three corollaries, namely, 

(1) If in an axisymmetric t or zero-aaval skew determinant there 
be an m-line minor that does not vanish while all the (ma +-1)-line minors 
do vanish, then the coaxial minor of the oblong array to which the non- 
vanishing minor belongs must also be different from 0. 

(2) If in a zero-axial skew determinant m is the highest order of 
non-vanishing minors, then m is even, and among the sard non-vamshing 
minors there must be coasial minors. 


* To the square Giinther prefixes (—1)” in the first edition and + in the second. 
+ See Hesse’s Vorles. ... Geometrie des Raumes, 3 Ausg. (1876), pp. 453-454. 
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(3) If in a zero-awial skew determinant all the minors of the 2r” 
order vanish, so also must all the minors of the (2r—1)” order. 

Holding these results to be of special importance in connection 
with the main subject of his paper, he devotes a section (§ 5, pp. 242— 
245) to the independent consideration of them. As a basis to start 
with, it is affirmed that ¢f a zero-awial skew determinant of even order 
vanishes, so likewise do all its primary minors. The proof consists 
in noting that in any vanishing determinant | @,,| we have 


AgsApe = AagAga; 
and that as regards the special kind here in question we have further 
Aa = 0°) Ags ya A = — Aggy, 
the result thus being at once 
Ace = 0, 


as desired. Following on this comes the theorem: If im a zero- 
axial skew determinant * there be a coaxial minor of the 2r order 
that does not vanish, while all those coaxial minors formable from tt 
by appending two additional rows and columns do vanish, then all 
the minors of the (2r+1)” order vanish also. This is reached by 
applying the preceding theorem to the given vanishing coaxial 
minors of the (27-+-2)" order, the result being proof of the vanishing 
of a sufficient number of minors of the (2r-+1)™ order to enable us 
to assert the vanishing of them all. Following on this again comes 
a direct deduction from it, obtained by noting that since all the 
minors of the (2r+1)" order vanish, so also must all those of the 
(2r-+2)" order, and that therefore, by attending only to those of 
the latter that are coaxial, we can affirm the vanishing of all the 
Pfaffians of the (r+1)" order. There is thus obtained the analogue 
in Pfaffians to the well-known theorem in determinants which has 
just been used at the close of the preceding proof. It may be 
formulated as follows: If in any Pfafian there be a minor of the 
r” order that does not vanish, while all those minors formable from it 
by appending two additional frame-lines do vanish, then all the other 


* Asa rule Frobenius uses ‘ schief ’ not for ‘ gauche’ but for ‘ gauche symétrique ’: 
on p. 241 the word ‘ alternirend ’ is also applied to a skew symmetric array. 
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minors of the (t+1)" order vanish also. Thus, using the oldest 
notation for Pfaffians, we know herefrom that with the data 


(1234) + 0, 
(123456) = 0, (123457) = 0, (123458) = 0, 
(123467) = 0, (123468) = 0, 
(123478) = 0, 
we can assert that all the other six-line minors of (12345678) vanish 
also. 


TANNER, H. W. L. (1878). 
[A theorem relating to Pfaffians. Messenger of Math., viii. pp. 56-60. ] 


In Tanner’s words, this important theorem is that ‘ any relation 
between Pfaffians is true of their complementaries, provided the relation 
be made homogeneous.’ Unfortunately his proof (pp. 58-59) is little 
more than a verification of particular instances. A note is added 
by Cayley, who suggests that the true form of enunciation should 
be: If the elements of the principal Pfaffian be replaced by their 
cofactors, then each minor Pfaffian 1s converted into its complementary. 
Thus, the principal Pfaffian being [123456], so that the cofactors 
of 12, 13,.... are [3456], [4562],...., Tanner says that if the 
telation 

12-34—13-24+14-23 = [1234] 
hold, then also must the relation * 
[8456 ][5612]— [4562 ][5613]+[5623][4561] = 56-[123456]. 


Cayley, on the other hand, says in effect that the second is a case 
of the first, namely, the case in which [3456], [5612],.... are 
substituted for 12, 34,.... 

Whatever view we take, it is clear that Cayley’s remark suggests 
a mode of proving Tanner’s theorem, the only requirement in the 
given example being to show that the compound Pfaffian which 
[1234] becomes as a result of the substitution is equal to 56 -[123456]. 

It is important to note that Cayley incidentally states that the 
new theorem holds for determinants also, thus forecasting the 
Law of Complementaries.* 


* See above, p. 66 at top. 
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TANNER, H. W. L. (1878). 


[On certain functions allied to Pfaffians. Quart. Journ. of Math., 
xvi. pp. 34-45. ] 


The functions in question are of two kinds, namely, the ultra- 
symbolic determinants 


Pre Or 20 .Om Leo 
IY lop Ba, |’? | 4 42 Ys\? | da, Ba, 2a, 2a, |? °°’ 


pon Y2 Ot, Oa, 20, Ge, Ys Ya 


which Tanner denotes by 
[1}, [12], [123], [1234],.... 


and their companions 


2 enone 
oa,’ YW Yo a, 3a, 2a,\’ Vigo Us. Yas aie Jae 
LOR is DETEO: NROPENS 
Oa, Oty M1 Ye Ys On, OC, Ox, Ca, 
ie) TOPO 
Oxi + Or, een; Yuen eda. CU grewitle 
Shae kaos 
Ox, Om, Om, Oa, 
which he denotes by 


(LON TO), (loo) eel (ae eee 


Of course it is understood that in each term of the final development 
of any one of the determinants, the elements are taken at the 
outset in the order of the rows to which they belong, and that each 
of the 0/0x’s of any row operates only on the y’s of the row following ; 
thus, 

Yee ang 2 2 

Ot, Ox, Ob, OL, 
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are terms of [1234] and {123} respectively. The determinant 
[123] had already presented itself to Bellavitis in 1857 (Hist., ii. 
p. 96). 

The two kinds of functions are not without a certain relationship, 
as may be seen on expanding any one of them in terms of the 
elements of the last row and their cofactors; for example, 


[1234] = {123} y,— {124} y,4+ {134} y,— {234} y,, 
{1934} = [123)}5 — [124] + ([134]52— [234] ==. 


The relation which those of the first kind bear to Pfaffians is con- 
siderably closer, it béing understood that by Pfaffians in the title 
of the paper is meant a particular type of Pfaffian, namely, Pfaffians 
whose elements are of the form 


OYs OYr — 
~7&__ “JT or gay Ts. 
se pa ee nlite 


Thus, expanding [1234] in terms of the minors of its first two rows 
and their complementaries, we obtain 


12-34—13-24+14-234 293-14 — 24-134 34-12, 
ie. 2{12-34—13-24+4 14-23}; 


so that, using a different notation for Pfaffians, we have the identity 


Cet a dem Nan OH, Ns Oth 

Om, C8, Ol, OM, 0%, 0%, O%, Of, O%, OM, 

4 Yo Ys Ys Ys Yn OY, Yo 

Cpe, kOinmeC Ol, Os, Ol, Oly 

Oar, Ct, Oxy Oy OY, Ys 

4% 2° Ys Ya) ; Ons O, |, 
there being for [123456], [12345678], . ... similar Pfaffian ex- 
pressions with the coefficients 3!, 4!,.. . . respectively. 


As may be expected from this relationship, Tanner readily discovers 
analogues to the simpler properties of Pfaffians ; and, in view of his 
previous paper of the same year, it is equally natural to find him 
formulating the ‘complementaries’ of these analogues. He also 
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arrives at formulae in which functions of both the forms { }, [ | 
appear ; for example, 
[23] {1}’ [137 {2}’+[127- {3y, 

where [23], {1}’,... . stand for the complementaries of [23], 
pth? Sa 

We may note that Tanner might have expressed the odd-ordered 
functions 

[123], [12345], . . 


also as Pfaffians, namely, 


[4% Y2 Ys 2!] % Yo Ys Ya Ys 
DB 12 138 14 15 
23; 23 24 25 

34 35 

45 


ROBERTS, 8. (1879). 

[Note on certain determinants connected with algebraical expressions 
having the same terms as their component factors. Messenger 
of Math., vii. pp. 138-140. ] 

Starting with Lagrange’s identity 
(a? +-a2,” + bar,” + abar,”) (€? +-a€;* + dé,” + ab€,’) 
= P?+aP,?+6P,?+abP,’, 


P= 2x€ +a0,£,+b2,£,+abr£,, 
P, = —%€,+ 2€ —ba€,+ das€,, 
P, = —®£,+0%E,+ ME — AXsk,, 
Py = —2§,— 2£o+ fi + BE, 
and considering the consequences of 
E+ a," + bE? + ab§,” 
becoming 0, Roberts deduces the result 
é ag, b& abé_ 
era & E = bé 3 bg pegs 2 ae 2 
Flo. eo Oe (£? +a€,? + bE? +-ab£,7)° ; 


—§s = fy & E 


where 
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and in similar fashion 
| wigs. ak, abé, bé, act, c€, bc&, abc€, 


| oe Sn ee i ere 
Paros gE é, ele oe bx 
| sat ag —ag, E ack, —c€, c£, —acg, 
“hha ts — d& —bé, E f bg, b&; 
—& af, —abé, bg, —a€, lopli JS abé, 
oe ag; ag, —& —a€, és 3) aes 
| =f ~£e E; &, = bs —£ & g 
= (€+a€,” +abE,? + bE," + ack,’ + 0f,? + bok? + abck,”)*. 
Of these two interesting determinants, R, and R, say, the former 
is seen to include Souillart’s of 1860, and the latter Sylvester’s of 
1867. 
Multiplying R, in row-by-column fashion by the determinant got 
from R, on changing the signs of €,, &, & he obtains a determinant 


having 
£’ +a€,” + b€,” + abé,? 
in the places 11, 22, 33, 44, and zeros in all the other places : further, 
he asserts that all the primary minors have £ + a€,?+)€, + ab€,? 
for a factor, and that quite similar properties are possessed by Rg. 
It may be added that as the result of an investigation* made in 
1879 Roberts convinced himself of the non-existence of an Ryg. 


q 


SYLVESTER, J. J. (1879). 


[Note on determinants and duadic disynthemes. American Journ. 

of Math., ii. pp. 89-90, 214-222. ] 

{Sur une propriété arithmétique d’une série de nombres entiers. 
Comptes Rendus.... Acad. des Sc. (Paris), lxxxviil. pp. 1297— 
1298. ] 

The greater part of the space here is devoted to the number of 
terms in (the ‘denumerant’ of) skew and zero-axial skew deter- 
minants. In the latter case the difference-equation is given as 


Un = (N—1)P Ung — 3(N—1)(n—2)(M—3) Una, 
*See Quart. Journ. of Math., xvi. pp. 159-170. The paper also contains an 


interesting sketch of the history of the problem of representing the product of two 
sums of 2” squares as a sum of 2” squares. 
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and thence the values of u,, Uy, Ug, Ug, » + + + aS 
1,426, 120% -52505°S. ca: 


In the former case the values appear of course as sums of multiples 
of uw, Us, . . . . 3 for example, for the 7™ order the value is 


i +C,;:1 + C,3°6 + C,,°120; 
and the first seven values are 
12-4 13" 41,2206; 4072.88... 


SYLVESTER, J. J. (1879). 


[Sur la valeur moyenne des coefficients dans le développement 
d’un déterminant gauche ou symétrique. . . . Comptes Rendus 
.... Acad. des Sci. (Paris), lxxxix. pp. 24-26, 497-498; or 
Collected Math. Papers, i. pp. 253-255, 257.] 


In this is contained an improved form of one of the results just 
chronicled, namely, that the number of distinct terms in a zero- 
axial skew determinant of order 2n is 


1-3-5... . (2n—1)-%, 
where v, is determined from the equations 
On, = (n—1)0, 5 —(e— Ie, 2, “= 1, 7° = 1, 
or from the equation (corrected) 


vy = {14+ n+41-5Cn, +1-5-9Cyo +... Soe 


A similar statement is made in regard to ‘déterminants doublement 
gauches,’ that is to say, determinants which are skew with respect 
to both diagonals and have both diagonals full of zeros. In such 
a determinant of the order 4n Sylvester says the number of distinct 


terms is 
2-4:6.... (4n—2)-w,, 


where w, is determined from the equations 
Wn = (4n—3)Wy.—2nv, 2, W=1,. w,=1, 


or from the equation 


Wy = {1+ 041-9, 2t1-9-170,3+....} 


is 
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but the assertion is incorrect,* the number of distinct terms being 
2, 36 when is 1, 2. 


PAIGE, C. LE (1880). 


[Sur les déterminants hémisymétriques d’ordre pair. Sitzungsb.. . . 
bohm. Ges. d. Wiss. (Prag), Jahrg. 1880, pp. 125-127.] 
[Sur une propriété des déterminants hémisymétriques d’ordre 
pair.t Nouv. Corresp. Math., vi. pp. 155-158. ] 

The property in question is Cayley’s of 1847, but is stated in the 
form first reached by Bellavitis im 1857 (Hvst., ii. p. 278). The 
process of proof is at the outset that adopted by Trudi in 1862 
(Hist., ti. pp. 288-289). 


*If the coefficient of w,_, be changed into 2(n — 1), the two modes of determining 
w, Will be brought into accord: but this is not all that is wanted. 


+ The two papers cover almost the same ground. 


CHAPTER XI. 
ORTHOGONANTS, FROM 1855 TO 1879. 


From the study of the subject of linear transformation there arise 
two quite distinct matters for consideration in the theory of deter- 
minants; namely, first, the properties of a special form of deter- 
minant known as an Orthogonant, and, second, the character of 
the roots of Lagrange’s determinantal equation. At first the two 
matters were interlocked : in the present volume this is no longer 
quite the case, the papers being without much difficulty separable 
into the two relevant groups. As, however, the subject of the second 
group is still on the whole viewed in connection with orthogonal 
transformation, the separation has not been made. The reader, 
therefore, who is interested in what came soon to be known as the 
subject of the Latent Roots of a Determinant must still turn to 
Orthogonants. 

We have only further to remark that the first of the papers 
belongs to the twenty-year period immediately preceding, and that 
between the two periods there is little difference to be noted in the 
matter of fruitfulness. 


CAUCHY, A. (1855). 


[Sur le dénombrement des racines qui, dans une équation algébrique 
ou transcendante, satisfont 4 des conditions données. Comptes 
Rendus . . . Acad. des Scr. (Paris), xl. pp. 1829-1335; or 
uvres completes, (1) xii. pp. 293-299.] 

What concerns us here is the one or two corollaries to the second 
of three theorems on the subject matter of the title, the main corol- 
lary being that the equation 
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Or Nea F190 a) eel Cin 
low 21 To9 —Z Dy 40 is: Ton =o 0 
oni Tn2 Soe 40,2 & Onn — 4 07 


will have all its roots real if c,, be any integral function of € whose 
form depends on r and s, and which is not altered by the inter- 
change of r and s. One of the cases in which the a’s are linear 
is taken for special comment ; it should be distinguished, however, 
from Sylvester’s extension of 1853 (Hist., ii. p. 314). 


HESSE, O. (1861, 1869). 
[VORLESUNGEN UBER ANALYTISCHE GEOMETRIE DES RavMES, 
insbesondere iiber Oberflachen zweiter Ordnung. xv-+368 pp. 
(2te Aufl., xvi+456 pp.) Leipzig.] 

As has already been implied, there is more of Algebra in these 
lectures than is usual in a book on Solid Geometry, and naturally 
the algebra of orthogonal transformation in the case of three 
variables receives considerable attention. A series of excerpts from 
five or six of the chapters would provide an excellent exposition 
of the subject. 

CLEBSCH, A. (1861). 
[Ueber eine Classe von Gleichungen welche nur reellen Wurzeln 
besitzen. Crelle’s Journ., lxii. pp. 232-245.] 
Taking the theorem (Hist., ii. pp. 449-451) regarding the reality 
of the roots of the equation 
Ay +A Ag ty —1 ayy tb, —1 
Ay.—b,.V —1 Dog +r Agg+OogV—1 ..-. | 9 
dyg—DigV—1 og — Dog —1 sg +r 
where the a’s and 06’s are real, Clebsch makes the a’s vanish, and 
thence draws the conclusion that the roots of the equation 


BB Drs bys 


VELA eo Sane ee BOO LOA. 48) ae PF 8h as) 
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are purely imaginary. This he also proves separately, by expanding 
the determinant in descending powers of yu as originally done by 
Cayley (Hist., i. p. 261). 

He is then led to an equation of another type, the reality of whose 
roots depends on persistence of sign in a given quadric: and an 
extension is thus given to Hesse’s process for expressing the dis- 
criminant as a sum of squares (Hist., il. p. 321). 


TRUDI, N. (1862). 
[Tzor14 DEI DETERMINANTI,... ix+268 pp. Napoli.] 


Trudi’s chapter on Linear Substitution (pp. 206-217), though 
for a certain length closely resembling Raltzer’s, deals more clearly 
and fully with the complementary minors of an orthogonant. 

In extension of Jacobi’s theorem on the subject he affirms that 
the product of an orthogonant by any one of its minors is equal to the 
‘algebraic complement’ (1.e. cofactor) of the said minor. The ortho- 
gonant being | wn |, M, any k-line minor of it, and M, the corre- 
sponding minor of the adjugate | Q,, |, we have 


M, =| 1n|*"'+ cof. of M, in | rn |° 


But, it having been already proved as a first case that any element 
Q,, of M, is equal to | in| * @;s, It follows that we also have 


M, => | in|" - M,. 


By eyuatement of these two expressions for M, we at once obtain, 


as desired, 
| Win | . M, = cof. of M,. 


Multiplying both sides of this by M, and then performing the 
summation required by Laplace’s expansion-theorem, Trudi in 
effect derives the result 


|o1n| SM = | orn . 


and thus concludes that the swum of the squares of the k-line minors 

formable from any array of k rows of an orthogonant is equal to 1. 
After explaining the construction of Cayley’s orthogonant and 

showing rather unnecessarily that its value is +1, he adds, by way 


\ 
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of rounding off the subject, that an orthogonant equal to —1 is 
readily obtained by simply changing the sign of an odd number of 
rows or columns. 

His exposition (pp. 237-241) of the mode of transforming the 
m-ary quadric Da,,x,2, into >A,y,2 by means of the orthogonal 
substitution 

Lp = WY FOpYot ~~~ HOmYn 


resembles Lebesgue’s in simplicity and clearness (Hist., i. pp. 463- 
467). Thus, to obtain the equation for the determination of the 
A’s he takes the reverse substitution 


Yr = WypL, + WyLy . . « FOnrLn, 


and from the identity of the two forms of the quadric deduces at 
once 


a3 = ALO M1 + Ag e259 + ose FAL Wsn- 


Then taking the cases of this where s=1,2,..., , and using 
the multipliers »,,, w.,, . .., he obtains on addition 
Dy Wg + Op2W0g + - - - + Opn Wns = A,ors; 
whence, after putting r= 1, 2,.. . , n, there is deduced 
| (y,—A, Aye . © % eo Qin 
Qo, Ong — A, oe wate. he Aon — 0. 
ani ane Onn—A, 


CAYLEY, A. (1862). 


[Report on the progress of the solution of certain special problems 
of dynamics. Report... British Assoc... . xxxii. (Cam- 
bridge), pp. 184-252; or Collected Math. Papers, iv. pp. 513- 
593. ] 

Under the heading ‘ Transformation of Coordinates’ (S§ 124-131), 

Cayley gives an account of some of the more important memoirs 

from 1758 to 1845 (Hist., i. pp. 407-410), that is to say, practically 
up to the date of his own notable paper on the construction 
of an orthogonant. 
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HESSE, 0. (1862): HENRICT, O. (1964). 


[Zerlegung der Bedingung fiir die Gleichheit der Hauptaxen eines 
auf einer Oberfliche zweiter Ordnung liegenden Kegelschnittes 
in die Summe von Quadraten. Crelle’s Journ., lx. pp. 305- 
312; or Werke, pp. 497-506. ] 
[Bemerkung zu “ Hesse, Zerlegung der Bedingung. .. . . ”  Crelle’s 
Journ., |xiv. pp. 187-192.] 
The equations of the surface and the plane being respectively 
ax? + by? + cz* + 2lyz+2mzx+2nazy = 0, 
and Av+By+Cz+D = 0, 
where A?-++ B?+C? = 1, and consequently 
a—N nH m Al 
n b—r 1 B 


je det Bache sal) 
being the equation for determining the axes of the section, Hesse 
expresses the discriminant, (A,;—),)2, of this equation in four 
different ways as a sum of squares, namely, as a sum of 10, of 7, 
of 6, and of 5 squares. To this Henrici contributes an expression 
in the form of the sum of two squares. 

The subject is continued by C. Souillart, G. Bauer, C. F. Geiser, 
E. Sourander, and C. Souillart.* 

Geiser makes an extension to the case where the determinant 
is of the (n+1)™ order and the equation is of the (n—1) degree : 
he also recurs in another paper to the original allied problem of 
Kummer.t 


SYLVESTER, J. J. (1867). 


[Thoughts on inverse orthogonal matrices, simultaneous sign- 
successions, .... Philos. Magazine, xxxiv. pp. 461-475; 
or Collected Math. Papers, ii. pp. 615-628. ] 


Sylvester, having been led to study determinants whose elements 
are inversely proportional to the corresponding elements of the 


* Crelle’s Journ., \xv. pp. 320-334: Ixxi. pp. 46-52: Annali di Mat., (2) viii. 
pp. 113-120; Crelle’s Journ., lxxxv. pp. 339-344: Ixxxvii. pp. 220-221. 
+ Crelle’s Journ., 1xxxii. pp. 47-53. 


| 
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_adjugate determinant, naturally digresses a little to speak of those 
in which the proportionality is direct. He even goes so far as to 
suggest that the latter property should be that used for the definition 
of an orthogonant ; but he is careful enough to point out that this 
would leave the value of the determinant unfixed instead of having 
it equal to + 1. 

Later on, when considering the construction of inversely ortho- 
gonal determinants whose order is a power of 2, he makes another 
digression to draw attention to the so-called orthogonants (strictly 
penorthogonants) of the 24, 4, 8" orders whose values are 


—(a’?+6*), —(?+6?+e+4d?)?, —(?40?+e+d?+P+m?+n?+p?),4 


respectively, writing them in the form 


| @ b | a a ee A A a ee 1 

|b —a |, b -a —-d c¢c m-—l p —n 
ec d—-a —-b n—p—l m 

0. Cad d —c b-a p n—m —l 
b-—a d—e Ll —-m—-n —p-—a b ¢ a 
e —d—a 6b m tl p-—-n—b —-a d —e 
d c —b —-a |, n —p tl m-—e —d—a 06 
p n —m lt —d ec —b —a 


The second of the three is essentially the same as Souillart’s of 1860 
(Hist., ii. pp. 287-288), and becomes identical with it on altering 
the signs of the last three rows.* 

We may note for ourselves that by making the elements in the 
first columns negative the determinants would be wholly skew, and 


*Souillart’s result could readily have been arrived at as a case of Cayley’s 
illustrative example of 1847, namely, 

CG aU e 
-a@a “x de 
-b -d x f 
-c -e -f «& 

for the right-hand member here is seen to be equal to 
(x?+af—be+cd)? + (a—f)Px? + (b+e)*x? + (c—d)*x*, 


and therefore to become 


= xt + 2 (a? +b?+0?4+d?+ e+?) + (af—be+cd)? ; 


(22+ a2 at bo? 4+ C22 


when we put f, e, d= a, —b, ¢. 
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their values would be positive : also that one would possibly have 
expected the second determinant to be identical with the first four- 
line minor in the third. 


BAUER, G. (1868). 

[Von der Zerlegung der Discriminante des cubischen Gleichung, 
welche die Hauptaxen einer Flache zweiter Ordnung bestim- 
men (sic), in eine Summe von Quadraten. Crelle’s Journ., 
Ixxi. pp. 40-45. ] 


Bauer, with his eye on Kummer (Hist., ii. p. 295), takes the dis- 
criminant of 
a—xc« h g 

ho be. Ff 

g f  ¢-«@ 
in the form of Bezout’s axisymmetric eliminant 

6Q—2P? —9R+PQ 
—9R+PQ 6RP—2Q? |, 

and, partitioning it into four determinants, succeeds in evolving 


Borchardt’s, his own, and Kummer’s expressions for it in terms of 
13, 10 and 7 different squares respectively. 


= 0, or, say, #—P2?+Qzr—R = 0, 


GERONO, E. (1870): WISSELINK, D. B. (1877). 
[Note sur une application de la théorie des déterminants. Nowv. 
Annales de Math., (2) ix. pp. 392-398. ] 


[Merkwaardige eigenschappen van eenen determinant van den 
derden graad. Nieuw Archief v. Wisk., iii. pp. 84-89.] 


These are simple expositions of the properties of the three-line 
orthogonant, Wisselink following the lead of Gerono. 


VELTMANN, W. (1871). 
[Beitrage zur Theorie der Determinanten. Zeitschrift f. Math. u- 
Phys., xvi. pp. 516-525. ] 
Veltmann’s second contribution (pp. 523-525) concerns Cayley’s 
construction of an orthogonal substitution. He dispenses with 
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the intermediary variables 6,903; 10,5. ce: .ogvlayingsdownithe 
proposition ithatyajx.t0y, oo. y pand 4) £450£55.. <a Nenrare 
orthogonally related if 

Ly:% +L 45% +1, 523+ aPOG or Se bn€: +l €.+15,€5+ 

Loy, + lygty + ygts+. 2. 2 = bie€y + lanky + lyre + 


Usa, +UgoihytUsg@3 +... . = Uyge, +l ag& +s, + 
where the determinant of the /’s on the left is meant to be unit- 
axial skew, and is manifestly the conjugate of that on the right. 
To establish this, he has only got to solve for each variable of the 
one set in terms of the variables of the other. Thus, from the 
equations 


D+ VX,— ph; = E,— v&+ més 

—v%j+ %+r2,= v&t+ & DE; 

—AG,+ % = —4Gt+rAGt 

there is obtained in the usual way 
Ci veg tly, pe 1 ay 7 
et erg a eae yy ie diay erareyin\y “shy 
=H, +trAGt+ £ —A 1| te aN 1 
Ge alee Beat 20u— 2(vA + w) 


~ 142+ e+? 5)" 14d we met Tab pit eS 


and similar expressions for x, and 2,. 

We may also note that from the constitution of the unsolved 
set of equations the changing of the signs of X, u, v in the coeffi- 
cients here obtained must give us the coefficients in the expressions 
for €, in terms of 2%,, 2, Z3. 


SIACCI, F. (1872). 
[Questioni 1, 2, 3, 11. Giornale di Mat., x. p. 188, p. 360. Solu- 
tion of 3 by P. Cassani, x. pp. 239-240 ; Solution of 1, 2, 3 by 
M. Albeggiani, x. pp. 285-290. ] 


The first three ‘ questions,’ sent to the Grornale on 17th May, are 
special cases of a general theorem which is the subject of a 
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communication read to the Turin Academy * on 9th June: and 
‘ question ’ 11 is another special case sent similarly for proof while 
a paper containing a treatment of it was being prepared for insertion 
in the Annali di Matematica.t Unfortunately, no hint of this 
double publication of the theorems is given anywhere. The formal 
 enunciations of them may be put thus : 


(1) It «s immaterial whether the elements of the main diagonal of 
an n-line orthogonant be increased by X,, Xo,.-., Xy respectwely or 
Cy PR) Xe Re x2 SOONG UF XK). a eae 

(2) If from each element of an odd-ordered orthogonant there be 
subtracted the corresponding element of another orthogonant of the same 
order, the determinant so formed vanishes. 


(3) If two n-line orthogonants be taken, and the rows of one be 
multiplied by h,, h,,..., hy, respectwely, and the rows of the other 
by k,, ky, ..., Ky respectively, and a new determinant be formed, 
each of whose elements 1s the sum of the corresponding elements in 
the orthogonants thus modified, this determinant is such that rt will 
remain unaltered on the interchange of the h’s and k’s. 


(4) The determinant formed by subtracting 1 from each element of 
the main diagonal of an even-ordered orthogonant has the comple- 
mentary minors of its dvagonal elements all equal to the negative half 
of itself. 

Cassani’s proof of the third begins by partitioning the determinant 
in question into a series of determinants with monomial elements : 
and Albeggiani follows the same tiresome method, with this difference, 
that he devotes the first part of his paper (6 pp.) to finding a general 
expression for the development of a determinant with binomial 
elements, and then in the following six pages uses the resulting 
theorem to establish (1), (2), (3). This process of specializing is of 
little interest ; and, as for the general theorem, we give attention to 
it, like Siacci’s, in its proper place. 

For ourselves we may note that a very natural and simple way of 
obtaining all of them is by multiplying the determinant concerned 
in each case by the orthogonant used in its construction. Thus, 
taking the first, we have 


* Atti, vil. pp. 772-783. tv. pp. 296-304. 
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a, +2, A, a3 Oy), Magi Oy 
By By+2, Bs x| B, By Bs 
v1 Yo Yst2s3 VY Yo Y¥s 
| 1 
1+a,2, Bx, V1% a, + ie B, V1 
1 
il 
af, 1+£8,2, Yor = © UH, Qs By+ Y2 
2 
1 
| Azz, Bs 1+ 325 as Bs Veins ) 
3 
and taking the fourth, we have 
| 1 ; ; eM @ Ay Gg a | 
B; 6.1 Bs Bg lx B, By Bs By | 
Fey oy aie ty, poy at 2 re rey 
6; by oe 6,—1 | 3, 05 OF 0, | 
ay B, Bl 6; 


a,—1 6 
1 B, eAl 1 / Bo 1 B, B, 
=A dn Veis Vecil ote 
Bs a) 
¢ 65 6 ny raed 1 
a, By % %-1 : 


The second manifestly follows at once from the third by putting all 
the h’s equal to 1 and all the k’s equal to —1. As for the third 
itself, we first multiply by one of the orthogonants involved, the 
result being 


hia, + kay hyay oa kA» hag + kiAs GQ, Gy Gs 
hp; iF, Keopty hoBy + Kops hp; + Kops ’ By Bo Bs 
heyy thy,  hgyothgve hey thgvs Amro aany 8 


h,t+k,Dra =k ZB k,=ry | 
ka hg th,2uB  — kyXwy 
k,2va k,2vB hat+k,dvy |, 
and then we note the difference in the product which multiplication 
by the other orthogonant | A,u,y,| would have brought about. 
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Finally, we draw attention to the fact that the orthogonants 
involved are all here taken as positive, and that if they be not so 
taken Siacci’s enunciations will require modification. 


BELTRAMI, E. (1873). 
[Sulle funzioni bilineari. Giornale di Mat., xi. pp. 98-106.] 


In the treatment of the problem* of the transformation of 
d)ere%-Ys into the canonic form S)y¥mEmtm, it is inferred that «f 


Watts Cl nue ire ake ge 
RE . biid @ ueteeaes a tet mente et 
-e dc 


| e dtc 
ee Wie 2 Sm ot ee 
be two forms of the square of any determinant, the one obtained by row- 
multvplication and the other by column-multiplication, then 

a—x f e Re | a—x — 1 e’ 
faye ea! et eee i ee 
e Coc ee | Te. d e¢—x 
viewed as functions of x, are identical. The ground for the inference 
is that while the functions are of the n"" degree in z, they are found 
to be equal for n+1 values of x. 

A closely allied theorem by Hamburger will be found dealt with 
under the same year in chap. 1. 


GRAVELAAR, N. L. W. A. (1875). 
[Neuer Beweis fiir die Realitaét der Wurzeln einer wichtigen 
Gleichung. Archw d. Math. u. Phys., \viii. pp. 301-318. ] 
Gravelaar’s proof is not really new: what his paper provides is a 


criticism of a previous proof and a mode of removing the defects. 
In discussing the character of the roots of the equation - 


\ 
Ay — & Qi9 Ay3 a) (ah Gem fol 
| 
a. a, x a 4 
| 12 22 23 Ou L,,(2), say, 


* Jacobi’s of 1831 (see Hist., i. p. 436): but Beltrami begins by showing generally 
how the determinant of a bilinear form is altered by the performance of the two 
linear substitutions (see Cayley’s memoir referred to in Hist., ii. p. 313). 


Gj 
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Salmon, seeking to shorten Cauchy’s procedure of 1829, had used as 
a substitute for Sturm’s series of derived functions the series 


L,(2), L,4(2), = Maa} oe» Ge L,(z), L: 


To this Gravelaar objects that, though the substituted series has 
one fundamental property in common with Sturm’s series, it does 
not possess a further essential property, namely, the impossibility 
of two consecutive members of it simultaneously vanishing. In 
effect the objection means that Salmon did not, like his predecessor 
Cauchy, consider the case where the equation under discussion has 
equal roots. 

The proof offered (§§10, 11, pp. 306-310) is of less interest than 
the preparatory theorems on which it depends, namely, (1) that the 
r” differential coefficient of L(x) 1s, save for the arithmetical factor 
(—1)r!, the sum of the coaxial minors of the (a—r)” order: (2) that 
the necessary and sufficient condition for the equation L,(x) = 0 
having a real root a repeated m tumes is that all the minors of the 
(n—m-+1)” order vanish when x 1s put equal toa; (3) that of L,(x) 
contain the factor (x—a)™, then all the primary minors contain the 
factor (x—a)™"1. 

No proof of the first theorem is given, but it is readily derivable 
from Trudi’s form of Jacobi’s theorem regarding the complete 
differential of a determinant. In support of the second theorem, 
but really proving little more thar the converse, it is pointed out 
that if L,(x) contain the factor (rc—a)", the putting of x equal to a 
must cause all the differential coefficients of L,(z) up to and 
including the (m—1)" to vanish; that therefore, from the first 
theorem, with the help of a property of axisymmetric determinants, 
all the coaxial minors of the (n—m-+1)™ and higher orders must 
vanish ; and that thence, with the help of another property of 
axisymmetric determinants, the other minors of the (n—m-+1)™ 
and higher orders must vanish also. As for the third theorem, it 
is first shown to be true of the primary minors that are coaxial, 
and thereafter of the others by considering a two-line minor of the 
adjugate of L,(x) and by assuming that a secondary coaxial minor 
is divisible by (x—a)”~”. 
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WEIHRAUCH, K. (1876): FROBENIUS, G. (1878). 


[Zur Construction einer unimodularen Determinante. Zedtschrift 
f. Math. u. Phys., xxi. pp. 134-137. ] 
[Theorie der linearen Formen mit ganzen Coefficienten. Crelle’s 
Journ., lxxxvi. pp. 146-208.] 


What is here given by Weihrauch is an alternative solution of 
the problem which Hermite set himself in 1849 (Hist., ii. p. 306). 

Frobenius devotes a section (§3, pp. 150-151) of his extensive 
memoir to the same subject, referring his solution back to Gauss 
(Disq. Arith., §279), and drawing attention to four solutions given 
in a paper of Jacobi’s published in 1868, but written probably early 
in 1850 (see Crelle’s Journ., xix. pp. 1-28). 


BARDELLI, G. (1876). 


[Alcune proprieta dei coefficienti di uno sostituzione ortogonale. 
Rendic. . . . Istituto Lombardo . . . (2) ix. pp. 167-174.] 


The basis of the work here is any orthogonant A which has all 
its elements functions of one and the same variable; and the 
investigation is mainly concerned with the determinant A;, each 
element of which a,, is the derivate of the corresponding element 


Gy, OL A. 
From the fact that 
a ta,+ = Wag ah a". = 1) 
yy Og + Opp Ogg te... Bn Cyn = of 
there is obtained by differentiation 
Oy1 Ay + Spleens + Orn Grn 4 
(Grider... + +OtpnGen) + (aga... » Amr) = OF, 


which equalities, in view of the fact that the expressions on their 
left are exactly such as occur when A; is multiplied rowwise by A, 
may be conveniently shortened into 


Priv =. 0, Prs a Dar = 0. 


We thus have A,A, i.e. A;, equal to the determinant of the p’s, 
P say: and, this latter being zero-axial and skew, it follows that 


\ 
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A; ts equal to 0 or the square of a Pfaffian according as n is odd or 
even. It is equally readily seen that any determinant containing 
some rows taken from A, and the others from A can in the same way, 
namely, by multiplication by A, be shown to be expressible as a 
determinant of lower order whose elements are p’s. Thus, taking 


A = | aBzy3d,|, 
and the determinant of mixed origin to be 


GQ; Gg Gs ay 


, , , 
Qy (es) a3 ay, 


; Pee, , |, or M, say, 
+ eee fees fee £ : 
ite feppieratad 
we obtain 
MA = | 1 Pu? 
c | 
Pai Pes sa rates P23) Drs Pos: 
PS) Perea 1° | Pai 
V2 Par Pag 1b | 


When the rows taken from A; correspond with those not taken from 
A, the resulting determinant is zero-axial and skew: thus 


GQ; G, G3 | 1 Py Ps 
| B, Bs Bs Bs ees we Px» Pos | ye Pei 2 
Pa , = = i ( pos) : 
| yp AOE, ee ame B - Ps, P33 - Ps, - | 
6, oy 03 4 . P42 Ps 1 
Next taking the equations which define a column of p’s, namely, 
Onda +Ayae+.. ~~ +andn = i 
Clo Ay1 +O Ae +... . +Amndn = Pos 
Oni Lo + ay2a%2+ Cf TS Ne SF Cela a Pns ? 


Bardelli, apparently without knowing of Jacobi’s general theorem 
of 1831 (Hist., 1. pp. 438-439), deduces 


Gir Pis + Aor Post - - - +OnrPns = Os 
2 2 Ay, Me cok oD "9 19 
Pat Peet eer P=) Os PO yt so a, 


Going a step further, however, he arrives at the result 


, , , , / te 
PrPsi + De Dietk or he gt Din Da = A145) + Ay2A— + fo) Ces Fy ign's 
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and thus is able to assert that P? and A; are element-by-element 
identical.* 

Proceeding to a second differentiation, he readily obtains 

Ops Ost + a,2d + ORR a ih Cen ad ae 

where ¢,, stands for the excess of p,, over the (rs) element of P?, 
and thence deduces (§ 3) a quite analogous series of results. 

The paper concludes with a statement of the form which 7,, takes 
when the orthogonant employed is Cayley’s of 1846. 


MANSION, P. (1877). 
[On a pair of algebraical equations. Messenger of Math., (2) vii. 


pp. 57-58. ] 
The equations are 
Cian a Cs dy | 4s —-g— A, As | 
Oe ee reiee BB, 2. 8, f=: 
Cy CG Cy—2 | C, C, C,—é | 


* Here again, however, there is a more general theorem, quite unconnected with 
the differentiation of the elements of an orthogonant. For we know (Hist., i. 


p. 450, footnote) that if, when | a,Boy3| ts an orthogonant, there be given 
( Q Ag ag Qx,, Yi» 2) = X,, BY Z,; 

B, Bo Bs 

Tek FB TH 


( A Ag Gg YX, Yor Ze) =P osm gy Los 
Bi Bz Bs 
TAL TOE 9S 
(1, Yas 2,)Xo, Yoo %2) = (X,Y, Z,§Xo, 55-23): 
Consequently, if we were given another triad of equations, namely, 


then 


-( a, Gy, Gg Oke. Y39 Zs) a X;, Y3, Zs, 
B, Bo Bs 


Nay DOTS 
it would follow that 


y ¥ & |? = X, Y; 2, ? 
Xe Yo Zo xX, Y, Z, 
X3 Y3 Zs | |X; Ys; Z;'; 


and that, if the squaring in both cases were done by row-by-row multiplication, 
the resulting determinants would be identical, element-by-element. 


ORTHOGONANTS (MANSION, 1877) 299 


and Mansion’s observation is that they are connected by the 
relation 

LE = | aybocs |. 
This we have already seen suggested in connection with a result of 
Spottiswoode’s (Hist., ii. p. 308). 


VOSS, A. (1877). 


[Zur Theorie der orthogonalen Substitutionen. Math. Annalen, 
xi. pp. 320-374. ] 

It is only the first two sections (pp. 322-333) of this long paper 
which strictly concern orthogonants. 

A partial revise is therein given of their properties, the definition 
being widened by starting with the condition that the substitution 

Yr = Gy, +ayg% +... +O Dnt, 
is to be such that 
Ticks 2) Page mae oh Peed aes es ae ag 

In this way the square of each of the rows of | a,,| is equal to s 
instead of 1 : the square of each of the columns also is s: the square 
of the orthogonant as thus defined is s”: and the words ‘proper’ 
and ‘improper’ as applied to a substitution correspond to the 
values +./s”, —,/s” of the orthogonant. 

This widening, it may be remarked, is not essentially different 
from that proposed by Sylvester (see above, p. 288). For it can 
readily be shown that any element of the adjugate of Voss’ | a, | 
is equal to the corresponding element of | a,,,| itself multiplied 
by s?"", and that therefore the ratio of the two elements is 
constant,—which is Sylvester’s criterion. 

Lagrange’s determinantal equation is reached through the some- 
what loose statement that “the elements z,, which by the sub- 
stitution pass over into themselves, are determined by the equations 


PLy = AnD, BE hn ce rth ps c i, 
that is to say, by the roots of the equation 
ay13— P O49 oicie wh = 0.” 


Oe Ae2— P 


300 HISTORY OF THE THEORY OF DETERMINANTS 


The reciprocity of these roots is then established in Bruno’s manner 
(Hist., ii. p. 318) by multiplying by | a:,, |, the equation in p, 

L (p ) = 0, say, 
being thus thrown into the form 


(—1ye"L() = 0, 


and the word ‘reciprocal’ being temporarily widened so as to 
apply to two roots whose product is s. This enables us to note the 
so-called ‘ singular ’ roots, namely, 


+4/s, —»/s when nis even and | a,, | = —J/s*; 
+4/s when nis odd and | a, | = Vs"; 
—,/s when nis odd and | a, | = —<s". 


Similarly, from the fact that (Hvst., ii. p. 320) the multiplication 
by L(—p) gives 
8 
0 = L(p). L(—p) = p” pte Cai Mie at ae 


jg — G1 — Pp Azo — Gog 


8 
G13 Ag, Agg — Ago po Pp 


he deduced that in the first of the three cases just specified, namely, 
when n is even and |a,| = —VJs", the determinant whose (rs) 
element 18 Us;— Od vanishes, and so do all its primary minors. In 
the third place he multiplies hy L(p) itself, obtaining 


0= {L(p)}? a an—4(p+") $(ay2+ an) tee $ (Qin tan) 2° =4)99 
$ (ae + a2) aa —2(p+") ee AC ta nz) 
$(anit+ ain) $(Qn2+ Gen) tee ann —4(p+2) 


and thence concludes that when n is even and | ay | = +s" the 
determinant on the right is expressible as the square of a polynomial 
mp+sp—. Also, he affirms that for any one of the repeated roots the 
saud determinant, together with all its primary minors, vanishes. 
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The existence of equal roots in the equation L(p) = 0 and the 
evanescence of systems of minors of L(p) are next considered, the 
k-line minors being disentangled, so to say, and drawn out in series 
by bordering L(p) by k rows and k columns with a common minor 
of k* zeros; for example, if n be 5 and k be 2, the determinant 
formed is 


%1—p Ape As A, 5 by Dy 
A) xg —P Azz Tog 5 by, Dye 
G3) G39 G33— Pp Az4 O35 by, bap 
Ay 9 Ag Uy—p MN, by Oye 
G5) As9 a3 D4 Ass—p 95, Dro 
CH, Cio Cys C14 C15 

Coy Ce9 Cog Cog Co5 . - |» 


this being expressible as an aggregate of 10? terms each composed 
of three factors,—a two-line minor of the 6’s, a two-line minor of 
the c’s, and a three-line minor of the original.* Multiplication by 
| ain| is then performed, with a result analogous to that obtained 
when the unbordered L(p) was multiplied by | a,|, the product 
being of the same form as the multiplicand and s/p taking the place 
of p. A theorem is thence readily deduced, and several minor 
results follow. 


IGEL, B. (1877), 
[Ueber die orthogonalen und einige ihren verwandte Substitutionen. 
Denksch. d. k. Acad. d. Wiss. (Wien), xxxix. pp. 29-40.] 
Instead of beginning as usual with 


z= AyEtAM+AsE 
Y = my Etmentesh , C+Y +P? = L+H +l, 
z= n€+ wnt v,¢ 


* Such an aggregate can be most appropriately viewed asa bilinear form; thus, 
denoting the 3rd compound of the original by |A,,Aq . . . A1o,10|, the determinants 


of the b-array by B,, B,, ..., By, and the determinants of the c-array by 
C,, Cy, .- + » Cyo» we have the interesting alternative expression 

Bigns Bae er eer 

Are Aio sergee sce ecAn10 «|! Cog 


Aye ore toe tte And) | Wy 


Aioi1 Aio2 - +++ Asoo | QC. 
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and then making the four familiar deductions (Hist., i. pp. 437-438), 
Igel takes as his second datum the reverse substitution 


é = A+ my +42 
n= AgE+ Mey HV? ( 
f= pea nes 


and deduces the rest. (But see Hesse’s Vorlesungen of 1861, p. 192.) 
Similarly, he starts with the two substitutions, 


B= rNE+AM+ASL SE = AHA Y+AZ 
Y = w+ pont usf Sy = by o+ Mgy + 32 
Z= v,E+ Yon + 136 ; Sé = VjO+ VY t+ 32 J, 


and deduces as far as he can analogous results, thereafter making 
an application to Aronhold’s theory of ternary quantics. He uses 
throughout n variables. 


GRAVELAAR, N. L. W. A. (1878). 
[Eene bijzondere vergelijking. Nveuw Archief v. Wisk., iv. pp. 


113-124] 
The equation in question is 
Ay =a x Ay Pe es Ain On Dis 2s) awe Dim 
Are Ange — x @. <6) Wie) on buy Das 3 ec Die 
Gin Aen Onn & Da Dns Bon = 0} 
bi bo, oF ° j 
bis Dy» Dns 
betel: Abit ovr ehabosd 


or, say, L,.n(v) = 0, 


being thus a generalization of Hesse’s of 1862 and Geiser’s of 1876. 
The object of course is to prove that all the n-m roots are real : 
and the procedure followed (pp. 118-124) is similar to that of 1875 
in the case of m = 0. 
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SYLVESTER, J. J. (1878). 


[Preuve instantanée d’aprés la méthode de Fourier de la réalité des 
racines de l’équation séculaire. Crelle’s Journ., Ixxxviii. 
pp. 4-5; or Collected. Math. Papers, iii. pp. 451-452.] 


The proof in question is only a slight variant of Salmon’s of 1859, 
which again, as we have seen, is in essence not really different from 
Cauchy’s of 1829. 

Following upon it is a short paper (pp. 6-9) intended to show that 
the property possessed by the determinant in question is shared by 
one that, though still axisymmetric, is much more general. 
Sylvester’s first step in this direction had been taken twenty-five 
years before (Hist., 1. p. 314), and Cauchy’s two years later. 


SOURANDER, E. (1879). 


[Sur l’équation dont dépendent les inégalités séculaires des planétes. 
Journ. (de Inouville) de Math., (3) v. pp. 195-208; or Acta 
Soc. Scr. Fenn. (Helsingfors), xi. pp. 257-271.] ; 


Sourander, like Bauer, takes the product of the squared differences 
of the roots of the equation 


a—xr h g 
h b-—a« f = 0, ‘or, say, 2®—Pz?+Qzr—R = 0, 
9g " c—2x 
in the form 


4 | 2(Q2—3RP) —PQ+9R 
| —PQ+9R 2(P?—8Q) |; 


but, unlike Bauer and improving on him, he effects the transforma- 
tion of it into 12 times the square of a 2-by-6 array, and therefore 
into 12 times the sum of the squares of fifteen determinants of the 
second order. The essential part of his procedure consists in 


introducing ; ‘ 
—¢ c—a@ a-— 


6 PWS Se./6 
Da Ce AB 
Er 2 Jb). taxh6 


u, Vv, Ww 


U,V, a to stand for 
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respectively, and showing that 
2(Q?—3RP) = 6(F?2+G?+H?+U?+4V?2+W?), 
—PQ+9R = 6(fF+g9G+hH+uU0+0V+uW), 
2(P2— 3Q) 6(f?+g?+h?+u?+0? +?) ; 


for, clearly, this at once gives 


2 
raahoehatal atta 


FGHUVW\, 
ie. 12{ |fGP+|gH [+] AFI? or 1{ SI fal 
+1fU P+] gV [2+] AW |? +> 1/0? 
+1FV [2+] gW [2+] AU |? + 1fV 2? 
+1fW2+| gU [2+] AV |? + 1fW/? 
+| wV [2+] oW 2+] wU |} +S), uv [t. 
From this Borchardt’s form (Hist., 11. p. 302) is got by showing that 
Wdyehlingbold 
DW P=slwWPaw a b c 
WHB CCH. 


—a consequence of the identities 
uto+w = 0 = U+V+W. 
Another slight condensation, leading to Bauer’s form, is possible, 
because 
1 ° ° 
|fU| = —Fe|gH| and -. 12>) | fU |? = 25) | f6 |; 
and a still further, because the derived identity 
[POLY aad = © 
enables us to change the identity 
JA PLL FW |? = SIFY IFIP W IP + SV Ile ly? 
into 
FV PEP = b1f0 ev ley | 
and therefore gives 


12D | FV 241255 [FW |? = 6 [FU |? + 6D (/FV |- | FW I? 


bi Shewa o Ff b+e —2a |? 
PD Escabe eth we irene) 


SS 
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Using all, we are led to Kummer’s form, 


f 6b4+c¢—2a |? ae 
IDI + >| Rrocoal tee 
: A B 


BORSCH, A. (1879). 


[Ueber ein den Gleichungen der orthogonalen Substitution ver- 
wandtes Gleichungssystem. Zeitschrift f. Math. u. Phys., xxiv. 
pp. 391-399. ] 


The interesting theorem here established is that if the elements 
of the determinant 


At Say. Bes wlseesus ihee 
Lime Rigg et 
Bled ries leds ® eu kan 
i ak ores Pee ee 


be such that the square of each row ws equal to 2, the maximum value 
of the determinant is 
oti, 


yn” 
q 


This is established by showing that as a consequence of the data 
and of the requirements for an extreme value the product of any 
row by any other row must be 1—1/n. It follows then that the 
square of an extreme value of the determinant is 


Paap Pid sagt shaiyire wtp eits 

nv 17 N } 
il 1 
1— 9 2 a 1—- 

1 1 1 
Pores Sek at a 
ete Nee App HEL Ph. oes y 

n 1) nN n+19 
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and this being known to be equal to 
(n +1)" =n" 
the desired result is reached. 
In the case where n = 2, 3, 4, Boérsch is able to give to the 


elements values which satisfy the conditioning equations. These 
values are as seen in the determinants 


1 j 1] it : : 1 1 : : , 
1 —3J/3 —} ; —3/2 0. 4] [1 WS WB ONS 
1 4¥3 =], |1 —fV2> V6 —4F) | T =1V/5— Apes 
1 —3V2 —3/6 —3],|1 —2V5 —1V5 1WV5 

11/5, 5 


| 


fe eels el oe oe 


the squares of which are 
27 256 3125 
4d OT O56y 
He might also have pointed out that in his procedure is implied 
the theorem that if the elements of an n-line determinant be such 
that the square of every row is equal to a, and the product of any two 
different rows is equal to b, the value of the determinant is 


J@—b)\a-+nb)- 
A result known otherwise (see under Roberts 1864, Sardi 1868, etc.) 
would thus have been brought into touch with orthogonants. 


BIBLIOGRAPHICAL NOTE. 


It is probable that the writings dealt with in the foregoing pages 
are practically all belonging to the period 1860-1880 that are 
strictly relevant to the theory of orthogonants. The inclusion of 
papers on the wider subject of orthogonal transformation, though 
justified at an earlier date when orthogonants had scarcely a separate 
existence, would evidently be improper now unless the papers 
involved some new property of the determinant in question. For 
the convenience, however, of students of this branch of linear 
substitution, the following titles are added : 


1853. 


1856. 


1857. 


1858. 


1864. 


1865. 


1868. 


1869. 


1873. 


1874. 


1874. 


1874. 


1874. 
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Hermite, Cu. Sur la théorie des formes quadratiques. 
Crelle’s Journ., xlvii. pp. 313-368. 


Brioscut, F. Sur les séries qui donnent le nombre de racines 
reelles .. . Nowv. Annales de Math., xv. pp. 264-286. 


Caytey, A. A memoir on the theory of matrices. Philos. 
Transac. R. Soc. (London), cxlviii. pp. 17-37; or Collected 
Math. Papers, ii. pp. 475-496. 


Weierstrass, C. Ueber ein die homogenen Functionen 
zweiten Grades betreffendes Theorem. Monatsb.. . . 
Akad. d. Wiss. (Berlin), pp. 207-220; or Werke, i. pp. 
233-246. An account of it is given by Brioschi in Annali 
di Mat., i. pp. 250-255. 

CHRISTOFFEL, E. B. Verallgemeinerung einiger Theoreme 
des Herrn Weierstrass. Crelle’s Journ., lxiii. pp. 255-272. 


Henrici, O. Transformation von Differentialausdriicken 
erster Ordnung zweiten Grades ... Crelle’s Journ., 
Ixv. pp. 1-25. 


Welerstrass, C. Zur Theorie der bilinearen und quad- 
ratischen Formen. Monatsb. . . . Akad.d. Wiss. (Berlin), 
pp. 310-338 ; or Werke, ii. pp. 25- 


Cantor, G. De transformatione formarum ternarium quad- 
raticarum. Dissert. Halle. 


BacHMANN, P. Untersuchungen iiber quadratische Formen. 
Crelle’s Journ., |xxvi. pp. 331-341. 


Darsoux, G. Mémoire sur la théorie algébrique des formes 
quadratiques. Journ. (de Liouville) de Math., (2) xix. 
pp. 347-396. 

Hermite, Cu. Sur la transformation des formes quad- 


ratiques ternaires en elles-mémes. Crelle’s Journ., Ixxviil. 
pp. 323-328. 


Rosanes, J. Ueber die Transformation einer quadratischen 
Form in sich selbst. Crelle’s Journ., Ixxx. pp. 52-72. 


LemonnieR, H. Mémoire sur la transformation des formes 
quadratiques. Bull. Soc. Math. de France, iu. pp. 48-76. 
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1876. TannERY, J. Sur les substitutions linéaires par lesquelles 
une forme quadratique ternaire se reproduit elle-méme. 
Bull. des Sci. Math., xi. pp. 221-233. 


1877. Fropentus, G. Ueber lineare Substitutionen und bilineare 


Formen. Crelle’s Journ., |xxxiv. pp. 1-63. 


1878. STICKELBERGER, L. Ueber Schaaren von bilinearen und 
quadratischen Formen. Crelle’s Journ., |xxxvii. pp. 20-43. 


These, of course, would be taken in conjunction with the footnotes 
on pp. 313, 314 of Hzst. ii. and the matter to which the footnotes 
refer. 


CHAPTER XII. 
PERSYMMETRIC DETERMINANTS, FROM 1836 TO 1879. 


it is necessary to note that two of the papers dealt with here do not 
belong to the period of the present volume, and that, indeed, one 
of the two bears a date prior to the period of the second volume. 


SCHELLBACH, K. H. (1836). 
[Ueber die Gaussischen Formeln zur naherungsweise Berechnung 
eines bestimmten Integrals. Crelle’s Journ., xvi. pp. 192-195. ] 
Schellbach reaches the set of 2 equations 


‘ 


A+ B+ C+...+ hy rea | 
aA+ BB+ yC+...4+ wWN=0 
A+ BB+ yO+...4+ YN=} 
@®A+ 6B+ yC+...+ AN=0 
aA+ BB+ y4C+...+ AN 


atl + B"-'B +y77C+ oe ade yy AN ae (9) 
in seeking to make 
Ag(a+ab) + Bé(a+ 6b) + Co(a+yb) +... + Ng(a+vb) 


a satisfactory approximation to 
at+b 


(x) dz. 


a-l 
The determination of the n-+-n quantities 
Peete ee vce LN; 
QBs HY eae wats 
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so as to satisfy the set of equations, ensures that the integral when 
expressed by Maclaurin’s theorem as a series in ascending powers 
of b will not differ from the approximation until the term containing 
b+! is reached. The essential part of Schellbach’s solution consists 


in showing* that a, 8, y, ..., v are the roots of the equation 
= 
5y2(” —1)* = 0, 
: ww tne) ett Dean a). a e 
Means & ee Ta or: 2(2n—1)(2n—3) 2” ‘vesicle 


or, as we may write it, 


C ,C —1,1 C C C C = : 
n__ 2 n-1,1 ,n-2 n, 2~n—2,2 n— -4 n,3~/n-3,3 ,.n-6 py = 0. 
i aC 4 AOE §, 4,2 , Ce ys iz £ 


JOACHIMSTHAL, F. (1854). 


[Bemerkungen iiber den Stwrm’schen Satz. Crelle’s Journ., xviii. 
pp. 386-416.] 


Joachimsthal brings forward the set of equations connected with 
Gauss’ problem merely as an illustration ($16, pp. 411-413) of his 
general subject. The set, however, differs from Schellbach’s in 
having for the right-hand members 


Ue ee ee ae 
942m, USI) Sa OP G2 x? ten ele 


instead of 1, 0, 3, 0, 3, : 
His method of solution is the same as Sylvester’s. (Hust., ii 
pp. 333-335.) 


The recurrence-formula which had been given in 1835 by Jacobi 
for the determinant 


Qa, A, As 2,0 0 Che er 
Ay Qs ay, Fog crane ee | 

| 
1 eri bers ied gceiaern Can 
CEN ai Pray ene Sg: Aon x” 


he is led to establish anew (§ 9, pp. 397- 398), the method, however, 
being still not purely determinantal. 


* But see Jacosi, C.G.J. Ueber Gauss’ neue Methode, die Werthe der Integrale 
néherungsweise zu finden, Crelle’s Journ., i. (1826), pp. 301-308. 


\ 
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LIGOWSKI, W. (1861). 


[Nachtrag zu der Abhandlung “Ueber die Inhaltsberechnung der 
Korper.” Archiv d. Math. u. Phys., xxxvi. pp. 181-185.] 


Ligowski, while on the same track as Schellbach (1836), reaches 
the same set of equations as Joachimsthal, and solves them in 
Sylvester’s way. What is new and interesting is his evaluation 
of the special determinants to which Sylvester’s method leads. The 
first of these is the determinant got by leaving out the last column 
of the array 


eae oe ne 
2 3 n n+1 
1 ] it ] 1 
Tas 4 nm+1 n+2 
1 1 1 i 1 
3. 4 5 n+2 n+8 
1 i il 1 1 
i Reel eo en on 


This he has the insight to recognize as a case of Cauchy’s double 
alternant 


namely, the case where the a’s are ~ 


nal, n4+-2,0m+3,.. 24. 5 2% 
and the 6’s 
n, n—l, n—2,....,1, 


and where therefore the general value 


(—1)?" Ga, ..., an) E(B, + +> Bn) + Tl (a-—B:) (a;—8,)...... (a, —8n) 
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becomes 
jinn LLL21 3! (m1)! (—1)3"""91!1 2131... (n—])! 
he )) nm! (n+1)! (n+)! (2n—1)! ‘ 
1 Tit tah Ve (n—1)! 
'¢ ! 3 
bys [a!2!3!...(n—1)3J 


ni (n+1)! (n+2)!... (2n—1)! 

The other determinant* is that got from the same array by leaving 
out any other column, say the (k+1)", and is made dependent on 
the double alternant also, the a’s this time being 

m+2, n+3, n+4, ..., 2n-+1, 
the (@’s 
n+l, n, n~l,..., n—k+2, n—k, n—k—1, ..., 1, 
and the value of the determinant 
—fri2:3t... 1)! P a! (n+)! 
(kK !)? (w1—k)! (n +1)! (n+2)! 2... (2n)! 
The quotient of the latter determinant by the former, namely, 
(n!)? (n+k)! 
(k!)? (n—k)! (2n)! 
is, save for a sign-factor, the value of one of the unknowns corre- 
sponding to those which, in Sylvester’s paper, were denoted by >A,, 
DA», -..- The value had already been obtained (1832) by 
Murphy without the use of determinants. 


HANKEL, H. (1861). 
[Ueber eine besondere Classe der symmetrischen Determinanten. 
Dissert. 29 pp. Gdéttingen.] 
The special determinant with which Hankel is concerned is the 


persymmetric, but he does not speak of it as having been previously 
considered, and names it orthosymmetric. It and the special form 


i ay A, Ay a) rales Gy, Gy... An-1 
1 @ aa’ eo? Gj0ins . Mh 
, 
ilo, Scho eae a iets Gy Oy. 505) Oly gs (P’) 
1 
On Ondgeh woe Cadaiaatoesene 


* Apparently not seen to include the former. 
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he points out, are fundamentally related. By dividing each row 
of a persymmetric determinant by the first element of the row a 
determinant of the form (P’) is evolved, and conversely, by multi- 
plying each row of (P’) by the first element of the corresponding 
column, persymmetry makes its appearance, the connecting equation 
being 


n-1 n—2 
a, a, BS Gon_2) 


i an 8 la Gy, A, Az, A; AzA3, . - + » AjAg--. Gyn —2)- 


meee TD a (TP Go, + + 


By performing on the persymmetric determinant of 


A; a, Qo, so 8 8g Ayn» 


the operations 
vole), col,,_; —col,,-», . , col,—col,, 
then on the resulting determinant the operations 
col,—col,_,, col,_,—col, », ., col,—col,, 


and so on, there being one operation fewer each time, there is 
obtained the determinant 


(1) (2) (r=1)) 
G, Ay Ay As | 
(1) (2) (n-1) 
| o, 1 1 1 
(1) (2) (n-1) 
1% Ap 2 2 
| ’ 
| . . . . . . . 
(1) (2) (n—1) 
oe Aas ye a Bigs 


Next this is treated in an exactly similar way, save that it is now 
the rows that are operated on, the outcome being 


1) (2) (n-1) 
eek hele pene 
! 2 3) () 
pO Asta te ee A 
are: (3) (4) (n-++1) | 
i A ) A A ae iad 5. | 
| Oe iG ee) ee 
Ae? A ie ae eae wha 


Hankel has thus his fundamental theorem, namely, that the 
persymmetric determinant of a, a, a, ---, Bane as equal to the 
persymmetric determinant of the first members of the 2n—2 difference- 
series of the a’s. As illustrations he uses the well-known case 
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where a, = s, = a*+as+...-+a‘ and the case where @ = ax+ 
a constant. 

The next section (§ 3, pp. 7-11) is occupied with the discussion 
of the case where 


a, = (e+k—a,)(x+k—a,) ... (e+k—a,), 
and where therefore the constituents of the «"" difference-series are 
each equal to «! The value of the determinant is thus seen to be 
(—1)#""{(n—1)!}"_ or 0, 
according as ~« = or <n—l, that is to say, is in both cases inde- 
pendent of the a’s. By giving the a’s the values 
0, —l, —2,...,—-w#4+1 


in the first of these two results, and performing on the determinant 
the operations 

col,—col,, col,—colz, ..., 
it is possible to remove the factor (n—1)"~' from both sides, then by 
similar means the factor (n—2)"-*, and so on, the final outcome 
being 
P’(at+n—1, +n, ..., e+3n—4) = (n—1)'(n—2)... (2)? 1-, 


a result easily proved otherwise. 
The fourth section is devoted to the case where 


_ d=g)G-¢tt!) . 2. Q-gett3) 
(l—g7”)(l—qv#}) 2. . (L—grt#-})’ 


Here, on the removal of the requisite factors, the P’ form is readily 
seen to be 


dj, 


: 1—q 1—q**! ]—qr+?"-8 

ic [eye oe ee): or, say, F,,(a, y), 
and on utilizing the column of 1’s to reduce the order it‘is found 
that F,(a, y) and F,_,(a+1, y+2) are connected by a factor. 
Repeated use of this result is then all that is wanted for the purpose 
in view ; but the connecting factor being 


yet amar Maio pe sep e 
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where A = (1—q)(1—@?) . . . (l—q"~), 
and B= t—-qileqge fai-e eye . 3 
x (l—gr+"-8)2(1 —grt-2)2(] —qr#-}), 
the expression obtained for the determinant is neither short nor 


simple. Among the interesting specializations made there may 
be noted 


(igo = 1,7 and:: i= = 


2)¢g21, y = Fo, and... gy = 0; 
(3) g21, a= +», and .. gt/= 0. 


Section fifth concerns sets of linear equations of the type 


r=n 


DD + Ap lot... tOrynalntOrin = 0} 
whose determinants are the persymmetric forms dealt with in the 
preceding sections. Section sixth is a continuation, the special 
set of equations considered being 


r=1? 


pete, frre y+. ; bie At ne Pegi pg oe + Apin-1 = hee 
Yr Yr¥rs Yrves Yryng Yrs + Yrens rai 
The last section (pp. 25-29) is occupied with the transformation of 
ltaetagz?+... 
into a continued fraction of the form 
1 pxt pe 
1—1—1—.... 


The resolution obtained is accurate so far as it goes: it leaves, 
however, a misleading impression in that the expression reached 
for pon is different from and more complicated than that for p._4;. 
The details need not be given, as, on putting 


ey Dy Os ted 70 

in Heilermann’s result of the year 1845, we obtain 
Ata, et+ag+... 
_A, Aw Aw A Aw AAs AAs 

> bea, A, OA, — ARP = A, =: 


em, "Wy iy PAA oA, 2LA,A,/A;A,  xA,A,/O,A, 
eal Ws Aad nt ) 1 Ss ae as 
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where Ay = @, Ay = G, 


A, =|@ |, As =| ‘ 
a, a, a, 3 | 

A, => ao ay Ay ) As => ay As a3 > eters SS, 
a Gd ag Ga, As Ay 
Ga, Ag Ay a3 A, As 


which is what Hankel would have been led to had he gone a little 
farther. 


SYLVESTER, J. J. (1862). 


[Sur une classe nouvelle d’équations différentielles et d’équations 
aux différences finies d’une forme intégrable. Comptes Rendus 
... . Acad. des Scr. (Paris), liv. pp. 129-132 ; or Collected Math. 
Papers, ii. pp. 308-312. ] 


The existence of the equation 
Uz — Pers + Pers —PserstUr4 = 9, 
where p,, 2, P; are constants, implies that 
Uy, Uni Usy Unrs 
Ugir Ugi2 Ugs3 Ups 
Ucr2 Users Usss Unt 
Uns Uns Ugis Unzse 
is independent of x; for if we perform the operation 
TOW, — PylOW, + P2TOW; — P3lOW, 


and make use of the said equation, the determinant is simply 
changed into 

| Ugis Unes Ugsg Uarz 

| Vet Usre Us+s Unt 

| Ue» Ures Unrs Unss 

| 


Ugss Un44 Ug+5 Un+6 , 


—in other words, we learn that the given determinant is not 


altered by substituting v+1 for z From this Sylvester concludes 
that the difference-equation 
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Uz Uge Ugs2 se ee Ugen- 
ed 1 ies, ines Bom i ag 2 = constant 
Urin-1 Urin Uxinti +--+ Undone 


is satisfied by the same integrals as the equation 
Us Pies + Piz42— Se ei} 2 anf = Yo Peatlerea tA 1) "Unen = 0. 


An analogous result is obtained in regard to the differential 
equation 


dy dy dry 
Y dx dx °° dan 
dy dy dy dry 
| dr de® dz ae age = constant, 
dry dy d"—y any 
da da” dg” dain 


where the determinant is seen to be a special form of Wronskian. 


HANKEL, H. (1862). 
[Ueber die Transformation von Reihen in Kettenbriiche. Zeit- 
schrift f. Math. u. Phys., vii. pp. 338-343. ] 
This is merely a fresh presentation of results already known: 
for example, from Brioschi (1854) and Sylvester (1850). (Hist., 
i. pp. 343-346, 333-335.) 


SYLVESTER, J. J. (1863). 
[Sequel to the theorems relating to “canonic roots,’ . . . . Philos. 
Magazine, (4) xxv. pp. 453-460; or Collected Math. Papers, 
li. pp. 331-337. ] 
A simple problem here solved is the elimination of « from two 
such equations as 


Leen 0; he Ere Ek 
@ 0.6 -a@ Gobi ree | 
BP Crd: Ee Be. .d 
Oo Ble 
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the eliminant found being a power of 


Gabe 
Oo © @ 
c de 
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Possible extensions of the problem are indicated. 


WHITWORTH, W. A. (1865): ZEIPEL, V. v. (1865). 
Oxford, Cambr. and Dubl. Messenger of Math., 


[Of recurring series. 


il. pp. 117-121; or Math. from Educ. Times, iii. p. 100.] 


[Determinanter, hvars elementer dro binomialkoefficienter. 


will be 
xt xt xt 1 
| Cp 
Cy = eC; C, c 
: 7 ws 
C; Cy C; Crit : | 
| | Cry 
Cry Cc, Cry Cor 1 
and its sum to infinity will be 
[O)-= 8 Xe asx = S, x 
CrireC Cy C; Cy 
CG, OC, C3 Spars) Hie WG) 
Cry Cy Chai Cory Cry 


Univ. Arsskrift, ii. pp. 1-68.] 
Whitworth’s paper is summed up in one proposition, namely, 


Tf cy+e,x+c.x?+ ... be any convergent recurring series of the x” 
order of recurrence whose first 2r terms are given, its scale of relation 


Cy 


Cc, 


C, 


G 
C; 


CHa 


where s,, denotes the sum of the first m of the given terms. 
The ‘ scale of relation’ being of the form 


there are r equations 


14+B,2+6,@?+ ...4+£8.2", 

CBr GGag et oe 

6,8, + ¢28,1+ estas HCr 4 = 0 
Cart C84 aes on Coy a 0 | ’ 


Lunds 
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which lead to the determination of the §’s and the finding of the 
actual scale as enunciated. Now, by multiplying the series by the 
scale of relation, it naturally is found that the product, unlike 
the multiplicand, is limited in the number of its terms, and we have 
then little more to do than to take the quotient of this product by 
the scale in order to reach the desired expression for the sum. 

If the idea of a ‘formula of recurrence’ be used instead of a 
“seale of relation,’ the first of these results takes the form: If 


Co, Cy, Cg,.... be a@ recurring series of the r” order, the recurrence- 
formula is 
Egur, C% = ari tage, EEO 
2; c. cf. Pat ee RES 
= (), 
7 Cr4t soe ee Copy 
Cy_y Cyr Cyr +z 7. SapeN Be Cy 


Zeipel’s memoir we deal with under its own heading (Chap. XX.) ; 
its single persymmetric determinant 


(M)p+, (™)psr—1 (M)p4r—2 oiiire ¢ (™m), 

(M)p4r-1 (M)p4r—2 (M)p4+—3 fae RDS: (™)p-1 
(M),4,~2 (7) p4+—s (1) p4r—4 eae tet al (M),~» 
(mm), (Mpg (Mpg 6s (OM)pay 


cannot well be considered apart from other forms. 


FONTEBASSO, D. (1872). 
[I primt ELEMENTI DELLA TEORIA DEI DETERMINANTI, ... 
viii+134 pp Treviso.] 

Fontebasso proves that the n-line determinant whose elements 
in the secondary diagonal of the complementary minor of the 
(n, n) element are zeros and all the others units is +1. He does 
not observe that the set of operations 


row, —Iow,_,, TOW,_,;—TlOwW, _», 


gives at once the result 
( -— 1)""-0, 
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McKENZIE, J. L. (1874). 


[Question 4526. Educ. Times, xxvii. p. 166; solution by R. F. 
Scott in Math. from Educ. Times, xxv. pp. 106-107. ] 

The theorem brought forward by McKenzie is Joachimsthal’s 

of 1854 (Hist., ii. pp. 169-170). In Scott’s proof the determinant 


concerned appears as the result of eliminating the coefficients of 
the related equation. 


GUNTHER, S. (1875): MUIR, T. (1876). 


[LEHRBUCH DER DETERMINANTEN-THEORIE, . . . vili+236 pp. 
Erlangen. | 


[New general formulae for the transformation of infinite series into 
continued fractions. Transac. R. Soc. Edinburgh, xxvii. 
pp. 467-471.] 

Giinther’s contribution (p. 88) is that when the series of distinct 
elements in a persymmetric determinant are in equirational pro- 
gression the determinant vanishes; and Muir’s result, involving 
persymmetric determinants, is a rediscovery. 


McKENZIE, J. L. (1878). 


[Question 5622. Educ. Times, xxxi. p. 114; solution by R. F. 
Scott and others in Math. from Educ. Times, xxxviii. 
pp. 86-87. ] 


The ‘ question ’ here concerns the primary minors of 


Soak Shenae: Sn 

| 5} 83 S3 Sri 

| Sot, we 35 

: : 

i Sn Sn4tr Sngg + + + Som ly 


in which s, stands for the sum of the 7“ powers of the roots of an 
equation of the n” degree, and the value of which is identically 0 
(Hist., 1. p. 353). 
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Taking the case where n is 4, we clearly have 

1 | o'er | 

= | a°B ys? | - (at—La-a?+DaB-a? 
—ZYaBy -x+aBy6) ; 


Be 
| 


4 ee y* ot at 
and putting y for x in this and exchanging the first and last columns, 
we obtain 


fe ee ee ples 1B ey Sas fi tlhe 
is as ee ae Se —ZaBy-y+aPBy0). 
ya By 8 
tae yO, 
ya B Pp & 
yt at Bt xy & 


From these by multiplication there results 
Lee aye ae 
eee. Tenet a Pe I 
a= Sy aes Par Pa 
i EET Pe fae 
ew 8 8 Sf 8 8, 
a 8, 85 %& % & 
=_ 4a’ B68 |" (at — Da-a? +: 2a8 +e? — 2.) 
(yt — Lay? + LaB-y? — ...). 
But if we denote the adjugate of the cofactor of the zero element 


in the six-line determinant here by So081S22533%44 |, the left-hand 
member is equal to 


Tn Wings Fee e- 

Soo Sor Soe Sos Su | 1 
Si Si Se Ss Sy | 2 
S59" “Be “Sap ~Syg By, | 2? 
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and if we denote 
1, Da, LaB, LaBy, VaByd, by Co, Cy, Cy, Cg, Cy, 
the right-hand member is equal to 


4 3 2 1 
| oty2i? |2- Se y . me ‘ er ee 
Cyr) Oey Cole —Lo€s Coogee 
— C9 C2 —Cy0e Clg —GCq | 2? 
Colo —Coly C27 — nC Cha) 0 
—€C5C9 C30, —C3Co eg Yee pia 
CxCo —Cgty Clg —Cgls Caos 


Consequently we have, by equating cofactors of zy’, 
Sr = | a’ Bry?63 ie (= i a ogi a 
This may be viewed as a generalization of a previous result, for 
on putting s = n it becomes 


Sea — | a? Bty?63 be * (— Lye. & 
which is not essentially different from Bellavitis’ statement regard- 
ing the c’s (Hist., il. p. 182). 


WOLSTENHOLME, J. (1878). 


[MATHEMATICAL PROBLEMS,.... 2" edition. x+480 pp. 
London. } 
The result intended to be stated (p. 276) is that 
P(1, cos 0, cos20, .... , cos2n—2-0) = 0 


for all values of n greater than 2. Scott (1879) affirms the same 
for the similar determinant whose elements are 


cosa, cos(a+6),.... , cos(a+2n—2-8), 


and adds that when n is 2 the value is —sin?0@. 


SYLVESTER, J. J. (1878). 


[On the theorem connected with Newton’s rule for the discovery 
of imaginary roots of equations. Messenger of Math., ix. 
pp. 71-84; or Collected Math. Papers, iii. pp. 414-425.] 


In a postscript to a postscript Sylvester enunciates the proposi- 


\ 
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tion that if f, = (a9, a, a, ..., ai{x, y)', then the persymmetric 
determinant 

A ee ee ae 

EME E ates EL mnie Cah 

fe ae =) dig is, 


where the cofactor of y*** is that covariant of f,,. whose highest 
power of x has for its coefficient the persymmetric determinant 


ae 8, ae NS Pe, 
ay As cP Sr: ere | 
ae ae +1 ae +2 ed Ave 


There can be little doubt that this is incorrect, even when made 
consistent by altering f,,,. into f,,., and that the determinant of the 
j’s was meant to be not of the (2e+1) order but of the (e+1)* 
order, so that the last row and last column should be changed into 


Fir fis fis + +s Site 
The process of proof followed shows signs of equally hasty construc- 
tion; and is quite unnecessarily complicated, since all that is 
wanted is a simple diminution of the columns in backward order, 
and thereafter of the rows in like manner. Thus, taking the case 
where 7 = 3, e = 1, we have ‘ 
Apt +ay Apt? +2a,ry+acy? agr+.. . +agy3 
Agu? +2a,ry +a yy? agt?+... +agy® aprt+... +ay* 
aget+...tagy® agit... tay agvt+... +a;y° 
Agt + Ay Aye + Ady gl —-A3y eats 
ague+... tay? aa?+...+agy? ag*+...+tay? 
age+... tay? aa+...+ay> agv?+... +azy? 
Agethy AT+Asy age -+agy | yO 
AL+AY Agl+A3Y Azl+Agy 
Ag+ Asy Atay yl+Osy | 
Gg My My |X® + | My a As (XY + | My Ay Ag |ry? + 


a, A Os | G Ay UN, a, Az Us 


G, A Os 
Ay As A, 


Ag Aq As | | 


Ay My Ug Gz Az M5 | Uy Aq a5 


p apr), 
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Indeed, if we put 


(2,., pay 90 Soe 


¢ VEZ y)* = (r, 8) 


and take note of the relation repeatedly used in the transformation 


just made, namely, 


(r,s) — a(r,s—1) = y(r+1, s—}), 


we obtain the identity 


(0, 1—e) (0,t—e+1) (0,7—e+2) 
(0,i—e+1) (0,4—e+2) (0, i—e+3) 


(0,7—e+2) (0, esa: (0, peat : 


(0, Ae ) ©, ee 


(0,i—e) (1, 7—e) 
(1l,a—e) (2,4—e) 
(2,i—e) (3, 1—e) 


(0, i-+2) 
(2, i—e) 
(3, 7—e) 
(4, -—e) 


c AEDy erst abs “ten? eal: 


(0, 2) 
(0, i+1) 
(0, ++2) 
(0, i+e) 
(e, i—e) yer, 
(e+ 1, i—e) 
(e+2, 7—e) | 
Me va 
(2e, i—e) | 


which may be viewed as a preferable form of Sylvester’s theorem. 
In it, it is interesting to note, the persymmetry of the given deter- 
minant is due to the set of second index-numbers of the elements, 
the first index-number being 0 throughout, whereas in the determi- 
nant which results after the removal of the factor y°*” it is the 
second index-number that is invariable, the persymmetry being 


due to the set of first numbers. 


This means that in every element 


of the latter determinant the highest power of x is the (c—e)", and 
that therefore the first term of the resulting binary quantic is 


Ay 
a, 


(4 
As eat 
Wy, Qer2 
7) og 


| gp e)le+)), 
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SCOTT, R. F. (1879). 
[On some symmetrical forms of determinants. Messenger of Math., 
viii. pp. 131-138, 145-150.] 
Beginning with the evaluation of the persymmetric continuant 
K(bfb%b ...) (see chap. xvii. at end), Scott passes on by two easy 
stages to the result 


Biv adhe VeahsSin> OE) 
DEA: Fille Hed <1: aith | Pee sppusne: ayn 
b6 be | os Poe | ’ 
at Se | Sue tas a3, 4 
adding that the determinant got from this by bordering it axi- 
symmetrically with 0,1, 1,1,..., 1 is equal to 
(6= 0) = e= 0) 
a—b ‘ 
and that the determinant, no longer persymmetric, got by changing 
the ¢’s into ¢,, 6,..-, Cn, 18 equal to 


coe where ¢(z) = (¢,—2)(Cg—%) ... (Cn—2). 


He next devotes considerable space to the determinant which is 
identical with the above as regards its main diagonal and the two 
contiguous minor diagonals, but differs in having a c in all its other 
places. This is followed by one still more fanciful, and then he 
returns to forms like Sardi’s of 1868. 


On account of the connection of persymmetric determinants with 
Sturm’s Functions, the following writings dealing with the latter 
and reproducing previous results in more or less fresh forms are 
worth noting : 

1862. HarrenporF, K. Ueber die Sturm’schen Functionen. 
Dissert. 54 pp. Géttingen. 2’ Aufl., Hannover, 1874. 
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1866-7. GitBEeRT, Pu. Sur les fonctions de Sturm. Journ. (de 
Inouville) de Math., (2) xii. pp. 87-97. 
1874-5 DargBoux, G. Mémoire sur le théoréme de Sturm. Bull. 
des Sci. Math., vil. pp. 56-63, 92-112. 
1878. WENDLANDT, H. Die Sturm’schen Functionen zweiter 
Gattung. Archiv d. Math. u. Phys., \xii. pp. 1-77. 


It is also worth noting that Jacobi’s paper of 1845 (Hvst., 1. 
pp. 326-330), dealing with a special problem connected with the 
approximate representation of functions, is followed up by Frobenius 
in his paper ‘Ueber Relationen zwischen den Naherungsbriichen 
von Potenzreihen ’ in Crelle’s Journ., xc. (1879), pp. 1-17. 


CHAPTER XIII. 


BIGRADIENTS, FROM 1859 TO 1880. 


HirHEerto the only bigradient considered had been that which 
originates in the process of dialytic elimination: and although in 
the period now reached bigradients of other origins make their 
appearance, it is still Sylvester’s that claims the greatest share of 
attention. Note needs consequently to be taken that on account 
of the existence of Bezout’s eliminant, which of course is equivalent 
in substance but which in form is axisymmetric, a difficulty of 
classification arises, and that we adopt what seems the most generally 
convenient course of not attempting to separate the two. Proposi- 
tions, therefore, which concern the axisymmetric eliminant of two 
binary quantics will be found as a rule under our present heading. 


BRUNO, F. FAA DI (1859). 
(Tutorre GENERALE DE L’ELimrination,. .. x+224 pp. Paris.] 


In his section on the highest-common-divisor (pp. 47-52), Bruno, 
denoting the r” Sturmian remainder of 
AC aude OE all Ceane Eb ee Ee 
by R,, finds for it the expression 


mer { : 

cae Cg Es sens yet! Cape; 

Jick a Ge PPE Oy NOEs, 4 
amt 

Ay - ++ + Aoy3 Aor41—z 

ees Vere PR A Boe ii Cyn 

ae a a ey Le 
Open By Depa, Ders1— 

r—1 By , 
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where \, and R,/), are the “allotrious factor” and “simplified 
residue ” of Sylvester (1853). He must, however, have overlooked 
the question of.sign, for the example which he gives, namely, 


2 
Qy M, Ay |a + |G G Gy |e + | ay % 


i 
b? by b, by by b, bs | bo b, 
by 04 Std Sb, Des 
as the first Sturmian remainder of 
aw+aet+....+a,, 6 2°+6,0?+b07+b, 


is incorrect in this particular. His method is more direct than 
Sylvester’s : indeed, it would seem that the expressions which the 
latter obtained in 1840 (Hist., i. pp. 286-238) as the result of dialytic 
elimination were only thought of at a later date as being connected 
with the Sturmian remainders. He, however, claims the earlier 
date,* and ought on the like ground to have viewed Jacobi as_ 
having forestalled him in the matter of his other set of expressions 
for the same remainders, namely, those in which the cofficients are 
minors of the condensed eliminant.t 

In the section on the properties of the resultant (pp. 68-81) 
he recalls Richelot’s theorem of 1840, that if w be a common 
root of the equations 


ax™+a,x7 7+... = 0, b)x*-+-b,x" +... =.0; 
whose resultant is R, then we have 
OR OR | ° oR . m m—1l 
age Oh a Oe ee 7 W Te, eds 
oR 3 OR ‘ 5 oR n n—1 
Obj dbs ob eee ds B ded Asie el be 


This is not brought forward as a theorem in determinants, but for 
comparison, when n = m, with Jacobi’s theorem of 1835 to the 
effect that the signed primary minors associated with the elements 
of any row of Bezout’s condensed eliminant 


*SyivesTeR, J. J. On the theory of the syzygetic relations . . . Philos. 
Transac. R. Soc. (London) (1853), art. 9 pp. 426-427. 


+Jacosi, C. G.J. De eliminatione variabilis ... Crelle’s Journ., xv. (1835), 
§ 15, pp. 119-121. 
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[a ob, | |ayb,| 
Jagby| — Jagb| + [a,b,| 


are proportional to 
ee) Sr ewe 

In the section on common roots (pp. 81-84) he obtains such 
a root when it is solitary by taking any one of these three series 
of proportionals and dividing one member of the series by the 
member immediately following. When the number of such roots 
is k he has recourse to the Sturmian remainders previously found, 
stating for comparison Lagrange’s set of conditions : * 


oR 2R OoOR 
pet Sa 


TRUDI, N. (1862). 
[TEoRI4 DE DETERMINANTI,.... xlli+268 pp. Napoli.] 


To Trudi is due the first methodical exposition of bigradients, a 
nineteen-page chapter of the first part (Teoria) of his text-book 
being specially devoted to them, and several chapters of his second 
part (Applicaziont) making constant use of them. 

The nineteen-page chapter or section (§ xi. pp. 94-112) bears the 
heading “‘ Matrici e determinanti a due scale.’”’ It contains, first of 
all, careful explanations of the various expressions which he finds 
necessary to use in a special sense while dealing with such determi- 
nants; for example, scala, scala di grado r, scala diretta, scala in- 
versa, scala completa, etc. He next gives an account of the simple 
properties of bigradient arrays, or, as he calls them, two-scale matrices, 
aad introduces a notation for them, writing 


(4), 

(bo), 
to denote the bigradient array in which the elements dy, ,,..., Om 
are repeated r times, and the elements by, b,,..., bn are 


* LAGRANGE. Réflexions sur la résolution algébrique des équations. Nouv. 
Mémoires ... Acad. ... Berlin, 1770, 1771; or Quvres completes, iii. pp. 205—. 
421 (227— 229). 
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repeated s times, a, and b, when furthest to the left being in 
the first column, and a, and b, when furthest to the right being 
in the last column. Clearly, the notation would have been less 
imperfect if written 

| (hos + + 5 Gan)r | 

Geach Ge: 
For example, the bigradient array 
Qa Oy Oo ets Oe. Oe CO se Cait a. caeoe 
Go Oe ho Gi Og es hs Vey 

OE SE PA MS RO FP ae a 


b b 
Sub bp OR hae 
We es 


might with fair appropriateness be denoted by 


(Qo, ah oe 2 59 ny) 3 


(bo, POE) by)g 


the only weak point then being that the introduction of the 6 is 
uncalled for, on account of the necessary equality of m+r and 
n-+s, either of which specifies the number of columns in the array. 
It is a convenience, however, to have both the outside suffixes 3, 6 
in front of us, because their sum gives the number of the rows, a 
sum we should otherwise have to know from m+2r—n. Instead 
of all the determinants of such an array being viewed, as hitherto, 
of equal prominence, Trudi only concerns himself with the first two 
of the ten, namely, those which have in common the first eight 
columns of the array. These n—r+1 determinants he designates 
not very happily “the successive determinants of the array.” The 
name “principal” which he gives to the first determinant of all 
may be advantageously translated “ leading.” 

The number of bigradient arrays associated with the two sets of 
elements 


bf 


hy, Oy y 2 -scs yin Oy Oo OR 
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is evidently n: thus, in the case where m,n = 7,4 the arrays are 


Bo - >a), | eo Capac be (dors + +s Ay)a | 

Be), t, fbace., Bad. ek eno Dde dn |r oe ob 
the last, where r = », being square, and therefore preferably 
written in the form 


, 


ii eS Pcad ve, Cr)ig 

i bel. e+ att, 18): 

These and other preliminaries being settled, he is in a position 

to deal with an important theorem on the subject of what we may 

call the condensation of a bigradient array. The proof given is, 

unfortunately, not at all so simple as it might have been. We 

shall therefore substitute for it one of our own, which Trudi himself 

would probably have devised had he been aware of Cayley’s work 
of 1845. Taking, first, a case in which m = n, say the case 


Gg ti Ma Oe A Oy 
7; Me? a Pe 
A a, A, as MN, or (Ms, Pisce he 39) A,)s 
eee te be, Us cee baal 
by) Us. By 20; 
(Saget SOY CPL OF 
_ we multiply the determinant . 
Pee an’ © b . —b 
1 —b, —b, 


a7) 


by the given array in column-by-column fashion, obtaining (Hist., 


ii. p. 34) age Caden (0, dy 
li agna,@ a, As a, 
‘i (doy +++ 4a)s| ~ | pbbase thigh ay hy Oh O, 
Novis Bdal | + + Labi] Jt labs] [ato 
| + + JoeB] [aos] + Jarbe] |atobg] + [2,23] |e.bal 


. |b; | [ody] + |aybg] |aid,] + |aab,| |ayb,| |]. 
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Of the seven identities included in this the first two are Trudi’s, and 
these he writes in combination, thus : 


| ab, | || | aodg| | aob,| 


|aob5| |aod,| + |aybs|  [ayb,| + leds] |agb,| 


boobs Becbic bese 


th 


meaning thereby that the determinants got iy leaving out the 7 
column on the left and the 4” on the right are equal to one another, 
and also those determinants got by leaving out the 6" column on 
the left and the 3" on the right.* 
He then draws attention to the fact that the two-line determinants 
involved in the array on the right are principal minors of the array 
ged, he Con, 
Cee GU ee tO 
and he formulates a mnemonic rule like Sylvester’s (Hist., ii. p. 340) 
for the formation of the condensed array. His own illustrative 
examples are 


Ge2be 6. Ta, 
Gao Do 6s Mace. au— bt av—ct ax—dt 
a ..0: "ee a ax—adt 
Va aie aig a av —ct ‘epee ba—du 
boo tke eee ax —dt ba—du cx—dv |, 
ib Oh Oe 


* With Cayley the assertion 


% XQ Uy 


Yn Ye Ys 


a, WM As M% a 2 % sy Wy, 
b, by bs by % Yo Ys Yai 
included 6 equations, whereas with Trudi it only includes 3, namely, the first 3 of 
Cayley’s 6: and with Cayley the assertion 
A, Ay Az a4! 
b, by bs bi) = | | 
C, C2 Cz | | 
was meaningless, whereas with Trudi it includes 2 equations. Since in the former - 
case Trudi’s 3 equations are known to necessitate the other 3, there is clearly no good 
reason for refusing to profit by the new usage. What is common to any two arrays 
which Trudi may equate is the excess of the number of columns over the number 
of rows: and evidently if his excess be 5, the number of included equations is 5+ 1. 


| = | lobe]  |aobs| + abo] [aob,| + lars] lasdel 
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SA Ee Boinx i 
cst teresa 40% yeas ees odin | 
t uv avi av —ct ba — du | 

AR fost +bv—cw ll, 
tis 2 od 

ite | = |law—bt av—et ax—adtll, 


where each array on the left is got from the one that precedes it by 
deleting the first row, the first column, and the last row ; and each 
array on the right by merely deleting the last row. It is noted that 
the leading determinant of the condensed array is axisymmetric. 

Lastly, it is pointed out that cases where m > 7 present almost 
no additional difficulty, as they are readily brought under the fore- 
going. Thus, if the case be 


(a, 6, ¢, d, ¢ f), 
(t, Uw, U)s I, 
we have only totake abcedef 
gai NR | i ak ae 
for our generating array and proceed exactly as before, the results 
being 


Oe de f 
Eee dens ‘ ; at au av 
St ae! : ats au +-bt av + bu bv 
Ge en au+bt av+bu+ad bv-+cu cv 
tu v au av+bu bv-+cu cu+du—et dv—ft 
uv lav bv cv du—ft ev—fu 
v 
t U v 
t U v 
= iy U eo, 5 é 
au av+bu bv+cu cvtdu—et dv—ft 
| av bv cv du—ft eu—fu 
ee ee 
ce nal Sti) fe cS ; bi s 
t U v : 
: . i au av+bu bv+cu cu+du—et dv—ft 
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The requisite division by a (in general a-") may be performed by 
removing the a’s one at a time, or by using the divisor in the form 


a be 
a b 


a 


3 mot tow. Pe! 
Another theorem of a similar kind, but introduced for a diffe- 


rent purpose, namely, for dilatation rather than condensation 
(pp. 129-131), is 


(CENA Sle SIN che ees 

(Cgc kes Cae Faerie 10 (ca eee a ; 
where the c’s are determinants defined by the postulated identity 

Cet oes Cy 

beens eee Jy A ES ee 


(see under Recurrents) and where ¢ = r+1+4(m—n)(m—n—1). 
For example, when m = 5, n = 4, r = 2, the identity is 


A GA GM Ag Aq, as 


| | GQ GU GM Ws Aq Os 
pene OO Oe ba (1) tins Go GM Gens poumeet 
| | = appeal, ine? Dee brane bakes 
[pope Neen ean Hoste Dg BOD SMRO ea Oe 
Col Ci Gow Cs uk U gic; isUouesOateo 

by by by bg by 

Trudi’s proof consists in evolving the second member from the first, 
but here again it is simpler to use Cayley’s multiplication-theorem 
of 1845. Thus, taking the second array as multiplier and the 
determinant 


1 : 
1 : 
1 
—q 1 
Gi. 46 1 
die edd 1 
+70 1 


BIGRADIENTS (TRUDI, 1862) 335 


as multiplicand, we at once find the product to be 


Co SG CQ Cz 
Co G& C Cg 
Co Gy Cy Cg 
- by b, by bs by 
by Bb, by bs by 
= Ug Or t0s Os Oe 
by Ob; by bs by , 
which is equal to 
‘|Co G Cg Cz 
Co G% G& Cz . 
et 3 eM ee te, ees PLO (0, » Pads 
I Bandy. By bs Bi se kl 
| by b, b, bs by 


as was to be proved. 

The use to which this second theorem is put (pp. 132-137) is in 
connection with the division-process for finding the highest-common- 
divisor of two integral functions, and, in particular, with the 
modification of the said process employed by Sturm in obtaining 
his so-called “‘remainders.”’ From the general theorem* connecting 
dividend, divisor, quotient, and remainder we know that the coeffi- 
cients of the first remainder in such a process are proportional to 
the successive determinants of a bigradient array composed of the 
coefficients of the dividend and divisor. We thus also know that, 
this remainder having been made the divisor and the previous 
divisor the dividend, the new remainder must be expressible in 
like fashion. In the second bigradient array thus arising, however, 
one of the two sets of elements is complicated, being in fact the 
successive determinants of the previous array: and what Trudi’s 
** dilatation ’-theorem enables us to do is to supplant it by another 
array whose elements are simply the coefficients of the original 
functions. In this way the theorem finally reached is: The coeffi- 
cients of the x” remainder R,, arising in the course of the performance 
of Sturm’s division-process on 

apxm™ +... +4, box" +...+b, 


* See above under Recurrents, Trudi (1862). 


336 HISTORY OF THE THEORY OF DETERMINANTS 


are equal to the successive determinants of the array 


| (9) :scges ser aed 
(Des + emPn) || 
divided by the product of the squares of the first coefficients of all 
the preceding remainders and by bo™~"*! and by the sign-factor 
“(—1)2-™—2-1) The 7 remainder, when divested of the three- 
fold divisor here specified, a, say, Trudi follows Sylvester in calling 
the r” residuo semplificato,* and denotes by p,, so that R, = p,/a,. 
For example, when the originating functions A and B are 
az! + bz? + cx? ++da+e, 
pa + qu*+ rz +8, 
the three Sturmian remainders in their ‘simplified’ or disen- 
cumbered form are 


abe abd eres 
<p qie “+ ee bien sieh! 
pqr pqs I PAcGies | 
abcde! @ 20067108 si 
abed a bee 
Se AR each ain ill (ci) i Sd! Be 
pagers “OY ‘te engl ee 
Bo Otty e IP UGeTy oh oes 
@ OF CuO <eos 
G0. CRG eige 
a: Dao. “de 
ee eae 
BAT Mois 
pigs & xt 
PUGUTVsIN oes wee 


* A most natural and helpful notation for such a remainder would be 


(ioiS ol CEs) | (am, 5 hee 1 


(Gy, cre nye 
Thus, in the case here used for purposes of illustration, the remainders would be 
written 

la 6 c ad ell (a, x, 1); ae eee Gb), 

-paqrs| (p qr 8)s 

Dg 8.4 
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the removed encumbrances being the factors 


abe 

|- pq 

JZ e pat 
‘ot e bec? gia 6b del"? 
5 Oe G a bDvE ad 
pq? pq? 
DO £-.8 

pq rT & 


respectively. The general expression for the factor, a,, connecting 
the simplified and unsimplified forms of a remainder, is readily got 
(pp. 138-139) in Sylvester’s way by using the fact that the product 
a,_,a, 1s equal to the square of the first coefficient of p,. For, this is the 
same as saying that, if we denote the first determinant of 


| 0 rg 


beside sks Dig) 


by D,, we have 
a,4, = 1. A:,a3, = D;, ee: 


and these lead to 


pie aaa 
ay DD; ors DS 
and 
Dy .. ten ay 
a a Oi a eee Oe 
agi fe z DD. ee 
where 


a, = (= 1 gals, peda fs pipes 


An important observation made in passing is that any simplified 
remainder can be condensed into a single determinant : for example, 


the three just given above are equal to 


a b cx#?+dz+e a OA 
p qv+rz+s| or |. p B 
Pp qd re+ex pe o-BE, 
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ENO Co FAIeee gah em gy mAs 
a b6 ec date a 6 G&A 
oop 4g 90 -bes or 2 a ae 
Tips CO Re 2F i yp 98 rie 
DIGS MONS a. pq7te, 3) Bhx ay 

Grebe crvdrre Az? 

oe UP RCIA er Ag 

Ga OOP Oe oA: 

eh hes 

SR hy Agen et Sel 2“ 

4 pe Gee aS Ba? 

Deyn 8). St EZ? Mn 


where, be it remarked, the ultimate forms, namely, those explicitly 
involving A and B, are Cayley’s of 1848. 

Cayley’s relation between any three consecutive ‘simplified 
remainders’ is next given (pp. 140-142), the proof arising quite 
naturally and being mainly dependent on the equality a,_,a,= D?_,. 
Thus, taking the equations that indicate the nature of the division- 
process, namely, 


A = Q,B-R, 
B = Q,R,—R, 
R, = Q;R,—R, 
R 


2 = Q,R,—R, 
and substituting p,/a, for R,, we obtain 
a,°A = a,Q,°B — p, 
aa2°B = asQo*py — ay. pe 
GsGs* Py = 4;Qs "py — a,40"p3 
Czy Pz = AA4Qy. py — AyA3.p, 
“In this way there results the general equation 
Oya, * Pr. = p20 Qy* Pr—a — GAp—2Ayr_1* Pr» 
and thence 
Da * Pro = O20, Qy* Pra ace Deepa 
showing that p,_, and p, have different signs for any value of x that 
makes p,_, vanish. 
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Proceeding from the above-noted Cayleyan mode of expressing 
the ‘simplified remainders,’ Trudi puts forward (pp. 145-152) 
another mode, each remainder now appearing as a swm of a multiple 
of A and a multiple of B; or, in Sylvester’s words,* as a syzygetic 
function of A and B. For example, the three remainders above 
given he considers in the form 

Get OP SD PAY Saraliget AaB: 


5 ine er ‘dea! 
fgets Kemet SN ad 
cju CO. £\A + 10. 6c, a B, 3 
a ae | Dee lid wie 
pq at Vege 
Tl cl si 
ae Gg Ura PLP Kane 
and generally he writes 
pr = U,-A + V,-B, 
where it is readily seen that, as regards z, 
U, is of the degree r—1, 
Wexluts.t¢ ae es ne cope 
UA saa y Bin) eee 1h 
V2 yews — m+r—1, J 
and where, as we know, 2 
(Pape he? . he. 


Observation also shows that the coefficients of the highest powers 
of x in U,, V, are —b,D,_,, a)D,_, respectively. By substituting 
the new forms for p,_», p,-1, p, in Cayley’s relation 
De, D; ip — Otis Piet. Te ee “pr = 9, 
there is obtained . 
(D; pay id, Ope), 2ysat Dts -U,)A 


[pad | . 


. (D; 1 : V,-2 = Ay -0tQ,, ‘ ist ‘i jar ; V,)B =, 


*TIt is worth noting that it was in this connection that the word ‘syzygetic’ 
was first used, the full title of the memoir of 1853 (which clearly had considerable 
influence on Trudi) being “‘ On a theory of the syzygetic relations of two rational 
integral functions, comprising an application to the theory of Sturm’s functions, 
and that of the greatest algebraical common measure.”’ 
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and, as ‘l'rudi proves that this can only hold when the coefficients 
of A and B vanish, it follows that each of the two series of 
functions 


Ug * Uisrent aia Vos: Valoalnatioleig, 
has one of the Sturmian properties which the p’s have been shown 
to possess. 


As regards the highest-common-divisor (pp. 142-144) his result is : 
In order that two functions may have a common divisor of the k” degree, 
it is necessary and sufficient that the first determinant of each of the 
last k of their bigradient arrays shall vanish: and, when this holds, 
the coefficients of the divisor in question are the successive determinants 
of the (n—k)" array. For example, the functions being 


aAwe+ae+... +g, boa +ba*+.. -+6,, 


their bigradient arrays are 


(Gest BIG) (Gigs sees Gade | CORR ere) A 
(6, joes A DEH, (Bsr AS DDN che lost Gee ODae 
(Qo es Cale (a jsrt oe; GQ) 

Dos cee UE) (G,; cate Oslell: 


and the proposition states that if the first determinant of each of 
the last three arrays vanishes, the functions have the common 
cubic factor 
(Geico ale | ta ees Ls 
(Oye erase! Op) 
At a later stage (p. 151) there is given the supplementary pro- 
position that the quotients resulting from dividing A and B by the said 
highest-common-divisor are, save for an unimportant factor in each 
case, the coefficients of B and A in Trudi’s form of the (n—k-+1)” 
‘ sumplified remainder ’—that is to say, are V,_,,, and Un_,,, as 
before defined. 

The closely related question concerning the common roots of two 
equations he deals with at length in a section devoted to elimination 
(pp. 161-178). Starting with the proposition that, uw and v being 
integral functions of z, wA+vB must vanish for any common root 
of the equations A = 0, B = 0, he next points out that wand v may 
be so chosen as to make wA+B of a low degree in x, even of the 
degree zero. In the latter extreme case vA+vB must contain the 


BIGRADIENTS (TRUDI, 1862) 341 


eliminant as a factor, and if in addition it be of the proper degree in 
the coefficients of A and B, it is the eliminant pure and simple. 
Attention is then called to the fact that the division-process for 
finding the highest-common-divisor of A and B, or the Sturmian 
modification of this process, supplies a series of pairs of functions 
like uw and v, and in particular that the last ‘simplified remainder’ 
D,, as satisfying all the requirements mentioned, is the eliminant. 
The condition for the existence of more than one common root is 
investigated in like manner. Ifthe number of the roots in question 
be k, the degree-number of uwA+vB cannot belessthank. Founding 
on this, it is asserted that functions of the form wA-+vB, whose 
degree-number is less than k, must vanish identically, and that 
therefore in particular the last k ‘simplified remainders’ of A and 
B must so vanish. In the next place, proof is adduced that the 
vanishing of these remainders is equivalent to the vanishing of their 
first coefficients : and finally, there is reached the following variant 
to the above proposition regarding the highest-common-divisor : 
In order that the equations A = 0, B = 0 may have k common roots, 
it 1s necessary and sufficient that D,, Daa, . . -, Danis vanish: and, 
this being the case, the equation of the said common roots 1s py. = 9. 
The fact that the vanishing of the first coefficients of the ‘simplified 
remainders’ implies in each case the vanishing of all the coefficients 
following the first is merely commented on in passing. Attention, 
however, is more fully drawn to the important fact that the existence 
of the condensation-theorem makes it possible to put every proposi- 
tion which, like the foregoing, involves bigradients into an alter- 
native form. Thus, the condition that the equations 


P+awv+a~¢+a, = of 
v+b,a+b, 0 
may have two roots in common is, according to the said proposi- 
tion, the vanishing of 


1 @, dG G «| 1 am 4, 
Tut od, 20, | Le 2, 
Loe. ae 0. Do 
Pe Soe b; 


— 
oO 

ray 
oO 

iw) 
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and this, by the condensation-theorem, is the same as the 
vanishing of 

1 b b, 

b, b,+a,b,-a,  a,b,—a, 


| 1 b, 
be a,b, — as App,— gb, |, inkthieip Sisbsar sit 
Bezout’s ‘abridged method’ and Sylvester’s ‘dialytic’ method, which 
resemble each other in involving elimination of successive powers 
of a common root, are only introduced by Trudi for purposes of 
corroboration. In connection with the former method there is 
noted Sylvester’s theorem * that the derived equations provide 
also an alternative way of obtaining the Sturmian ‘simplified 
remainders,’ the first remainder being the non-zero member of the 
first equation, the second remainder being the result of eliminating 
the highest power of x from the first two equations, the third re- 
mainder the result of eliminating the two highest powers of x from 
the first three equations, and so on. In other words, if the set of 
equations derived from A = 0, B = 0 by Bezout’s method be 


C8 ee ton = | 
> 


C0 Col Te. Com. = 0 
then the second, third, . . . ‘simplified remainders’ of A and 
B are 
Cy Cet” + 6,0" +... + Cym 
—2 
Coy Cop@™* + Copt™—* + 2. . + Cum |, 
—3 
iy) Cry yg hb Cin 
—3 
Coy Cop Cag B+. 2. + Com 
—3 
Cay» Can Cag © I ee Oar (ne ee Nee 


Proceeding from this, Trudi then says that if the non-zero 
members of the said derived equations be denoted by Y,, Nig seuss 
the ‘simplified remainders’ can clearly be put in the form 


XG, Cy Yy | Cy Cy Yy 
On) Vail Cy Cop Yo 
C31 C39 YY? CH Oe er 5 


* See Art. 5 of “ On a theory of the syzygetic relations . . .” 
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and, as by definition, 
Y, = a,B—5b,A, 


Y, = (agr+a,) B—(byx +0,) A, 
(Gu? +-,% +45) B—(boz? +),%-+6,) A, 


7 


Ss 
] 


? 


it follows that the said remainders have still another form, 
namely, 


a ,B—b,A, 
Cy Qo BD =} ty bo A, 
| Coy ApE +A, | Co bgt +b, 
Cy C12 7) iB— Jey Ce bo A, 
Coy Cog Al +h | Cx Cop dor +b, 
Cy, Cgq Ugh + O42 + Ay | (Cy Cag Og? + B,0-+ bp 


—a result easily shown, by the use of the condensation-theorem, to 
be in agreement with a previous one in which the determinant 
coefficients of A and B are bigradients. He is also careful to note 
that although here, as usual, is taken equal to m, no real restriction 
is thereby made. the case where m > n being viewable as a case in 
which the coefficients of x”*!, ~"*?,..., a” in B are equal to 0. 
For example, if the given equations be 


av’ +-ba* +ca?+da+e = 0) 
qv+re+s = of, 
Bezout’s derived equations (although not in Bezout’s nor Trudi’s 
notation) are 


a ba? + ca? +da+e| _ 0 
qvttrets|  ’ 

axz-+b ca?+da+e| _ 0 
. qvt+rats|  ” 
Eres da+e| _ 0 
q msl. 2 

az + ba? +catd é| 0 
GE Ee 
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or, in their usual form, 


| aq +x? = ar-x + as 0 
agz® + (ar+bq)x? + (as+br)x + bs = 0 
arz® + (as+-br)a? + (bs+cr—dq)x + (cs—eq) = 0 
asx? + bsx? + (cs—eq)x + (ds—er) = 0). 


We then have for the simplified remainders of the 1* and 0 degrees 
the determinants 


. aq ar-x + as: 
aq ar+bq (as + br)-x + bs | 
ar as+br (bs+er—dgq)-x + (cs—eq) 


, 


: aq ar as 
ag ar+bq as+br bs 

ar as+br bs+er—dq cs—eq 
as bs  cs—eq ds —er ts 


being only careful to note that both of these contain the irrelevant 
factor a?. Trudi, however, does not poimt out that this factor 
would not have troubled us if we had noted at the outset that for 
the first two derived equations we might have substituted 


qvtre+s = 0, 
qu? + ra? + sx =. 0; 
thus using Sylvester’s method of derivation for the first m—n 
equations and Bezout’s for the remaining n, as Cauchy had shown 
in 1840. 

The case where B is the derivate of A receives special attention 
(pp. 152-160), the object of course being to show that the quantities 
D,, U,, V, are then expressible in terms of sums of like powers of 
the roots of the equation A = 0. The reason for the possibility of 
this transformation lies in the fact that the coefficients 

Docag Pic NOne icc ees 


are then equal to 


Dy8p, US +H48y,  ApSg HAS, +48, . . . , ASpyt... +Ay_18, 
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and that in addition we have 


Gis Sk eens Shag 00S 5 'S))* =. 0; 
591s. As 35 RWI als Bae Bae 5 oy) = 0; 
Ree einai Oe DO acm Sistas 6) Sep 


The results arrived at are 


it te oe 18 ee 8, 
#:.435.°8, hee ht ae 
a ale Sra Sr4e 
0 r+l 
= 0 when r>n—1, 
Ss 
V, = &” 8 Ee Oe el eee | 
ts By os Be a SD 
oe eat ye cg 
ae Ae ae ee ae aie a ee 
De = 90h 85 8s Be Spit 
Daas {peal pa gee ane 
eH fe By bess ele Big Bel 8, 
| ‘ 2 
18, & 8, «.-- Spee 8° +8,0%+8, 


r+l° 


Here again, however, Trudi loses his opportunity from not being 
acquainted with Cayley’s multiplication-theorem of 1845, the use of 
which enables us to transform not only D,., but the whole bigradient 
array of which D, is the first determinant. In fact, it gives us for 
the case under consideration another condensation-theorem. For 
example, when 


A = a@P+aa4+...+4,, 


and we consequently have to consider the four ‘simplified 
remainders’ 


(Che tre nz = 9 he) gel (need), (as, ae 4-de)s ll (x8, 1), 
eee ee (Oy ieaeh, 

(Gye. ~. ede)y the, 1); (a357, 2, G,); 

(ee (eee 
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we find the condensation-results 


| 
(Gigy Sots Ce)y | +e all 80 08 DySy +48, ASgt... ApSy+--, 
Neo =" 0 
(Gyn ee 8 ApS Up8g O48, Apt... ASs+---|I, 
( ; 8 81 ApSg  Ap8g + Ay8_ Uy, + 83 + MpS8o 
WN eae 
, “0? 2 5/2 a 4 
| = My" || 8, Sq Mq8q_ MN ySq HF A183 Up85 + M84 + MSs 
|| os - + + > Oa)s Se US, ApSe + O18, ApSe+ AS. + Ay8 
Sau Sao By Sai rag or Cie oP gah ics ee aah 


} 
Sy 81 Sq ApSz M84 + A,83 | 


| 


i 
| (Cape eae geil 8 82 Ss Mos ApSg+A48, 
=z 0 | 
Oy eeorcoun | 8, 83 8 Mg85 Ug8g + A485 
83 84 85 MySql ++ 48 |» 
Sy 8s Sees Sy 
(a a GaSe Sate) Gp 
0? 2 BIA hate 9 
(0 b,) | Ge aa SS SS Ee) 
1 lalate SS, oS Se 8 
SS LE 
Oy 850 83 857 2s |e 


all in agreement with Cayley’s original result of 1846 (Hist., i. 
pp. 162-164). Taking the second of these for proof, we multiply 
unity columnwise by the given bigradient array, obtaining 


| ak St a A —8 | ho. Ga <A Og, “Op— Oy Se 
Loy Soa Sg ern Cg) Oy a Og Aas Gs 
A) 
L . by by b, bs b, 
; i | ROC Se ROY, 
Lite iligallibg: magica wily thean 2a aD iat 
dg A, Ay Cbs on Obs . 
- My ay Oe hg Cy as 
= by b, b, bs Ny 
» + ApS} ApSpFAySy  ApSg +48 4+ G8, ApS... AUpSs+.. 
© + ApSq_ ApSg+QySq ApSz+M,83+M8. ApSg+... ApSgt.. 
Deg ApS; + Ay8q ApS + G8; + A8y Asst... Ag+... 
— 2 
= Ag || G3, Aq8q + AyS;  Ap8g + Ay8q + ApS, ApS, +... MoS +. 
| ApS, AyS3 HF AySq Sg + A483 + Mp8. ApS, +... AoSot.. 


and thence the final form desired. 
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The question of the existence of multiple or repeated roots in an 
equation is next taken up (pp. 178-190), the main result being: 
The equation A = 0 will admit of only k distinct roots if the first 
determinant of each of the last n—k bigradient arrays arising from A 
and its derivative vanishes: and this condition being fulfilled, the 
equation of the said roots will be got by equating to 0 the determinant 
formed by replacing the last column of D, by k zeros and the 0, 1%, 
2™,..., k”™ powers of x. For example, A and its derivate being 

a’+at*—ida?—ax?+ 8x+4, 

5at+ 403 —lix?—2x+4+8, 
and it having been found that the first determinants of the arrays 
he (L.. 4), (Lx ls. hus 1 (dL , cenoe dlls 
| 8), {I (5, wr ? i) eed 


have the values 


54, 0, 0, 0, 


the proposition states that the number of distinct roots of the 
equation A = 0 is 2, 7.e. 5—3, and that the equation of these two 
roots is 


Po gl a oe ad 
1 1 —5 . 
5) fT) = 0. 


Ah a 4 —l5. 2 
eg ig eee ae 
As a matter of fact, this equation is 54(~+2)(zx—1) = 0, and 
A = («+2)?(2—1)*. 

In the next place (pp. 191-196) Trudi takes up Sturm’s theorem 
for determining the number of roots of an equation which lie between 
two given values. In dealing with it he brings forward a new series 
of functions as a substitute for Sturm’s series, namely, 


1, Cems * 41 Oh > Cy meine gigs es ddfeamonal., 
by 1 : Ao ay; az | 
LIEN 7 | Sr | 
pee Sedge) bys 0:bg | 
jby by byw? 


where by =inay, b, = na,", ete. 
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Further, he points out that the individual members of this series 
can be lowered in grade by the use of his condensation-theorem, 
thus providing a variant of the series. He also notes that by means 
of the theorem which we have extended above into another con- 
densation-theorem they can be transformed into 


] 2 4 


; Gq? (68g) Lay Cj 34 Vie; Tes eh SETS S 


| 8) aw Ss; 85 4 07 


and so he arrives by a different route at Joachimsthal’s series of 
1854 (Hist., 1. p. 171). 

Lastly, it may be noted that in introducing (p. 234) the dis- 
criminant of a quantic as the resultant of the first differential- 
coefficients of the quantic,* and in showing like Baltzer that for a 
binary n-thic, ¢(z, y), the discriminant must be the resultant 
(bigradient or other) of 


3 
E $a, y) = 9, np(z, y)—as ole, y) =90, 


he puts 1 for y and asserts that the discriminant of (x, y) must be 
identical with the resultant got by eliminating x from 


e te) 
Az P 1) = 0, ng(z, 1)—a~ $(e, 1) =: 0, 
and therefore must equal the resultant of 
(-) 


and consequently must be equivalent to the expression which with 
unfortunate ambiguity had for longt been known as the ‘deter- 


*So used from 1851 by Sylvester (Hist., ii. pp. 63, 388) and so defined in the 
glossary at the end of his memoir on Syzygetic Relations (1853). 

ft In 1801 Gauss spoke of the determinant of a function of two or more variables, 
6? — 4ac being the determinant of ax* + 2bry + cy® (Hist., i. pp. 64, 65); in 1815 
he spoke of the determinant of a function of one variable, — 1/2 + 41’ being the 
determinant of 2+ 2l’x +1” (Werke, iii. pp. 33-56, § 6). By 1852 we find in use 
‘the determinant of the equation aa* + 2bry+cy? = 0’ (Salmon’s Higher Plane 
Curves, pp. 296-7); and by 1857 the determinant of the equation f(x) = 0 (Hist., 
ii. p. 184). 

All through this there was nothing implied in regard to the precise form of the 
expression so named, which might be and indeed was, even with Gauss, a product 
of squares of differences. When, however, ‘ determinant’ as thus understood 
came to be expressed in a particular form which also bore the name ‘ determinant,’ 
it was clearly imperative to make a change. 
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minant’ of ¢(x, 1). Nevertheless, he does not note that in this 
there is ample justification for extending the use of the term ‘ dis- 
criminant’ to the case of the rational integral function ¢(z, 1), and 
even in connection with the equation ¢(z, 1) = 0. 


Trudi’s work on bigradients, extending to 94 pages if both Teoria 
and Applicazioni be included, has suffered undeserved neglect. 
Why this should have been the case it is a little difficult to under- 
stand, its only demerits being an occasional wordiness, a not very 
acceptable notation, and a paucity of concrete examples. In his 
preface (p.vii) he tells us that it was first communicated in a 
number of papers to the Naples Academy of Sciences in the year 
1857. This being so, it was two years in advance of Zeipel’s memoir 
on the same subject (Hist., ii. pp. 370-372) and Bruno’s text-book, 
a fact which it is important for the reader to recall if any small point 
of similarity between two modes of treatment should attract 
attention. . 


SALMON, G. (1866). 


[Lessons IntTRoDUcTORY TO THE MopERN HicHER ALGEBRA. 
2nd ed. vii+296. Dublin.]} 
In a table of resultants (pp. 283-285) the final expansion of R,, 
is given, and the discriminant of 


act + baby + cay? + day? + ey". 


SARDI, C. (1866): RAJOLA, L. (1866): TORELLI, G. (1866). 


[Questione 47. Giornale di Mat., iv. pp. 239-240: solution by 
' L. Rajola, iv. p. 297.] 
[Teorema sui determinanti a due scale, e soluzione della questione 47. 
Giornale di Mat., iv. pp. 294-296. ] 


We have already seen how, from equating two forms of the 
resultant of a pair of rational integral equations, interesting identities 
may be obtained (Hist., i. p. 487 at bottom: i. pp. 369-370, 374— 
375). Another instance is here reached, the forms of eliminant 
used being Sylvester’s bigradient and the eliminant which arises 
from successively substituting the roots of one of the equations in 


350 HISTORY OF THE THEORY OF DETERMINANTS 


the non-zero member of the other equation and taking the product 
of the resulting expressions. If in connection with the latter we 
make use of Spottiswoode’s determinant expression (Hvst., 1. p. 111) 
for such a non-zero member, the identity evolved will be purely and 
almost alarmingly determinantal. 


BALTZER, R. (1864, 1870, 1875). 


[THEORIE UND ANWENDUNG DER DETERMINANTEN,... 2” Aufl. 
3% Aufl. 4 Aufl. Leipzig.] 


Putting (§ 11. 4) 
L(x) = age™+a,a" 71+... 40m = Ao(t—a,)(t—a,).. . (t—am)) =n 
(a) = doa® +),a71 +... +b, = bo(e—B,)(e—B,) .. . (@—Br)) ~ 
and supposing x to be one of the roots of the equation B(z) = 0, 
Baltzer predicates the n equations 


0 = {a,—A(z)} + Geet) Ae Ont 
C= ‘Gm—A(x)}a + OE Ll 
=| 


Ones { Qm — A(x) bac? 


and the m equations 
0. = b,.4+ 0,50 + 04.1024. 


0O= Oye ESO va ea 
0-= ie Ane ne 
and so deduces 
hm — A(x) Din dpe 
@m— A(x) Or ans 
Am—A(zx) 
be Det Da rape 

oF Deen 
bn 

_ n+m 


which must thus be the equation in A(z) whose roots are 
A(B,), A(8),..., A(Bn). Since the coefficient of the highest. 
power of A(a) in it is (—1)"b,”, it follows that 
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(—1)"by - A(B,)A(B:)..- A(Ba) = [Fm Oma  bm—s 
Am On 
Am 
bn eee bn» 
bn Ona 
De Vila (eo ae 


as Hesse in 1858 had shown by direct transformation. 

The bigradient form of resultant is also used ($11. 7) to show 

that when A and B are of the same degree 
resultant (A, B+AA) = resultant (A, B). 

A fresh proof is given of Jacobi’s theorem* that if ¢ be a given 
function of the (m+n—1)" degree in x, it is possible to determine two 
functions u, v of the (n—1)", (m—1)" degrees so as to have 

uA+vB = S¢, 


where S is Sylvester's bigradient. This consists simply in taking the 
l+n+m equations 


@ = Copna + Cminel + Const + - 
A= Gm + GQmak + Gmot®? 4+. 
tA = Bn @ pe On a oe 
GA = Ont +. 
B= Uv, + Une a Ont 
2p = bot) a 0, 
and deducing 
P Cmtn-1 Cm+n—-2 Cm+n-3 
A Om Gm ~~ %-2 
cA. Am Am —1 
I LE LOPE LE Pe mts 
B bn byt Bn» 
ames b,, Dee; 
LeeeEAy SAE ORONO ST yay 


* Crelle’s Journ., xv. (1835), p. 108, where however m = n. 
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Jacobi’s theorem of 1835 regarding Bezout’s condensed eliminant 
suggests the similar theorem regarding the bigradient eliminant,* 
namely, of w be a common root of the equations 


apx® ayxeteb 2 ons 10, bex® ++ b, x®-2 + os . = 0, 
then the signed primary minors associated with any row of 


(a, be LOR igs) Qn )n 


Chest ee bee 
are proportional to 
ayer isd a wat! ean ta ae eke 

In dealing with the highest-common-factor of A and B and with 
the subject of elimination, Baltzer profits far less than he ought 
to have done from the work of Trudi, whom indeed he does not 
mention. 

In conclusion, it is just worth noting that he now unreservedly 
adopts the name ‘ discriminant,’ but, strangely enough, introduces 
it at first (§ 11. 19) not im its quite general sense, but in connection 
with the bigradient and other forms of the resultant of f(x) and 
f'(@). 

ISK, E. (1873): JANNI, V. (1874). 
[Sul grado della risultante. Giornale di Mat., xi. p. 253.] 
[Sul grado dell’ eliminante del sistema di due equazioni. Gvornale 
di Mat., xii. p. 27.] 

The bigradient form of eliminant is here used in the establishing 
of the proposition that <f the coefficients a,, b,, be functions of the 
r” degree in one and the same variable y, the elominant is of the (mn) 
degree in the same variable. Janni’s proof, though not quite so good 
as it might have been, is the more interesting. The eliminant being 


ao A A 


a 
or) 


* Gordan (1870), in quoting the two from Baltzer, says that mn of the primary 
minors of the former eliminant are secondary minors of the latter. (Math. Annalen, 
iii. p. 356.) 
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he, in effect, multiplies the columns in reverse order by y°, y?, y2, 9°, y4 
respectively, and then divides the rows in order by y/, y%, y, y, ¥ 
respectively, thus obtaining 
A ay" ay? asy-§ 

My yy™* ayy? ay 


boy? by b, 
| boy? by be 
boy? = by b, 


In this equivalent form the elements of the first two rows are all now 
of the degree 0 in y, and those of the last three rows are all of the 
degree 2, whence comes at once the desired result. 

It should be noted that the procedure shows each term to be of the 
(mn)* degree in y; in other words, that the eliminant is homo- 
geneous. Also, dispensing in the end with y, we may deduce the 
isobarism of the eliminant, its weight being mn. 


BJORLING, C. F. E. (1873): ZEUTHEN, H. G. (1874): 
GARBIERI, G. (1874): MADSEN, V. H. O. (1875). 


[Sur les relations qui doivent exister entre les coéfficients d’un 
polynome F(x) pour qu’il contienne un facteur de la forme 
a"—a". Archiv d. Math. u. Phys., lv. pp. 429-440. ] 

[En Bemerking om Beviserne for Hovedscetningen om Elimination 
mellem to algebraiske Ligninger. Tidsskrift for Math. (3), iv. 
pp. 165-171.] 

[DETERMINANTI, con... . xili+267 pp. Bologna.] 


[En Bemerking om Sylvesters dialytiske Eliminationsmethode. 
Tidsskrift for Math. (3), v. pp. 144-145.] 


All these deal with the subject of common roots, Bjérling in- 
cidentally (s§ 3-6, pp. 431-437) and the others of set purpose. 

Zeuthen repeats Salmon’s mode of 1859 (Hust., i. pp. 373-374) of 
using Euler’s treatment of two integral equations in « which have 
more than one common root: he is, however, more detailed, and 
takes the number of roots to be p. 

Garbieri also repeats Salmon, taking indeed the same example, 
but he is careful to add a proof (pp. 120-121), that of the six con- 
ditions there arrived at only two are independent. 
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LEMONNIER, H. (1875, 1878). 


[Théorémes concernant les équations qui ont des racines communes. 
Comptes Rendus .... Acad. des Sci. (Paris), lxxx. pp. I11- 
112, 252-255. ] 

[Mémoire sur l’élimination. Annales de V Ecole Norm. Sup. (2), vii 

pp. 77-96, 151-214. ] 
Lemonnier’s condition for the equations 
Dye ces ews hie = 105 bow" +... +6, = 
having & common roots is different from Trudi’s, but fortunately 


for comparison is very easily expressed in Trudi’s notation. It is* 
that the first k determinants of 


(ao, oS tesa) Am ak 
(bo, iS QT) baa 

shall vanish, and the first determinant me 
| 


| @o - Se es 
(bo, se a nak \ 
shall not vanish. The former a of the condition recalls Zeipel’s 
of 1859: the latter is an important necessary adjunct. When, 
however, the equation of the common roots 
(Go; oo nk (a, ee ee ee 
(bo, ee Onin 
happens to be given along with the condition, it is less necessary to 
mention the latter part, as the determinant involved is the coefficient 
of x* in the said equation. 

The whole memoir is valuable, viewed either as an exposition or as 
a repository. 


DARBOUX, G. (1876, 1877). 
[Sur la théorie l’élimination entre deux équations & une inconnue. 
Bull. des Sci. Math. x. (1), pp. 56-64. ] 
[Sur l’élimination entre deux équations algébriques & une inconnue. 
Bull. des Sev. Math. (2), i. (1), pp. 54-64.] 
Darboux uses Bezout’s eliminant in the extended form given it 
by Cauchy for the case of unequal degrees: and he establishes the 


* This is in accordance with the statement in § 13 of the complete memoir, and 
is somewhat different from that first published. 


a 


i) 


BIGRADIENTS (DARBOUX, 1876, 1877) 355 


theorem that the necessary and sufficient condition for the existence 
of k common roots is the vanishing of all the minors of the said elimi- 
nant down to but excluding those of the (a—k)” order, n being the 
higher of the two degree-numbers. The proof given in the second 
paper is especially interesting. 

It is also worth noting that Darboux gives at the end a mode 
of directly transforming the eliminant into Euler’s product of 
differences. 


MUIR, T. (1876). 


[New general formule for the transformation of infinite series 
into continued fractions. Transac. R. Soc. Edinburgh, xxvii. 
pp. 467-471.] 
[On the transformation of Gauss’ hypergeometric series into a 
continued fraction. Proc. London Math. Soc., vii. 112-118.] 
The fundamental theorem, which is established in two different 
ways, is not essentially different from Heilermann’s of 1845 (Hist., 
ii. p. 361). The second of the two ways is the more interesting. 
Beginning with the series 
Ao tae+an*+taai+...., or fo, 
bo +b,2+b.27+ba3+...., or fi, 
and subtracting 6, times the first from a, times the second, and 
dividing the result by x, we obtain 
Garry @y a, PP 
Be by re b, bs 
and by subtracting |a,b,| times the second from by times this third 
series and dividing by 2, there results 


+ PCAN... . cP MOLI SAY ; 


a, As Ge dG a; le Oy 
by 6) + by bn|a + Ope Of 20s “Oe fs, say; 
b, b, by b bs by b, by 
and soon. The outcome is 
Aotaetam+.... x 0, Ox 
bo t+ba+bat+.... Peg Oe 

2 Gs aoe 


where 6, 01, 92,.-- are the first terms of fo, fi, fo... respectively. 
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VENTEJOLS, . (1877). 


[Sur-un probléme comprenant la théorie de l’élimination. Comptes 
Rendus . . . Acad. des Sci. (Paris), lxxxiv. pp. 546-549. ] 


Ventéjols’ subject would have been much better described by 
‘Lemonnier’s title of 1875. In substance nothing fresh is brought 
forward. 


DICKSON, J. D. H. (1877). 


[A class of determinants. Tvransac. R. Soc. Edinburgh, xxvii. pp. 
625-631. ] 


[The numerical calculation of a class of determinants, and a con- 
tinued fraction. Proc. London Math. Soc., x. pp. 226-228.] 


The determinants here considered are the bigradients dealt with 
by Heilermann (1845) and Muir (1876). They also arise in the same 
connection. 


MANSION, P. (1878). 


[Sur l’élimination. Bulletin . . . Acad. . . . de Belgique, xlvi. pp. 
899-903. ] 


What is interesting here is Mansion’s mode of obtaining the 
evanescent bigradient array that results from the existence of 
common roots. The equations being 


A(z) = ag?+...+a,=0, B(x) = bgat+...+b,=0 


and the common roots a, 8, y, it follows that 


a a" Ag) a” a" aA(a) a®- a™ Bia) 
Bb" 8" A(B) pb" 8B" BA(B) Bb” 6" BB) 
YY OAY) lL aye VAG) Ae ae oy BGy) ls 

aa" abla) gta" "a" Ba) 

b" 8" BBB) sm B™ BtB(s) 

p dalll dalaie 3 2.0'4.3 isa he and Viet ol Gia 


are all equal to 0; so that, if we temporarily write 


(m, n, p) for the alternant |a™6"y?|, 
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we have 


(mn5)a, + (mn4)a, + (mn3)a, + (mn2)a, + (mnl)a, + (mn0)a, 


nmn6)a, + (mnd5)a, + (mn4)a, + (mn3)a, + (mn2)a, + (mnl)a, 


(mn4)b, + (mn3)b, + (mn2)b, + (mnl1)b, + (mn0)d, 
(mnd)b, + (mn4)b, + (mn3)b, + (mn2)b, + (mnl1)b, 


mn6)b, + (mnd)b, + (mn4)b, + (mn3)b, + (mn2)b, 


Here, however, by taking any two of the numbers 0, 1, 2, 3, 4, 5, 6 
as values for m, n, two of the alternants will disappear, and we shall 
be able to eliminate the five others, the final and complete result 
thus being in Cayley’s notation, 


G GW A Ag Aq Ws 
Vegi ig Wy Woes. 
t Depots 16,6, 8 bya |.0: 
by b, by by by. | 
| by 6, by bs by 


| 


For example, putting m, n equal to 0, 1, then equal to 0, 2, and finally 
equal to 1, 2, we should have the particular three results, which, in 
accordance with our usage under Trudi, we might write 


(ao, -- +, Ge || = 9. 


(bo, » 9 s- 9 ba)s | 
All this, however, is considerably modified from Mansion’s 
exposition. 


MALET, J. C. (1878). 


[On a problem in algebra. Annali di Mat. (2), ix. pp. 306-313.] 


Malet first ascertains the conditions to be satisfied by the coefli- 
cients in order that two equations of the n'" degree in x shall be 
such that to every root r in the one there is a root c/r in the other. 
He then proceeds to show that the equation of the (mn) degree, 
whose every root is the product of a root of the equation 


a — og tag ?t— J, ..=-0, 
and a root of the equation 


xo" —b,a2"115,.0"2— ... = 0, 


ll 


BASS S'S 
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is 
= |b, 49" = 6.02 tp. ; 
Baast™—a,b,0"- by, 6, 
Bast" — Abn w= Dn bn 
Am yl Am 2X Amgh? —D sO 
Gm Am 1% Oy" —b20m, 
am Dm — 1% — DG, ? 
where, after the first column of binomial elements, there follow m—2 
columns having 6, for their first non-zero element, and in front of 
the last column of binomial elements there are »—2 columns having 
Gm for their last non-zero element. By mere change of b,, b,1, ... 
into 1/b,, b,/b,, . . . there is readily obtained a companion equation 
whose roots are quotients instead of products of the roots of the two 
given equations: and then, on putting z in this equal to 1 there 
emerges the eliminant of the said pair of equations. For example, 
the given equations being 
xr — a,x" +a4—a, = 0,) 
a3— b,x? byx—b, = 0, 
the equation whose roots are the roots of these mated by multi- 
plication is 
b.2%—a,baz?_ b, x8 
b,c®—a b,c b, a,x? x—b,a, 
x®—asb, b, a6 a *—b,a, 
1 ag dgr—b,a, 


the corresponding equation whose roots are each mated by division is 
ba?§—a,a? 1 a . 
b25§—ae b, a2? b72—a, 
byt8—ag b, ay% a,b30?—agb, 
bs G3  .040—agb, 
and the eliminant of the given equations is 
bie=a, luli! 
b—a, b, a bs—as 
bs—az b, a, a,b,—a,b, 
bs az adgbs—agb, 


= 0). 
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Of these results it is the last that our subject requires us to be 
most interested in. Malet himself notes it as involving a simpler 
determinant than that usually given. It is necessary to point 
out, however, that the said determinant is easily derivable from 
Sylvester’s bigradient 
l1-aq ® —4; 

1-4 4% —4s3 
1 -aq ® —a, 
1 > 6, bs Bes 
aes SU RRRE ea A | 
{1 —b, b& —b, . 
For, performing on the latter the operations 


TOW; —TI0Wg, TOW, — row, — (a, —},) rows, 
we obtain 
1 —y Ay —s 
1 —b, by —b, 
a,—b, b,— ae d3—bs 


ba— y+ 0,?—4,b, A3—b3—A,A,+ 4b, 430, — a4), Sahl 
and the further operation 
TOW4— 4, LOW; + dy TOW, — b, row, 
gives us substantially Malet’s form. 


GUNTHER, S. (1879): PAIGE, C. LE (1880). 
[Eine Relation zwischen Potenzen und Determinanten. Zeitschrift 
f. Math. u. Phys., xxiv. pp. 244-248. ] 
[Question 566. Nouv. Corresp. Math., vi. p. 333: Solution by 
C. Le Paige, pp. 382-383. ] 


The subject here, proposed by H. Brocard, is simply the evaluation 
of the bigradient which is the discriminant of (a7”*’?—1)/(x—1), 


the result being (m +2), 
For example, when m is 2, 
ee gs ; 
ek. ST 
Aart} ot. = 4%, 
be GQG23. 4 
Lee 3 
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Giinther’s proof is unnecessarily lengthy. The determinant can be 
readily transformed into one whose diagonal has for its elements 
1 repeated m-+1 times and m+2 repeated m times, and whose 
other terms all vanish. For example, when m is 2, the requisite 
operations are 

row, — row, +Tr0owg, 

row,— lOw; + Lowy, 


Le Paige finds the resultant of the two implied equations without 
the help of determinants. 


MANSION, P. (1879). 


[On the equality of Sylvester’s and Cauchy’s eliminants. Messenger 
of Math., ix. pp. 60-63. ] 

Mansion’s proof, though very unlike, is not essentially different 
from the process of applying Trudi’s condensation-theorem to 
Sylvester’s bigradient. The additional fact, to which Mansion draws 
attention, namely, that many minors of the one eliminant have 
equivalents among the minors of the other, is also virtually included 
in Trudi. Thus, the four identities which Mansion indicates in the 
form (see his fig. 11) 


ee be b, b, 
Se a ‘ Ne sm ae | n 
by by | by | b, iP alle Reaitaaie 
ug ee be Cate gore 
aay PERG us 
es ne 
etre 
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where the X’s, w’s, v’s stand for 
4 Ade + ayb, Ads + Aybo+ayb, ab; +ayby+a3b,—ayby — Aghg +agby—<tgby gs — gy 
My Agdst+a,b, Ayb3+ Andy Qgb3 + ax. +. abo a3b3—Agbyt+a4b,—a50, ayb3—agb, 
aybs abs a3b3 — agby Ayb3 — gb, Asb3 — Agbs 

are only four of the ten noted by Trudi, the others being excluded, 

so to speak, by drawing three vertical dotted lines on the right of 

each determinant instead of continuing the horizontal dotted lines 

all the way towards the right. 


From the foregoing there is probably no serious omission of 
papers dealing directly with bigradients, and in particular with the 
bigradient eliminant. But, as it is possible to study the subject 
of the common roots of two integral equations without direct 
reference to bigradients, and as the other determinants that may then 
be used can generally be transformed into bigradients, it will doubt- 
less be of service to the student of determinants to give the following 
list of titles of papers on elimination. When taken together with 
the preceding papers on the same subject they will also be helpful 
to the student of the theory of equations : 


1870. Gorpan, P. Ueber die Bildung der Resultante zweier 
Gleichungen. Math. Annaleh, ii. pp. 355-414. 

1872. NamcetspacH, H. Ueber die Resultante zweier ganzen 
Functionen. Zeitschrift f. Math. u. Phys., xvii. pp. 333- 
346. 

1876. DarBoux, G. Sur la théorie de l’élimination entre deux 
équations & une variable. Bull. des Sco. Math., x. pp. 
56-64 ; (2) i. pp. 54-64. 

1877. Roucut, E. Sur l’élimination. Nouv. Annales de Math., 
(2) xvi. pp. 105-113. 

1877. IceL, B. Einige Satze und Beweise zur Theorie der Result- 
ante. Sitzungsb.... Akad. d. Wiss. (Wien), Ixxvi. 
pp. 145-168. 

1877. Forestier, C. Exposition succincte de quelques méthodes 
d’élimination entre deux équations. Mém. de I’ Acad. des 


Sci. (Toulouse), (7) ix. pp. 142-163. 
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1878. Baranrecki, M. A. On the determination of the common 
roots... (In Polish). Pamietnik Towarzystwa Nauk 
Scistych (Paryz), x. 

1879. SOpERBLoM, A. Om algebr. equationer och equationscurver. 
64 pp. Upsala. 

1879. Brenuer, C. Sur la théorie des équations. Dissert. 60 pp. 
Paris. 

1879. Fax, M. Sur la méthode de l’élimination de Bezout et 
Cauchy. Nova Acta Reg. Soc. (Upsala), x. No. 15, 36 pp. 

1879. H1oux, V. Note sur la méthode d’élimination Bezout- 
Cauchy. Nouv. Annales de Math., (2) xviii. pp. 289-295. 

1879. Mansion, P. Surlélimination. Bull.... Acad... . Belgique, 
(2) xlvii. pp. 532-541; xlvii. pp. 463-472, 473-490, 
491-526. Also separately, 64 pp., Paris, 1884. 


The papers of Falk and Mansion devote some little space to 
reviewing the work of their predecessors, and are therefore addition- 
ally helpful. They do not, however, mention Trudi, nor indeed does 
any one of the other writers of that period. 

It may be noted as a significant fact in connection with the 
history of the subject that in 1876 the editors of the Nowvelles 
Annales found themselves called on to republish Cauchy’s important 
paper of 1840 (see Hzst., i. pp. 240-243). Its reprint occupies 
pp. 385-416, 433-451 of vol. xv. of the second series. On this 
account, save for junior readers, the ‘exposition succincte’ above 
noted was quite unnecessary. 


CHAPTER XIV. 
HESSIANS, FROM 1862 TO 1879. 


CAYLEY, A. (1862). 


{On certain developable surfaces. Quart. Journ. of Math., vi. pp. 
108-126 ; or Collected Math. Papers, v. pp. 267-283. ] 


The matter here dealt with connects itself with Hessians through 
the fact that if wu = 0 be the equation of a developable surface, 
H(u) contains wu as a factor. This fact also accounts for the intro- 
duction of the term ‘ pro-hessian,’ the pro-hessian of u being defined 
as H(u)+u. The paper contains the calculation of the Hessians 
and pro-hessians of the discriminants of 


(a, b, C, asst, Les 
(a, 2b, 3c, 0, —27est, 1)4, 
(a, b, 0, d, et, 1)4. 


Thus, in the case of the first of the three, as we already know from 
Cayley (Hist., ii. p. 382), the discriminant is its own pro-hessian. 


SALMON, G., AND FIEDLER, W. (1863). 


[VoRLESUNGEN ZUR EINFUHRUNG IN DIE ALGEBRA DER LINEAREN 
TRANSFORMATIONEN. vili+271 pp. Leipzig.] 


At the close of Lesson VI. of the original Fiedler inserts on his 
own responsibility a very full account of Hessians (§§ 57-60, pp. 98- 
-110). Unfortunately he reproduces Hesse’s faulty evidence in 
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support of the doubtful proposition regarding the vanishing of the 
Hessian of a function; namely, that such evanescence necessitates 
among the first differential-coefficients of the function the existence 
of a linear relation with constant coefficients, and that therefore 
through a linear transformation it is possible to express the function 
in terms of one variable fewer. 

In the second edition published in 1877 the account does not 
appear, and in a note (no. 37) the real facts are shortly stated 
and reference made to Gordan and Noether (see below, pp. 368-9). 


TRUDI, N. (1862): BALTZER, R. (1864, -70, -75). 
[TroRIA DEI DETERMINANTI,.... 1x+268 pp. Napoli.] 


[THEORIE UND ANWENDUNG DER DETERMINANTEN. 2te Aufl. 
vi+224 pp.; 3te Aufl. vi+241 pp.; 4te Aufl. viii+236 pp. 
Leipzig. ] 

Trudi’s treatment (p. 205, $10; p. 208, $3 ; pp. 218-228, §§ 1-9) is 
full, like Fiedler’s, but is not in the same way faulty. 

The successive editions of Baltzer show a number of changes, 
but as a rule they are merely for the improvement of the 
exposition. 

In speaking formerly, under Baltzer (Hist., ii. p. 399), of the 
vanishing determinant, 


|  .  * U, U 
im—l : : ‘ 
(oor 
Uy Uy. Up Uin 
Ug Us, Ure Urn 
Un Uni Uns «Ne Unn |> 


we might have noted that because of evanescence and axisymmetry 
every element of its adjugate will vanish if one of them vanishes, 
and that in particular this is true when the latter is in the (1.1) 
place and is thus A—a fact which is naturally corroborated by 
the adjugate being known from (a) and (8) to have A for a factor 
of every one of its elements. It is there also seen that the said 
adjugate 
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1 Ly Boy Dien ay 
Ant lO Dede Lg 
Filta ¢ GaSe ae Ty? soln 
b SOT EG ME METI! SFG, 


which, as it ought, manifestly vanishes, whatever A may be.* 


STUDNICKA, F. J. (1868). 

[Ueber die Anwendung der Hesse’schen Determinanten in der 
Theorie der Maxima und Minima von Functionen mehrerer 
unabhangigen Variablen. Sitzungsb. ... Ges. d. Wiss. (Prag), 
Jahrg. 1868, pp. 67-72.] 

As is known, from Lagrange (1797), the expression whose sign 
decides whether an extreme value of 
f(%, Ta, + + + Ln) 
is a Maximum or minimum is 
hy? fia + Wyhefie + PES OE + hi? fans 

where the h’s are infinitesimal increments of the w’s, and 

Chea 

Sneon: is denoted by f,,¢- 

The origin of Studnitka’s so-called application lies in the fact that 

the form of this expression is that ef a quadric in the h’s with the 


Hessian 
lf Sos eens Taal 


for its discriminant. There is nothing fresh in his paper save the 
use of the determinant notation and of the name ‘ Hessian.’ 


* It may also be noted that an identity, which in this connection we may appro- 
priately write in the form 


Ly LP Ae : 
Ee ee eee = m(m-1)u, 


H(u) 


Xn 


is attributed by Baltzer to Lacroix, the reference being ‘ Calc. diff., § 91’ at first, 
and then later to ‘ Calc. diff., § 292.’ 

+ Laaranae, J. L. Théorie des Fonctions Analytiques, 2° Partie, chap. ii*; 
or Guvres, ix. pp. 280-295. 
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GUNDELFINGER, S. (1872, 1876). 


[Ueber die Ausartungen einer Curve dritter Ordnung. Math. 
Annalen, iv. pp. 559-572. ] 
[Intorno ad alcune formole della teoria delle curve di secondo e di 
terzo ordine. Annali di Mat., (2) v. pp. 223-235. ] 


The subject here dealt with had already been examined by 
Sylvester in 1852 (see Cambr. and Dubl. Math. Journ., vii. pp. 187- 
188). Much of it does not concern us. The most relevant part 
bears on Sylvester’s fifth result, namely, that a ternary cubic when 
at 1s proportional to its Hessian is resolvable into linear factors. This 
Gundelfinger proves at length (pp. 227-230). 

As an example we may note for ourselves the circulant 


e+ y3 + 2 — 3xyz, 
the Hessian of which is 
—54(x3 + y? + 23 — 32yz). 


CAYLEY, A. (1872). 


[Theorem in regard to the Hessian of a quaternary function. Quart. 

Journ. of Math., xii. pp. 193-197 ; or Collected Math. Papers, 

ix. pp. 90-93. ] 

The function in question is 
P' + AQ’, 

where P, Q are quaternary functions of the same variables, and ) 
is a constant. The result is lengthy and unattractive, and the 
demonstration confessedly tedious. 


CASORATI, F. (1874). 


[Sui determinanti di funzioni. Mem. del R. Istituto Lombardo, 
xiii. pp. 181-187.] 

As already explained (chap. ix.), part of Casorati’s object in this 
paper was to ascertain the effect produced on the Hessian by multi- 
plying or dividing the basic function by another function of the 
same variables. In his quest (§ 2) no theorem analogous to those 
which hold in the case of the Jacobian, prejacobian and Wronskian 
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rewarded him. He reached, however, three results of minor 
importance ; namely, 

(1) Lf an integral function of n variables be divisible by the m** 
power of a function of the same variables, the Hessian of the former 
as divisible by the n(m—1)" power of the latter. 

(2) If a function of n variables be divisible by a function of u of 
these variables, the Hessian of the former is divisible by the (n—2u)" 
power of the latter. 

(2') If a function of u variables be divisible by a linear function of 
the same variables, the Hessian of the former is divisible by the (n—2)" 
power of the latter. 

The last section (§ 4) is also devoted to the Hessian, namely, 
to an extension of the theorem regarding its covariance, the number 
(v) of new variables being no longer the same as the number (n) 
in the untransformed function. The case where »<v7 is fully 
worked out. 


PASCH, M. (1874). 


[Zur Theorie der Hesse’schen Determinante. Crelle’s Journ., 
Ixxx. pp. 169-176. ] 


Here again the subject is Hesse’s contested proposition, the 
result being to show that the proposition holds in the case of ternary 
and quaternary cubics. ‘ 

If u be a ternary cubic and H(wu) vanish identically, it is known 
that 

Un Ue the | 
Ug ag ag” 0; 
Ug, User Usg Us 


Uy - Ug) Us 


and the determinant here being axisymmetric, and having the com- 
plementary minor of the element in the (4,4) place equal to 0, 
it follows that 

(Ulm in Ubu “F Ussts)” ni; 


where U,, is the cofactor of u,, in H(u). If therefore it could be 
shown that the cofactors of u,, Ue, U3 in this last identity are re- 
placeable by constants, the desired end would be reached. 
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This is what Pasch accomplishes. He begins with the much 
more general identity 


| Uy Uy s 8 6 Un D(y-tar) 
Un Us + + + Un Di YrUer) 
enero yh an ese REE 
Uni Uno i++ Unn Di Ye the 
ay are Hees 


and derives therefrom three others by operating thrice with 
(6) te) te) 
155 ae Seq, + BIE on on 


From this set of four he obtains two other sets by making the 
substitutions 

Yin Vos hn Ug = SECs ae 

Yrs Yoo» = +9 Yn i = fi, a,» + €n3 
and then by combining the first, second, third of the third set with 
the second, third, fourth of the second set he reaches his general 
results. To bring these into close touch with Hesse’s proposition 
it only remains to put 


Opt Waste. 35. Ua FUy toy © este: 
The paper closes with matter analogous to Gundelfinger’s, namely, 
with the enunciation of the conditions for a ternary cubic being 


resolvable in various special ways: the quaternary cubic is, how- 
ever, also now dealt with. 


GORDAN, P. (1875): NOETHER, M. (1876). 


[Ueber einen Satz von Hesse. Sitzwngsb. . . . Soc. zu Erlangen, 
vill. pp. 89-94. ] 

[Ueber die algebraischen Formen mit identisch verschwindender 
Hesse’sche Determinante. Sitzwngsb. . . . Soc. zu Erlangen, 
vii. pp. 51-56. ] 

[Ueber die algebraischen Formen, deren Hesse’sche Determinante 
identisch verschwindet. Math. Annalen, x. pp. 547-568. ] 


In the first of these papers Gordan, going a little farther than 
Pasch, shows that Hesse’s contested proposition holds for all ternary 
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forms ; in the second Noether indicates a simpler way by which he 
and Gordan had been able to include all quaternaries also, and 
announces that Gordan had convinced himself of the impossibility 
of further extension. In the third the two writers give a careful 
and exhaustive exposition of their combined labours. 

We may therefore now sum up by saying that the proposition 
holds only for binary, ternary and quaternary quantics, and that 
if we prefer to include also n-ary quadrics we have to bear in mind 
that the Hessian is then practically identical with the discriminant. 
Sylvester’s dictum of 1853 has thus come to be justified. 


GRAVELAAR, N. L. W. A. (1877). 


[Eene stelling uit de theorie der lineare substitution. Nzeww 
Archief v. Wisk., iii. pp. 193-202. ] 

Accepting without question Hesse’s pair of theorems of 1851, and 
apparently being unaware of any subsequent investigations on the 
subject, Gravelaar enunciates and seeks to establish generalisations 
of both, the extension taking the direction of a greater reduction 
than 1 in the number of variables. The direct theorem, it will be 
remembered, had already received a slight extension of this kind 
(see Hist., ii. p. 398 at bottom). In the case of the disputed con- 
verse theorem he satisfies himself of its truth by concluding too 
readily, from the axisymmetry of the adjugate of the given vanishing 
Hessian, that all the primary minors of the Hessian have a common 
factor of the highest possible degree in the variables, and that 
consequently all the cofactors are constants. 


BARANIKECKI, M. A. (1878-9). 
[TEoRYA WYZNACZNIKOW. “xxiii +595 pp. Paryz.] 


To Hessians Baraniecki devotes as many as twenty-two pages 
(pp. 509-530), giving a full and well-informed exposition. 

In the course of this he does not go beyond the binary quantic, in 
which case he points out that we then have 


UZ + Uyy_% = (m—1)u,) 
Ug, + Upet, = (M—1)Uy FF 


370 HISTORY OF THE THEORY OF DETERMINANTS 


and that therefore, if the determinant |2,,¥%92| vanish,* we must 
have 


and consequently Cu, + eu, = 0. 
By way of illustration he takes 
u = 84 —36x2y + 54ay? —27y%, 
and, finding the Hessian to vanish, obtains the relation 
3u,+2u, = 0, 
and u = 8(4—y)%. 


To the work of Pasch, Gordan, and Noether he merely refers in a 
footnote. 


SYLVESTER, J. J. (1878): SHARP, W. J. C. (1879): 
ELLIOTT, E. B. (1881). 


[Questions 5762, 6077, 6756. Educ. Times, xxxil. p. 269, xxxiil. 
p. 60, xxxiv. p. 172; or Math. from Educ. Times, xxxiii. pp. 
34-35, 92; xxxix. p. 41.] 


If u be a binary n° it is known that 


Ou Ou Ou 
Cagiata)} ogi ian (n—1) =, 
and 
Ou Ou ou 
josie Boe o Cana kaes diay 
uA + ae oes +y arias n(n—1)u: 
and from these it readily follows that 
Ou? O*u 
(n—1)2(=*) ~n(n—1)us4 = — pH(w). 


This is the result numbered 5762 and attributed to Sylvester by 
Sharp when proving it.f It is, however, merely the simplest case 


*It might have been noted before this that the Hessian of u could be defined 
as the determinant of the set of equations got from applying to the first derivatives 
of u Huler’s theorem regarding the differentiation of homogeneous functions. 

+ The original ‘ question’ bearing this number was proposed in September 1878, 
and is quite different from Sylvester’s. 
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(r = 1) of Brioschi’s result of 1854 (Hist., ii. pp. 394-396), which 
is the subject of ‘ question 6756.’ 

Should wu have ~ roots each equal to a, we have only to substitute 
(x—a)?v for u, when it is at once found that the Hessian must have 
2(p—1) roots equal to a, as Sharp states (6077). 


SYLVESTER, J. J. (1879). 


[Question 6154. Educ. Times, xxxii. p. 341; or Math. from Educ. 
Times, xxxiv. pp. 108-109. ] 


When correctly stated the theorem here given is that if the roots 
of a binary quantic be all real and different, the roots of its Hessian 
will be all imaginary, and the proofs rest of course on the fact that the 
Hessian being always negative never changes its sign for any real 
value of z/y. What is more worth noting, however, is the fact on 
which one of the proofs is based, namely, that if a, a, ..., Gn 
be the roots of a binary quantic, its Hessian 1s an arithmetical 
multvple of 

—>)(a,— a2)?(@—ag)?(w—ay)?. . . (@— ay)? 
From this also, or from the result 6077 above, there comes the 
generalisation that if m of the roots of the quantic be identical and 
all the rest different, the number of imagmary roots in the Hessian 
4s 2(n—m—1). 


q 


CHAPTER XV. 


CIRCULANTS, FROM 1861 TO 1880. 


In addition to the determinants previously classed under this 
heading there are now placed those in which it is not the elements 
that circulate but square arrays of elements ; for example, 


a, a a, d, dp dy 4% % G & G& & 
b, b, bs & & e3 bhbad ada fi fh 
Ga & es fi fe fs & & AG MW G& & 
d, dz dg a aM as Sh fe by by dy’ dy 
& & €3 Bb by bg Gl G& € A ay, 
Ai fa fs & & 63}, d, dg fr fo b& bel, 


the circulating arrays in the former case being those of |a,b,cs|, 
|d,¢f3|, and in the latter those of |a,b,|, |cd|, |e,f,|. Probably 
the first example of such ‘ block ’ circulants to appear was 


b d 


ao om 8 
Sis) ao 


a c 
d b 
c a |, 
spoken of originally as biaxisymmetric : its circulating arrays are 
themselves those of circulants, namely, of C(a, b), O(c, d), and 
consequently its rows all contain the same elements (Hist., ii. 
pp. 145-146). 
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ROBERTS, M. (1861). 


[Question 581. Nouv. Annales de Math., xx. p. 139. Solution by 
E. Beltrami in (2) iii. (1864, February), pp. 64-66.] 
Roberts’ theorem concerns the circulant C whose elements are 

the terms of the expansion of 

(t-+1)"—1 

ro ag 
and is to the effect (1) that there are no odd powers of ¢ in the 
development of the circulant, and (2) that if in the said development 
€ be put for ¢?, the equation in € 

Cr=e =—u() 
has for its roots the squares of the differences of the roots of the 
equation 


z"—1 = 0. 
If w,, wa, . . . be the n™ roots of 1 we have identically 
fet) ae re ge 


and therefore also 
{t—(w1—wr)} {t—(2—o) f - - - {t—-(Wn—e,) } = (¢+0,)"—1, 

where the r" factor on the left is simply ¢ itself. Hence the 
expression 

(t+o)"—1 (f+o)"—1 (¢-+w,)"—1 

Se a ea ee ep 
consists of n(n—1) factors, which, if suitably combined in pairs, are 
replaceable by 4n(n—1) factors of the form t?—(w,—w,)?. But the 
said expression being equal to C by Spottiswoode’s theorem (which, 
however, Beltrami does not assume*) the desired result at once 
follows. 

ZEHFUSS, G. (1862). 


[Anwendungen einer besonderen Determinante. Zevtschrift f. Math. 
u. Phys., vil. pp. 439-445. ] 

Zehfuss proves Spottiswoode’s result by multiplying the rows in 

order by 6°, 6, ',..., 0, respectively, and the columns in order by 

PROG Wt: os 6"', a procedure which amounts to multiplying the 


* For his mode of proof see under Baltzer (1864). 
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determinant by 6,(1-6,:06,... 6; )%, that is, by 1. Addition 
of the rows is then all that is wanted to reach the desired result. 
He notes the special case C(z, y, 0,0, .. -)n = 2+ y”. 

The rest of the article (pp. 441-445) is devoted to the “‘ Anwen- 
dungen,”’ namely, (1) to Hisenstein’s expression 

x3 + DD’y? + DD’2 — 3Dayz, 

where the letters denote complex numbers and D = D’D”; and 
(2) to a letter of Jacobi’s on cyclotomy and the theory of integers. 


BALTZER, R. (1864). 
[THEORIE UND ANWENDUNG DER DETERMINANTEN..... 2te ver- 
mehrte Aufl. vili+224 pp. Leipzig. ] 
With Baltzer (§ 11, 1,2,3) the determinant 
Qao—-Y Ce ee he 
Gn1 G—-Y eon, Mra 
An—2 an-1 - do—Y ees. An—3 


ay Ay Gag) sin Og— 413 
or C(@o—Y, G4, Me, +--+, An) Say, 
—which, of course, is not more general than 


Cao, A, Mg, - +», On); 
—is openly reached (p.92) by eliminating @ dialytically* from 
the equations 


Y = A+ae+agn*+...+@,.,.2" and 1 = 2”. 


* Namely, by using on the first equation the multipliers z, 2,...,a,,, and 
substituting 1 for a wherever the latter turns up, exactly as Beltrami did. The 
same result, however, is reached by following Bezout’s ‘abridged method.’ On 
the other hand, the application of Sylvester’s dialytic method unmodified entails, 
as we know, the performance of multiplication on both equations, and gives an 
eliminant of a higher order. For example, in the case of n = 3 it gives 


% A A 
Cy hie Los 
% A %W 
Ta ida > ima lee 
t hentyt ecm tilts 


where we have to increase the 4th column by the Ist, and the 5th by the 2nd, before 
we can reach O(a, a, a). 
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He does not, however, note, as Beltrami did in a special case early 
in the same year, that by using another method of elimination, 
namely, Euler’s of 1748, the eliminant is found to be 


r=n 


I (%—y + a6, + 467+... +4,16%"), 


r=1 
where 6, is an n root of 1: and thus he fails to bring out the fact 
that Spottiswoode’s result of 1853 is nothing more or less than the 
statement of the equality of those two eliminants.* Instead of this 
he performs the operation 
col, + 6,colp + @-cols+...+ 6) col, 
and so arrives at a practically equivalent result, namely, that the 
equation 
Clag—V, Gi, Ge,--— , Ep) = 0 
is satisfied by putting 
y = @+4,0,+ a6, et oa Opal 
Two other points worth noting are (1) his calling 


C(a; ay, a2, See Cy | On-1) 


the norm of 
n-1 


a+ 4,0, + a,0- ich eo 
in accordance with an extension of a usage of Gauss’, and (2) his 
statement that of the n™ terms got by working out the product 


Tr (a + a0, + a0, Benak dks + 4,16, ’) 


only the 1-2-3... m terms of the determinant remain. In 

regard to the former it has to be remarked that 6, must then be 

restricted to stand for a primitive n™ root of 1, and in regard to the 

latter that even some of the 1-2-3 . . . nterms of the determinant 

do not remain. 

WOLSTENHOLME, J. (1867). 
[A Boox oF MatTHEemMaTicAL PROBLEMS, .... 344 pp. London.] 
Result no. 920 is 
_ {cos 9—cos(n + 1)0}"— {1—cos n6}* 

C(cos 6, cos 20,..., cosn8) = 5 oF Dor 

after deleting a sign-factor. 


* See Hist., ii. pp. 369-370. 
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BALTZER, R. (1870). 
[THEORIE UND ANWENDUNG DER DETERMINANTEN ... . dte 
verbesserte Aufl. viii+242 pp. Leipzig. ] 

In addition to a few changes in phraseology this edition contains 
‘the fresh theorem that in every term of O(a, a, a, - - +» An-1) 
the sum of the suffixes is divisible by n. The proof is based on the 
fact that the suffix of any element (7, &) is either —i+k or n—i+k 
according as 7 is less* or greater than k; for from this it follows 
that in the case of any term 


Cae) 2ss)(Bst i inciiars 
the sum of the suffixes differs from a multiple of n by 


—]—2—38—....+rt+s+i-+...., 
that is by 0. 


STERN, M. A. (1871). 
[Hinige Bemerkungen iiber eine Determinante. Crelle’s Journ., 
Ixxiii. pp. 374-380. ] 

Stern opens with what he means to be merely a fresh proof of 
Spottiswoode’s result : what he actually obtains, however, is some- 
thing more important, namely, not merely the establishment of the 
fact that 

) 1:00 + 30% pores’ + @,,0°7" 
is a factor of 
C(a, Ag, +. +, Gn), 
but the further fact that the cofactor is 
A,6 + A,6"* 4+ AO" +... + A,6,, 


where A,, A,,... are the signed complementary minors of the 
elements of the first row of C. By way of proof he notes that if the 
multiplication of these two factors be performed, the coefficient of 
6” in the product is 


A,a,+ Ayaat+...+A,a,, te OC; 


* He means ‘not greater.’ 
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and the coefficient of any other power of 9, being equal to the 

product of A,, A,,..., A, by a row of C other than the first must. 

vanish. The proof is thus seen to be based on the identities 
a@A,+a,A,+...+4,A, = C 
@,A,+@A,+...+4,,A, = 


| 
o 


a,A,+a,A,+...+aA, = 0 
which Stern also uses to obtain by means of addition the special 
case 


(a, + d+ dee + Gy) (A, + A, + 7 tee + A,) ae C, 
: Of, 68aY, Lar DA-= C, 
Differentiating, he next obtains from this, with the help of a 
result of Cremona’s, 
ODA 


ZA+ Da:— = nA,, 
Ody, 
OzA 
DA + Za- a Pe nA, 
dzA OEA 
and». Za-(S=— =") = n(Ay— Ay), 


from which he concludes that 
A,—A, contains Sa as a factor. 


Thenceforward he specialises. Taking the case where n is 
prime, and where, therefore, the n roots are 1, 0, 6’,..., 0", he 
denotes the product of all Spottiswoode’s factors except 


a+da+...+a, and 6"a,+ 6""a,+...+ 6a, 


by 
6b, + 6,0 + 6,67 +... +6,0"" 
and establishes the result 


ll SOONG? 


n—Il 


> 


where Dab stands for a,b,+a,b.+...-+a,b,. The expressing of 
the 06’s in terms of the a’s is not attempted. Further specialisation 
affects the a’s, the investigation (pp. 377-380) becoming more 
intimately associated with the Theory of Integers. 
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GLAISHER, J. W. L. (1872). 


[On functions with recurring derivatives. Proceed. London Math. 
Soc., iv. pp. 113-116.] 


The functions referred to are 


cs 
Ls teat 
gittl gent 
ihe Cn 
go" il Gee 1 "- 1 


HED! Gran Oreapies 
which are readily seen to satisfy the differential equation 


d”™u 


AE aaa: 


the derivate of the first function being the last, the derivate 
of the second being the first, and so on. Denoting them by 


ho, dr bo, + +++ Gna, Glaisher of course obtains at once 
dGothitoet-..-tdri = & 
sot es far Cr Oe = 


n—1 


pele ea 1P2 ae het 1Paa = => efn- 1% ; 


where 1, 6,, 5, ..., On, are the n‘ roots of 1, and thence, by 
multiplication and the use of Spottiswoode’s theorem, 
go i G2 sss Pn 
fn bo $i +++ Pn} _ eA++..-+0nq) = OO = ], 
og: gr $3 +++ do 
Similarly Wo, Wi, Wo, -- +, Yn being the functions got from 


the ¢’s by making the even-numbered terms of the latter 
negative, and therefore being solutions of the equation 
dw 
cla” 


-— aul 
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it is found that 


Wo Vy Vo.) Wa 
—VWaai Wo Vn Ses Wn2 
—Vn2 —Wna Wo ss Yas| = 1. 


= i fe ee ee 
It is properly pointed out that the case of the ¢’s where n = 3 


had been obtained in 1827 by Louis Olivier (see Crelle’s Journ., 
ul. pp. 243-251). 


GUNTHER, S. (1875). 


[LeHRBUCH DER DETERMINANTEN-THEORIE, . . . viiit236 pp. 
Erlangen. | 
Giimther devotes two pages (§ 11, pp. 93-95) to the subject, but 
they contain nothing fresh save the proposal to call the determinant 
“ doppeltorthosymmetrisch,’ a quite unsuitable name which accu- 
rately describes a very different special form.* 


BALTZER, R. (1875). 


[THEORIE UND ANWENDUNG DER DETERMINANTEN. 4te ver- 
besserte Aufl... . viiit247 pp. Leipzig.] 
The only fresh matter in this edition is the statement that in the 
case of the evanescent determinant 
C(a)— g; a, Mg, Ch te tar Gio: 
where 
co) = XH — a,0 + A? —- Faure -b Gi0et 


the signed complementary minors of the elements of any row form 


* A determinant which is doubly ‘orthosymmetric’ can have only two different 
elements, and must have all its odd-numbered columns identical, and all its even- 
numbered columns identical. This is readily seen on starting with the first two 
elements and then carrying out the requirements of double ‘ orthosymmetry.’ 


For example, 


ox 2 Oo RQ 


oe ec a8 
eca o 
acero 


380 HISTORY OF THE THEORY OF DETERMINANTS 


an equirational progression whose constant multiplier is 6. In 
illustration of this we may add that the adjugate of 

C(— b0 — c62, 6, c), 
if we write M for 6262+ bc-+ c?0, is 


| M @M 62M 137 99 B02 
OM | 69M, «M. |-ae: *MS6 ~G? 1 42. 0. 
eM M o0M Gate peg 


NICODEMI, R. (1877). 


[Intorno ad alcune funzioni piu generali delle funzioni iperboliche. 
Grornale di Mat., xv. pp. 193-234. ] 


The section which concerns determinants (pp. 205-210) contains 
an already known proof of Spottiswoode’s theorem, this theorem 
being thereupon used, as Glaisher had already done (1872), to obtain 
a generalization of 
coshaz sinhz 
sinhz coshz 


SCOTT, R. F. (1878). 


[On some theorems in determinants. Messenger of Math., viii. 
pp. 33-37. ] 


In §2 of this paper there are five fresh results, the first two 
being, if A = log {C(a, a, ...a,)}, 
ON Or ) 
OG, Cag Ot 


and Hessian of X = (—1)3"(™-0. yn. 


n", 


O(G,,, Gg; «2 «5 Oa) xX o(& 


In establishing these, the requisite differentiations are performed 
on the linear factors of the circulant. The next two are merely 
stated, namely, 


na (W@+1)(2n+1) 


C(1?, 3 On n*) = (-—1 ) 12 nr, {(n+2)"—n"}, 
C(1, n—1, #(n—1)(n—2),...,1) = a when 7 is odd. 


when vn is even. 


\ 
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The last is an extension of Wolstenholme’s result of 1867, giving 
the evaluation of a circulant in which the elements are the cosines 
(or sines) of the angles a, a+b, a+2b,...,a+(n—1)), 
namely, 

{cosa—cos(a+nb) }"- {eos(a—b)—cos(a-+n— 1,5) 

2(1—cosnb) 

This is reached by using the exponential expression for the 
cosine. 


GLAISHER, J. W. L. (1877-78). 


{Sur un déterminant. Assoc. franc. pour Vavancem. des sct., vi. 
pp. 177-179.] 
[On the values of aclass of determinants. Report. . . British Assoc. 
ee exIVIE, P.O.) 
[On the factors of a special form of determinant. Quart. Journ. of 
Math., xv. pp. 347-356. ] 


As has been already pointed out, the annexing of —z to the 
diagonal elements of the circulant C(a,, a,,..., ,), does not 
alter the determinant as regards generality. If, however, the 
order of the last n—1 rows be reversed, thus producing a 
determinant equal to (—1)?"-"-%C and symmetric with respect 
to the primary diagonal, the annexing of —~z to the elements 
of the said diagonal produces a determinant requiring fresh 
investigation. This requirement Glaisher supplies. 

Having found that 


a—xz b c =o {e—(a+b+c)} 
b cC—2Z£ a x? —(a+wh+w*c) 
c a b-« | alee eh 
a—z Ob C d = {a—(a+b+c+d) } 
b c-a2 d a -{x—(a—b+e—d)} 
c d a-z 0b ip Re eieapa ea 
d a 6b ¢-—2 lL -(a—bi+ci?—di’)), 


and that the cofactor of z—(a+b+c+d-+e) in the next case was a 
quadratic in x, he surmised the existence of a general proposition 
including the three, and stated his surmise at the meetings of the 
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two Associations mentioned above. The immediate result was 
that Professor J. C. Adams formally established the anticipated 
identity. Taking a set of equations whose eliminant is the deter- 
minant in question, for example 
Ke = xa+rAb+pue +rd+ €e 
Aw = xb+Ac+ud+ve +e| 
wx = ko+rAd+pe +va+éb 
a cd +e +ya+yvb +e 
fe = xe+rAat+pub+re+éd), 
Adams used on them the multipliers 1, 0, 67, 6°, 6¢ (@ being an 
imaginary fifth root of 1), thus obtaining by addition 
L(k+OrA+ 62u+ 697+ OE) 
= (a+ 66+ 6c + 6d + O4e)(K +O“ A +O + Ov + OE). 
Similarly he obtained 
(e+ 071A + Ou + 07 + O04€) 
= (4+0-b+ 0c+ 0d + O-*e)(k+ OA + Ou + Oy + OF), 
and then from the two by multiplication 
xv = (a+0b+6%c+ 67d + 64e)(a+0—b+ 6c + 0d + Oe). 
This last being free of x, A, u, »v, € it followed that 
x?—(a+6b+ 6c+ 6d + Ge) 
*(a+0-1b+ 0c + 0d + 6-e) 
was a factor of the determinant with which he started, and there- 
fore that the said determinant was equal to 
— {a —(a+b+c+d+e)} 
-{a°—(a+b0 neue 
‘(a+ b6++c62?+d0?+€8 ) 
-{a°—(a+b0?+c64+d6 ae 
-(a+b6?+cd +d6++e6?)). 

Glaisher himself properly points out that since @ is of the form 
cos 2m +7sin 2m7, Adams’ quadratic factor must be of the form 
a®—(A+Bzr)(A—Bi), ve. x?—(A?+B?), 

a result which is in accordance with the fact of the reality of the 

roots of Lagrange’s determinantal equation. 
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Glaisher’s theorem, it should also be noted, is another instance 
of the assertion of the equivalence of two different forms of an 
eliminant. 

Three results of computation made in the course of the paper are 
also worth eerdings but in a shorter notation, namely, 


C(a, b,e,d,e) = Tas Lorlbeted +5 Nal (be? + c?dl?) — 5abcde, 


Cc a, b, C, d, é 

eee Ss yw Dab+e+d+e) )+ Sha?(b?-+02) 

J i a?(2be + 2bd — 3be— 3cd + 2ce + 2de)— S abed 
an 
1 b & d é 0 0 o 

ee : x = a—a?(2>)a2—Sab—D} ac) 

1 ck inde ms b a C(a, b, ¢, d, e) 

EE SES Mee a+b+o+d+e 

LL @ b c d—@ 


where, as before, 


S@(bet+ed) = ak(be+cd)+b3(ca+de)+e(db+ea)+ . 


GLAISHER, J. W. L. (1878). 


[On a special form of determinant, and on certain functions of n 
variables analogous to the sine and cosine. Quart. Journ. of 
Math., xvi. pp. 15-33.] 

Part of this paper (§§ 8, 9, 19, 20) is a continuation of the paper of 
1872, and the other part a continuation of that of 1877-78. 

The proof that the product of two circulants is expressible as a 
circulant is effected by substituting Spottiswoode’s equivalent for 
each. Similarly there is established, though somewhat imperfectly, 
the fresh theorem 


aig ee ee Me Boe. 4 B..), 
where 
5, = (a, Ae, ere ely on § O,, — Aon, One» ese Sy —Q,) 
gg gyn ey lg Vg On yy a2 3 Oy) 
B, = (a, Ap, - + +5 Gag’ Dons — Aono, Aen-3, + + + » — Arn), 
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the special point to be noted being that, since a?” = (2*)", the 
(2n)" roots of 1 are the square roots of the n™ roots of 1, and 
therefore may be grouped in pairs whose sums vanish. For 
example, such a pair of sixth roots of 1 being 6, —@, the product 
of the corresponding pair of factors of C(a, ), ¢, d, e, f) is 
(a+ 06+ 62c+ 67d + 64e+ 6°) (a— 0b+ Oc — d+ O4e—6°f), 
the development of which we might obtain by changing it into 
(a+ @c+ 64e)?—(b + Od + 64f 6? 
and then squaring, etc., but which is better investigated by seeking 
the cofactors of 
6° or 6°, 6 or 6’, 6? or 68, G or 6% 6 or 6, 6 
in the result of the multiplication. These are found to be 
( a—-f, ¢—d, o —bia,b,ed,ef) ve. a?— 2bf + 2ce — d?, 
(—b, a,-f, ¢4-d, cf yeu, 
( « —b a —f, ed} ) te. 2ac—b?—2df'+ e, 
(-—d, c¢, —b, a, —f, e% yen Os . 
( e —d, o¢ —b a —f8 ) de. 2ae—2bd+c?—f?, 
(-f, ¢-d, ¢—b, a yin 48. 05 
thus bringing clearly out their law of formation. The product 
itself is evidently 
(a?— 2bf-+2ce— d?)+6?(2ac — b? — 2df +e?) +64(2ae— 2bd+c?— f?), 
where 6? is one of the third roots of 1, and we are consequently 
entitled to conclude that 
C(a, b, ¢, d, e, f) 
= CO(a?—d?—2bf+2ce, —b?+e+42ca—2df, c&—f?—2db+ 2ca). 
Glaisher actually uses this to compute the final development of the 
six-line circulant. After correcting three misprints* and effecting 
condensation by employing a symbol for ‘alternating cyclic sums,’ 
we find the said ba dbaee Cg to be 


( (-+a*)— a5 (tat(bf+ce+d)\ 
ro'S4 +a3( (3+ 8be+ 3f%c+ 6bed + def’) | 


49> (4008? 49 {eee —2df)}, 
*2¢a?, 12c%bed, 12a%def should be 2c%a%, 12a%bcd, 12c%def. 
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where, for example, = t tu? (bf? —2edf) } stands for 
a? (62/2 2c?df) — b(Pa?—2d%ea) + 2 (d?b?—-2W2fb) — ...., 


0 
but where, nevertheless, ae (+.a7c’e?) does not stand for 


ace? — bd? f? + c2e2q2 Mia dl? f?b? + e2a2c2 — f?b*d? 
but merely for a’c*e?— b?d?f2.* 
The rest of the paper (§§10-18) does not contain anything 
fresh so far as circulants are concerned. 


MENESSON, . (1878). 


[Solutions des questions proposées (Question 185). Nowv. Corre- 
spondance Math., iv. pp. 185-187.] 


Not only is Spottiswoode’s result here explicitly obtained by 
equating the two forms of the eliminant of 


Dy 10? 4+-Oy t+... $A,X+M% = a 
a*—l = 0 fj, 
which were referred to under Baltzer (1864), but the parallel 
result is also stated, namely, that 
Mig. Gr yila, 2 hs 5 Caspers a” _(8;—1) (83-1) cat wahoo Ly 


where 8,, 8,,... , Bn are the roots of the first equation. The 
latter in a less pleasing form is given by Wolstenholme later in 
the same year (Problem 1632). 


MINOZZI, A. (1878). 


[Sopra un determinante. Giornale di Mat., xvi. pp. 148-151.] 


Minozzi’s purpose is to find the final development of a circulant, 
not from the determinant form, but from Spottiswoode’s product. 
His first point is that, multiplication of the n factors having been 
performed, the terms of the resulting expression must be of the form 


€0 -l1» °2 €n—1 
Aaa? 6 Gets 
* This is the reason why we do not combine the two into 


0 
Sd) (£02 beprs ce? - 20d) }. 
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where the e’s are positive integers whose sum is n. His next is that 
any a entering into this, say a, must be accompanied by one of the 
6’s raised to the power &, and that therefore the form of A is known. 
His third is that A, being thus of necessity a symmetric function of 
the roots of the equation x*—1 = 0, can be calculated, and this 
-all the more readily by reason of the fact that so many of the 
simple symmetric functions are equal to 0. For example, the 
coefficient of ag’a,a, in C (dq, 1, My, Gs) is 
30,°0,98;82 
Ve. 6,10, + 0,70, + 0,10, + 0,10,> + 0,70,! + 0,703" 
+ 0,103 + 0,10,3 + 0,10,5+ 0,30,' + 0,703! + 0,°6,', 
4.e. (0,+0,+6;+,) (02+ 62+ 02+0,3) — (0;4+65+0,'+ 0,4), 
1.0. 0:0 — 4 
Minozzi is careful to note that, in accordance with Baltzer’s 
theorem of 1870, it is only necessary to calculate A when the 
sum of the suffixes of the a’s is 0 or a multiple of n. For 
example, in the case of C(dp, d,, M,, as) the coefficients would 
have to be found for 
Aphiglo%p, ApNol,A, Agog,  AsMgatts. 

Algo,  A1A, Ass 

Ugh, A 1M, Ay An Mol 

A,A1A,A,, AgMoMeAe , 


LEMONNIER, H. (1879). 


[Calcul d’un déterminant. Bull. Soc. Math. de France, vii. pp. 
175-177; or, more fully, Nowv. Annales de Math., (2) xviii. 
pp. 518-524. ] 

The determinant in question is the circulant in which the elements 
are in equidifferent progression. The two modes of procedure 
followed are like Baehr’s of 1860, but neither is so good. 


GLAISHER, J. W. L. (1879). 
[Theorems in Algebra. Messenger of Math., viii. pp. 140-144.] 


One of the two theorems is concerned with determinants, and 
is to the effect that if the 2 quantities a,, a, ... , Aon be 
connected by the 7 relations 
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Mest Gans Une dy i Fea Jie IG Os, ~~ <5 Gen) = 1 
(Sen eta ess Oat, stg sy — iy) ) = 0 
eS ee ree ) = 0 
(Gant, —Gen—2, Ueng,+ + + » —Asg ¥ ) = 0), 
then 

AGS Goutles inn Suge, = A, 


and the elements of the first row of C are respectively equal to the 
complementary minors of the elements of the first column. 

The truth of the first part of the theorem is a direct consequence 
of the same author’s theorem of the preceding year, our illustration 
of which makes clear that if 

2ac—b?—2df+e? = 0 and 2ae—2bd+c?—f? = 0, 
we must have 
Cia, b,c, d,e,f) = (a?—d?—2bf+ 2ce)?, 
and with a third condition 
CG 066.67) = 1 


To establish the second part we have to take along with the n 
conditioning equations the v identical equations 


(15 =O” > Gay). oS = 5 Oy, By, Wy. » » 5 Ugg) =OO 
(ais 0g, hy 22 ~ 5 — Oe 0S )=0 
(Gen; —Asn1, Aen2»+ + + 5 — a, 9 ) = 0 ? 


thus obtaining a set of 2n equations having a,, d,,0,,.. + , Aen 
as quasi unknowns and (—1)"C as the determinant of their 
coefficients. The usual expression for an unknown as the 
quotient of two determinants leads at once to the desired 
result. Thus, when n = 3 the set of equations is 


(a —f e —d ¢ —ba,b,c,d,e,f) = 1,0,0,0, 0, 0. 
6b —a f —e d —e 
ec —b a —f e —d 
ad —c b —-a f —e 
e —ad c —b a —f 
f —e¢ d -—ce b -a 
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PUCHTA, A. (1877). 


[Ein Determinantensatz und seine Umkehrung. Denkschr... . 
Akad. d. Wiss. (Wien), xxxviil. (2), pp. 215-221.] 
The special determinant dealt with is that which was incorrectly 
.factorized by Bellavitis in 1857 (Hvst., i. pp. 145-146) and correctly 
by Ferrers in 1861, namely, 


asc ws 


a 
d 
c 


= (a+b+c+d)(a+b—c—d) (a—b+c—d)(a—b—c+d). 


Viewing the immediately preceding case to be 


2 = (a+b)(a—3), 
Puchta asserts the next higher case to be 
abcdefgh 
badcfehg 
cdabghef (at+b+ct+d+e+ft+gt+h)(at+b+c+d -e—-f—g-h) 
decbahgfe| — }-(a+b-c-d+e+f-g-h)(a+b-c—d—e-f+g+h) 
efghabed = -(a—b+c-—d+e-f+g-h)(a-b+c-d—e+f—g+h) 
fehgbadc} -(a-b-c+d+e-f—g+h)(a—b-c+d-e+f+g-h), 
ghefedabd 
hgfedcba 


and proves that, for example, 


a—b+c—d+e—f+g—h 


is a factor by performing the operation 


col, —col, + col, —col,+ col; —col,+ col, —col,. 


He then concludes that the order-number of the determinant is a 
positive integral power of 2, and that the matrix in any case is of 
the form A: B 


B. cAS 
where A and B are similar matrices of the next lower order. Follow- 


ing this comes a somewhat tedious investigation (pp. 217-219) of 
the law of formation of the linear factors, the result being a not 


XN 
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very concise or clearly worded rule-of-signs,* which is practically 
to the effect that The first sign is always +, the second sign is + or 
the opposite, the next set of two signs is the same as the first set of two 
or the opposite, the next set of four signs is the same as the first set of 
four or the opposite, and so on. For example, if the order-number 
of the determinant be 2‘, there are four occasions on which we have 
to choose between same (s) or opposite (0), and if the register of 
our decisions be s os s, the resulting factor is 
a+b—ce—d+e+f—g—h+i+tj—k—l+m+n—o—»p. 

What Puchta calls in his title the ‘converse’ proposition (pp. 
220-221) really concerns the finding of a determinant equal to a 
product of linear factors which differ only in the signs of their terms. 
The illustrative example given, namely, 


(a+b—c)(a—b+ce)(—a+b+c) = —|a-b -e ¢ 
—b a-—c b 
c—b b-c a 


is not attractive. 


DOSTOR, G. (1877). 


[E,tments ... pes D&TERMINANTS, . . . xxxi+352. Paris] 
Dostor gives (p. 72) a very peculiar mode of factorizing 

be ee a 

6a d« 

c d a b 

dc ba 


This depends on the fact, that if the given determinant be 
multiplied by 


ihn Da ig 
ay apt 
Siril< 43 td 
—1 1 (Peay 


* At the basis of this is a proposition which may also be used in practice for 
obtaining the factors, namely, If a, be one of the linear factors of the determinant 
of the array A, and B, the corresponding factor of the determinant of the array B, 
then 


A B 
Ba | = (Ox+B1) (01 ~ 81): (a+ a) 00~ Ba) (s+ Bs) (4B) (8a a) (@4 Pr) 
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we can remove from the columns of the product-determinant the 
factors 

a+tb+c+d, a+b—c—d, a—b+c—d, a—b—c+d 
respectively, and have left the determinant 


1 —1 -—1 —-1 
be 
TS ke BS aL 
Le ee ee | 


—that is to say, the conjugate of the multiplying determinant. 


NOETHER, M. (1879). 


[Zur Theorie der Thetafunctionen von beliebig vielen Argumenten 
(§ 15, pp. 322-325). Math. Annalen, xvi. pp. 270-344. ] 


Noether arrives independently at Puchta’s result of 1877, and m 
an interesting way. Multiplying the second row of each successive 
pair of rows by ,, the last two rows of each successive quartet of 
rows by {,, the last four rows of each successive octet by Bs,... ., 
and then treating the columns in exactly the same manner he obtains 
of course a determinant not differing in substance from the original 
if the 6’s be square roots of 1. But the columns and rows of the 
new form having on this assumption all the same sum, the desired 
resolution is effected. Thus, the eight-lme determinant is found 
equal to 


Jat (4+ 8,6+ 6,c+ B,B.d + B,e+ B,B,f+ 8.039 + B,B.8,)). 


It should be carefully noted that if this be slightly changed in form, 
namely, into 


II {a+ B,b+ B, (c+ Bd) +B; (e+ 8, f+ B.g+B,Bh)}, 
gta 


it is seen to be but,a symbolic representation of the verbal rule 
formulated under Puchta (1877). 

Noether next points out that the signed complementary minor of 
any one of the variables is the same for all positions which the variable 
occupies, and that consequently the adjugate determinant is of the 
same form as the original. He is then able to profit by the fact that 
the factor 

a+ Byb+Bc+B,Bd+.... 
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might have been removed from the determinant in its original form 
after simply increasing the first column by £, times the second, 
8, times the third, 6,8, times the fourth, and soon. For this being 
done, the elements remaining in the first column are 


1, By, By, BB+. +, 


showing that the determinant remaining is 
A+B,B+B,C+B,8,D+...., 

and therefore that the original determinant is equal to 

(a+ B,b+ Bye+B,8d+... .)(A+BB+B,C+B,6,D+....), 


a proposition which at once recalls Stern’s of 1871 regarding the 
simple circulant. 


NOETHER, M. (1879). 


[Notiz iiber eine Classe symmetrischer Determinanten. Math. 
Annalen, xvi. pp. 551-555. ] 


The resemblance between the properties established in the pre- 
ceding paper and those of the simple circulant may have struck 
Noether and led him to go deeper into the matter, with the result 
that he found a further point of resemblance, namely, in connection 
with elimination. When he thus came to recognize that Bellavitis’ 
four-line determinant and Puchta’s eight-line determinant were the 
eliminants of 

a+be+cy+dzy = 0 
me Ye a I } 
and 
a+be+cyt+dxy+ez+fuzt+gyzthayz = 0 
gpa y= 2e=) } 


respectively, and to think at the. same time of the circulant 
as the eliminant of 
A,+a,¢+ag+.... +02" = fy 
5 =a. Le 57, 
it was not difficult or unnatural to advance to the eliminant of 


a i 7 = 
ay at --tn LX, se Ly aa } 


ip SBM en ig eh SS =r = 
x," alr te vie lj, 
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and thereafter, apart from elimination, to specify it as a determinant, 
the mode of specification being by partitionment into squares 
exactly as in the particular case where the n’s were all equal to 2. 
Taking, for example, u = 3, n, = 2, n. = 2, 3 = 3, there results 
a twelve-line determinant whose matrix is of the form 


PEO IR 
RAPA 
Q Rk P, 


where P, Q, R are matrices of Bellavitis’ form with the variables 


200 F100 %10 110» 

Gor %01 rt 

Boe A102 Aig «12> 
respectively.* The determinant of the (n,n,...n,)™ order 
thus reached is then shown to possess the properties of the less 
general determinant considered in his previous paper. 


GEGENBAUR, L. (1880). 


(Ueber eine specielle symmetrische Determinante. Svtzungsb. . . . 
Akad. d. Wiss. (Wien), lxxxii. pp. 938-942.] 

An unimportant alternative proof of Noether’s general theorem 

of the preceding year, with a so-called property of the determinant. 


*The multiple-suffix notation is not very attractive. If we use 


(x, versa!) (Satie Sarees) eORsvanG. for (xé, Ese sels es YN.» 2 5 US, YS, Goa.) 
the set of equations in this special case is 
((1, x)(1, y)(1, % 2) Ya, b,c,...,1) = HA 
eay=aova=ld, 
and the eleven other equations requisite for elimination are got from the first of 
these by multiplying it by 
Xs Ys UY; Z Ue, Yr, LY2, 27, a2", yar, yz. 


In the same notation the general set would he 


Ciara o- CPt) (1G ef ep aetre oe AE NO Cae sone eye e SH aoe; & 4 ve) = i} 


Ze) 


CHAPTER XVI. 
CONTINUANTS, FROM 1850 TO 1880. 


Ir has to be recalled that the corresponding chapter of the immedi- 

ately preceding volume aimed at bringing the record up to the year 

1870. On this account two of the papers here dealt with belong 

properly to that volume. The approximate date assigned to the 

first paper rests on the opinion of the editor of it. Jacobi died 

in 1851. 

JACOBI, ©. G. J. (1850 2). 

{Allgemeine Theorie der kettenbruchahnlichen Algorithmen, in 
welchen jede Zahl aus drei vorhergehenden ,gebildet wird. 
Crelle’s Journ., |xix. (1868), pp. 29-64; or Gesammelte Werke, 
pp. 385-426. ] 

In this paper, published seventeen years after his death, Jacobi 
constructs a series whose first three terms are 
ig 7 Us, Og; 

and every other term a sum of multiples of the three terms pre- 

ceding it; thus, the multiples in question being 


Pgh mh, 
te en 
the 4%, 5%, 6, . . . terms are 
dy, +1a,+ Mas, 


Moly + (LyMy +1) det (MyM, + ly) As, 
(ny +1 ys + Changin ee l stm) Hy ans ras nee +1 MMs» ; 
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The interest of the investigation mainly concerns the student of 
Continued Fractions; but one result it is important for us to 
note, namely, that if three consecutive terms @,, ns, V42 of 
the series be 

Pity + Pots + P33, 

91% F Jos + 93%, 

1A, +1 9g +130, 
then 

[pigs] = 1; 

and that if conversely a,, d,, a, be expressed in terms of a,, 
Qn41, G42, the determinant of the coefficients of the latter is 
also 1. 

We may note for ourselves that the first part of the theorem is 
readily proved by using on the determinant the law of formation 
of the series, and that the second part is a direct consequence of 
the fact that the determinant there is the adjugate of | 7,927; |. 
It is not ncted that the p’s, q’s, 7’s are themselves expressible as 
determinants, the special form of which is first referred to by 
Sylvester in 1853 (Hust. II., p. 418) and does not again turn up 
until Fiirstenau’s related paper of 1872, our account of which 
begins on the"page opposite this. 


WOLSTENHOLME, J. (1867). 
{A Boox or MatHEmaticat Propiems, .... 344 pp. London.] 


Problem 921 concerns the persymmetric and centrosymmetric 
continuant 


b 


the fresh point being that when x = 0, the value of the n-line deter- 
minant is n+ 1. 


We may add that this is readily established by performing the 
operation 
col, + 2col,+3colz,+.... 
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ONOFRIO, P. (1872). 
{Ad una funzione che entra nella composizione delle ridotte delle 
frazioni continue, .... Giornale di Mat., x. pp. 37-46.] 


The function referred to is Euler’s algorithm of 1764, and the 
properties of it given are mainly Euler’s also. We may note as 
being fresher the two, 


Speen 7 Bag eee ay) = or, (Ee OF ee sts es 2) 
+ (m, Ta} %n—15 0, L415 OO 258) Dy) 
) 
By, Syareyagd rep =f a Py CS I AY | Conran ide oi 8 


FURSTENAU, E. (1872). 
[Ueber Kettenbriiche hoherer Ordnung. Sch. Progr. Wiesbaden. ] 


By a continued-fraction ‘of higher order’ is meant a fraction like 


ALE ETT Be 


where every plus sign is in general followed by a fraction-line. 
Those considered by Fiirstenau originate in the two sets of sub- 


stitutions ¢ 
&- 4 x 
x = a 4, = 2 =" a + -3 eee BL. 
es Y, Y a + Ye Yo 2 Ys 
il 1 i 
PY; Fah _—, = b —, & = Ob ae ea se 
age yy Ly 1 Ty, 2 pee Ys 


the successive approximations to X thus being 


ie yh 

ies os 
A) 0) ‘eat 0 B came ol ie 

ate 

and to Y 
b 1] 1 

me b+—, by + me cies 

1 ay 2) 
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When each approximation is reduced so as to consist of only one 
numerator and denominator, the series of denominators in the one 
case is the same as in the other. Further, the p denominator, 
D,, say, of the series is expressible in the form 


Geib; 1 
Ay_4 ’ 


and the corresponding numerators X,, Y, as determinants obtain- 
able by bordering this, namely, 


ee! ee Rs eee Gg— 75, . Suk 
te age heel 3 on bel 
i da nby sk —l a, bye 1 
iter ea ace 


b) 


A glance at the last column of each determinant shows that the 
recurrence-formulae for the X’s, the Y’s, and the N’s are all the 
same, namely, for example 


Note = Opi Nos ate bpi:N, ar N,-1- 
As a consequence of this it is easy to show that 
Xpis2 Xo x, 
Yp+e Mita Ss, = es 
Dy +2 Dp D, 


for the application of the recurrence-formulae changes the 
determinant into 


| Xo Xp X, XS X Ba 
Vio Yaron ee Se Yo 
D,-1 Dy+1 D 


DP 


and therefore into 
X; X, X 1 by a | 
Y; Y, Y,|, and thence finally |. 1. 6, 
DD ae 
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The points of connection of this paper of Fiirstenau’s with the 
opening part of Jacobi’s of 1850(?), should be carefully noted. 
Sylvester’s anticipation (1853) of such determinant forms as those 
for D,, . . . should also be recalled (Hist., ii. p. 418). 


STUDNICKA, F. J. (1872). 


[Ueber eine besondere Art von symmetralen Determinanten und 
deren Verwendung in der Theorie der Kettenbriiche. Sitzwngsb. 
.... bohm. Ges. d. Wiss. (Prag), Jahrg. 1872, pp. 74-78.] 


The determinant referred to in the title is 


a —l 
1 a —1 
1 a3 


. 4 ; Gy |, 
and the fact of its skewness leads Studnicka, unfortunately, to 
follow Cayley’s method of 1847 in finding the ordinary expansion 


of it. 
There is then formulated the familiar ‘rule’ referred to by 


Sylvester in his first paper of 1853. 


CASORATI, F. (1872). 
[Le proprieta cardinali degli strumehti ottici anche non centrati, 
Rendiconti del Reale Istituto Lombardo, v., fasc. iv. 13 pp.] 
In the course of his investigation Casorati has to deal with a 


series of quantities Bo, 81, Bs, ...., each of which, after the 
second, is dependent on the two preceding it in the manner indi- 


cated by the set of equations 


Be = Pi + Bo 
Bs = 282+ B+ ™m 
Bsa = U383+ Be 
Bs = UsBat Bs + 7s 
Be = Us8s+ Ba 


By = UgSe + Bs + 75 
Bs = UrBr + Be 
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and his problem is to obtain for any one of the said series an ex- 
pression involving no others of the series except the first two, the 


multipliers u,, WU, ...., and the addends 7,,73,.... Taking 
the case of seven equations, he finds the result of solution to be 
1 : ; : : . U,B,+ Bo 
Uz, —1 ; ; : . —B, +7 
1 U, —1 : 
B = 1.4, -—1 ‘ : Ts 
i u, —l 
1 uU, —l Ts 
1 Ur , ; 


‘ 


the determinant being next transformed so as to show the co- 
factors of 8, and 8, as continuants—a process which might have 
been extended to the cofactors of the 7’s. 


BAUER, G. (1872). 
[Von einem Kettenbruche Euler’s und einem Theorem von Wallis. 


Abhandl. d. k. bayer. Acad. d. Wiss. (Miinchen), IT. Cl. xi. (2), 
pp. 99-116. ] 


The continued-fraction referred to is 


m + — ,n+]1 


m+ 2+. 


ati e® 


and the theorem is that announced by Wallis in connection with 
the identity 
4 12 
= epee: 
wl tgye put: 
2 oer 


of Brouncker, namely, that the product of 


[3 12 
—l 3? Fh hee 
FFG) + 5G, eee 


32 
(a+ 1) +. 
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is a?. The two things are linked together in the title because the 
main feature of the paper is the establishment of a relation between 
a continued-fraction of Euler’s type and a continued-fraction of the 
very different type which appears in Wallis’ theorem. If we denote 
by S the continued-fraction 


SO ser 
2a eet 
Gr 
which includes Euler’s, and by T the fraction 
bale Ss 
SE Rag 
. N + Ory a, 
Ga ee 1’ 
the relation in question is 
n(S+1) _ T 
S+n : 
or, as Bauer puts it, 
HAO) 
P,+ 1Q,, 
where 
Q, = ay 1 
—N—aY ds 1 
—N— ay as 


Ory 1 


—N—Ap-1 Ay 


and P, is n times the complementary minor of the element 
in the place (1, 1) of Q,. In the latter form it is a relation 
between continued-fracvion determinants, and as such claims our 
attention. 

By way of proof Bauer increases each row by all the rows following 
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it, and thereafter diminishes each column except the last by the 
columns immediately preceding it, and thus obtains 


Opis —n 1 : es a ; a, +1 
—n—a, ay i! 26s : a, +1 
—N—U, A ---. : a,+1 
Api ol 

aU Ory a, ? 


and therefore 
= — nD, + (n+a;):{D.—(a,+1) - TU}, 

if D, be put for the determinant got by deleting the first row and 

first column of Q,, D, for the determinant got by deleting the first 

two rows and first two columns, and II for 


(n+ ag)(N+ a3)... (N+ ay). 


Similarly, of course, 


P,=n| —n ete Mee ce ; a,+1 
— Ay Ge if $i ie Tene . a, +l 
Ary Grek 


: ; tees Gp) ay 45 
and thus, by altering the (1, 1) element into a,— (n+ a,), there is 
obtained P, = nD, — n(n+a,)D,; 
so that on the elimination first of D, and then of D, from these 
expressions for Q, and P,, there results 

P, + Q = (n+a;){(1—n)D,—(a, +1}, 


P, + 2Q, = n{(1—n)D, — (n+ a3)(a, +1) TI}. 
These, on returning from D,, D,, II to their lengthy equivalents, 
are changeable into 


P,+Q, = (n+a,)| l—n : : aire. : a,+1 
pAb Ag 1 Awad . a,+1 

<=) —— eg Bg. is tes : a, +1 

1 pect 

Ar—2 ag+1 


— N— Ap} ay 
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and 
P,+7Q, = n| l—n i : iver s a,+1 
wee (dof | ay i: Sees . a,+1 
at oe! ee eerste : ar +1 
I a,+1 
ar_-2 a,+1 
—N— Gy_} a, 
where the two determinants, being of like formation, may be 
suitably denoted by V, and V,, and whence by division there is 
thus obtained 
n(P, a Q,) = Ve 
= ns ee a Ay 
With the V notation the recurrence-formula 
V; = a V igs I (n+ isi) Vigs 
is next established,* from which it readily follows that 


Med vitestona, sa 


a nape 
and therefore eye ‘ 
di 
The result desired, namely, 
n(P,+Q) _ T 


Pe nQ, ea? 
is thus realised. 


*It would have seemed more direct and natural to have shown that V is trans- 
formable into the continued-fraction determinant 
| a) N+, 


| 
'-1] ay N+ Az 


| Ar N+O, 

es . . - -l a,-t+ 1} 

and therefore V, into the determinant got from this by deleting the first row and 
first column. 
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In a subsequent part of the paper it is stated that in a quite 
similar manner the following more general theorem may be 
proved, namely, that if 


S = b 
(aaa i = me sear, & 
b,Cr—1 
4 EE 
and 
gp — — 220 
d+b,—c +, 
b,c 
4+ _—"? oe 
di-b.—6.. Byst 1 
+ -1 ap i ee 
then 


(Cy) — d)S + bey 
S+b 


Strictly speaking, this is the only result of Bauer’s which concerns 
determinants, and the rest of his paper might with justice be passed 
over. The main application, however, is so easily deduced there- 
from, and is so interesting, that space may well be given it. There 
is, indeed, little more to be done than to combine the case where 
c; = 6,4, with the case where c, = 0;,.. For the one substitution 
gives us 


(b,—d)P+B2Q _ dbp 


ssa li: 


P+5,Q re ate 
y 6,40, 
Sr 7 + b,Dp4 
if 1B b, 2 d a by 41 
Q” d+h—b, a 
: b,2 , 
re d wig Or441 rie b, : 
the other gives 


(b,—d) P'+bb,.Q be 
P’+0,Q U4, —-), be 
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PY nbs 
Q d+. o 
She rlr+l. 


if 


and, the first continued-fraction in the one case being the same as 
the second continued-fraction in the other case, save that the last 
denominator of the former is d+b,,, and of the latter d, it thus at 
once follows that If the continued-fraction 


b,b, b.b or S, say, 
caer Be 
be convergent, then 
b? be as S+b, 
and os 
see = b,? = Pes eyes) 21 
SG, a.m ae S+d+b,); 
consequently 
d b? 
pee, 1s oe Se bs” + d S+d—b, 
eee es oie GF Sadek, 
d b? 
5+b,+ +" b,2 _ d S+d+b, 
eee eae he 2 adh, | 


and therefore finally 
d b,? 
pal ad b.2 } 
t TEP b+ ae, + 
ny dy? 
‘ imctolalash 
ee 
be 1 heli e ara neea ye 
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NACHREINER, V. (1872). 


[Beziehungen zwischen Determinanten und Kettenbriichen. (Diss.) 
24 pp. Miinchen.] 


The starting-point here is Spottiswoode’s short statement given 
on p. 374 of the 51st volume of Crelle’s J ournal. This having been 
quoted, pains are then taken to establish a so-called ‘ generaliza- 
tion,’ viz. 

1 te) 


— = log. V, 
aye by 42 Oa, = 
TH sate 
- = 
oa. 
where ae 
Vos ihe pees 
lL Opus Oras 
—] Arie ae ny 
ey a 
=i On | 5 


but unfortunately the left-hand side of the identity is not given 


as here, a,+ Prat being incorrectly put* instead of its 
Op ict ee 
reciprocal. 
The identity 
Gy 20 SRD ase Se eee, 
GC S-aptoy Bons s Rs | 
CLP ig a ct Osa! Cee 


is next demonstrated, the procedure involving the division of the 
2nd, 37, 4, . . . . columns by ),, b,b,, 6,b,b,, . . . . respectively, 
and thereafter the multiplication of the corresponding rows by the 
same. This is used to deduce some variants of the above ‘ generali- 
zation,’ and then the results thus far obtained are employed in 
dealing with known properties of continued-fractions. 


* This oversight runs through sect. i., and should be corrected in the results 
marked (3), (4), (6), (7), (8). 


Ay 
b, 


« 
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The third section opens with the identity 


1 . a alia, . - Qo 1 
Gee Davdst 2h: E ; drys At 
b, dy ... . ‘ = aT AOL ere sg. i 58 
oe : Re Set ait. Net eee en nin-2 + 
Any 1 ¢ A 1 
b, an 1 A, 
1 12 b, 

where i ne \ A, by 

1 1 b, 2 eT 435, b,” 

bi 3b. 6b 
and generally, A me yy rears 
Shakers en be one 


This is reached by a rather curious process, of which only the first 


two steps need be indicated.* They are, in the case of the fifth 
order,— 


Of etd arise : ipl la: 
b> a, 20d nest ks os 
b, A, 1 = b, by A, 1 
Da a, a ae 
POD | 1 % 
b, 
=> b,b, A il . . . = b, Ag 1 
Det tes nba Diwan 
Oe cpherntl. by Ay 
a, a 
1 be t 1 B, 1 
ts pty ae: 
O20, b, 


=> rf 


*The transformation is probably most readily effected by dividing the 2nd, 

3rd, 4th,. . . . rows by 
by, be, 513, Dybg, 0 bgb5, babydg, dybgbgby, «2. 

respectively, and multiplying the 3rd, 4th, 5th, . . . . columns by the same, the 
most instructive order of performing these operations being that in which each 
division is immediately followed by the corresponding multiplication. As the 
number of the divisions is necessarily one more than the number of multiplications 
the reason for the outside factor b,,b,-sbz-, .... on the left member of the 
identity is also thus made apparent. 
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The rest of the paper (pp. 13-24) is occupied mainly with con- 
tinued-fractions, and contains nothing new in regard to the related 
determinants. Possibly the nearest approach to a fresh result is 
the use of the known identity 


Qo 
dg — Oy 4-0, — ine = Se a, 
uh +o a+ Aghy 
hy — Ag+ 
to suggest (p. 16) that 
=O aad : wee | = Ady... Ons {Ag—A,+A,—A,+ ....}, 


an equality easily established otherwise. 


GUNTHER, S. (1873). 


[Darstellung der Naherungswerthe von Kettenbriichen in inde- 
pendenter Form. iv+128 pp. Erlangen.] 


When we come to Giinther we have reached the first formal 
treatise on our subject. His booklet consists of three chapters, 
the second of which, with the title ‘Darstellung der Zahler und 
Nenner jedes Naherungsbruches in Determinanten-Form,’ is that 
which mainly concerns us. The first chapter (pp. 1-30) is of the 
nature of a historical review of the various modes proposed for the 
calculation of convergents, and the third is professedly an applica- 
tion of the results of the second chapter to ‘ Analysis, Algebra, 
und Physik.’ 

That portion (§ 6) of chapter i. which deals with the introduction 
of determinants into the treatment of continued-fractions attributes 
the first idea of the existence of the relation to Ramus (1855) ; notes 
that Heine (1859) discovered it independently ; and nevertheless 
represents Heine as having used a result of Painvin’s. All this, 
of course, stood at the time* in need of serious modification, which 
unfortunately was not forthcoming, with the result that some of 


*¥For Heine’s repudiation see his Handbuch der Kugelfwnction, i. (1878), 
pp. 261-262. 
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the inaccuracies continue to be propagated in text-books to the 
present day. 

In the second and third chapters neither pains nor space is spared 
to furnish an exposition of known results, with careful citation 
of the titles of all writings made use of, whether important or 
unimportant.* Throughout the two chapters, however, only one 
new and noteworthy property in regard to continued-fraction 
determinants is brought to light, the source of it being an identity 
attributed to Heilermann,} namely, 


Be ee 


z+ b, b => r+b,— 
~ 2+b,+6,— 


l+ 9s 


where the number of b’s appearing on both sides is nm. Clearly the 
numerator of each convergent on the left must have an intimate 
relation with the numerator of one of the convergents on the right, 
and this Giinther doubtless sought to discover. The result which 
he established is 


Le ee lia. = |¢+b, —b,b, 

i ee ee a —1 2#+b,+6b, —b,b, . 
Spe ee eae —1 ga+b,+b, .... 
——|--), : CaN, eae Set eee hore 
T Dogs 
oe ot 


where the order-number of the determinant on the right is half 
that of the determinant on the left. The demonstration occupies as 
many as five pages (pp. 70-74), and yet the case where the original 
determinant is of odd order is not referred to. 

Similarly, the continued-fraction 


b, 


sitatece! 


1b +. 


Ue 


* The total number of footnote references in the book is 116. 
+ Zeitschrift f. Math. u. Phys., v. (1860), pp. 362-363. 
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suggests the finding (pp. 80, 81) of the results 


ik b, 
SPT Sb Bs; miss 
2 igs hd 
is opr ee n+1 
and 
1—b, b ; ....| = 1—b,+b,b,—b,bob3+ . . 
eee = Pal aie 
—1 1-b, 


. n, 


the latter of which may be compared with a result obtained by 
Nachreiner when under the same influence. 


GUNTHER, §. (1873). 


[Ueber die allgemeine Auflésung von Gleichungen durch Ketten- 
briiche. Math. Annalen, vii. pp. 262-268. ] 


The starting-point here is Fiirstenau’s expression of 1860 for the 
smallest root of the equation 


Lat Ont +... . +09 +a,7+a) = 0. 
All that is of interest in the paper from our present point of view 
is the fact that Furstenau’s two determinants are changed so as to 
have the zero elements on the under side of the main diagonal 
matched. by like elements in the corresponding places on the upper 
side, with a view to expressing the root of the equation in the form 
of an interminate continued-fraction. The procedure need not be 


described at length; it will be understood at once by applying it 
in the case of the determinant 


d, G a, 1 
Gg % Ay Gs 
ho OG, a, 
A AI; 
—a course which also enables us to test the accuracy of the illus- 


trative example given later in the paper. In the first place, the 
element in the place (1, 4) is changed, the result being 
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A A, az = As; 
My 2 A A,—a, 
M 4G, Ady—a, 
Ly A3A,— Ay 


and lastly, the element in the place (2, 4), with the result 
a, A, 
Ay A, A”—a,0, : 
Ay AyA,—Aghq (Ay”—G0)(Agh,— A) — (424, — Ugg) (A_”—a1) 
gh (4, — G01) (A, — Ap) — AqM9 (Ag”— Ay) ‘ 
Age (Ag — 45011) 
It is thus seen that if the equation for solution be the quartic 
vag? +a4?+a,2+a = 0, 
a convergent to the smallest root is, according to Fiirstenau, 


A Sg a Ne 1 


sees Uy A, 1 
ayo G My ay 


ay a, as Bree 4 
dg % &, | Sg Gat ie 
Ag a, Ay 4,1, 


and therefore, by the preceding transformation, if we write U, V 
for the two lengthiest elements, is equal to 


—My sy . . oes 
2 ee 
Gd, G"—a,0, . |My Mg? — 140, 
Ay Ag, —Axt, U .  40,—a,0, U 
Aho V Wy. 4s Ayo Vials 


and consequently 
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This does not agree with Giinther’s result, an awkward error appear- 
ing in the last column of both his determinants, and thus also in 
his continued-fraction.* 


GUNTHER, §. (1873). 


[Beitrage zur Theorie der Kettenbriiche. Archiv d. Math. u. Phys., 
lv. pp. 392-404. ] 


Only one of the sections of this paper—the third (pp. 397-401) 
—is connected with continued-fraction determinants, the subject 
dealt with being practically an extension of the result given in the 
immediately preceding paper by the same writer. Instead of the 
special persymmetric determinant which there forms the denomi- 
nator of the fraction proposed for transformation, we have now a 
perfectly general determinant ; that is to say, the given fraction 
now is 


PE 0 We orn A, A, As 
ba Mrbed pone ia bposbsa thy 
Coe Cy eee Cp 1G, C3 


The procedure followed is the same as before, a double application 
of it, however, being necessary. 


*With the correct values for U and V as here given, it is possible to take 
a step farther. For it will be found that 


A, a, I a a3 1 
WEG Gay URIS Wires Gila, Wi Gs 
MH GA, Ay A M213 
and consequently that the continued-fraction is 
Sg iy d ag 1 
FT eieee OD °la, a pt 
Lhe ee Ae? 0% | % 4 Ge 
1 
Q, as % A Ae 
> 
ay A, a a, 1 
MA 3 
Mak} 


where the three-line determinants are the complementary minors of the 
elements (4, 1), (4, 2) of the original determinant, and where the two-line deter- 
minants are the cofactors of the last elements in the three-line determinants, 
and so on. 
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MUIR, T. (1874). 


{Continuants : a new special class of determinants. Proceed. R. Soc. 
Edinburgh, vii. pp. 229-236.]} 


Still another discoverer, twenty years after the publication of 
Sylvester’s first paper onthe subject! Fortunately the ‘ discoveries’ 
are not expounded at inordinate length, the paper consisting of 
twenty-two very short paragraphs, almost every one of which 
contains a concisely stated property, accompanied, where necessary, 
by an indication of the mode of proof. 

‘Continuant’ is formally defined as being a determinant which 
has the elements lying outside the principal diagonal and the two 
bordering minor diagonals each equal to zero, and which has the 
element of one of these minor diagonals each equal to negative 
unity. The continuant 


a, 4b, 
——» 2) b, tial of 5 is denoted by K( b, b, . bi 
ad ge osp ia e Oy abiotks Ogu: ove 
G1, Gy, Gz,... being spoken of as the main diagonal, and 
b,, b,,. . . a8 the minor diagonal. When the b’s are each equal 


to unity, the continuant is called a sumple continuant, and denoted 
by, K(a,, Gey. Gas -», 0) 
Of results previously formulated it may be worth noting that the 
most important, namely, 
B52, «Oni? Be eile as 
K( E nar a, K( P Xi whereh<p<n 


PS ete P 


are Ne ae by K( Bike 53 )-K( OE se AP a 


CR. 8 £ De ae ag eee eo 


is not obtained in the same manner as in Thiele’s paper of 1870, 
but from a general theorem regarding the product of any deter- 
minant by one of its own minors.* 


*This theorem was not published until five years afterwards. See above, p. 79. 


Bn ° 


A+ 
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Leaving aside other results of this kind, we have remaining on 
the first three pages : 


K(. oo aitctiee, jane ae gin a) 
SK eT ale! BBY: 


) 
K(..s2.0:-0,6,0, 6, £9) cnc de pits oe ODO to Or fae nmi), 
K (io. '&0t,.0)6, 0;-0,.0; Crfgnels.) <p lvn.d-.@,.D.C tect nee) 


TCH Gi; On. Ciena 


K(.-4..:..@, 00>. 0,se, fs, -)oseeet KO SeetaNO, 2) Gateeey 
Then there follows the theorem that whatever a,, a,, may be, the 
continuant K(a,, ag ...., a) ws prome to K(a,, a, . ~~. . Ap), 
K(a,, 22+. 3 @q), K(a,—l, agss-.. +, @q)5 Kay, Be, =. s. 5 Sa — 1) 
the foundation for this being the ordinary division-process of finding 
the greatest common measure of two integers. 


Symmetric continuants are next defined and four properties stated, 
the two last of the four being 


K(a, oe y Anity Any Any, +++, a) = K(a,, ORO 7 K(a,, © soss.9 Gn)", 
KG, 97 Opa) 2a, @gi1,98.,@). = BZKay. Sha, 3) Kan 225 an): 


The fundamental relation with continued-fractions having been 
established, and thence the theorem 


b,, be, eeceeeee bs, b, 
b, + by b,° 6, - 6; = K(, Qy, Ay,.--+ Ag, Ay 1) 
at a a a K( a by ) * 
‘ A, Ae Ay, Ay, 
the deduction is made that 
OF Osho wae oe De so; 
K(y Os hilly) * a cl aes, a) 
( ROS: as, Fi bs ) 
Gi Os, 2 amg seyeney 
K( Oo; bs, el 656) se) (oie, se , bs by b,, b., ON gC Chaba tee ’ bs; b, ) 
ty NS a Oe, Gis 2A, Civile, tik 5 6,4 ys 


Dgisna: Gane by 5 Ose Oalnerscuunets 5 nth 
K 2 
Oy; Ug, vei y Uys” Os 2A Gy, gy. 8 ey Oe ay 


© ae Ca atks 
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Any other results given belong properly to the theory of continued- 
fractions.* 
MUIR, T. (1874). 
[Further note on continuants. Proceed. R. Soc. Edinburgh, 
Vili. pp. 380-382. ] 
Proceeding from the fact, obtained in the previous paper, that 
the order of a continuant may be depressed if the first element of 
the main diagonal be unity, namely, that 


K(,” s “ee ies : ) a B (gas seh atis i 4 ) 
and that 


mp, Upres. SLicea Op ab Hes 
a Ap AieD rd te K(,. Ae aay 
the author shows that 
b, (b,+4,)b, (bg+a,)b3.... ss 

Ae Ps ac) = tata)... 

and this is at once used to obtain as an equivalent for 
i Pe 
Ciel a ; 


the continued-fraction given in Stern’s monograph of 1833 (Crelle’s 
Journal, x. p. 267). 

The fact communicated by Cayley, but now known to be found 
in Nachreiner’s paper of 1872, viz., that any continuant is expressible 
by means of a simple continuant, is noted ; likewise the identities 

KGa tet, Get, Oa, =) -)g = KG gs. =o. 5 Aa) at nebe even 
and = 271K(qa,, dp, ..., &) if n be odd. 


WOLSTENHOLME, J. (1874). 

[(Evaluation of a simple continuant whose diagonal is univarial.) 
Problem 4391. Educ. Times, xxvii. pp. 45-67; Math. from 
Educ. Times, xxi. pp. 83-85. ] 

The problem is to prove that 
K(a, a,. . . ., @), = sin(n+1)6/sin@, if a = 2 cos. 
* Some of these results and others are dealt with more fully in a pamphlet of 


32 pages printed about the same time at the University Press in Glasgow, and 
entitled ‘The Expression of a Quadratic Surd as a Continued-Fraction.’ 
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Two proofs are given, the more interesting depending on the fact 

that 

; K,, =z aK, per Ke, 

and the fact that 
sinn@ = asin(n—1)0—sin(n—2)6; 

in other words, that K, and sinn@ satisfy the same difference- 

equation.* 


STUDNICKA, F. J. (1874, 1877). 


[Prispévek k nauce o zlomcich tetezovych neb retézcich. Casopis 
pro pestov. math. a fys., 11. pp. 61-70.] 
[Beitrag zur Determinanten-Theorie. Sitzwngsb. d. k. bihm. Ges. 
d. Wiss. (Prag), pp. 120-125. ] 


The first of these is merely a fuller and better exposition than his 
paper of March, 1872. 

The second has been sufficiently noticed under general deter- 
minants. 


GUNTHER, 8. (1874). 


[LeBRBUCH DER DETERMINANTEN-THEORIE,.... Vili+236 pp. 
Erlangen. |] 


In view of the attention which Giinther had previously given to 
the subject, it was natural that when he came to write his text-book 
on Determinants he should assign space to the consideration of the 
special form connected with continued-fractions. We are not 
surprised, therefore, to find a whole chapter (Kap. vi.) with the 
heading ‘ Kettenbriichdeterminanten.’ It extends to 31 pages, 
and is mainly a clear and detailed reproduction of his own and other 
previous work. 

Other text-books of the period which deal with continuants in 


* In connection herewith it may be noted that corresponding problems in the 
theory of continued-fractions date much earlier: for example, problem No. 40 of 
Crelle’s Journal, ii. (1827), p. 193, a solution of which is given by Th. Clausen in 
a@ paper with the title ‘Die Function 5 5 = durch die Anzahl der a 


ausgedriickt,’ published in Crelle’s Journal, iii. pp. 87-88. In our analysis of 
Ramus’ paper of 1856 the first of the two values there given for the continued- 
fraction is that obtained by Clausen. 
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a way calling for no special note are those of Hattendorf (1872), 
Diekmann (1875), Guldberg (1876), Baraniecki ai and Mansion 
(1878). 

GUNTHER, §. (1875). 

[Das independente Bildungsgesetz der Kettenbriiche. Denkschr. d. 
k. Akad. d. Wiss. in Wien: Math.-Nat. Cl., xxxvi. pp. 187-194.] 
Of this paper the portion which is not introductory and semi- 

historical concerns the development of 


4 0 “hy 
ay x — ag 
a a ty ae 
= or A say, 


L —Gn4 
: ; cache enels 
in a series arranged according to powers of z. 

The result obtained is, as might have been expected, that to 
which he would have been led by the use of the combinatorial 
‘rule’ more than once already referred to, and found fully enun- 
ciated by Stern in 1833 (Crelle’s Journal, x. p. 6). 


HELMLING, P. (1876). 

[Anwendung der Determinanten zur Darstellung transcendenter 
Funktionen. (Title also in Latin.) Dissert. 43 pp. Dorpat.] 
The subject here is the evaluation of certain definite-integrals 

by establishing for each a trinomial or quadrinomial recurrence- 

formula after the manner of Euler* (1777), and then making use of 
continuants or the analogous special determinants noted by Sylvester 
in 1853 as arising in this way vate ii. p. 416). No new property 
is brought to light. 
SALMON, G. (1876). 
[.... Moprern Hicuer Atcepra. Third Edition. 
xx+318 pp. Dublin.] 

In this edition the sketch of the theory of determinants with 

which the book opens is extended to fifty pages, and half a page— 


* Acta Petrop., i. p. 3. 
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a model of compact exposition—is assigned to the special form we 
are now considermg. The name ‘continuant’ is adopted. 


MUIR, T. (1877). 
[A theorem in continuants. Philos. Magazine, (5) iii. pp. 137-138. ] 


The theorem in question is 


W+a4L, WAX, = K( ere eras, 
Eide Qa, sae ss) Ge Qs, Eris ae 
The proof need not be reproduced, as it is included in another to 

be immediately given. 


The writer having become acquainted with Sylvester’s early 
papers on the subject, takes the opportunity to withdraw, in favour 
of the latter, the claim implied in the title of the paper of 1874. 


MUIR, T. (1877). 


[Extension of a theorem in continuants, with an important appli- 
cation. Philos. Magazine (5), iii. pp. 360-366. ] 


The theorem referred to being, as we have seen, a relation (of 
equality) between two continuants, it was natural to expect the 
existence of a relation between the two continued-fractions corre- 
sponding to those continuants. This expectation led to an 
acquaintance with Bauer’s paper of 1872, and thereafter to the 
extension here intimated. 

The extension for the case of the 5th order is 


dete on by 


—Cy 54% og by 
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ee ee 


the two sets of operations necessary to establish it being 


TOW,+7 I0Wp, row, +7 TOW, 
and 
col, —+r col,, col,—rcol, ..... 


The case previously announced is that where 
C= = Cy =. 3 = 1) and 6—1 =. fp. 


Bauer’s result regarding the product of two continued-fractions 
having been noted in reviewing his paper, the generalization of it 
here obtained may also be shortly alluded to. Denoting by F the 
continued-fraction 
6, (6, — 4) b.(b;—a) - 
Bienes 
; Bie Bn-1 = a) 
the author first shows, with the help of his theorem in continuants, 
that 
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thence, by merely changing the sign of a and the signs of all the 
b’s, that 


Uo) a) 
B—b6,+ bs + 


bs(bs—a) = 
B—bst bet 


bn to, ot a) 

B—b,+a 

and therefore, by multiplication, that the product of the two continued- 
fractions on the left is equal to 


as 


B2— a2 

a 
The paper concludes with two other curious theorems of similar 
character.* 


*The rather noteworthy theorem in continuants which is the basis of this 
striking result in continued-fractions can be still more widely generalized as follows : 
The continuant 


b 
S+A b, 
8) 
bes 
C +4A4+ sc by 
8 FF. 
b. 
Cp 34 2 A+ Bscy bs 
3 Te 
Daas 
Cs —++-3A + s2¢, b, 
8 13 
Dees 
Cy + 7 + S4C, 
85 
is unaltered in value by adding 
TyCy, ToCq—84C,, 4Cg —SyCoy TyCq —83C3, — S84Cy 


to the elements of the main diagonal, and changing the elements of the upper minor 
diagonal into 


fie a =o) uy) S 
iby, bs + «(1 H)A, os Gy + (1 =) A. 
Putting in this 7,, 7, . . . = 8, 8, . . . we have the identity 
eA b, 
3 
by 
Cy = + A + 31) b, 
Se ‘ 
3 
Cy PM A+ 82Cy b; 
bs 
(5 a +A + 3,¢, bg 
b 


5 
Cs 5 tA + C4 
5 


\ 
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MUIR, T. (1877). 


[Note on determinant expressions for the sum of a harmonical 
progression. Proceed. R. Soc. Edinburgh, ix. pp. 361-363. ] 


The progression is transformed by Euler’s process into a continued- 
fraction, and thence into the quotient of one continuant by another. 
The second of these, in view of previously obtained factorizable 
continuants (Sylvester 1854, Painvin 1858) is worth noting, namely. 


a a? ’ 
| 1 2a+b6b (a+6)? Tears 
1 2a+3b (a+2b)2?....| = a(a+b)(a+ 2b)(a+ 3b)... 


I 2a + 5b 


MARTIN, A. (1877). 


[Question 5484. Educ. Times, xxx. p. 197; or Math. from Educ. 
Times, xxix. pp. 90-91.] 


The theorem here involved, though stated differently, is that the 
product of any two of the expressions 


1+ K(b,a,a,6), 1+ K(¢6),a,a,6,c), 1+ K(1<¢,6,4,4,),¢,1) 


diminished by the sum of the same two isa square. It is not pointed 
out, however, that the three squares in question are the squares of 


K(b,a,a,b,c), K(b,a,a,6,c,1), K(c,6,4,a,6,¢, 1). 


by 


—+A+s,¢ = b, 
a + 8101 , Pt 
. 8 
@, ee a 
b, ee 
—+A + 8, 6, 
= . Cy aE + 83C3 ; e-* 
8 
c; 4+ A+t+se, +6, 
84 8, 


b 
C, A+ Al. 
Se } 
and specializing further by putting each of the s’s equal to s we come back to the 
theorem of the paper above reviewed. ; 
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LUCAS, E. (1877). 


[Théorie des fonctions numériques simplement périodiques. Sect. 
IV. Nouv. Corresp. Math., iii. pp. 401-402; or American 
Journ. of Math., i. pp. 192-193.] 


Here there is nothing fresh save the writing of 


|p—q. — Pp is = 
Bik ybsor Gok a: in the form Ja p VG 


ee Se, erent seta oP 
which latter, we may note, is axisymmetric with respect to the one 
diagonal, and persymmetric with respect to the other. 


MUIR, T. (1878). 
[On the word ‘Continuant.’ American Journ. of Math., i. pp. 344.] 


Sylvester having, without knowledge of the circumstances, 
complained of the introduction of the word ‘continuant,’ the 
introducer had to explain that the word had been proposed in 
ignorance of Sylvester’s papers of 1853, and that, as soon as this 
ignorance was removed, he had drawn pointed attention to those 
papers,* persistently adhering, however, to the use of the new word 
for four reasons, which are shortly stated. 

In a note, Sylvester agrees that the second and third of the 
reasons afford ‘quite a sufficient justification for the use of the 
word in question.’ 


SCOTT, R. F. (1878). 


[On some symmetrical forms of determinants. Messenger of Math., 
vil. pp. 131-138.] 
The first of the forms referred to is 


c 
b 


~ oe 
| 


*See above, p. 416. 
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which by means of its difference-equation is once more found to be 


equal to 
ae ce? — 4ab C2 — = 


Five special cases, more or less known, are mentioned, the last 
being that in which c? = 4ab and the value of the determinant 


(ab)* (n +1). 

In the same way he finds (p. 182) that the determinant formed 
from the above by prefixing 0, 1,1,..., 1 asa row and as a column 
is equal to 


ynri yn (n+ 1) c(u*? +y7t}) 

(atbteo? = (at+b+c)(u—v)? 

Sa at) Ae ey AGO Ae by 
at+b+e (u—v)? (a+b+o)? ’ 

also, that the determinant formed from this by deleting the first 

column and the last row is equal to 


-- 


+1 ntl + B( yn — yr) | 

(a+b+ce)(u—v)  ’ 
where wu, v are the roots of the equation 
x?—cxr+ab=0. 


piee cae 19" 


SYLVESTER, J. J. (1879). 
[Notes on continuants. Messenger of Math., viii. pp. 187-189. ] 


Here the main point of interest is the use of the old ‘rule’ 
referred to in his paper of May 1853 to provide a proof that the 


number of terms in the simple continuant (a, a, . . . , Gn) 18 
(n—2)(n—3) , (n—3)(n—4)(n—5) 
beige Tas s aoe as ae 


the various parts of this expression being shown to correspond with 
the various kinds of terms obtained in following the ‘rule,’ viz., 
1 term containing all the elements, n—1 terms containing n—2 
elements, 4(n—2)(n—3) terms containing n—4 elements, and 
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so on. In stating some related results he uses the word ‘pro- 
continuant’ for a determinant of the form 


(a 
be ees b 
iL 


that is to say, for the continuant 


(a Beh... ). 


SCOTT, R. F. (1880). 


[.... THrory oF Determinants, and their applications in 
analysis and geometry. xili+251 pp. Cambridge. ] 

The title of one of Scott’s chapters (chap. xiii. pp. 169-179) is 
“Applications to the theory of continued-fractions,’ and it is 
accurately descriptive of the contents. As in Giinther’s text-book, 
both ascending and descending continued-fractions are dealt with 
by means of determinants, the numerator of the last convergent to 


by tty Oe, 


a ay an 
viz., the determinant 
bere 
base — 
LUgies: as 
| De Grae ke Sema A Ie, 


being actually spoken of as ‘the continuant for an ascending 
fraction.’ No new property of continuants is given. 


CHAPTER XVIL 
MULTILINEANTS, UP TO 1877. 


Any student of determinants who has had to occupy himself with 
a problem involving the solution of a series of increasingly lengthy 
sets of linear equations must have had forced on him the idea of 
determinants of infinite order. Probably, however, the passage 
from order n to order © is for the first time openly suggested in 
Wronski’s statement (1812) of his ‘loi générale,’ where the r” term 
of an ostensibly unending series involves a determinant of the r” 
order (Hist., i. pp. 472-478). With like probability the first 
actual mention of determinants with ‘unendlich vielen Elementen,’ 
and the first actual appearance of o as the symbol of the order of 
a determinant date from 1825, being found in Schweins (H7vst., i. 
pp. 173-174). Between the latter date and that now reached the 
idea seems to have remained entirely below the surface. 


FURSTENAU, E. (1860). 


[Darstellung der reellen Wurzeln algebraischer Gleichungen durch 
Determinanten der Coefficienten. Sch.-Progr. 35 pp. Marburg.] 


The given equation with real roots Dy, Hg, 9; + 5 ty, DEINE 
I (2) = Yi a 22 aE = 0, 


Fiirstenau uses the multipliers 1, z, ~*,..., #’-’, and viewing the 
set of derived equations as being linear in 2, x”, «*,..., he elimi- 
nates x2, z?,..., v? and obtains 


R,2 + terms'in at,..., 2°" = — aR, 
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where R, is the persymmetric recurrent 


Ae aT iy 


Gn-1 Ung A-3 OAn—-4 


1 Qn-1 An-2 OAn-3 
1 An-1 An 2 
he 
Then, putting for x in this in succession 2, %, ..., 2, he has a 
set of equations from which he finds 
esr pr isd Bains RL 
s (eee, oe 
and 
a Hs 
te at We May rine? ran a Ue cee Cin 
ae (—1y"rartl oP ae, ASS Cah | 
ae eee ar 
1 1 1 
mri (even yt setae Lp el ee Pe cron tle 
wht FD. BF ae) Pet) sf 
It thus follows that if x, be the arithmetically smallest root, 
1 
(—)” Py 
x 
lia (aa,5e3) 2 ew aj a 
p/ p>n (—a,)?t! 
a Pe) 
= DH. 


Returning then to the first derived set of equations, Fiirstenau next 
eliminates 2°, z+, . . . and obtains a quadratic from which may be 
found the two smallest roots 2, 2, and from which in particular it 
is seen that 

%% = lim (apRyy_1/Ryp)p>eo, 
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where R,, is the persymmetric determinant similar to R, but 
beginning with the row ay, a,, @. In like fashion there is obtained 


LoL oa lim ( 7 AgRs »-1/Rs.n)p—>co> 
and so on generally. 
Naturally it is pointed out at the beginning that 
R, = a,R,_, — aga,R,_. + apa,R,-3 —.... 
and in the course of the work sufficient evidence is given that 
RR, — Ry Rpg = ay “Ry, 


where &, is the determinant got from R,., by deleting the (¢+1)" 
row and last column.* 


FURSTENAU, E. (1867). 


[Neue Methode zur Darstellung und Berechnung der imaginiren 
Wurzeln der Gleichungen durch Determinanten der Coeffi- 
cienten. Schriften d. Ges. zur Beford.... Naturw. (Marburg), 
ix. pp. 19-48 ; also, separately, 32 pp. Marburg.] 


Fiirstenau does not confine himself here to the consideration of 
imaginary roots: he repeats in shorter form his exposition of 1860, 
merely taking up the new question when ready to do so. Thus, in 
the finding of xz, it is only when he arrives at the expression for 
R, as the quotient of two alternants that he introduces pairs of 


re 


complex numbers, 
pi(Cos @, +78in ¢,), 


p2(COS + 78iN go), 


among the roots 2, %,...,%,. So far as determinants are con- 
cerned, no fresh point is raised : and we may add that the extension 
of the method to imaginaries does not make it more attractive. 

If we recall Faure’s determinant form of 1855 (Hist., ii. pp. 212- 
213) for the coefficients in the quotient of one power-series by 
another, it is not difficult to see that Fiirstenau’s first and main 
result may be formulated thus: Jf the roots of the equation 


x" +a, "1+ a, x7 ?+ ... fax ta = 0 


* A fresh sketch of Fiirstenau’s pamphlet is given by Baltzer in the Zeitschrift 
f. Math. u. Phys., vi. Lateraturz. pp. 9-11. 
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be real, the arithmetically smallest of them is the quotient of the coefficient 

of x? by the coefficient of x”*! in the expansion of 
(ayta,x+a.x*+... +x")? 

when p>oo. It is thus not essentially different from that made 

known by D. Bernoulli * in 1728 and elaborated later by Kuler and 

others.t Those interested in it may profitably consult portions 

of a lengthy paper published by Naegelsbach in 1876. 


KOTTERITZSCH, T. (1870). 


[Ueber die Auflésung eines Systemes von unendlich vielen linearen 
Gleichungen. Zeitschrift f. Math. u. Phys., xv. pp. 1-15, 
229-268. ] 

In his first paper Kotteritzsch starts with the assertion that when 

n is infinite a solution of the set of equations 


0,0) ape + 2 ek agen i, fame 
can only be expected if a,, and wu, be known functions of 7, s and r 
respectively : and his proposed mode of aiding in the solution is 
to substitute for the given set of equations a derived set in the same 
variables but such that the r” equation of the set has each of its 
first r—1 coefficients equal to 0. This is the same as to say that his 
standard set of equations is 
Ly — Gets a Diet, —- ey use ier ats, + bie — et CO ee *1| 
Le t0ggheri. 2 e ee ee o = I) 


Unfortunately, the advantages of the transformation are not made 
apparent, nor is any light thrown on the subject by the example 
which is used for an illustration, namely, that in which 


Soa bes r 
d, =, and uw. = w’, 


* BERNOULLI, D. Observationes de seriebus, quae. . .. Comment. acad- 
Petrop., iii. p. 85. 
+ 1748. Ever. Introd. in anal. infin. Cap. 17. 
1798. Lagranexr. Résolution des équat. num. Note 6. 
1798. LEGENDRE. ... Théorie des Nombres. Art. 113. 
1831. Fourter. Anal. des Equat.: Part I. Exposé synop., p. 68. 
1834. Jacost. Observatiunculae. ... Crelle’s Journ., xiii. p. 349. 


} Narcerspacu, H. Studien zu Fiirstenau’s neuer Methode.... Archiv d. 
Math. u. Phys., ix. pp. 147-192, Ixi. pp. 19-85. 
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the known solution (Hist., ii. p. 155) 

wu. (w—a,)(u—a,) .... (u—ay,(u—a,,,).... 

Ap (Ap—A,)(4p—Az) « - « . (€p—Ap4)(G4p—Ap4,) - - 
being reached, and there being merely appended the remark that its 
usefulness depends on whether the infinite product involved has, 
or has not, a finite value for all positive integral values of p. 

The second paper is very lengthy and almost equally disappointing, 
the new example being that in which a,, = 1/(a,+0,), as is the case 
in the set of m equations already solved by Binet in 1837 (Hist., ii. 
pp. 155-158). 


go 


ZEIPEL, V. v. (1871). 


We recall the special determinant, Z,,, say, noted below (p. 458), 
which is such that, as r approaches 0, the limit 


T 


(rt) Za. = F- 


HILL, G. W. (1877, 1886). 


[On the part of the motion of the lunar perigee which is a function 
of the mean motions of the sun and moon. Acta Math., viii. 
(1886), pp. 1-36. Original edition published separately at 


Cambridge, U.S.A., in 1877.] 


In the course of his investigation, Hill arrives at a differential 
equation of the second order; and, knowing the integral to be 
expressible in the form of an infinite series of multiples of cosines 
he substitutes such an expression in the equation, and, as the 
condition of satisfaction, obtains an infinite set of linear homo- 
geneous equations connecting the unknown coefficients of the 
integral. From this he deduces by elimination the equation 


(€—4)’— 0% iy — 6, = eciep 
=, (€—2)?—O, ae — 0, — 6, 
263 Oe On = 6) = late esilees 
0 — 6, EHO (SD ONS Oe ey 4) 


air A eee OO a (24 — 0)... 
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for the determination of €, the main object of his quest. Calling 
the determinant here D(é), he takes note of such properties of it as 


D(=§) == Dé), 
D(é+2r) = D(é), 
and of the close resemblance which they bear to those of cos 7€. 
In this way he reaches without apparent difficulty an important 
substitute for his original equation, namely, 


cos7f = 1—V(0), 


where V is the determinant obtained from D by multiplying the 
central row by —4, the first row on either side of the central row by 
4/(42—1), the second row on either side by 4/(8?—1), and so on. 
What remains then is the evaluation of V(0). This is accomplished 
by removing as a factor from each row the diagonal element of the 
row, and then calculating directly the value of the resulting deter- 
minant. The question of its convergence as the order tends to 
infinity is not forgotten, but no strict investigation is entered on. 
It will be observed that this paper of Hill’s is very different in 
character from those which precede it, and that with it we seem to 
pass from matters of languid though legitimate curiosity to one © 
of serious importance. 


ADAMS J. C..(1877). 


[On the motion of the moon’s node... Monthly Notices R. 
Astron. Soc., xxxviil. pp. 43-49. ] 


Adams opens with an appreciative account of Hill’s work, relating 
how in his own researches he had followed “in some repsect, a 
parallel course, sed longo intervallo.” What is interesting for us 
to note is that the same infinite determinant had been reached, and 
the calculation connected therewith made in 1868 and to a greater 
degree of approximation in 1875. 

In view of this statement attention may be drawn to a 
posthumously published paper of Adams’ entitled ‘‘ Development 
of a certain infinite determinant arising in relation to a motion 
of the node of the moon’s orbit.”” (Scientific Papers, ii. pp. 85-103.) 


a 


CHAPTER XVIII. 
CUBIC AND N-DIMENSIONAL DETERMINANTS UP TO 1880. 


As our knowledge of the domain of a special subject is necessarily 
improved by an acquaintance with the surrounding country, we 
have considered it desirable throughout the foregoing to take a 
passing note of any attempts that may have been made to generalize 
the definition of a determinant. The first recorded step in this 
direction was taken by Cayley in 1843, the generalization consisting 
in passing from two sets of suffixes to m sets. (See Hist., ii. p. 22.*) 
The subject with related matters was continued by him in 1845, in 
1847, andin 1851. (See the papers referred to in Hist., ii. pp. 33-34, 
41-42, 63-68.) During the last of these years Sylvester became 
interested in the generalization as bearing on the discovery of 
invariants, and in that year and the year following devoted con- 
siderable attention to the subject. (See the papers referred to in 
Hist., ii. pp. 61-63, 68-72.) We might also have noted that in 
1853 Spottiswoode had been brought to think of something wider 
in scope than an ordinary determinant; for, when denoting the 
literal coefficients of the ternary cubic 


ax? + by? + cz3 + 3( fy2z+92a+hay+f yz? +9 za? +h'xy?) + 6hayz 
by Allg) 229, 938,) -209, 5 2 5 108. 
he says,t “‘ The arrangement of the coefficients . . . . consequently 
involves space of three dimensions, and is beyond the cognizance 


of determinants... .’” During the remainder of the period 
1841-1860 no one else seems to have been attracted by the subject. 


* Also Cayley’s note of 1889 on it in his Collected Math. Papers, 1. p. 584. 
+ Crelle’s Journ., li. p. 333. 
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At the beginning, however, of the period with which we are now 
concerned it again turned up, and was brought shyly into notice 
by its new discoverer. Fortunately this time the title of the little 
tract was free of all vagueness or ambiguity ; and, as a consequence, 
the functions which Cayley had originally called “functions 
‘resolvable into a series of determinants,” and which now, on the 
other hand, were spoken of as ‘determinants’ themselves, were 
never afterwards for any length of time without a votary. The 
titles of the resulting writings up to 1880 are herewith given : 


1861. [Gasparis, A. DE]. Sur les déterminants dont les éléments 
ont plusieurs indices. Par Jean Blaise Grandpas.* 7 pp. 
16 mo. 


1863. DaHLANDER, G. R. Om en klass funktioner, hvilka ega 
flera egenskaper analoga med determinanternes. Ofversigt 
af k. Vet.-Akad. Forhandl. (Stockholm). Arg. xx. pp. 
295-304. 


1866. ARMENANTE, A. Sui determinanti cubici. Grornale di Mat., 
vi. pp. 175-181. 


1868. Papova, E. Sui determinanti cubici. Giornale di Mat., 
vi. pp. 182-189. 


1868. GaspaRis, A. DE. Sopra due teoremi dei determinanti a tre 
indici ed un altra maniera di formazione degli elementi 
di un determinante ad m indici. Rendic. dell’ Accad. ... 
di Napols, vii. pp. 118-121. 

1868. ZeuFuss, G. Ueber eine Erweiterung des Begriffes der 
Determinanten. 9 pp. Frankfurt a. M. 


1876. GaRBIERI, G. Determinanti formati di elementi con un 
numero qualunque d’indici. Giornale di Mat., xv. pp. 
89-100. 


1877. Be.tuavitis, G. Determinanti formati di n' elementi. Atte 
.. .. Istituto Veneto. An. 1877-78, pp. 251-273. 


1878. Braascu, J. H. Determinanten hodheren Ranges. Sch. 
Prog. 17 pp. Hamburg. 


* Name composed of the same letters as the author’s real name, ANNIBALE DE 
Gasparis. The paper was reprinted in the Giornale di Matematiche, xlviii. (1910). 


\ 
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1878. GasparRis, A. DE. Prodotto di due determinanti a tre indici 
espresso con un determinante ordinario. Atti . . . Accad. 
dei Lincet, (3) Transuntt, iii. pp. 44-45. 

_1879. Tanner, H. W. Luoyp. Notes on determinants of n dimen- 

sions. Proceed. London Math. Soc., x. pp. 167-180. 


1879. Scott, R. F. On cubic determinants and other determinants 
of higher class, and on determinants of alternate numbers. 
Proceed. London Math. Soc., xi. pp. 17-29. 


Of the many text-books published during the period, only Giinther’s 
(1875, 1877) and Baraniecki’s (1878) gave the new ‘ determinants ’ 
a place (see above, pp. 54-55, 75); and the latter, not without 
reason, relegated them to an appendix. 


CHAPTER XIX. 


BORDERED DETERMINANTS, UP TO 1880. 


To Sylvester, apparently, it first occurred to use the word ‘ border ’ 
in connection with determinants: we find him in 1852 speaking 
of ‘a matrix bordered by the two given matrices’ (Hist., ii. p. 77). 
Such a matrix, however, had already presented itself to him in 
1850 (Hist., ii. pp. 118-119) and had been explicitly referred to in 
1851 under a different designation. Thus, in his fretful ‘ Reply 
to Professor Boole’s observations* ...’ the following passage 
occurs : 
* Let the quadratic function be 


aa? + by? + cz? -+-dt? + ery +-2ezt+2gxz+2yyt+2hyz+2yat 
“and the linear functions (taken two in number) 
le +my +nz +-pt, 
Va+m'y+n'2e+p't. 
‘““My numerator will be the determinant (hereinafter cited as the 
““ extended determinant) 


Geog) Epi 
| é hioy its ai 
Disses, lien tay 
75 ee ie 
Ce \ ait 
ame me ae 08 
““To find the numerator of Mr. Boole’s fraction we must form ... .” 


A reference to the paper which Boole had commented on will 


* Cambridge and Dublin Math. Journ., vi. pp. 171-174 ; or Collected Math. Papers, 
i. pp- 181-183. 


BORDERED DETERMINANTS 433 


show that ‘extended determinant’ as here used would have been 
suitably replaced a year later by ‘bordered discriminant.’ 

In Cayley’s work the type in question appears as early as 1846 
(Hizst., ii. p. 113), and probably he was ready to accept a name for 
it if the need again arose; at any rate in 1854, when dealing with 
skew determinants, he employed the expression ‘un déterminant 
gauche bordé’ for the case where the border is a single row and 
column. 

With Hesse the type appears in 1853 (Hist., ii. p. 129); and in 
the year following Brioschi published his theorem regarding what 
the English mathematicians called the ‘bordered Hessian,’ and 
thenceforward the usage tended to become more common. Certain 
it is that the determinants themselves soon came to be of very 
frequent occurrence, especially in geometrical investigations ; good 
examples are Painvin’s articles on the ‘ Application de la nouvelle 
analyse aux surfaces du second ordre’ in the Nouv. Annales de 
Math. for 1859, C. W. Baur’s in the Zestschrift f. Math. u. Phys. for 
1860 and 1861, and Clebsch’s papers in Crelle’s Journ. for 1863 
and 1864. 

A bordered determinant is in this sense a determinant got by 
bordering another, there being some reason for keeping that other 
prominently in view. Were this not the case it might be con- 
venient to define it quite differently, namely, as a determinant of 
the (n+r)” order which has nothing ‘but zero elements in the comple- 
mentary of its first n-line minor. Theorems concerning such deter- 
minants may thus take two very different-looking forms. The 
property, for instance, which has already appeared in connection 
with the vanishing of one of the primary minors of a determinant 
may with at least equal convenience be put as follows: Jf a null 
determinant be bordered, the resulting determinant is divisible by a 
linear homogeneous function of either-set of bordering elements ; thus, 
if |a,b,c,| = 0, then 


| ey 5 y Z | = —_— 4 07 y z . é ad, = |a,bo| 
E G UW as, A, GM, Az yn b, b, 

yb, (bb b, 6, bg GG; 

1€ G Cy Cg 


= — (#0,+yC,+2C,)(€A,+4B,+ (C3) + Cy. 


434 HISTORY OF THE THEORY OF DETERMINANTS 


CLEBSCH, A. (1860). 
[Ueber eine Classe von Eliminationsprobleme, und .... Crelle’s 
Journ., vil. pp. 273-277. ] 

Clebsch’s problem is the elimination of n unknowns from a special 
set of homogeneous equations, one of them a quadric, n—2 of them 
linear, and one of them an r**-ic. The resultant in the case where 
r is 1 is a determinant formable, as in Sylvester’s theorem just 
referred to, by bordering the discriminant of the quadric. When r 
is greater than 1, the resultant is more complicated, being in fact 
a function of such determinants. To the former case no reference 
is made by Clebsch, it naturally being from his point of view com- 
paratively unimportant. 


ROUTH, EH. J. (1864). 
(See under this heading in Chap. I.) 


SALMON, G. (1866). 

[.. . Mopern Hicuer AtcrBra. 2° ed. xv+296 pp. Dublin.] 
Denoting the Hessian of u by |u,yt%e9%33|, Salmon draws attention 

(pp. 15-16) to the bordered Hessian 

Uy Up Ws UW a 

Ue, Use Uses Ug ae 

Usi Ug, Ugg Ug as 

Ly Ug 

Oy Og a3 . Sa fe 
where w,, Us, Us are the first differential-quotients of u, and the a’s 
are constants. This five-line determinant he denotes by 


(va) 
and performing on it the operation 
(n—1) col, — 2, col, — x col, — x cols, 
followed by the operation 


(n—1) row, — 2% row, — X,TOW, — LZLOWs, 
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he readily deduces the result 
wa nN a 1 
te) = — —"u(%) Fence ee tent 
_ He also points out that if there were four variables, and the matrix 


of the Hessian were triply bordered, we should in similar manner 
obtain 


aB\ _ 4 aB 1 (Pe 
(nis) = — amie) — gaps) a -3az-¥R2(2), 
— Gap (28a) (8) ani i 


There is also given at the close of the volume (pp. 248-252) a 
very helpful exposition of Clebsch’s work of 1860 above referred to. 


VERSLUYS, J. (1871). 


[Applications des déterminants a4 l’algebre et & geometrie ana- 
lytique. Archw d. Math. u. Phys., liii. pp. 137-187.] 


Versluys’ long series of ‘applications’ * at once calls to mind 
Painvin’s of ten years earlier. The series is preceded by a page 
or so of purely algebraical introduction containing the result to 
which we have referred under Clebsch. 

The problem, though not so stated, is to eliminate the variables 
from an n-ary quadric and n—1 linear homogeneous equations ; 
for example, to eliminate z, y, z from 


an + by? +2? + 2fyz+2qzr+2hey = 0 @)) 
att+Bytyz = 0 (2) 
Ap%+Boytyz = 0 ay). 


As (1) can be written in the form 
(ax-+-hy+gz)e + (ha+by+fa)y + (gx+fy+ez)z = 0, 
Versluys asserts that it is necessary and sufficient that values for 
d and « can be found for which 
axzthyt+gz = Aa, tua, 
hatby+fe = vin (I) 
getty +ez = Ay +My. 


* For others involving bordered determinants see Archiv, |. pp. 157-175; li. 
pp. 49-71. 
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when x, y, 2 have values determinable from (2) and (3); and that 
therefore it is necessary and sufficient that one set of values for 
Z, Y, Z, A, w Shall satisfy (I), (2), (3). The condition 


Cs Ae Maaeeet = Ea: ee 

hey be af eB aBe 

Gi fern eae 
a By VN 

dy By Ye 


is thus reached. A similar seven-line determinant is obtained for 
the next case. 

We note for ourselves that if we write the given quadric as a 
bilinear, namely, 


and substitute therein the proportionate values of x, y, z deduced 
from (2) and (3), a quite different form of the eliminant is obtained. 
We thus arrive at the interesting identity 


CR 9 sey mi IBivel lyia2| [a,84| 

on Gund), wings o a h g |Pxvel 
10 Baden SouaYuuatve h b iy ly,a,| 
eda e tke ein) a a en, 
dp Bo Yo + : 


which is readily verifiable. In the second place we note that the 
unknowns might have been eliminated in two instalments, first, 
A, w from (I), and then a, y, z from the result and (2) and (3). The 
outcome in that case would have been 


Oa; Lay le Sap Yag | g Maj as 

h 6, B, | 6 6, Bs Afo say evans 2h 

bf ome spans f aie! le yy ye |] = 9, 
ay B, v1 
Ag By Y2 


the determinant of which is again readily seen to be equal to Versluys’ 
five-line form. 
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HESSE, 0. (1872). 


[Ein Cyclus von Determinanten-Gleichungen. Crelle’s Journ., 
Ixxv. pp. 1-12; or Abhandl.... . Akad. d. Wiss. (Miinchen), 
xi. pp. 177-192; or (in Italian) Giornale di Mat., xi. pp. 309- 
317; or Werke, pp. 585-598. ] 


Hesse slightly modifies Salmon’s notation, writing 


[wa, wa] for ows 


ua 
and, more generally, putting 
[ay, Bd] 
to stand for the determinant obtained by bordering |w,,| verti- 
cally by 


Oy Ue Un ONL Yn Vol ss) 9 Vn) 
and horizontally by 
By B:, shee yg Bn and Oy, Oo) Bre oes rey 


His starting point is Jacobi’s theorem regarding a two-line minor 
of the adjugate, as applied to the adjugate of [ay, 6d]; the result 


of this is 

[tn] Lay, 86] = [a, B][y, 6] — La, é]ly, 8]. (A) 
By inserting therein ¢ and e for § and y respectively, a similar 
identity is obtained ; and the elimination of [a, 6] between the two 
gives 

loanl {Le Lay, 88] — Ly, B]lae, §3]} 

= [a, BI[y, é]le ¢]—Ly, Ble ofa, ¢]} — (B) 
Next, seeing that only the cofactor of |u,,,| in this is affected by 
changing a, 2, y, 6, e, ¢into y, d, e, ¢, a, 8, and that the like happens 
when a, 8, y, 6, «, € is changed* into «, ¢, a, 8, y, 6, it follows that 
the three cofactors of |u,,| must be equal: that is to say, 
[e flay, 86] — Ly, B]lae §6] = [a, B]lye 6¢] — Le éllya, vate (0) 
eal ly, é]lea, 6B] +, [a, Ley, 68] 


From (B) another set of three cofactors of |u,,| 1s obtained by the 


* We may note that these changes are equivalent to the performance of cyclical 
substitution on a, y, e and 8, 5, ¢ simultaneously. 
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performance of cyclical substitution on a, y, ¢; but the deduction 
in regard to them is that their sum vanishes : that is to say, 
[e, (lay, 86] — Ly, s]Lae, ¢6] 
+ [a, ol[yve, 86] — Le, Ilya, } =i: (D) 
+ [y, Ila, 86] — [a, é]ley, ¢6] 
' Lastly, by returning to (A) and performing therein cyclical substi- 
tution on £, 6, ¢ there is obtained another triad of equalities ; and, 
if on these we use the multipliers [e, ¢], [e, 8], [e, 6] and thereafter 
add, there results 
|nl {Le Eley, 86] + [e Bl lay, 66] + [e é]Lay, §8]} 
[a, 8] [a, 6] La, CJ 
[y, 8] [y, 6] Ly $] 
Le, B] le, 6] [e, ¢] 
The four foregoing identities (B), (C), (D), (E) are types of all the 
sets of equations which Hesse uses for the main purpose of his paper, 
namely, the generalization of Pascal’s theorem.* The student who 
is interested in this latter subject would be much helped towards 
clearness and effective grasp of it if at the outset he would arrange 
for himself in three arrays the quantities, other than |u,,,|, involved 
in the investigation. These are 


[a, 8] Ly; 6] [e, d lye 6g] Lea, &B] Lay, £6] 
[e, @] [a, 6] [y, §] [ay, 6] [ye §@] [ea, 86] 
[y, 8] [«e 6] [a, ¢1, [ea, 5] [ay, ¢8] Lye, Be], 
[a Bl lys 6] [4] fea, €8] — [e Gl [ay, Be] 
le, B] Lay, 6] = [a, o] [ye $8] Ly, €] Lea, Bo] 
[y, 8] [ea, of] [e, 4] [ay, 8] [a §) [ve Bol. 
The letter-symbols that go to the making of all three he would of 
course recognize to be 
@,.y,€ and 95 %6,.c, 
Then he would note that, exactly as the first array is constructed 
with these fundamental components, the second array is constructed 
with binary combinations of them, namely, 


ye, ea,ay and 66 ¢B, Bd; 


* Already in Cayley’s case (1843) the study of Pascal’s theorem had led to results 
in determinants (Hist., ii. pp. 10-14). 


(E) 


BORDERED DETERMINANTS (HESSE, 1872) 439 


and that the third array has for each of its elements the product 
of the corresponding elements in the two other arrays. 


GUNDELFINGER, 8. (1874). 


[Auflésung eines Systems von Gleichungen, worunter zwei quadra- 
tisch und die iibrigen linear sind. Zevtschrift f. Math. u. 
Phys., xviii. pp. 541-551.] 

What is interesting here from our point of view is the introductory 
proposition regarding the solution of a set of equations of which 
only one is quadratic and the others linear. In the case of three 
unknowns it is to the effect that if 

4% and Xe Ye 
Zy’ 2y Zq? Zp 


be the two sets of values of 


. 


NM 


which satisfy the equations 
ax? by? cz?+ 2fyz+2gzx-+2hxy = 
px+ qy+1Z 


Il | 
=) 
ae 


then, whatever u, v, w may be, 


(xyu+yiV+2,W) (x,U+Y2V +2Z,W) 


as equal to ‘ 
a nae po 
Aw kody, 
gf ‘c—2 WwW 
Pp. iq. .t 
u vow 


No proof is given, reference being merely made to a lengthy paper 
by C. W. Baur in the Zeitschrift, xiv. pp. 129-140, 426-435. 

For ourselves we may add that by equating coefficients and 
denoting the adjugate of 


I a as AEE IG, SE 
eee te 
go f Selle Pe 
rae elem P QR 
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the asserted identity gives 


t%, = —A, rt yer, = —2F, 
YY. = —B, Z0ot%r, = —2G, 
Qa, = =, LYot ty, = —2H, | 
_ from which we have, for example, 
@, 4, % _ 2H 
I Yor | 8 
Pal 
a by aa 
and thence 
oj Ho SAR Peek 
YW Yo B B 


2,/y, and x,/¥, being thus the roots of the quadratic 
Ba?—2Hay+Ay? = 0. , 


DARBOUX, G. (1874). 
[Mémoire sur la théorie algébrique des formes quadratiques. Journ. 
(de Liouville) de Math., (2) xix. pp. 347-396. ] 


Near the outset (p. 356) of this important memoir Darboux 
formulates as a lemma the theorem that af |a,,| be axisymmetric, 
the determinant 


Oi: sete wc thn, eee oa Sap 
ant Pe ASS TS Ann En en a fon 
Up OG et Li foyl 
Hip ees 2 avin 


can only be rdentically zero if all the (n—p)-line minors of |a,,| be 
zero, and then all the like bordered determinants in which p has lower 
values are also identically zero. His proof is appropriate enough 
to his main subject ; for another, a paper by Stickelberger ‘ Ueber 
Schaaren von bilinearen und quadratischen Formen’ in Crelle’s 
Journ., lxxxvi. (1878) p. 21, may be consulted. 
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VERSLUYS, J. (1876): MANSION, P. (1877). 


[Résolution d’un systéme d’équations, dont une est du second degré 
tandis que les autres sont linéaires. Archiv d. Math. u. Phys., 
lx. pp. 128-137.] 
[Résolution d’un systéme de n equations & n inconnues dont. . . 
Nouv. Corresp. Math., iii. pp. 376-381. ] 


Versluys’ solution of the set of equations 


ax? +-by? +-c2z? +2fyz+2gzr+2hry = 0) 
pet+qyt+rz = 0 J 
rests on the fact that by using with the first equation the multiplier 
Gh g--p 
bie? f ! , OF mw Say, 
oF Teer 
Vee a 3 
he obtains as a substitute the equation 
A GN Pe 
| i te a ls 
ae ere be eae | = 0 
Fe Qik | 
rR i | 


in accordance with an identity first foreshadowed by Sylvester in 
1850 (Hist., ii. p. 118). Performing on the five-line determinant 


here the operation 
r-TOW;, + q7‘row, + p*row,, 


followed by the operation 

r-col, +q:-col, + p:col,, 
and utilizing the second of the given equations, he thus readily 
eliminates z, the result being 
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whence there comes, on leaving out the factor 42/7? 


A His 
H B. yi. = 0, 
ce Y 
which of course carries with it 
BF y| CeeGu's 
F C [heen Gs aA) \@ 1. = 20. 
Y 2 Son EE 


The required values of the three ratios, x/y, y/z, z/x are thus to hand, 
the given ternary quadric and linear having given place to two (or 
three) binary quadrics. Similar procedure leads to the solution of 


LU Fw 
UY = 
EM ale he: 
hoof gly 
Of eC GN 
Kae) 20, | 3D 
Let+tly+lz+lw = 0 
ME+-MYytmz+mw = 0), 


the first step being the multiplication of both sides of the first 
equation by the bordered discriminant 


Optic Trach Re ptilatss Bhs, 
hls San Scopes is 
g9 f ¢ 4% I, mg | 
KOU ee weer bras 
Lh I, ts Uy 


M, M, Ms My |. 
In this case the given quaternary quadric and two linears are replaced 
by three (or six) bimary quadrics. Versluys also points out that 
on solving any one of the said quadrics the quantity that remains 
under the root-sign after simplification is the bordered discriminant 
preceded by + or — according as the number of given linear 
equations is odd or even. For example, the first quadric reached 
above, namely, 
Ba?—2Hay+Ay? = 0, 


BORDERED DETERMINANTS (VERSLUYS, 1876) 443 


gives us 

2 H+ /H?—aB 

ah B ; 
where the negative of the quantity under the root-sign is a two-line 
minor of the adjugate of the bordered discriminant, and therefore 


is equal to 7?u, so that 


Ge H+r/p 


aa a | 
and the reality of the roots is dependent on the sign of u. 


VOSS, A. (1877). 

[Ueber gewisse Determinanten. Math. Annalen, xiii. pp. 161-167.] 

The determinant which Voss borders is that whose matrix is 
unity, namely, re Rigs er eet | 

0°10 

00 1 
| ee ed 
but the reason which he gives for restricting himself to this is itself 
instructive. Taking in the first instance any determinant |a,,,| 
and giving its matrix an r-line border, he had multiplied the re- 
sulting determinant, V say, by |A,,| in the form of a determinant 
of n-+r lines. For example, with m = 4 and r = 2 his procedure 
would have been : 


Vi |aybycydq|? = % de Gs Gy Mm Mm | A, A, Ag Ay 
Be Usa Oot ie bb, By Be | 
Cate Ce, Cae Wg tog ts Os? Cy 
d, d, dg d, Mg WM D, D; DD, D, 
fe te Tah Tg 1 
Se Gtise Siac Minknilroisis wel ase and 
= | |ab.c544| ; . : UA 
| ab2¢344| . Me Ne 
|a,b,c,d,| ‘ Ms Ng 
: j |dyboCsd4| M4 M4 
DrA =rB =rC =rD | 
ZsA =sB DsC XsD 
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He had then noted that on multiplying each of the last 7 rows of 
the product-determinant by |a,,,| the said determinant as thus 
altered was divisible by |a,,|", and that thus he was entitled to 
replace |q@,,| in the diagonal on the right by 1, provided he altered 
the left-hand member to . 

Vs 1a. [ors 


A less important result formulated by Voss is to the effect that 
of a unit matrix recewe an r-line border, the determinant of the resulting 
matric can be expressed as an r-line determinant: for example, 


Toa Paid Woke dune EADS Ne 
1 ; 2 OE SE LD 1ee 
yas ee tee Ve ee 
1 : z : Py Pre Pis | 
, 3 ie i a = | Pa Pop Peg 
- 2 3 
; Ps Psp Pag |, 
Lm m4 % & 
L, <M, Ny Te 85 
Le Us Ose 


where Py = (hms, % Ai 101); 
Pro = (lymgner Se § ), 
Ps3 = (Igmyngr'83) Asutgvgpaes)- 


Nothing by way of proof is given, the result in all probability being 
viewed merely as a variant of Sylvester’s of 1852. (Hvst., ii. p. 200. 
See also our footnote to p. 57.) 


PAIGE, C. LE (1880). 


[Note sur les déterminants bordés. Bull... . Soc. Math. de 
France, viii. pp. 128-132. ] 


Le Paige’s procedure is quite similar to that of Voss, but it is 
given in fuller and clearer detail, and is carried farther. At the 
outset he deals with axisymmetric determinants, and then afterwards 
passes on to determinants in general: it is better, however, to take 
the latter at once. 
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Multiplying his ‘ déterminant bordé’ 


ee Open. Oe Shor i, oe 


epalines ise. FAQGOR HONG Get, Sing anor V say, 
t etl ‘ 
mM, My Mz 
9b, Ngee | BE 


by |a,b,c.d,e,|* in the form 


a FS ee 
19 ge; ee ee ee 
Bye ee beak doe is 
1 A 
pre 
it 
and dividing by |@,b.¢3d4e,|", he obtains 
V-|a,b,c4d ,e,|”, i 1 . e+e . Ay My YW 
1 Ae. : Ae Me Ve 
. . o Petrs 1 Ne Ms Vs 
DIAS SZ1B es 2 Plea 
mA 2mB ... mE ald Gs 
UPNA 22H 31 2A age oe BY As 
where SIA = 4A, +4A, +... +1,A,, 


=mB = mB, +mB,+.. . +B, 


He then substitutes (Hist., ii. pp. 199-200) for this eight-line deter- 
minant the quasi-product 


| Nicks (ones | 2A 2B. —- 21K 
! ie ee a ee SMA 2mB . . >. 2m 
| Vy Vo or ues 3 SnA YnB Bele Dn | 
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which, by the extended multiplication-theorem, is known to be 


A SIA+... +A,EIE AMAL... +AsEME ATnA+... +0, EnE 
py DIA + ee te, DUE pyrmA+...+u;2mE MyanA+...+M;2nk 
vy, LA+...+»,21K »,2mA+... +5 YmE y,2nA+...+»;2nE |. 


In the next place, he has the insight to recognize the elements of 
this last determinant as being ‘ formes bilinéaires,’ and themselves 
expressible as bordered determinants. The general theorem thus 
reached he formulates as follows: Le produit du déterminant que 
lV’on obtient en bordant un déterminant du vn” ordre, A, de r colonnes 
de n éléments r, p,..., et der rangées dr’, w’,..., 0 par la 
puissance r—1 de A, est égal 4 un déterminant du r°™ ordre dont les 
éléments sont les formes bilinéaires obtenues en bordant A dune 
colonne et d'une rangée prises dans les 2r lagnes 


, (¢ Uy 
N53 este oc ese) SMEON Lg een RO 6 


This will be seen to mean that the first element in the final three- 
line determinant above is 


en re a a ee ee Sem Rae, 
or 
Ni OOo. Wea eee st eA se AN LA 
re b b, bs B, 2 B, Ny 
NewECy Bes et ee Hho 2 slg. 


according to our choice of notation for bilinear forms. 

It is necessary to point out, however, that Le Paige’s equality, 
like Muir’s of 1881, is merely a case of Sylvester’s of 1851, greater 
attention being directed to the second member of the equality by 
making it the first. 


CHAPTER XxX. 


DETERMINANTS WHOSE ELEMENTS ARE COMBINATORY 
NUMBERS. UP TO 1880. 


HERE again there arises a slight difficulty of classification, for, 
manifestly, there is no reason why determinants with elements of 
the form m(m—1)...(m—r+1)/r! should not be quite properly 
placed in one or other of the preceding chapters. As a matter of 
fact, for example, a not unimportant subsection of those that come 
up for treatment are in form persymmetric. We have been finally 
guided in the matter by considerations of mere convenience,—the 
convenience of the reader, whether he use the volume as a book of 
exposition or a book of reference. It will of course be fully recog- 
nized that a classification of special forms originating, so to say, 
atrandom could never be strictly logical. 


BALTZER, R. (1864). 
[THEORIE UND ANWENDUNG DER DETERMINANTEN.... 2‘ verm. 
Auflage, viiit-224 pp. Leipzig.] 
Two instances of the evaluation of such determinants are given 
(pp. 16, 19), namely, 


1 (c+m), (ct+tm+l1), .... (e+2m—1)y 

1 gga (c+m+2), ..%. ieee perry 

1 (e-em), (c+2m+1). .... (an he WAAL 
and. 

(C+) m (CHM+])m + 2 + (C42) m 

(e+m-+1n (CHM+2)m ++: (ot dnl va = (yn. 
(c-L2)y (C+2m+1)m . +. (6-3 m+ 
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The first result follows from diminishing each row in backward order 
by the row immediately preceding, and the second from doing this 
repeatedly and then treating the columnsin likefashion. The former 
may also be viewed as a corollary to a theorem of Stern’s (1865) 
in regard to alternants, and the latter is a simplification of an 
instance given (1861) by Hankel in illustration of his theorem 
regarding persymmetric determinants, namely that, for example, 
when c = 3 and m = 2, 


P(10, 15, 21, 28, 36) = P(10, 5, 1, 0, 0). 


ZEIPEL, V. v. (1865). 
{Om Determinanter, hvars elementer aro Binomialkoefficienter. 
Lunds Univ. Arsskrift, 11. pp. 1-68. ] 
The main subject of this painstaking and methodical investigation 


would be more definitely described as being various cases of the 
determinant 


| (m2), (M+ D pp M+2M)ypve + (MATA) se | 
that is to say, the determinant which not only has for its elements 
numbers of the type 
r(r—1)... (v7—s+1)/s!, 
but which has the bases of these numbers identical throughout 
one and the same row and regularly increasing throughout each 
column, and has the suffixes identical throughout one and the same 
column and regularly increasing throughout each row ; for example, 
(5)o (5, (je, [4 6 4 
(6)o (6). (6)2; | 6 15 20 
(T)o (Tr (Tel, [8 28 56). 
A beginning is made with the case 
a= Lp) = 0s ees 
when it is readily shown by reduction of the columns in order that 
the value of the determinant is the same as if m were 0, and there- 
fore is equal to 1. Passing to the case where d = 1, e = 1 and p 
is not specialized, Zeipel removes from the rows the factors 


m, m+l, m+2, ...., m-4, 
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and from the columns 
1 1 1 if 


Pp ptl p+?’ "ptr 
and obtains 
| (mm), (M+ Mpa, .. . (M+T)pa, 
zs Eset |em—1pa(m)p sped ey Weeds 
repeated use of which gives him finally 
| (m)p (m+ Vp 4s patter (M+7)p+r| 
aa (M+1)r4i(M+7—l)r4r + = (m+r—p+ Wri 


(p+7)r41(P+7—Drti - + - (r+1),+1 


Another procedure consists in removing from the rows the factors 


(m)p, (m+1)p,..-, (mM+r)p, 
and from the columns 
ere! zal 
(p)o* (p+Iy? °°” (ptr 


the result reached in this way being 
(m+r)p -. - (M+1)(M)p 
(p+r)p -- - (p+1)p(P)p 
A comparison of the two re shows that the procedures 
applied in like manner to 
tie p+ iplridr ce they, + fore 
will give the same results in the reverse order; consequently 
| (a1) p(m+1)p+1 o + + (M+1)p+r 
= | (m+r7—ptrsi(m+r—p+2)r42 seem (m+),-+p|- 
A third form for the same determinant is got by repeatedly per- 
forming the operation of diminishing the rows in backward order 
each by the immediately preceding row, namely, the form 


| (™)p (m)p+1 (m)p+2 22. OMpir 
()p-1 (m)p (M)p+1 aC RS (M) p++ | 
(mM)p-2  (M)p—1 (m)p toe les i} 
Ci) pers (Operas OM pag) Boe ’ 
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which, it should be observed, is persymmetric with respect to the 
secondary diagonal, the base being constant and the suffixes de- 
creasing from p+r to p—r. By taking columns instead of rows 
and performing addition instead of subtraction, there is obtained 
a fourth form, namely, 


(m)» (m+1)p41 (M+2)p+2 2 3, UR) pe, | 
(m+1)p (m+2)p4, (M+3)p+5 Lee (m+r+])p4, 
(are): (mots Amt Deis ae & iiss a as 
Hes eee: oe Stat OLDE 


in which the suffixes follow the same law as in the original, while 
the bases are identical throughout each north-east diagonal and 
increase regularly by 1 in each column.* An interesting special 
case, first noted in its recurrent form by Trudi (see above, p. 219), 
is that in which p = 1, the value of each form of determinant being 
then (mM+1)r41 3 

this also, it should be noted, is their value when p = m—1. We 
may add by way of illustration that the first process of evaluation 
followed by Zeipel gives 


Or Oe Os! q. : 
(6). (6)3 (6)4) = (AES). a ie i = 175; 
(7)z (7)a (7a 
the second gives the same determinant 
_ (B)e(6)o(7)p _ 10-15-21 


= 175; 
© (2)o(3)o(4)e 1-3-6 
both give the same value for 
(6)3 (6)4 
RE (7)s (Ta; 
* A fifth form is 

(m+7)p (m+r+ 1)p41 (mM+74+2)pp2 «2. (mM +27")pge 
(m+r—1)p1  (m+r)p (m+rF1)piy 2. (m+ 27—1)54, 4 
iain een Bus 1 (ne ae acc rene les 
cae -r ee =rf1 inde a2) iets roe 


from which, it being persymmetric, the third form is innate by Hankers 
transformation. Further, since in this fifth form the excess of each base over its 
suffix is m+r-—p, we can have, as a counterpart to the third form, a variant in 
which the suffix is constant and the bases decrease from m +2r to m. 
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and 
| Se (5)s (5)a 
(5 (©), (5)s 
(5)o (5h (5s 
are additional equivalent forms. 
The next Section (pp. 13-41) of the memoir concerns the cases 
where the bases or the suffixes do not proceed by the common 
increment 1. The simplest case is where e = 1 and d is not 
specialized, the result being 


| (m)p(m+A)par -- - (M+1d)pir 
(m+rd),... (m+)p(M)p | bros 

(p+r)p . -- (pt+1)p(P)p 
This is obtained (pp. 30-35) by removing factors as in the second 
procedure above indicated, and then showing that the determinant 
so reduced, 

| (m—p)o(m—p+d), ... (m—p+rd),| = ana 

The corresponding case where d = 1 and e is not specialized is 
treated in like fashion (pp. 35-41), the product of the removed 
factors being 


(5)2 (6)3 (Ta 
(6). (7)3 (8)4 
(T)2 (8)3 (9)a 


> 


(m)p(m+1)p .. . (M+7)p 
(P)p(pt+e)p - - - (p+Te)p 
and the reduced determinant 7 


| (m—p)o(m—p+l), . . . (m—ptrnel 
For the latter there is obtained the lengthy expression 


P(m—p, r)-P(m—p—e+l, r—]1) Ae Rp 1) 
{(e—1).-1}"{ (2e—1),,}""{ (re—1).-1} 
where P(m, a) = (m).a(m+1).-1 oore gs (ipa — I) oe 


On changing the left-hand member so as to have the base of the 
elements constant, and taking p = 1, e = 2, r= m—1, the out- 
come is 


(m), (m)3 (m)s 
(™)o (™)s (m)4 Se Oh oy ee i” naw 
( 


‘| m-1 
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where the equivalence of (m), and (m)_; makes the determinant 
centrosymmetric. Of less interest are the cases (pp. 13-21) in 
which the bases increase regularly by 1 save at one place where 
the step is from m+r to m-+r-+s, and the cases (pp. 24-30) in which 
the suffixes increase regularly by 1 save at one place where the step 
is from p+u to p+u-+v. For such cases the modes of treatment 
are as far as possible the same as before. Interest, however, is 
reawakened when we come to the determinant 


| (772) p()p41 wo (Y)p+0-1(2)p+0|; 
where the w+1 bases m,n,...,y, 2% are any integers whatever. 
Taking first the case where p = 0, Zeipel removes the factors, 
igi et 
teal, Shen = 
from the columns, and shows that the resulting determinant is equal 
to the difference-product of m, n,..., y, 2, thus obtaining 
4 
[minh - Woe] = SG, 


a result obtained the same year by Stern when studying alternants. 
Then proceeding in the same way, he obtains for 


| (7) n(%)p41 eee (Y)r+0-1(2)p+0| 
the expression 


and thence, with the help of the previous case, 
Lmolp «oly Elm, m --- 2) 
(p)n(pt1)p,... (p+), 1°-2°-1 2. . (o—1)2%@! 
The third Section (pp. 41-57) concerns the principal minors of 
arrays like 
(™)p (m)p+1 (1) +2 (™)p+s 
(m+4)p  (m+d)pi,  (M+d)p4. (m+) p43 
(m+2d), (m+2d)p4, (m+24)y+2 (m+2d) p+; 
(m)p (1) p41 (M)p+2 
(m+d),  (m +d) p41 (m+d)p+2 
(m+2d)p (mM+2d)y4, (m+2d)p+5 
(m-+3d)p (m+3d)p 41 (m+3d)p+9 ||, 


> 
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where the number of rows is 1 less or 1 more than the number of 
columns. Such minors are of course determinants which have been 
studied in the preceding Section, so that the nature of the relations 
existing among them may be readily obtained when wanted. 

The fourth Section (pp. 57-68) is occupied in considering the 
determinants which arise from replacing the last column in 


(mo (m+1), . . . (m+n), 
\(m), (m+)... . (m+rras|, 


> 


in each case by 
ee (eel) oy oe! (e-er)*. 


The first is found to be equal to 
0 when n <7, 


r! when n =r; 
the second to be equal to 
(—1)(z—m)" when n=r; 
and both of them to be complicated in the remaining case. 


Zeipel, we may remark in passing, seldom uses any other property 
of the combinatory numbers (n), or C,, ,. than 


(n), = (")n—r and (n),. = (n—1),+ (n—1),_4 ; 
and consequently his work is sometimes less compact than it might 


have been. Thus, where the bases of a row are constant and the 
suffixes are consecutive integers, the identity 
(a—b), = (4),—(4)s4 (b); +(@)s2(6+1),—(@)ss(b+-2)3+..-; 
which is obtained from equating coefficients of * in the expansions 
of (1—2z)*(l—za)~ and (1—z)*~, may be used with good effect. 
Taking, for example, a determinant ofthe type dealt with in his 
second Section, namely, 
(m)o (m), (m)s (m)s (m)« 
(m+1)o (m+1), (m+1), (m+1)3 (m+1), 
(m+2)o (m+2), (m+2)p (m+2)3 (m+2)4 
(m+4)o (m+4), (m+4), (m+4), (m+4)q 
(m+5)o (m+5), (m+5), (m+5)g (m-+5) 
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where at the same place in every column there is a break in the 
uniformity of the increment of the bases, and multiplying it row- 
wise by 1 in the form 


1 ; | 
—(m), 1 . . : | 
(m+1). —(m), 1 3t igo 
—(m+2)s (m+1), —(m); 1 | 


(m+3), —(m+2)s (m+1), —(m), Ili, 
we obtain by means of the said identity 


1 


1 
1 (2) he 
1 (4), (4s -4)s5 @)a 
1 (5); (5)2 (5)3 (5)q!, 
= |(4),(5),)| = 10. 
Again, the companion identity 
(a+), = (a); + (a),_,(b); oS (a) s_2(b), Spee ae (6). 

may be employed with equal success. Thus, by reason of it, the 
determinant 

(m+m')3 (m-+n'), (m+p') ) 
( )s (n+n')z (n+p')3 (n+9q’)s 
(p+m')s (p+n'); (p+p')s (p a )s 
(q +m'), (¢ +n'); (9 +p')s (¢ +97) 


is seen to be equal to 


which 


3 (m+q’)s 


3 | 


(m)o (m), (Mm), (m)s | (m’)s (m'), (m’), (m’)g 
(n)o (M, (M2 (n)s ad (n’)s  (W')o (n')  (m')o 
(P)o (Pi (Plz (P)s a (P')s (Pe (Ph (P’)o 
(Qo (Gh We (@s 1 @')s 2 Wh (')o |; 


and therefore to be equal to 


Gm, n, p,q). Elm, n’, p q’) 
{182234 
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ZEIPEL, V. v. (1871). 


[Om determinanter, hvilkas elementer aro binomialkoefficienter, 
multiplicerade med vissa faktorer. Lunds Universitets Ars- 
skrift, viii. 36 pp.] 

Here Zeipel takes as his groundwork determinants similar to those 
of the memoir we have just dealt with, the subjects of his new 
investigation being got by annexing to each of the elements a factor 
_ taken from a systematically-formed square array. For the purpose 
of increased clearness we shall diverge a little from his mode of 
exposition, keeping the basic determinant and the array of introduced 
factors separately in view. 

Having established in §1 of his previous memoir the identity 


| m)Am+1),...(m-+r 
|(m)(m+1)pir--.(M+7)pir| = ee oe ie 
he now devotes the corresponding Section here (pp. 1-9) to the 


establishment of the companion result: If each element of the 
determinant 


| (m2), (™m)p41 vee (M)p tr 
| er) era Oe 5 (m-+1),4, 
eee (mrp Red OT) 
be multiplied by the corresponding element of the array 
m—p a 8 Soe 8) 
m—p+l a+l 6+4+1 .... p+l 
m—p+r atr 6+r .... p+, 


the resulting determinant is equal to the original multiplied by 
(m—p)(m—p-+]). .. (m—p-+1). 


By way of proof he follows his old procedure, removing from the 
rows in order the factors 


(m—p)(m)p, (m—p+1)(m41)p, ...., (m—pt+r)(m+7)py, 
and from the columns the factors 
iat 1 fe ONG if) 


Vo ptl’? (ptl)(p+2) °° °°?) (p+l)(p+2)... (ptr) 
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and then showing that the determinant as thus reduced is equal to 
r!, Attention is of course drawn to the fact that the r quantities 
a, 8,..., p introduced through the distributed multiplication do 
not appear in the expression of the final value. 

The main result of the next two Sections (pp. 9-17, 18-24) is 
that If each element of the determinant 


| (m) (m), (m)p41 st ear taes 62 59 Yee 
(m+1), (m+1), ae bs lease (mi-F TD) | 
(aise Gatley, & deep lie oe Peart eee 


where k is equal to one of the other suffiwes, be multiplied by the corre- 
sponding element of the array 


lf te B So | 
1 a+l 6B+1 .... p+l | 
1 a+r @B4+r .... ptr ie 


the resulting determinant rs equal to 


iat), (mel a ert, 


jie a k= od 
(k—p+1)(k—p42)...4r @)@t), P42, ©, 


‘(m—p—a)(m—p—B—1)(m—p—y—2)...), 
where the number of factors following the fraction isk—p. The proof 
is accomplished in instalments, the case where p = 0 being taken 


first and being made dependent on the case where p = 0 and r = k. 
The mode of showing that in this latter case the value is 


(m—a)(m—@8—1)(m-—y—2)... 


is to prove that the determinant then vanishes if m be put equal 
to a, 8+1, y+2,...; some shorter mode ought to be devisable. 
The other result worthy of note in the third Section is that If each 
element of the determinant 


1-"Gn)5 (m), POT Re AGS 


1 (m+d), (m+d), 5... (m+d)_, 
1 (m-+rd)p (m+rd) .... (m+rd) |, 
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be multiplied by the corresponding element of the array 


a} fo B Se 
1 a+d B+d 5 GeeSys p+d 
1 a+rd B+rd .... p-+rd, 
the resulting determinant is equal to 
pl qarety. 


It is not at all difficult to establish, and indeed the case where 
_d =1 has already been made use of in the first Section as an 
auxiliary. We note for ourselves that in this theorem and in the 
preceding the value of the basic determinant is 0, there being in 
both cases two columns alike. 

A similar pair of theorems in the fourth Section may be taken 
out of their order for the sake of comparison. The first is that, 
If each element of the determinant . 


(m); (m)o (m); see (M4 
(m+1), (m+1), (m+1), -.-. (m+l)4 
(m+r), (m-+r),) (m-+r), .... (m+4r),_, |, 
where k is equal to one of the other suffixes, be multiplied by the corre- 
sponding element of the array 
va B ay: 
1 a+d B+d SRO p+d 
1 ajrd Bird 2... ‘p-4rd, 


the resulting determinant is equal to 
(k-++1)(k+2)...r-d'-*-(md—a)(m—1-d—8)..., 

where the number of factors following d'-* is k. The other theorem 

of the pair is that, If each element of the determinant 


| ma (m); (m)z +++ (mM); 
m+l (m+1), (m+l1), .... (m-+1), 
m-+r (m-+r), (m-+r), .... (m-+r), | 


be multiplied by the corresponding element of the same array as in the 
preceding, the resulting determinant is equal to 
m(m+l1)...(m-+r)-d". 
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It will be noticed that the cases of these theorems where d = | are 
included in previous results ; also that in each theorem the basic 
determinant has two columns alike. The case of the second theorem, 


where d = 2 anda = @ =y-=...=1, is readily transformable 
into 

1 Pei): ere 3 | 

2 1 (m 21), a ee 2-4-6... (Qn) 

$ 1 u(ms.2 ae bete SaRah2) oF = BS per (roby. 
iT if 

seagh bis Gi id Nes rae emerald 


from which, with the help of Wallis’ continued product for 7/4, 
there is readily deduced the result that as r approximates towards an 
infinitely great integer, the product of 2r+1 and the determinant 
approximates indefinitely near to 7/2. 

It only remains to note that in the first six pages of the fourth 
Section cases are considered where the array of factors is in effect 
changed into its conjugate before the distributed multiplication is 
performed. The most interesting result reached is to the effect that, 
If each element of the determinant 


[(m)o(m-+1), ... . (tm-+2), 
be multiplied by the corresponding element of the array 


toed 1 Pet AS 
a SeiGizbdentazt- 2h aias Sole teP | 
BP pxBHel 0842009. m soe B-be 
i pl Spe leeet epee ls 


the resulting determinant is equal to 
(m+a+1)(m+8+2)....(m+p-+r). 


That m+a-+1 is a removable factcr is established by performing 
the operation 

TOW, — a‘ Lowy, 
and using the identity 


(a+s)(m+1), — a(m), = (a+m+1)(m),_;. 
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A similar procedure suffices to effect the removal of the factor 
m-+8+2, and thereafter of the others in order, when it is found that 
the determinant as thus reduced is equal to 1. 


TIRELLI, F. (1875). 


[Quistione 36. Giornale di Mat., xiii. pp. 167, 225: solution by 
A. Landriani, xiii. pp. 356-358. ] 

Tirelli’s results are somewhat obscured by his notation and by his 
adoption of an awkward order for the columns of his determinants. 
If instead of using one notation for n(n+1)...(n+k—1)/k! and 
another for n(n—1).. . (n—k-+1)/k!, we use the same for expressing 
both, denoting them respectively by 


(n+k—1), and (n);, 
and if we reverse the order of the columns in each case, the identities 
submitted by him for proof are : 


1 (p+1), (p+2). be ee Cal oe 
1 (p+2), (p+3), cee (DAM na =i 
, p0), (prntl), .... (p-20—2),41 
| aes a 3, 4, Seis | 
DB, 45... Me a. 30 4, 5, ...(n+1), ee 
«2s My | (N)n—1 (n+1)q-1 (n+2),-1 cee (2n—2),1 


With the first determinant we are already familiar from Zeipel. 
The third, as we also know from Zeipel, is transformable into the 
second by repeatedly diminishing each row in backward order by 
the row in front of it, the number of rows affected being one fewer 
each time ; and the second, by the like operation performed on its 
columns, is changed into the persymmetric continuant 


the value of which is n. 
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JANNI, V. (1876 2). 
[Nota sullo sviluppo di un determinante. 7 pp. ?.]* 
The main result established here, 
| mo(m+1)(m+2),... . (m+n)_| = 1, 
is Zeipel’s. It closely resembles one previously given (Baltzer), and 
may be proved in exactly the same way, the effect of the first trans- 
formation being to show that the left-hand member is equal to the 
last of its own principal minors, namely, 
| mo(m+1),(m+2)_ . . . (m+n—1)q|. 
Attributed also to. Janni is the simple recurrent t of which the 
five-line instance is 


1 Up 
Lee leer Uy | 
1 2, 2, . Uy | = Ug—4ug+6u,—4u,+y = Atuy. 
Pg Pg eRe SS ee 
1 4, 4, .4, 


It is at once established by performing the operation 
row, — 4row, + 6 row, — 4 row, + row. 


BONOLIS, A. (1876). 
[Sviluppi di alcunideterminanti. Griornale di Mat., xv. pp. 113-134.] 


Bonolis’ earlier results may be best viewed as slight generali- 
zations of simple identities of Zeipel’s, and be most easily evaluated 
by being made dependent on the latter. Thus the determinant 


(77), a" (m), a" wend “ey gee 
(m+d)o qgnt4 (m+d), qmta-t Marcas (m+d,.amte-"t 

(m+ 2d)ya"t4 (m+2d),u"*?4-* ©... (m+2d),.a™t4- 
(m+rd)ya"t"@ (m+rd),a™t"e-" Deicon't (m+ 1d),.a”t74-" 


* This pamphlet I have not seen. Garbieri in 1878 says in regard to it (Bull. 
di Bibliogr. e dt Storia delle sci. mat., xi. pp. 257-318), “in 8° di 7 pagine, senza 
nota d’anno, né di luogo di stampa, né di stamperia.”’ 

} It appears in an unnecessarily complicated form in Giinther’s text-book (p. 197), 
the reference being to ‘“‘ Janni, Lezioni di algebra complementare, Napoli, 1876, 


p- 23.” It is taken over by Pascal (pp. 179-180) and by Leitzmann (p. 138). All 
of them state it incorrectly. 


COMBINATORY NUMBERS (BONOLIS, 1876) 461 


(p. 120) can be freed of all its powers of a by multiplying all the 
columns in order by 


0 t 2t rt 
a, a, G5 “9 Qs; 


and then removing from the rows in order the factors 
ies mae co, oad res rie eae 
In this way it is made clear that 
qitmtra -t)}40r4+1) 
is a factor, and that the cofactor is 
|(m)o(m+d), .... (m+rd), 


the value of the latter being known from Zeipel to be 
que, 


Of the other results the same cannot be said, and Bonolis’ own 
procedure is lengthy. Thus, in addition to the space occupied in 
establishing auxiliary identities, six pages (§7, pp. 122-128) are 
taken up with proving that 


(m),a° (m+d) a* .... (m+2d),a% 
(m),a° (m+d),a* .. 2. (m+2d), a4 
CsiNiee ON lice), iden, No Iraseaiyy 4d 
(m),B°  (m+d)B* ..,. (m+ad),8% 
(m),8° (m+d),B% .... (m+z2d),84 
(m), 16° (m+d),.,8% .... (m+2d),_,8%|, 


where z = p+q—l, is equal to 
Gere tt iale-2) A gir M4 ‘ gee -(B4— a’): 
and the remainder of the paper with the similar identities in which 


appear 7 additional rows involving y as a and £ are involved, and in 


which z = p+q-+r—l. 


KOSTKA, C. (1876). 
(See under this heading in chap. v.) 
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GUNTHER, S. (1879). 


[Von der expliciten Darstellung der regularen Determinanten aus 
Binomialcoefficienten. Zeitschrift f. Math. u. Phys., xxiv. 
pp. 96-103.] 


_ This is an attempt to proceed beyond Zeipel by following Zeipel’s 
own method, the quite general form 


| as. « - (re! 
being taken for investigation. In the first place a factor is removed 
from each row and a factor from each column, so as to make the 
elements of the first column of the reduced determinant all equal 
to 1 and the elements of all the other columns free of fractions ; next, 
the multiplications indicated in the reduced elements are supposed 
to be performed; thirdly, we are directed to use Albeggiani’s 
theorem in order to express the reduced determinant as an aggregate 
of determinants with monomial elements; and lastly, we are to 
trust to Naegelsbach for assistance in dealing with the evolved 
alternants. 
The outcome is not very satisfying. 


CHAPTER XXI. 


ZERO-AXIAL DETERMINANTS, UP TO 1888. 


Wrat was said in the introduction to the preceding chapter regarding 
classification applies also in part here. In addition, it has to be 
noted that as in the next twenty-year period there is only one paper 
concerned with zero-axial determinants, it is thought best to append 
the report of it to the present chapter. 


BALTZER, R. (1870). 


[Theorie und Anwendung der Determinanten,.... 3te ver- 
besserte Aufl... .. vili+242 pp. Leipzig.] 

In §4.2 (p. 29) Baltzer considers the question of the number 
of terms in the final development of an n-line determinant having 
all the elements of the diagonal equal to 0. Calling the number 
y(n), he obtains the correct result 

Tetael 1 


n! 
although making two oversights in the reasoning, and thence 
deduces Stockwell’s incidental result of 1860 (see p. 3 above), 
(n+l) = (nt+])y(n) +(—-)I)™, (8) 
the values of y-(1), y(2), ... being thus 0, 1, 2, 9, 44, 265,.... 
By using Cayley’s development of 1847 he also obtains Stockwell’s 
identity 
ni = W(n) + my(n—1) + on(n—1)Y(n—2) +... 41. 
It is important to note that the problem here dealt with is identical 
with a much older one regarding arrangements, namely, the finding 


~ 
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of the number of permutations of n letters subject to the condition that 
no letter is to be in its original place. While studying this form of 
the problem, Euler in 1809 obtained the recurrence-formulae (8) 
and the formula 


W(nt1) = n{h(n)+y(n—])}. 


. Similarly (a) was obtained by Oettinger in 1837.* 


WEYRAUCH, J. J. (1871). 
[Zur Theorie der Determinanten. Crelle’s Journ., |xxiv. pp. 273-276. | 
Weyrauch starts with the fact that the number of terms in 


| ay... - Gan | which contain a, is (n—1)!, and proves that the 
number containing @,, OF ds. or both together is 
(n—1)! 


+ (n—1)! — (n—2)!. 
Having proceeded in this way, he then performs a summation, and 
finds that the number contaming one or more elements of the 
diagonal is 


' * — 1 
14) mpeg 6 .+(-—1)" vee 
From this it at once follows that 
il 1 1 
Vines mi{Liledageh. : + (-ued} 


that the number containing a particular set of m diagonal elements 
is (m—m); that the number containing m diagonal elements 
without restriction is (”)m\y(m—m); that the number containing 


not more than m is t 
h=m 


Dy (Muy (n— pm) 


w=0 
and that the number containing not less than m is 


B=n-2 


1+) (rn). (n—p). 


KB=Sm 


* Netto’s Lehrbuch der Combinatorik (Leipzig, 1901). 


t Putting m = 1 here we have the answer to question 445 of the Nouv. Annales 
de Math., xvii. (1858), p. 262 (see Hist., ii. p. 471). 
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MONRO, C. J. (187%. 
[Baltzer on the number of terms in a determinant with a vanishing 
diagonal. Messenger of Math., ii. pp. 38-39.] 


Besides pointing out Baltzer’s faulty reasoning, Monro provides 
a substitute. Expressing a zero-axial determinant of the (n+1)" 
order in terms of the elements of the first row and their cofactors, 
he obtains at once 


(ntl) = nf{y(n)t+y(n—D)h. * 
He then writes this in the form 
y(n +1)—(n +1) ¥-(n) 
which leads finally to 
y(n +1)—(n +1) v(n) 


—[y¥(n)— mp (n—1)], 


(—1)"[y-(2)—2-(1)] 
(—1)"[1—0) 
= (=) 


WEIHRAUCH, K. (1874). 


[Zur Determimantenlehre. Zeitschrift f. Math. u. Phys., xix. 
pp. 354-360. | 
After an introduction and a correction of Baltzer,—who had 
corrected himself the year before,*—Weihrauch gives two proofs 
of the result 3 


W(n) = n! t-1+s—gt-.. + (—pd}, 


neither of them being short or attractive. Using the longer recur- 
rence-formula, he obtains of course 


y(n) = (—1)"| () 1 
| (n)o (n—1), ii 
| HB ie ( (n oh (n—2)y_5 ai otee “le 1 ° 
e (n—Dnar (N—2)n2. ©. (1), 1 
bis Aceh yiros, Cir 2) 0k eee: Vie 0! 


and this is his anne in both cases. 


* Berichte... Ges. d. Wiss. (Leipzig), xxv. pp. 523-537. 
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CUNNINGHAM, A. (1874). 
[An investigation of the number of constituents... Quart. 
Journ. of Sct., (2), iv. pp. 212-228.] 
In the sections (III.-VI.) which concern zero-axial determinants 
the fresh subject investigated is the number of terms in an n-line 
determinant having r zeros in the diagonal. One expression obtained 
for this is 


W(n) + (n—71),W (n—1) + (n—1r) Wy (n—2) +... , 


as we should expect ; but by a process of ‘ symbolic inversion’ he 
derives another therefrom, namely, 


= (ry(n=1)! + e(m—2)1 — 


which of course includes the familiar 


There is also obtained a recurrence-formula, which we may write 


in the form 


Un = Un tl Ff Un-1 we 


As an alternative source for the second expression for u,,, there is 
given a very interesting expansion for a determinant having r zeros 
in the diagonal, wa) 


eA 
a rl a =e) 2 2 ea Sana) 


(a ne oA ) 
Be TO EO Ube Ua Ole 


se 


; on 
—ly (a ce is ) 
re) » we di O01 gg + - » Oy)’ 


where A is | G49... Gyn |. Although the truth of this is said to 
be easily seen, it may be well to note that the zero elements are 
taken to be in the first r places of the diagonal ; that a, y, z,... are 
not greater than r; that the Y in the last term is not required; and 
that as an example we have 
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Gg gy Ag as | = | abyegdyes | — Dp 41 | baegdses | 
b fo ae. * 
me... : 
ne . % fe + D>) Ade | Cys | 
=a 
d d d q —aybyc, | dye |. 
toes Me 
io oy ae ae 


The expansion in its limiting form,—that is, when r = n,— 
might have been called by Cunningham a ‘symbolic inversion’ 
of Cayley’s expansion of 1847 (Hist., ii. p. 42). 


DICKSON, J. D. H. (1879). 


[Discussion of two double series arising from the number of terms 
in determinants of certain forms. Proceed. London Math. Soc., 
x. pp. 120-122.] 


The first determinant dealt with is Cunningham’s of 1874. The 
same recurrence-formula is obtained, and others less important. 
A table of the values of w,,,. is given, although of course it is merely 
a table of the differences of 1-2-3... n. 

The other determinant is that which has zeros in the first 7 places 
of the primary diagonal and in the first r—1 places of the adjacent 
minor diagonal. The number of terms being v,,,, it is stated that 


Vn = Un +l =n 2Un-1 Ae aa Un—2 sr) : 
also that P 
Oe 2 thee) (0 pei ard ne) nS 


and the values are tabulated as far as V4) 49- 
We may note in passing that the Y of Muir's paper of 1877 


is such that 
VUnn— Un Viele = W (7). 


HERTZSPRUNG, 8. (1879). 


[Losning og Udvidelse af Opgave 402. Tudskrift for Math., 
(4) ii. pp. 134-140. ] 

After a short statement of the facts regarding the simpler problem 
Hertzsprung raises the question of the number of terms in a determinant 
whose two diagonals contain nothing but zero elements. From the 
outset, however, he views it as the problem of finding the number of 
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arrangements of the counters, 1, 2,... , n, subject to the conditions that 
in every case the k' counter shall occupy neither the k place from 
the beginning nor the k" place from the end, and determinants are 
not in any way referred to. His final result is the recurrence- 


formula 
(2(n—2)Wn_, for n even, 


Wy, = (N—1)Wri + (2(n—1) wp for n odd; 


so that, since w, = 0, w, = 0, w, = 4, he finds 


w, = 16, we = 80, w, = 672, ws = 4752, 


HANSTED, B. (1880). 


[Trois théorémes relatifs 4 la théorie des nombres. Journ. de scv. 
math. e astron., ii. pp. 154-164.] 


The second theorem established (pp. 156-158) is that the number 
of terms in an n-line zero-axial determinant is the nearest integer 
to n!e71. 


SZUTS, N. v. (1888). 


[Zur Theorie der Determinanten. Math. Annalen, xxxiii. 
pp. 477-492.] 


The chief object of the author here is to generalize Weyrauch’s 
result of 1871, and this with a wealth of formulae he fully effects. 
He is unaware, however, of Cunningham’s paper of 1874 and Dickson’s 
of 1878. The way in which he formulates their and his principal 
result is: The number of non-zero terms in an n-line determinant 
having r zeros in its main diagonal is the (n—r-+1)" member of the 
r” row of differences of 


Lyle 2h e oe a 


CHAPTER XXII. 


THE LESS COMMON SPECIAL FORMS, FROM 1839 TO 1880. 


WHAT remains now to be attended to are those special forms which 
are of much rarer occurrence during the period than any of those 
hitherto dealt with, the great majority of them, indeed, occurring 
only once. The chronological order of the papers will as hitherto 
be adhered to, save that, in the case of a form dealt with in more 
than one paper, the papers of the group will be brought together. 


CATALAN, E. (1839). 


[Sur la transformation des variables dans les intégrales multiples. 
Mém. couronnés par VAcad..... de Bruxelles, xiv. 2™° 
partie, 49 pp. ] 

The third and fourth sections (ppt 25-31, 32-47) of Catalan’s 
memoir are occupied with applications of the main result of the 
second section (Hist., i. pp. 356-358) ; and what we have now to 
note is that in the course of the work a fresh form of determinant 
makes its appearance, namely, that in which the elements are 
definite integrals. 

The first example selected to illustrate the transformation is 


i 4 | 22a, 7 Odes 


in which the summation extends to all positive values of the z’s 
subject to the condition 
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The value of the integral is known to be 


: CNN ir ; Ve 


Thay oe ee al, eal a 


and the new result obtained is a consequence of the fact that when, 
by means of the equations 


2 2 2 
a“ x. z 
Mie eerie i Wa 
2 2 
a =f: = Se ie bi ee 
ay ee ee: Ne — 0.2 
2 1 2 2 2 n 
Ge aR one 
aie 2 gt ete s0ir 
Un2—Qy U Ay Un2—Gn J 
the variables of the integral are changed into w,, w.,..., Uz the 
integral itself becomes (p. 36) for the case where a, = 0, 
ta nee a 
OUn OUn-1 Ou, 
ie Bees R 
0 Qn} a, 
An-] a) a 
2 
U,OUn We OU UyOu, 
R, Ry-1 Ry 
0 ay} a, 
An—-} An—2 a 
Ue On Viele ya ea Ou; 
R,, RS R, 
0 an} ay, 
where 
2 2) (9,2 2 2 2 
R, = JV(uj—a)(ui—a) ... (ui—a_,), 
— 2 2 2 2 2 2 
R, 7 /(ai— us)(u;— a) « a> (u;—a,_,), 
as 2 2 2 SON 2 2 2 2 
Ry, = J/(@;—u)... (@)_,—u,)(u,—a’) ee (Us 
= ear 2 2 2 2 
Ry = / (a; — uz) (a, — Uz) ne se (ant): 


If n be taken equal to 3 the result degenerates into the well-known 
theorem of Legendre’s regarding the complete elliptic integrals of 
the first and second kinds. 
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Another result is similarly obtained (p. 40) from the transformation 
of the integral 


le é 20,209 ; £21 + (SG) + Sanat (=) 


where the summation extends as before, and z is given in terms of 
the other z’s by the equation 


ROBERTS, W. (1851). 


[Sur quelques propriétés des intégrales définies, déduites de la 
méthode des coérdonnées elliptiques. Journ. (de Liowville) 
de Math., xvi. pp. 1-5.] 


Roberts changes the variables of the integral 
{ ig e- (O+V) Oe By, 
i) 


ty) 


whose value is 47, by means of the equations 


2 2 
x Ue es 
U2 u,? — b? 

2 2 
a | 


and thence cbtains 


2) 


= ey20u ( edu id e Ou be Uz OU 
47é = SS a SS ase e ei 
- » /ut—b? J, /b?—u? » /urz—b? J, /b?—u2 
the right-hand member of which would be suitably represented as a 
determinant of the second order. He then treats in similar fashion 


the integral ae 
| | | eC tP +A) Om Oy OZ, 
0 0) 0 


and obtains for 347? -e~”-” a six-termed expression representable 
as a determinant of the third order; and he suggests proceeding 
further. 

Tissot’s paper of the following year (Hzst., 11. pp. 461-462) seems 
to have had its origin in this note of Roberts’. 
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ENNEPER, A. (1861, 1865). 


[Zur Theorie der bestimmten Integrale. Zeitschrift f. Math. u. 
Phys., vi. pp. 289-310. ] 


(Ueber eine Determinante bestimmter Integrale. Zevtschrift f. 
Math. u. Phys., xi. pp. 69-77. ] 

Of the five notes composing the first of these two papers the second 
(pp. 294-300) concerns Catalan’s first determinant of 1839. This 
Enneper improves in neatness by reducing to the order n—1, the 
result now being 


Any Ans 
Ou Ou Ou 
R, Ry Re 
0 Gn a2 | 
Gy An» a 
u?ou uzou ur%ou P r 
R R ee a oy 
n n-I 2 | ~~ Qa-1yy1 
0 Gat a | I'(3n) 
an} An-2 a, | 
u—*ou N—4*Day, u"—ou | 
See eat eat ie, . . . . { 
a, Ree ie 
0 An_] a, | 
where 
a, > A, > a; EUs 
= 2 2 2 aN ine ne 2 2 
Rp = VG wes . (@_,—wv)-(W—a@)...(W—a@_.), p<n, 


and R, = J/(@—w)(@—w) .. . (a@_,—’). 


n—1 


In the third note of the same paper he makes an equal im- 
provement on Tissot’s determinant of 1852; of Catalan’s second 
determinant of 1839 he says nothing. 

His paper of 1865, however, is devoted to showing that Catalan’s 
two results are not essentially different, the first being deducible 
from the second,—a not unnatural conclusion since the two are 
viewable as generalizations of the expressions for the surface and 
volume of an ellipsoid. 
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HEINE, E. (1861). 


[Die Lame’schen Functionen verschiedener Ordnungen. Crelle’s 
Journ., lx pp. 252-303.] 


The transformation which Heine has occasion to use (pp. 292-293) 
is from the persymmetric determinant 


0 1, No 
4 m 
/ Sn Yost where —— nl Ou , 
a V (2) 
Yo Now » - + oo 
to the multiple integral 
bes he rs tz + C8 (a, RT A: 1 Rey Se es 
P JWG) la)... Wee) 


xz in the first row of the determinant having previously been 
replaced by x, x in the second row by 2,, x in the third row by 
Za, and so on. 


BRIOSCHI, F. (1854). 
[Sulle funzioni simmetriche delle radici di una equazione. Annali 


di sev. mat. e fis., v. pp. 422-428 ; or Opere, i. pp. 143-150.] 


At the close (p. 427) Brioschi makes the noteworthy remark that 
‘on certain conditions the determinant form is also adapted to 
represent Waring’s expressions for symmetric functions in terms 
of sums of like powers of the variables.’ Thus, the expression for 


Databxr, namely, 
8a8p8y + 28,4p+y — 80+ pay — 88+ y8a — 8y+e8p, 


is representable by the 3-line determinant |@..%¢4,,| on condition 
that for 
Daa ap Aga » A, pOpy Anya ? 


in the ordinary expansion there be substituted 


82, Sa+Bp Sa+B+y> 
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and similarly that in the case of | dan@gg4y,4s| such substitutions as 


Sa+p+ y8d for Ange ApyAyaAss; 
Sa+pSy+s [OY Agg@gatysAsy, 


be made. Nothing in the nature of proof is given. 

This remark of Brioschi’s has been sadly overlooked. In 1857 
Bellavitis, apparently unaware of it, gave an incorrect view of his 
own: in 1876 Fad di Bruno ignored it and substituted a second 
incorrect view: it was not until 1908 that Muir, seeking to put 
Bellavitis and Bruno right, rediscovered the correct result in 2 
different form.* (Proceed. Edinburgh Math. Soc., xxvii. pp. 5-9.) 


CLEBSCH, A. (1861): CHRISTOFFEL, E. B. (1864). 


[Ueber eine Classe von Gleichungen, welche nur reelle Wurzeln 
besitzen. Crelle’s Journ., \xii. pp. 232-245. ] 
[Verallgemeinerung einiger Theoreme des Herrn Weierstrass. 
Crelle’s Journ., \xiii. pp. 255-272. ] 

These two papers deserve mention because they make use of 
determinants whose elements are complex numbers and follow up 
similar work previously referred to (Hist., 1. pp. 449-452). Their 
main interest, however, is in connection with the subject of linear 
transformation and with the study of bilinear forms whose variables 
or coefficients or both are complex quantities. 


SYLVESTER, J. J. (1863). 


[On the centre of gravity of a truncated triangular pyramid, and... . 
Philos. Magazine, xxvi. pp. 167-183; or Collected Math. 
Papers, 11. pp. 342-357. | 


In the course of his investigation Sylvester is led to the results 


be ca oB| = (abe—ofy)?, | bed cda doB aBy| = (abcd -aBys)’, 
By ca af Byi cdt dap aBy 
by ya ab .| by8 yba dab aby 


bed ~— cba. daB abe 


* Tn our fourth volume it will be shown that the oversight here commented on 
was pointed out by FE. 1. Roe in 1898. 
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which he naturally views as the second and third cases of a series, 
of which the first case is 


|b «| = (ab-afy. 
1B a| 
The law of formation of the determinants is assumed to be evident, 


and no proof is given.* Two related identities, foreshadowing 
another series, are also given, namely, 


ac(b+f) ca af 
Ba(c+y) ca af 
yb(a+a) ya ab 

ad(be+cB+ By) cde daB aBy 
Ba(cd+dy+y8é) cda daB afy 
yb(da+aé+6a) yda dab aby 

| éc(ab+ba+u4PB) cia CaB abe 


- aa(bce — By) (abe - aBy), 


= aa(bed - By6) (abed — aBys)?, 


where the determinants differ from the previous two in the first 
columns only.f 


SARDI, C. (1864). 
[Proprieta di un determinante. Guornale di Mat., ii. pp. 376-380. ] 


The subject is in reality the construction of a magic square. 


¢ 
* The operations 


col, Xa, rOW,+a; col, xab, row,+ab; col; x abc, row, +abe; 

row, Xa, COl+a; row,xaB,col,+aB8; row, x aBy, col, + aBy; 
produce determinants involving only the product of all the Italic letters, say p, 
and the product of all the Greek letters, say 7. For example, the four-line deter- 
minant becomes 


1p p p ] (Sox ID 9 

or ep cA = 5 

| 7 nm p il : p-3T 

| 3 tn Vas | T us T 1 


+ In the case of the four-line determinant the operation 
col, —b col, —c col, -d col, 
changes the first column into 
0, a(Byi- bcd), ab(yi—cd), abc(6- a), 
and it is then found that the cofactors of the third and fourth of these elements 
vanish. 
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HORNER, J. (1865). 
[Notes on determinants. Quart. Journ. of Math., vii. pp. 157-162. ] 


As an example of his theorem regarding the reduction of the order 
of a determinant, Horner gives 


146-40 2ne 

c 
edit ara <r 
2 1] a Cc 
dg we heats EES I~% 
oe weueaeeys 
NS a isl wine pares pe 
oe: Ca Cee 

ad—b ae—c | + a-bd-cef 
= b—ad : (bf —c)d 

(c—ae)f (c—Odf)e 


I 


(b—ad)(c—bf)(ae—c)(e—df) + abcdef. 


HORNER, J. (1865). 
[Notes on determinants. Quart. Journ. of Math., viii. pp. 157-162.] 


Instead of using { } in the symbolizing of a permanent, as Cayley 
did in 1857, Horner introduces | and gives the identity 


& 0 aAe Ci ar 
a b Cy d, & fi : 
yg dy Cy dg fi 2 
= jad be ef. -— lad be of OF Wady beef, 
ad, be afi Ayl, bey Cry au, byes Css 
gl, Delp Caf 2 gly Dye, Caf; gh be Cof 
—jad, be, cf, + \ad, be, cfy —jad, be, cf, 
Gila Dean Of ad be «af ad, be, af; 
Ally ely Cafe gh, bgt, Caf, agl bye Cof 


as an instance of a general theorem which he establishes for ex- 
pressing the product of two determinants in the form of an aggregate 
of what he calls ‘conterminants.’ His proof depends on the fact 
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that if each term of | ab,c, | be multiplied by the corresponding term 

of | de, f,|, then similarly, by the corresponding term of 
—|defil, |hefl, —ldhefe|, |deefil, —| def, 

the aggregate of the 36 terms thus obtained is the product desired. 

He also, without reference to Cayley (1851), gives the companion 

theorem 


eb "|d e f | = |ad-be,-ef,|—lad-be,-ef,| +... 
a, b, Cy d, ey i 
} a, b, Cy d, €5 te 


and thus is able to indicate how the product of three or more 
determinants can be expressed. 

In his illustrative examples Horner is unfortunate, the expression 
obtained for | ab,c, |* being quite incorrect, and the expression for 
| a°b'c? |2 bemg much more readily got from 


| ell et 4 il a a2i{? 
la: BO «£ | than from hw alee axe 
lai BF P| ii baler oi 


HAMMOND, J. (1879). 

[Question 6001. Educ. Times, xxxii. p. 179; lu. p. 338: solution by 
T. Muir, lxv. p. 139, or Math. from Educ. Tumes, (2) xxii. pp. 49-50.] 

The proposition of which proof is sought is that in the final 
expansion of the product 

(QyyL, + Ayghot . - - +A ynLn)(Aoy% + Uggla t . . » + Urpin) - 
oe (Ant Onget . » « +Onn%n) 

the coefficients of Lp aS Wego 
are all expressible as permanents, or, as Hammond rather unhappily 
calls them, ‘alternate determinants.’ He instances the first two 
coefficients, namely, 


+ + + + 
oa: a ant pee Oy ye eer 
ea aah Porat ngs eure eden beanie eh ville 
datneshogt'y per atts), wp Cape oes oh iilge 

Any |; ‘ ; sbfigsbinpiden buna 
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The proposition appears not to have been established. It was 
probably brought forward on seeing Scott’s use of the functions 
in connection with alternants (see chap. v.). Muir’s so-called 
solution is really the statement of a proposition to be substituted 
for Hammond’s. 


HUNYADY, E. v. (1866). 


[Ueber ein Product zweier Determinanten. Zeitschrift f. Math. u. 
Phys., xi. pp. 359-360. | 


The interest of this is strictly geometrical. 


CALDARERA, F. (i866). 


[Dei determinanti a matrice magica. Gvornale di scr. nat. ed econ. 
(Palermo), i. pp. 173-196.] 


Evaluations such as 


xz. —l | 

be ee eae 

Le ie i = (#+1)(7—2+1) 
Lee) eet 
Pals ee 


are made with great fullness of detail, the centrosymmetry being 
unobserved. 


SYLVESTER, J. J. (1867). 


[Thoughts on inverse orthogonal matrices, simultaneous  sign- 
successions, .... Philos. Magazine, xxxiv. pp. 461-475; or 
Collected Math. Papers, ii. pp. 615-628. ] 


A determinant matrix is said by Sylvester to be ‘ inversely 
orthogonal’ when its elements are inversely proportional to the 
corresponding elements of the adjugate matrix. This is the same 
as to say that the product of any element by its cofactor in the 
determinant is constant, and therefore equal to 1/n of the value of 
the determinant when the order is n. The name properly implies 
contrast with an orthogonant, as the elements of the latter are 
directly proportional to the elements of its adjugate. 
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Taking the case of a three-line determinant, he finds that the 
number of independent equations to be satisfied in the construction 
of it is 

ales Vaal (set Fo 9 Vas 

1.€. (3—1)?; 

and he concludes that in the case of m lines the number of inde- 
pendent equations is (7 —1)?, and that therefore 2n —1 of the elements 
are arbitrary. This warrants him for ease in construction to make 
each element of the first row and first column equal to 1. Doing 
so in the case of the third order, he consequently seeks to determine 
a, b, c, d so as to have 


erat 
La 0 
1 oi ohn 


inversely orthogonal,—that is to say, so as to have 
ab—be = d(a—1) = c(1—b) = b(l—c) = a(d—}). 
These equations are equivalent to the two pairs 
ad = c = b and be = d= a, 


from the first of which there is obtained 


a’d? = be, 
and thence, with the help of the second, 
at = a. 


The roots 0 and 1 of this being inapplicable, and the others being 
denoted by y, y?, the two sets of values found for a, b, c, d are 
Vs Yoh Y, 
VeVi Von Ve 


which in effect result in one and the same determinant 


naa | 1 | 
ry va 
te vey, 3 


with the constant product y?— y or /—3 and value 
3(y2—y) or (—3%)?. 
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Similarly, we are told, in the case of the fifth order there is 
obtained 


1) ele bide = E ~ See 
Peters Se € Pees et Set re 
Pe et eee OF Biel eo 6) can re 
Toe + ec € sare Tove. :67. | erase 
Let tee 2 eee fore eaten 


where ¢ is a primitive fifth root of 1, and the value of the deter- 
minant is (5°)?. It is added that this holds generally when the 
order-number ” is a prime, the value being then 


(/ ZAyhe eg 


When the order is composite, the results are not so simple, the 
variety introduced being due to the different modes of resolving n 
into factors. The case where v is 4 is dealt with in detail. 


VELTMANN, W. (1871). 


(Beitraige zur Theorie der Determinanten. Zeitschrift f. Math. u. 
Phys., xvi. pp. 516-525. ] 


The third of Veltmann’s contributions is in effect the identity 


DO Oat Ae aaa. Pil 
Re eae meyer ew Welk 
Wa NR: AR ALE AS 1 = (r—a,)(a—a,) .... (a@—a,). 
Cig, 0a aie ete @ 1 | 
CSCO Gs Oe 


He does not note that the identity obtained by deleting the last 
row and column in the left-hand member and substituting 


B+ +det+. . .+En_y 


for x—a, on the right is much more interesting, being naturally 
first in order of thought, and the parent of the other by 
‘bordering.’ The case where the bordering lines cross in a 
zero is also worth noting. 
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ROSANES, J. (1872). 


[Ueber Functionen, welche ein den Functionaldeterminanten 
analoges Verhalten zeigen. Crelle’s Journ., lxxv. pp. 166-171.] 
What is here considered is a property of determinants of the form 

Cu Cu eu 
Oa? Om dy dy? 
ow -ptg py 
On? Caw dy dy? 
Cw Cw ew 
Oa? Oxdy dy? 
where u, v, w are binary quantics of one and the same degree. Such 
a determinant Rosanes writes in the form 


pee ie Des 
j Po. Vor RP cs 
is ip Tg" 4 
the functions undergoing differentiation being f,, f,, fz, and the 
independent variables z,, z,. His theorem may be formulated thus: 
If f,, £,, f,, £, be binary m-thics; 4, de, 3, $, be the four 
R’s formable from the f’s, namely, —R(f,, f,, £,), R(f,, f,, £,), 
—R(f,, f,, £,), Rf, fe, fs); Wi We We, Wy be formed from the ¢’s 
as the g's from the f’s: then the ws are proportional to the fs, 
the common ratio being 
— 38m (m—1)?(m—2)-°(8m-+7)? { R (fj, fy, £5, £,) }* 

The mode of proof, though effective, is neither as short nor as 
direct as one could wish. Two new magnitudes y,, y,, independent 
of the two «’s, are introduced ; and the consideration of the array 
i Re I Fa tii tas 
fae i ve cee THe 
T 22 hes hese lives 
whose principal minors are the ¢’s, is replaced by the consideration 
of the array | ‘fom fee Sf) | 

10, Sf of, fe 
Oxf: Sot: Oofs Oa 


where & of of fy 
Efe "30, + Yo5, and o6,f = d(éf). 


or, say, R(u, v, w), 


> 


| 


? 
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The replacement is justified by the fact that the first array when 
multiplied columnwise by | 7y |* in the form 


a? LY yy 
20L, 12 +%yY,  2Y1Yo 
| 9 TY Yo 


gives a multiple of the second array by m(m—1)*. A consequence 
of this, however, is that there is necessitated the use of properties 
of the d-operator, for example, 


(uv) = wdv+v du, 
| %Y2| = 0, 
| u0,6; | = 


| 
Q 
= 


dUg OUs 
[Up eae 2%: 


| Wy We Ws 


| Usgn Ug “thy 
OU, dV, ds 


W, We Ws 


Gy Poe as 
dW, dW, dW; 


and the use of another transforming identity, namely, 


leo Jer ear Bae Iti to ts ts 
fi Sen dsaiiae ~ |% oe fs oe 


lo 6 = m m— 1)?(m— 2), 
fase fame fame gia | Ie! = | se sie ge gg [ml 


ea hai feat pee Osh Osho Osfs Ost 
or, say, 
; 0123 
Rif, Se Sa Sa) |t1Y2|° = & 23 A RG an Go 
which is established by taking the multiplier | 2,7, |° in the form 
a? LY Ly yy 


Baye, 2° Yy,+2an,2y, Yya,+2yyor, 3y,2y, 
BIG? Wy Yi A2MYo Yo UAL Yo, BYy,YQ" | 
a5 "Yo LyYo° Yo |, 
as was shown by Schlafli (1851) to be permissible (Hist., ii. pp. 52-53). 


With this preliminary explanation we shall employ Rosanes’ 
method to find the ratio of W, to fi. 


The w’s being derived from the ¢’s as the ¢’s from the /’s, and the 
degree of the ¢’s being 3(m—2), we have by the initial transformation 


| HY. |?*Y, = —3(m—2)(38m—7)?-| g, $3 ps 
df, Of, dd, 
Oop. Oops Soy |. 
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The next step, naturally, is to express each element of the determinant 
on the right in terms of the f’s. For any element in the first row 
there is no difficulty, the transformation just mentioned giving us 
what we require ; and two operations with 6 will give the substitu- 
tions for the corresponding elements in the otherrows. For example, 


012. 
| mY |?- po = m(m—1)?-|f, fs fa * m(m—1)*(s54 é 
of, of, of, 
Of: Sfs Oofs 


min —1#(219) 


min—D*{ (34) + Caaf 


The result of the full substitution thus is 


| 2Yo |? - dp, 


| Yo |? - dap. 


p= —se-a1om- rewire] (M8) =) (2 
aaa) cnt) 


023\ , (014 023\ /014\ /023\ , (014 
fo ae) AsevNbSAeeyy eRe) 
where the determinant on the right is partitionable into two determi- 
nants, the first of which is equal to a principal minor of the adjugate 
. (0123 d 
f a oy; and thus will be found eqyal to 
01232 
fe (1934) 
and the second of which vanishes.* Thus far, therefore, we have 


[zyyq|?2- wy, = — 3m3(m—1)8(m—2)(3m—T)? -f, - hoa) 


* Because, if we multiply 


f 2 f. 3 f 4 
of. 2 of. 3 of 4 
» ine av 
rowwise by it, we shall obtain a determinant with two rows proportional. More 

generally, 


| (@15sCa| « |¢10 2d| - |x 2¢5|| = 0, 
where the left-hand member is our extensional of | 12s¢a * |Ded4| | 2¢0| |, and this 
last is such that 6, col; — 6; col, + 6,col,; = 0. 
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But from the second transforming identity we obtain by squaring 
0123\? 
lewel?®- {RU for for f)}* = m%(m—1)'(m—2)8 - (Jog) - 
Consequently, by division 


Vy 
{Rift far fafa} 
as desired. 
It should be noted that the determinant here which Rosanes 
would associate with the Jacobian is shown two years later by 


Pasch to be in a certain case closely related to the Wronskian. 
(See chap. viii.) 


= — 3m(m—1)?(m—2)%(3m—7)? -f, 


DOSTOR, G. (1874). 


[Propriété des déterminants. Archi d. Math. u. Phys., lvi. 
pp. 238-240. ] 


The two pages used here are occupied with the formal establish- 
ment and illustration of the so-called theorem of which 


a@ @ @ a| 
0. Only, 


| = (2a)* 


—a-—a a | 


2 


—a-a-—a a 
is anexample. It is manifestly a simple case of the equality 
% Gy Gy % 
—4 b, % By 
ity, Og» Cy Ve 
—, —A, —d3 dy 
In republishing it the same year in his text-book (pp. 45-46) he 

follows it up with another theorem of which 


= Ay (d_+b,)(A3 + €3)(@g+d,). 


GM Wg : 1 1 1 

by Bg Oy f 1 1 aga, °byg Gd, A ,*d,+ ed, ayy +b, + c,d, 
Co Cy Cg | Aafbg yg F101] 1 aay + cy *d,d, Aghy-Cg+ dd, ayy + C, * bydy 
d, d, d, 1 a0,°dy+d,c, aQ,°dg+b,c, agg > d, + dey 


is an example (cf. Hist., 1. p. 147). 


y2 
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CAYLEY, A. (1874). 
[Note sur uneformule d’intégration indéfinie. Comptes Rendus.... 
Acad. des Sci. (Paris), lxxviii. pp. 1624-1629; or Collected 
Math. Papers, ix. pp. 500-503. ] 
The peculiar structure of the interesting determinant which 
turns up here is best made known by giving the examples 


z mp—nq | 1 (m—1)p—ngq 1 
q m(p?+pq) |; 2q (m—1)(p?+pq) (m+1)p—(n—1)q 
g ; m(p? +-p9q) 
1 = (m—2)p—nq 1 4 
3q  (m—2)(p?+pq) mp—(n—1)q 2 
3¢? . (m—1)(p?+-pq) (m+2)p—(n—2)q 
g ; mp? + pq) 
(m — 3)p — ng 1 
(m—3)(p?+pq) (m—1)p—(n-1)9 2 
(m—2)(p?+pq)  (m+1)p—(n—-2)q 3 
(m—1)(p?+pq)  (m+3)p—(n -3)g 
m( p* + pq) 


These are stated to be equal to the expressions 
mp>+ng?,  m(m—1)p* + 2mnp?g? + n(n—1)q4, 
m(m—1)(m—2)p® + 3m(m—1)nptg? + 3m(n—1)np*q* 
+ n(n—1)(n—2)¢8, 
m(m—1)(m—2)(m—3)p® + 4m(m—1)(m—2)npig? +... 
+ n(n—1)(n—2)(n—3)¢?, 
which again are denoted by 
([m]p?+ [n]q?)*, ([m]p?+ [n]q?)?, - (Lm]p? + [n]g?), . - - - 
on the understanding that 
[ml = m(m—1)(m—2) .... (m—r-+). 


_ Although in each determinant the complementary minors of the 


elements of the first column are calculated, it is not clear that this 
was how the results were obtained. 
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GUNTHER, 8. (1874): GLAISHER, J. W. L. (1874) : 
SERDOBINSKY, V. E. (1877). 


[Zur mathematischen Theorie des Schachbretts. Archiv d. Math. 
u. Phys., vi. pp. 281-292. ] 


[On the problem of the eight queens. Philos. Magazine, (4) xviii. 


pp. 457-467. ] 
[Note on determinants: a chessboard problem (In Russian). Mat. 
Sbornik . . . . (Moscow), x. (1), pp. 74-86. ] 


The problem here dealt with is to find the number of ways in which 
eight queens can be disposed on an ordinary chessboard, so that 
no one of them may be seizable by any other. Giinther, after 
giving an interesting historical sketch of the problem—a sketch 
in which Gauss is the prominent figure—points out that the problem 
may be generalized, the queens becoming ~ in number with a 
corresponding change in the board, and that there is an exactly 
equivalent problem in determinants, namely, to find the number 
of terms in 

A Cy €3 gq ks 
bn Ms Cy 5 Ye 
tha Dg 50g 4a, Or 
fa ds be a oe 
hs fe 4, bg yl, 


subject to the condition that no term shall contain the same letter 
or the same suffix more than once. The reason for this is that if a 
queen be in the (r, s)" place, her ‘castle ’-like moves require that 
no other queen shall be in the 7“ row or in the s column, and her 
‘bishop ’-like moves require that no other queen shall be in the 
same diagonal with her. It is the last requirement that suggests 
the marking of each diagonal of the one set with a special letter and 
each diagonal of the other by a special suffix. By actual expansion 
of the determinants Giinther finds that in the case where n is 4 the 
number of dispositions is 2, namely, those corresponding to the terms 


Co€s1gbg, Dod 550g, 


and that in the case where 7 is 5 the number is 10. 
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Glaisher, profiting by Giinther’s initiative and skilfully economizing 
labour, pushes the investigation forward and finds the numbers 
4, 40, 92 
for the cases where n is 6, 7, 8, his result in the last of these cases 
agreeing with that which Gauss had finally reached after two or 
three trials.* 

Serdobinsky in his procedure does not really use determinants. 


GUNTHER, §. (1875). 


[Auflésung eines besonderen Systemes linearer Gleichungen. Archiv 
d. Math. u. Phys., \vii. pp. 240-254.] 
The system in question is that in which the determinant of the 
2n unknowns is of the form 


ab b a | 
ec d —d —c 
gf ri e 
g h —h ahs 


—that is to say, has a,, = (—1)'-1,,»-.4:. So far as our subject 
is concerned, all that is effected is the resolution of the determinant 
into two of the n order: for example, the four-line determinant 
just given is equal to 


ahs ed 
lief] |gh 


In the application to the axisymmetric case where 


1.8.7 
Qn+1’ 


the stage reached falls short of Hunyady’s of 1872 (p. 104 above). 


a,, = sin 


SPOTTISWOODE, W. (1872). 


[On determinants of alternate numbers. Proceed. London Math. 
Soc., vil. pp. 100-112. ] 


What is here meant by a determinant of alternate or alternating 


* See Bellavitis in Atti del R. Istituto veneto, (5) iii. (1876-77), pp. 186-187. 
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numbers is a determinant in which the elements are such that the 
product of any one by itself is zero and the product of any one by 
another changes sign when a change is made in the order of the 
factors. It is also implied—and some such implication is readily 
seen to be necessary—that in the formation of the terms of the 
determinant the elements are to be taken from the rows in order. 
' There is no longer any idea of the numbers in question forming a 
’ set: and as this idea is involved in the use made of such numbers 
to resolve an ordinary general determinant into linear factors 
(Hist., ii. pp. 27-30, 43-46, . . .) it is as well to keep the two usages 
apart,—a precaution which Spottiswoode does not observe. 

The first proposition noted is that tf in the formation of the terms 
the elements be taken from the columns in order, the signs are all 
positwe ; for example, 


| Armas | = Ayoavs—AyMglot - + - 
= AjMoVgtAolgt ..-. 


The next is that the interchange of two consecutive rows makes no change 
in the value of the determinant, but that the interchange of two con- 
secutive columns alters its sign, and that therefore if two columns be 
identical the determinant vanishes. The validity of the so-called 
addition-law of ordinary determinants is also noted. 

On the other hand, nothing is said about the effect of multiplying 
a row, for example, the obtaining of 


Noy Agd, | trom™ | Aiaers | 
My Mg bg 


yy Ve V3 


by multiplying by A, ; nor about the increase of arow by a multiple 
of another row. Laplace’s expansion-theorem is also passed by, 
although it could not be for the same reason. 


Considerable space (pp. 103-107) is devoted to the subject of 
multiplication. He first expands 


Aol lpice] amd | Aypyt+Aspy Ayoy+Agos 
My Pit Mop,  MyFy+FMoFs |, 


and finds that, if he takes both terms of the latter to be positive, 


/ 
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the one expansion differs only in sign from the other. Using the 
later notation of permanents, we may thus say that his result is 


- ~ 
|Aye| *|pig2] = — ApitAspe Ayo, +Agge 
MyPy Mop, My Fy Meee | 
He then proceeds to examine farther, and affirms, but really without 
sufficient proof, that the result holds generally. When he advances 
to the consideration of powers, many simplifications of course occur ; 
_ in fact, it is only then that one of the halves of the property of 
alternating numbers comes into play. Here his first assertion is 
that the second power is skew and zero-axial; for example, 


+ + ; 
| Ayue |? a . Au. 
Dur 
= (Ayo trot)? 
= 2A A My Me; 
+ + 
[Apteys|? = — LAum  DAv 
— yu : Duy 
—rAv —Dyy 


= 0; 


and soon. The third example, however, is of doubtful accuracy. 

At this stage the convention is made that the elements of each 
row of the given determinant form a set, the alteration being that 
henceforward we have 


ee ies wn Sp 
but it being still held that A,u; = —ssAr, Just as if the d’s and p’s 
belonged to the same set. 


Compound determinants are next dealt with (pp. 107-110), and 
finally certain simplifiable products such as 


|Asmel * [Mavel * [ysAcl- 
The paper, which embodies at intervals results taken from notes 
by Clifford, is lacking in thoroughness. It is supplemented in the 


concluding paragraph of a paper of Scott’s on cubic determinants 
in Proceed. London Math. Soc., xi. pp. 17-29. 


eS eS eS eS 


Lat 
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HUGEL, T. (1876): STUDNICKA, F. J. (1876). 


[Das Problem der magischen Systeme. 48 pp. Neustadt.] | 
[Ueber das Verhaltniss der magischen Quadrate zur Determinanten- 
Theorie. Sctzungsb. . . . Ges. d. Wiss. (Prag), pp. 269-271.] 


The main fact noted by Studniéka is the vanishing of all determi- 


' nants of the order 16n?, whose elements are identical with those of 


magic squares constructed in accordance with the so-called second 
tule of Moschopoulos. For example, the operations 


col,—col,, col;—col, 
show that 
atl B—-1 B-—2 a+4 
B—4 a+6 a+7 68-7 
a+8 B-—6 B—5 a+5 
B—3 a+3 a+2 £6 
where the elements of the determinant are those of a magic square 
with the common sum 2(a+8-+1). 
As for Hugel it suffices to note that in the course of his investiga- 
tions he makes effective enough use of determinants, so-called and 
actual. 


MUIR, T. (1877). 


[Note on determinant expressions for the sum of a harmonical 
progression. Proceed. R. Soc. Edinburgh, ix. pp. 361-363. ] 


The expression obtained for 


1 1 1 1 
aT a+b* ata 7" + ati 
is 
—-b -b —b —b .... —b 
na —2b —3b —4b .... —(n—1)b 
nm—l)a a —3b —4b .... —(n—1)b 
n—2)a a a —4b .... —(n—1)b| + a(a+b)... (a+n—16) 


n—3)a a a @ .... —(n—1)b 


2a a a a TA at a 
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MUIR, T. (1877, 1881). 


[On Professor Tait’s problem of arrangement. Proceed. R. Soc. 
Edinburgh, ix. pp. 382-387. ] 

[Additional note on a problem of arrangement. Proceed. R. Soc. 
Edinburgh, xi. pp. 187-190.] 

The problem, which arose in the investigation of the theory of 
knots, is to find the number of possible arrangements of n things, 
subject to the condition that the first is not to be in the last or first 
place, the second not in the first or second place, the third not in 
the second or third place, and soon. Muir shows that it is the same 
as to find the number U,, of terms in the final expansion of an n-line 
determinant having zeros in the last and first places of the first row, 
the first and second places of the second row, the second and third 
places of the third row, and so on: and viewing it thus he succeeds 
in proving that 

U,, = (n—2)U,,_1-+ (2n—4)U,_-» + (3n—6)U,,_s 
Te (4n— 10)U,-4 ete (5n—14)U,_s 
+ (6n—20)U »_4 + (7n—26)U,,_, 
+, 
1—(—1)" 
Se —— oe 


and consequently that 

1, 2, 13, 80, 579, 4738, 
are the values of 

ie ages Uae Upee Ui a alias 


In his second paper he reaches the much simpler recurrence- 


formula y eed 
LU, = Unit 5 Unt (—)) Peay 


which is also interesting as implying that 
2U,+(—1)"*14 


is a multiple of n. 
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STUDNICKA, F. J. sts). 


[Poznamka k nauce o determinantech. Casopis pro péstovdni math. 
a fys., vu. pp. 31-33.] 


This paper is not quite in keeping with its title, the subject being 
the expression for double the area of a triangle whose vertices are 
(21; Y1)> (2, Yo), (Lg, Ys). (There are similar papers in Casopis, il. 
pp. 69-82, etc.) 

PAIGE, C. LE (1878). 


[Sur une transformation de déterminants. Nouv. Corresp. Math., 
iv. pp. 79-82. ] 


This is the transformation of VY into (a’—a)Y already familiar 
from Cayley (1858) when dealing with the geometric theories of 
involution and homography. (Hist., ii. pp. 453-455.)* 


PRATT, O. (1878). 
[Problem 231. Analyst, v. p. 190; vi. p. 25.] 


The assertion here made is in effect that if 
p(x) = $2(x—1)m — x(x—2), 


the determinant 


$(1) KP HOO) 
ont) Sees G(2n) 
dn sty Joes G(ne) | 


vanishes for all values of n above 3. The reason is that 


g(a) — 26(a—1) + g(e—2) = m—2. 


* We might have noted somewhat earlier a distantly related identity dealt with 
by J. J. Walker in Proceed. London Math. Soc., iv. p. 413. Cayley’s result is 


‘ee = (a’-a) 
6 
ov 


1 a+a’ aa’ 
te P+R {ee 
epee h aet 
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SCOTT, R. F. (1879): (ANON.) (1879). 


[On some symmetrical forms of determinants. Messenger of Math., 
viii. pp. 131-138.] 


In § 5 Scott gives the result 
- @ Gs @ ....| = (—1)*""{b,a,0,0,... a, 
eee * Pee + 0,b,a,0, . . . dy 
OE SE gre + b,b,b,a, .. . Gn 
Sn =e Sr a ER 
pee +-00,0050 . «Og 10n}, 


where the determinant is zero-axial in form and unisignant in 
development. He also notes 


Opftdes Joe Ost 
b is, 48: 1 
i Oe ven OO) 
feustie Ieeir ds shea, a 
BA cmt | ° 
1 a ee oe Ok ee 
where f(z) = (Q@—2)(@—2z) . . - (C,—2). 

In the Cambridge Unw. Exam. Papers, viii. p. 228, there appears 
the determinant which has a, b, ¢,d, . . . for its first row, a, a,a,a,... 
for its first column, and any one of its other elements, (7, s) say, 
such that y 


(7-4) = (r—f 4G = 1, e21)4+ . . . + (r—1, 1). 


Its value is a”. It is essentially the same as Caldarera’s of 1871. 


SCOTT, R. F. (1879). 
[Notes on determinants. Messenger of Math., vii. pp. 182-187.] 
In § 8 Scott affirms that if there are two n-row arrays 


ay ce) fe Son ay Ag 
b, by By Bo 
L 1, ry As 


and 
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then 
Gig On Sie tig 
eh ee ae ee. = 0, when s = n(r—1)+3, 
di, 7 dis 

and 

| di, dj. 1| 
a @ ales 0, when s = n(r—1)+42. 
1 1 


No proof is given, but doubtless the results were reached by a 
natural extension of Cayley’s procedure of 1841 and Sylvester’s of 
1852, a procedure which shows that in the one case s only needs to 
be greater than n(r—1)+2 and in the other >n(r—1)+1. For 
example, when n = 2 andr = 3 the typical element 
(a—a)?+(6—8)° 
would be expressed as the product of the two rows 
a a b? b 1 ae +b, 

—3a 3a? —368 36? o°+/? sees 
and the determinant of the first result would thus be seen to be the 
product of the two arrays 


a, 6? 6 1 aPe+b? —8a, 3a,’ —38, 38? a?+8) 
a, 62-6, 1 a?+6,8 —8a, 3a, —38, 36,2 a °+6,8 
a, 62 b, 1 a2+63'}|, —38a; 3a;?7 —36; 38, as +68 


and therefore to be equal to 0, if s were greater than the number of 
columns, namely, 2(3—1)+1+1. By affixing to the first array 
the additional row 

020) ORO 30-7 


and to the second array the additional row 
0,070" 01 Ino: 
the second result would be quite similarly obtained. 


1 |p 
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The author’s remark, that ‘‘ these two theorems include most of 
the determinant relations in geometry,” surpasses Gundelfinger’s 
of 1873. It would be less of an overstatement if all the lower 
values of s had not been excluded and if a slightly more general 
form of d;,, had been taken. Readers interested in such applications 
would do well to consult the chapter on the subject in Scott’s text- 
book published a year later (chap. xiv. pp. 180-212), and especially 
the last seventeen pages. 

In the said text-book Scott notes (p. 216) three special deter- 
minants with elements constructed from |a,,|, namely, 


Bre = (Gn +Orn+ +o» + Opn) —Are, 
Yrs == (Gry, ++ cee +Gyn) — 2A, 
Ors = |Gyn| with a, in it increased by 2, 
the evaluations being when amended 
| Bin] = (—1)"*-(n—1) +] Gin, 
| Yin | = (—2)**-(n—2)° | nl, 
| Gin| = a 4-| Ai, | -(@+2ays). 
The second is Dostor’s of 1879. (See above p. 77.) 


WALKER, J. J. (1879). 


[Question 6025. Educ. Times, xxxii. pp. 205, 268; or Math. from 
Educ. Times, xxxii. p. 49.] 


The question concerns the establishment of the identity 


ia eihalad | a—b 2r—1 2y—1 (a—b)(2z—1 
ty ay a(l—b)z| = 7 ay a(1—b)z 
b(1=x)-1—y (a—l)bz b= Veet (a—] be al 


a matter which is of more interest than might at first sight appear. 
We may note that the common value is 


—ay(a—b)(1—ab) + yz(ab—2b+1)a + za(ab—2a+1)b 
+ 2(a—b) — y(a—b)ab — 2(1—b)?a. 
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STUDNICKA, F. J. (1880). 


[Ueber eine neue Determinanteneigenschaft. Sztzungsb. . . . Ges. 
d. Wiss. (Prag), pp. 50-54. ] 


The ‘new property’ here is a suitable companion for Dostor’s 
of 1874, the difference merely being that the evaluation is now 
accomplished by subtracting the first row from each of the others 
instead of adding. It is the simple case of the equality 


ty bg Gg Gq Gs| = (4—b,)(4,—b,)(43—b3)(Gg—b,) a5, 


where the b’s are each —1 and all the other elements +1. 
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PREFACE. 


Wirx the issue of this volume, dealing with the period 1880-1900, 
my effort to present a historical account of the Theory of Deter- 
minants up to the close of the nineteenth century comes to an end. 
May it give to present and future students all the help which some 
such book would certainly have given to me half a century ago. 

The work connected with the preparation of the volume has been 
more than ordinarily onerous. Considerably over 800 writings of 
one kind and another have had to be dealt with, that is to say, 
about a half more than in the case of the third volume. In view 
of the fact that each volume deals with a twenty-year period, the 
increase thus indicated in the attention given to the study of deter- 
minants is most striking, even when one makes allowance for the 
considerably increased facilities for publication during the latter 
period. 

On first thoughts the bulk of the fourth volume ought, therefore, 
to be about a half more than that of the third ; but then we have 
to reflect that the increased number of students and the increased 
_ facilities referred to are not accompanied by the like increase of 
original matter. It is only that workers rush into print a little 
more hastily than formerly, and that scientific societies and editors 
do not always scrupulously exert themselves to withstand the rush, — 
a state of matters that after all may be well-ordered in the interest 
of instruction and the spread of knowledge. Be this as it may, it 
is an undoubted fact that the number of writings which the 
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chronicler of scientific progress can without unkindness dismiss in 
a sentence grows apace. All that can be fairly expected of him is 
to try his hardest to be just in his judgments, and, in the interest 
of his readers, to guard against hurtful condensation. 

The bibliographical basis of the work, as is probably now well 
known among students of the subject, is the six Lists of Writings 
published in the Quarterly Journal of Mathematics at intervals from 
1881 to 1916. A seventh List was added in 1920.* Since in the 
compiling of every one of these lists after 1900 writings belonging 
to the preceding century continued to be carefully sought for, it is 
hoped that little matter of any serious importance has been passed 
over that was needed for the History. 

Although the number of chapters is the same as in the third 
volume, the distribution of subjects is somewhat different. ‘ Text- 
books’ have been separated from other writings on general deter- 
minants and given a chapter to themselves. The presence of a 
second new chapter is due to the inclusion of a new subject “ Deter- 
minants having Invariant-factors.’ On the other hand, there is no 
longer a chapter on ‘ Zero-axial determinants’ nor on ‘ Deter- 
minants of Combinatory Numbers.’ The writings on these subjects 
having greatly fallen off in number and importance, the few of them 
calling for some slight attention have been included in the chapter 
on ‘ Less common special forms.’ | 

Of the contents of the volume only an exceedingly small fraction 


has seen the light before, namely, a portion of the chapter (xvi.) on 
Circulants.t 


RONDEBOSCH, SouTH AFRICA, 
6th April, 1922. 


* Quart. Journ. of Math., xlix. pp. 51-73. 
t Proc. R. Soc. Edinburgh, xxxvi. (1915) pp. 151-173. 
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CHAPTER I. 
DETERMINANTS IN GENERAL, FROM 1880 TO 1900. 


THE number of writings dealt with in this chapter differs very little 
from the number in the corresponding chapter of the preceding 
volume; but, as all writings of a merely text-book character are 
no longer retained in the chapter, having been set aside to form a 
chapter by themselves (Chap. II.), it will at once be understood what 
a notable increase of activity marks the period now under con- 
sideration. About four-fifths of the writings are in English, French 
or German, the predominance of English being to a considerable 
extent due to American contributions; but fourteen different 
languages are represented, Greek making its appearance for the 
first time. 

Having spoken of the period of Vol. IJ. (1841-1860) as being in 
a sense ‘ the period of Cayley and Sylvester,’ we feel it due to their 
memory to recall their continued work throughout the period of 
Vol. III. (1860-1880), and to note that only now in the course of 
Vol. IV. their last contributions fall to be chronicled, Cayley having 
died in 1895 (see p. 52) and Sylvester in 1897 (see p. 131). 


PICQUET, (1880). 
[Question 215. Journ. de Math. Elém., iv. pp. 46, 325, 326.] 


‘The theorem here proved is that already known regarding the 
differential-coefficient of a determinant. 


2 HISTORY OF THE THEORY OF DETERMINANTS 


SYLVESTER, J. J. (1880): HAMMOND, J. (1881). 


(Question 6188. Educ. Times, xxxiii. p. 32: Math. from Educ. 
Times, xxxiv. pp. 55-56. ] 
[Question 6815. Educ. Times, xxxiv. p. 218.] 

_ Hammond’s theorem, properly substituted for a narrow one of 
Sylvester’s, is in the case of the fourth order to the effect that of 
A, be the determinant formed from |a,boc3d,| by deleting the rx” 
column 

ag en Aa 
and substituting for it 
Aid, A2Ar 5 Asb,, NaCrs 
then A PA,4 ASE Ap = 0 
No proof is given; but we may note that the cofactors of the \’s 
are easily shown to vanish, for example, 


cof Ay —= a,A,+ b,B, + CU; +d,D, — 0. 


LINDELOF, L. (1880). 


[Bidrag till laran om determinanter. Ofversigt af Finska Vet. Soc. 
Forh., xxii. pp. 123-154. ] 

This long and carefully written paper is divided into two sections, 
of which the first is somewhat the longer. From our point of view 
the first is also considerably the more important, as it deals with 
properties of general determinants, whereas the second consists of 
easy deductions from it regarding axisymmetric determinants and 
of applications to binary quadrics. The ultimate subject is the 
solution of linear equations: but the two theorems dealing there- 
with. are naturally and effectively led up to by a series of nine 
theorems on the vanishing of square and oblong arrays. Among 
them all the really fresh result is a generalization of the old theorem 
regarding the resolvability of the determinant obtainable by border- 
ing a null determinant (Hist., ii. p. 153; iii. pp. 28-29, 453). Put 
shortly this generalization is that if an n-line determinant of nullity 
p have affixed to it a p-line border, the product of the resulting deter- 
minant by any (n—p)-line minor of the original is expressible as the 


product of two n-line determinants. Thus, when n is 4 and p is 3, we 
have at once 
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@ % My Oy Ty Yr % | = | A, Ay Oy Ay My Yy % 
b, by bs by Xe Yo 2% by by by by Xe Yo % 
Cy Cy Cg Cy Lz Y3 2 Cy Cg Cg Cy Le Yu % 
d, dy dy dy %q Yq % dy dz ds dy Xq Yq % 
&, &2 £3 £4 Gy Gp ag Ei 2 &3 & 
44 42N3. 44 By Be Bs 41 42 %3 Ma 


& be &3 Os Aly 2a er be és Ss 


because of the vanishing of | a,b.c,d,| and its primary and secondary 
minors. In the next place the latter is, by Laplace’s expansion 
theorem, 
= —| fensbs| > {a1 | veysza| — b1| 21Ys%4| +--- Sy 
+ | Exnslal - {42 | e2y9%4 | — be | MrYs%4| +... -} 
— | ErmeGa|- {as | Lo%s%4| — 53 | %yYs%q| +. } 
+ | Exne€s | + {44 | teYa%a| — bal trysta| +... -} 
and since, by reason again of p being 3, we have 
Gags a ds __ bs Oe bs 
Sn | ile a te qT 6. ee” ta De 
it follows that this expansion must contain the factor * 
A, | Vey 324 | — 5, | HyYs%aj +.--- 
with the cofactor 


a a 
7 | Eonsta | + “3 Esnsha | — ‘a | Esnota | de eH Extials |. 
1 1 1 
Thus our given bordered determinant multiplied by a, equals 
{ay | %o¥/3%q | — by | %yY9%4| + -- -} {a1 | Eonsbal— ae | Ernaka| + ---- }, 


1.€. Gh Api, &%& Oaths an Gy 
by Ze Y2- 2 fy é a £3 i 4 
Cy %y Y3 23 P41 42 Ng Na 


dy Ly Yn % bbe fs Sal 
as was to be proved. 

We have only to remark for ourselves that the form of the result 
suggests an entirely different kind of proof, namely, a deduction 
from Muir’s theorem of 1879 regarding the product of a determinant 
by one of its own minors (Hist, iii. pp. 79-81). 
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PAIGE, C. LE (1880). 
[Sur quelques points de la théorie des formes algébriques. Mém.... 
Soc... . des Sct. (Liége), (2) ix. no. 4, 23 pp.] 

[Sur quelques propriétés des déterminants. Nouv. Corresp. Math., 

vi. pp. 490-496. ] 
Incidental to and consequent on his main subject, Le Paige deduces 
the theorem that if A, Y, Z be the determinants got by leaving out 
from an n-by-(n+1) array the 1", the n”, and the (n+1)” columns 
respectively, and if A, be the determinant whose x” row agrees with 
the xr row of A and whose other rows agree with those of Z, then 

SA =. 

For example, the array being 

@, ay Gy 

by by bz be 


Cy Cy Cz Cg; 


we have 
A, Ag WN Aa, A, As Aa, A, Ag Aa, Ag MW 
by de bs “E bs bs by = by bs bs = by bs by 
Cy Cy Cy Cy Cy Cg Cg Cg Cy Cy Co Cyl. 


Some deductions are also made (pp. 19-23) depending on the vanish- 
ing of a determinant and its coaxial minors down to that of the 
2°‘ order. A proof of the multiplication-theorem which he gives we 
refer to later. 


LANDRE, C. L. (1880). 


[Hen stelling omtrent determinanten. Nieuw Archief v. Wisk., vi. 
pp. 208-211.] 

In correcting an error in Dostor’s Eléments (p. 62) Landré is led 
to point out, as Dostor himself had by this time done, that if 
from any given n-line determinant A another B be formed such that 
each row of B ws the corresponding row of A diminished by all the 
other rows of A, then B=2"-(2—n)A; the reason being that B is the 
product of A by the circulant 


COs, Bi eee 
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TEIXEIRA, F. G. (1880). 


[Note sur la dérivation des déterminants. Proceed. London Math. 
Soc., xii. pp. 14, 212.] 

Inquiry here is made as to the result of repeatedly applying the 
ordinary rule for expressing the derivate of a determinant as a sum 
of determinants. The simplest statement of it given is that of the 
determinant A be of the n™ order, its r® derwwate is 


(d,+d,+...-+d,)'A, 
where d,, denotes differentiation of the h™ column. This and a vari- 
ant of it by Cayley are given in the absence of the actual wording 
of the paper itself. 


WEYR, ED. (1880): PAIGE, C. LE (1881): 
TEIXEIRA, F. G. (1881). 


[Verification der Multiplicationsformel fiir Determinanten. Sitz- 
ungsb. ... Ges. d. Wiss. (Prag), 1880, pp. 55-56.] 


[Sur la régle de multiplication des déterminants. Bull. Soc. Math. 
de France, ix. pp. 67-69.] 


[Sobre a multipligéo dos determinantes. Jorn. de Scr. math. e 
astron., lil. pp. 185-186.] 


The verification referred to turns on the partitioning of the pro- 
duct-determinant. v 

In effect Le Paige proves that If A, B be two n-line determinants, 
C the determinant formed from A, B by row-by-row multiplication, 
a the first of the primary minors of A, 2 the first of the primary minors 
of B, and y the determinant formed from a, 3 as C from A, B, then C 


can be transformed into 
AB 


apy 
thus showing that if the multiplication-theorem hold for the (nm — 1)” 
order,—that is to say, if y = a8,—it must also hold for the n™. 
Teixeira’s note I have not seen: it is reported to have no really 
fresh point of interest. 
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IGEL, B. (1880). 
[Zur Theorie der Determinanten. Sitzwngsb. d. k. Acad. d. Wiss. 
(Wien), lxxxii. pp. 1288-1294. ] 


Without reference to Jacobi (Hist., i. p. 263), Igel obtains such a 
’ set of equations as 


+d | bgeqds | — Ag | bycgds | +04 | bogs |—@5 [bag] = | ada | 

— a, | bgcqds | . “+g | begs | — ag | yen | +05 |ByC34g | = —|,b3¢ads | 
Ay | bacgd; | — a | byC445 | . +4 | byCpd5|—a5|byCod,| = — | acd | 
— 4, | becgds | +a | cad | — ag | by Cod | . +-a5 | bycodg | = —|a,bocqds | 
Ay | beCgdq | — ay | DyCadq | +45 | DyCodq | — Ag | byCods | . | = | a,becgd, | 


and notes that the determinant of the set is zero-axial skew. He 
then proceeds on his own account to affirm that as a@,, @,, 3, Aq, Us 
are four-fold indeterminate, the determinant of their coefficients in 
the set of equations must vanish as well as all its minors of the 
fourth and third orders. In particular, by restricting himself to the 
coaxial minors, he deduces a proposition regarding vanishing 
Pfaffians, namely, that if a8 denote a minor got from an (n—2)-by-n 
array by leaving out the a and 8" columns, then 


|aB ay ad|=0 or [aByd] = 0, 
By 6 
yo 
[aBydet] = 0, 
and so'on. He does not note, however, that the first of these is 


already well known, being Desnanot’s extensional of 1819 (Hist., i. 
p. 140). 


HENRY; C. (1881). 


[Sur le calcul des dérangements. Nouv. Annales de Math., (2) xx. 
pp. 5-9.] 


The subject here is a problem taken from Bertrand’s Traité 
@’Algebre (1850), p. 146, the result established being that the total 
number of inverted pairs in the permutations of 1, 2, 3, ..., n 4s 
n! $n (n—1). 
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MUIR, T. (1881). 


[The law of extensible minors in determinants. TJ'ransac. R. Soc. 
Edinburgh, xxx. pp. 1-4.] 


Here there is first the enunciation of a rediscovery,—the Law of 
Complementaries—reference being made to the previous mention of 
it by Cayley in speaking of Tanner’s paper of 1878. The wording 
is: To every general theorem which takes the form of an identical 
relation between a number of the minors of a determinant or between 
the determinant itself and a number of tts minors there corresponds 
another theorem derivable from the former by merely substituting for 
every minor its cofactor in the determinant, and then multiplying any 
term by such a power of the determinant as will make the terms of the 
same degree. Asa simple example of its application the well-known 
identity employed by Hermite 


|ab,| |@obg| | gb, | 


b Don (Pi a 0 
| QyCg| | Ge¢g| | ageq|] = i " % és AeA 
|a,dy| |adg| | agdg| a Nee, ae 
is taken, and the identity , 
|cgdq| | ed, | | ede | 
| bsd, | | bd, | | bd, | = | dyed, | - | byCod | 
| b3C4 | | byc4 | | Byes | 


at once derived therefrom. Without a knowledge of the law, these 
identities, it is pointed out, had to be discovered separately. 

The Law of Extensible Minors is: If any rdentical relation be 
established between a number of the minors of a determinant or between 
the determinant itself and a number of its minors, the determinants 
being denoted by means of their principal diagonals, then a new theorem 

is always obtainable by merely choosing a line of new letters with new 
suffices and annexing it to the end of the diagonal of every determinant, 
including those.of order 0, occurring in the identity. By way of proof it 
is pointed out that, the established identity concerning | a,b,c, .. . 1, | 


5 
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being (A), we have only to take the Complementary identity (B) 
and then the Complementary of (B) with respect to 


| @ybeg . . « InTaSp .- » 2a. 


Thus, the least possible extension being used, the simple identity 


| dybecg | = @,| becg | — ay | Byes | + Az | byes | 
gives rise to 
dy | yboCxd, | = | @ydq|| bocgd, | — | Ady | | byegdq | + | Az | | byCod |, 


and the first of the two identities above gives rise to 


| aybse5| | @gbze@5| | Asbyes | 
| @yCx€5| | AeC3e5| | GgCg@s | | = | 10 oC3daes | |azes| | aes | 
| dydoe¢5| | Godze5| | agd4es | 


and 

| 4¢5| | @2¢5| | a3e5| | aaes | 
| byes | | b2e5 | | bse5| | bees | 
| eves | | exes | | ¢ses | | Caes | 


| dye5| | dees | | d3es | | dyes | 


| ayboes | | Ggb3e5 | | @gbses 
| AyC:€5 | | @ecge5 | | @3¢aes | | = |a¢5| |a3e5|. 


| ade; | | dodges | | ade; | 


Attention is also drawn to the case where a theorem is its own 
Complementary. 

Instances of separately discovered theorems that were merely 
‘extensionals ’ began to appear early in the history of the subject 
and have been duly noted by us, the earliest being due to Monge 
(1809) and Desnanot (1819). 


PERRY, H. M. (1881). 


[A rule of signs in determinants. Johns Hopkins Univ. Circ., 
i. p. 151] 

The rule is that when by transposition of rows and of columns 
any minor of a determinant is shifted to occupy the upper left-hand 
corner, the sign-factor to be prefixed to the new form is (—1)*+*, 
where s and s’ are the sums of the original numbers of the rows and 
columns respectively, 
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KRONECKER, L. (1881). 


[Zur Theorie der Elimination einer Variabeln aus zwei algebraischen 
Gleichungen. Monatsb. ... Akad. d. Wiss. (Berlin), pp. 535- 
600: or Werke, ii. pp. 115-192. Abstract in Bull. des Sci. 
Math., (2) x. (2) pp. 47-58.] 

The main subject of this important memoir is the problem of 
finding two multipliers A(z), B(x) so related to two given integral 
functions f(z), g(x) of the degrees n, n —n, respectively that 

(Ag—Bf)-A 

may be of a lower degree than the n‘". Included in the investiga- 

tion, however, and forming an essential part of it (pp. 554-571) is 

a set of results belonging to the pure theory of determinants, some 

on determinants in general (pp. 554-558) and some on determinants 

that are persymmetric. 

The first of the former is to the effect that 2f an n-by-(n+1) array 
be such that all its n—line determinants vamish except one, then the column 
common to those that vanish must consist of zeros. We have only got to 
denote the non-zero determinant by | a,, | and the extra column by 


Wipes ehiens » sia? Ong 

in order to see that from the data we have the n equations 
Ay * Gq + Agi * Geq + o + Ant’ ng = 0 
Aye * Go + Ass * Geo +--+ + Ano’ ng = 0 


Ain* %o + Aon * Gop +--+ + Ann * Ino = OF 5 
and, as the determinant of these is equal to | a,,|”~-1, and therefore 
by the remaining datum does not vanish, it follows that 


Unast Giggles 15 Tuo 
are all equal to 0. A generalization is to the effect that if in an 
n-by-(n+1) array n-m of the n-line minors vanish and one does not 
vanish, the array common to the said n-m minors is evanescent: for 


example, if in 
en ee ee) 
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we have given 
| bycodgeg| = 0 = | dycodges| and | b,cod,e;| = 0, 

then 

Oye; On, ee 

Dy 6s "de “en = 

bs Cs ds es 
The proof is exactly similar to that of the simpler theorem (which 
is the case of this where m is 0), the basis of it being the obtaining 
of four equations having for quasi-unknowns 

| cydees |, | Oydzes |, | Orcees |, | Orceds | 

—the minors, that is to say, which are to be proved equal to 0,— 
and for coefficients the elements of the given non-vanishing minor 
| b,cod,e, |. Kronecker prefers, however, to enunciate this more 
general theorem differently, saying that 2f'| ao, | be a linear function 
of the first m+1 indeterminates 

oo A201, + + + > «= Fm 
only, and the cofactor of ago in rt be not equal to 0, then all the (m+ -1)-line 
determinants of the array 


Ayo yyw es Am 
Beg 07 es Bom 


- ano Any Os aed Goin 
must vanish. 


The next theorem is at most only fresh in form, being that the 
solution of the equations 


&y1Xq + AyoXg +... + Ax, = 0 
&oX + AgoXo +... + AnX, = O 
Ay Xq ots AnoXo Swans args AynXn = 0 ’ 


in whose determinant | a1,,| vs the non-vanishing minor of highest order, 
as equivalent to finding the values of the x’s which will satisfy the equality 


Bor gg © BAQm Amy Xmia T+ AomieXmae + +. + AgnXn 
O44 Ayo err te! Aim Ayn41¥m +1 + Aimn4eXm+2 a seae ata Ay Xn 
On ame re Anim Ainm ¢1%m44 ts 8mnm+2Xm+2 i DALES.) ax QinnXn 


= (—1)™* bam | + (@o1%1 + AoxXe +... + GonXn (T) 
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on the understanding that a1, ago, . . - » Aon are indeterminates—that 
is to say, is equivalent to equating coefficients of a1, Ag, - - « » &gn M 
the said equality. As a preparation for proof the last column of the 
left-hand member of (T) is increased by 

LmCOlm + Lm—yCOl,—y +... + 2,Col,, 
and then the two members equally diminished, the result being 


Qo1 Qo2 a ais Lom 
USES Oven: Bs } 
11 12 1m jt = 0, (T ) 
Umi %e2++- Um Ss m 
where f;, fo, . . .. stand for the left-hand members of the given set 


of equations. It is then clear that the first half of the proof is made 
good, namely, that the existence of (S) necessitates the existence 
of (T’): and that part of the converse half follows from the pre- 
ceding theorem, namely, that the existence of (T’) necessitates the 
existence of the first m equations in (S). All that is then necessary 
is to show that the first m equations entail the existence of the others, 
and this has already been more than once done.* 
The last theorem is to the effect that if in the array 


Co or ee Sonn Son Sons 
Cg ae Cig ae Capa ae ya Fat 
Cro Cyy Ce) Cy n—-1 Vie: favsieg OnSite Ter) 


where each column after the n" 1s an aggregate of multiples of the first 


n columns, there be at least one m-line minor of the c-array that does 
not vanish, while the minors of higher order all vanish, then each row 
of the whole array 1s a linear function of the rows from which the said 
non-vanishing minor is formed : further, if there be in the c-array an 
m-line minor that vanishes, its rows in their full extent are connected 
by a linear relation. 

The remaining theorems concern persymmetric determinants. 


' * Tt is not clear what grounds Kronecker had for preferring (T) to (T’). Further, 
so far as ordinary usefulness is concerned, all that is got from either of them by 
the process of equating coefficients of a1, . . . , Gm is obtained directly by solving 
the first m equations for ,,..., Um. 
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LAQUIERE, E.: PELLET, E. (1881). 


[Démonstration rationnelle des premiers principes des déterminants. 
Assoc. francaise .. . (Congrés d’Alger), pp. 226-230.] 
[Sur les déterminants. Assoc. francaise... (Congrés d’Alger), 
p. 231.] 
The first of these is a helpful introduction to the subject, keeping 
its origin well in view. Of the second the title only is given. 


MUIR, T. (1881). 


[On new and recently discovered properties of certain symmetric 
determinants. Quart. Journ. of Math., xviii. pp. 166-177.] 

The paper draws attention to quite a number of special forms of 

determinants that can be viewed as centrosymmetric and therefore 


resolvable into two determinant factors. Ultimately (§11) the 
general result 


Oy+%, Agt%, dgtX3 As—Xg Gg—X ay—2y 
Pity. Bet¥e2 BstYs Bs—Ys Bo—Yo Pi- 41 
| a,Bays| : | @4Y 22s | = = ae eae Y3a1%3 Y3—%3 Ye—2, Yi—-%y 
Yi—%1 «Ya-22 Ya—%3 Yst2s Yet yitey 
Pi-41 Be—-Yo2 Bs—Y¥s BstYs Beaty, Bity, 
@j—%,  dg—L_y Ag—Xy  agt+Xz agtX, ayta, 


is reached, and note taken that when the determinants to be multi- 
plied are both axisymmetric the product determinant is doubly 
axisymmetric. 


MUIR, T. (1881). 


[A list of writings on determinants. Quart. Journ. of Math., xviii. 
pp. 110-149.] 

The compiler explains that the writings meant to be included are 
those which concern the theory of determinants and the history of 
the theory, and which have appeared before the end of 1880, writings 
dealing with applications being only inserted when found to contain 
incidentally matter touching on the theory. The list extends to 
40 pages, and contains 589 titles of books, memoirs, etc., arranged 
in chronological order beginning with the year 1693. 
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DERUYTS, J. (1881). 


[Note sur quelques propriétés des déterminants multiples. Mém. 
... Soc, roy. (Liége), (2) x. no. 7, 11 pp.] 

Two purely determinantal proofs are here given of Le Paige’s 
theorem of 1880, and a generalization is made in which the number 
of determinants constructed from the same array as before is (n), 
instead of (7),. 


KRONECKER, L. (1882). 


[Die Subdeterminanten symmetrischer Systeme. Sitzungsb... . 
Akad. d. Wiss. (Berlin), pp. 821-824: or Bull. des Sci. Math., 
(2) xi. (2) pp. 102-107: or Werke, ii. pp. 391-396.] 

This beginning of an unfinished record is based on the conception 
of what are called ‘ reciprocal systems,’ the term ‘ reciprocal ’ being 
used in the sense * employed by Cayley in his memoir on Matrices 
(1857). Indeed, ‘ matrix’ in the less specialized sense, or ‘ square 
array, might fitly be employed throughout in translating ‘ system ’ 
in Kronecker’s paper. 

Only one fresh theorem regarding general determinants is enun- 
ciated, but it is important: unfortunately, no proof is given.f It 
is to the effect that if two determinants be reciprocals, their k” com- 
pounds are also reciprocals. Having stated this, the author then 
recalls the fact that if each of the elements of the adjugate be 
divided by the original determinant, a determinant is obtained that 


* ‘ Reciprocal ’ in this sense may be applied with advantage to determinants also, 
now that the improper use of it for ‘ adjugate’ is becoming rare. Two determinants 
of the same order would then be styled reciprocal if their row-by-column product 
were 


+ Probably the best mode of procedure is to use the extended multiplication- 
theorem. Thus, | a,b.¢,4d,| and | «,Byys5,| being reciprocals, the equality of the 


two forms of 
A, A, Ag Ay Gy Gy Ag ay | 


b, by bs bs || [1 Bi Bs Bs Bal 


suffices to establish the reciprocity of the second compounds. 
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is the reciprocal of the said original: and using with this the new 
theorem, he concludes that the complementary of any minor divided 
by the determinant of the complete system is equal to the corresponding 
minor of the reciprocal system.* He then adds, rather unfairly, that 
Jacobi’s theorem thus enunciated includes Francke’s ‘apparent’ 
- generalization of 1862. 

The remainder of the paper concerns axisymmetric systems. 


SYLVESTER, J. J. (1882). 


[Question 7121. Educ. Times, xxxv. p. 235.] 

Sylvester’s proposition, when stated without using any new 
terminology, is that ¢f each r-line minor of any n-line determinant 
A be multiplied by the conjugate of the corresponding minor of any 
other n-line determinant B, the sum of the products so obtained (which 
is manifestly not altered when A and B change places) “‘ depends 
only on the value of AB or BA.” No proof is given, and as a matter 
of fact the sum in question can be shown to be equal to the sum of 
the r-line coaxial minors of AB or BA. 


EDDY, H. T.; VAN VELZER, C. A.; MUIR, T. (1882). 
(Query. Analyst, ix. p. 64. Solutions, etc., pp. 94, 116-118, 127, 
184-185. ] 


[Note on the transformation of a determinant into any other equi- 
valent determinant. Analyst, x. pp. 8-9.] 


An inquiry regarding the equality 


lshenOiu@ 2abe b ¢ 
b 1 al = G7]: 
Cea Cougar TL 


* The following variant would probably be oftener useful: Jf two n-line deter- 
minants be such that their product equals 
8 
8 


8 

pals 
then any m-line minor of either is equal to s™ multiplied by the cofactor of the corre- 
sponding minor of the other and divided by that other. 


ee ee ee ee 
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leads Van Velzer to raise wider issues, and to show (1) that any 
determinant may in general be transformed into any other equivalent 
determinant of the same order, and (2) that any vanishing determinant 
may be transformed into one having two rows identical and at the same 
tume two columns identical. 

In supporting Van Velzer, Muir supplies a basis for both pro- 
positions by proving that the first three elements of any column, the 
last say, of | ayb2c,d, | may be replaced by any three magnitudes what- 
ever, a, 2, y, provided the fourth element be changed into 


a, A a3 ay—a 
b; be bs by—B 
Oye Ps 2783 Ca Y. 
d; d, dy dy 
At the same time, as a contrast to the simplicity of the originating 
example, he gives from the theory of circulants * the equality 


Ast+b, Agtbs ast+by a.-+b5 
a,+b, a5+b, a+b; a,+5, 
Agt+b, a+b; as+b, +b.) = 
Q3+b; detb, a+b, a5+6; 
Q,+b, dgtby a+b; a,+by 


d;—b, A,—b3 G3—b, a g—b; 
a,—b3 a;—by a&—b; a,—b, 
Az—by a,—bs; a;—b, a%—b, 
az—b; Q,—b, a,—b, a;—b, 
a,—b, d3—by ag—by a,—by 


a ee ee 


DERUYTS, J. (1882). 


[Sur certaines sommes de déterminants. Mém....Soc....de 
Inége, (2) x. no. 4, 11 pp.] 

The author’s main object is, as in the preceding year, to generalize 
Le Paige’s theorem of 1880. The lemma, however, which he now 
uses for this purpose is more important than the said theorem or 
its generalization. It is that A and B being n-line determinants, the 
sum of the (n), determinants each consisting of n—p rows from A and 
p rows from B is equal to the sum obtained in perfornung the same 
operation with the columns. The enunciation, we may remark, would 
have been improved by adding that the rows and columns are to 
occupy the same places in the new determinants as in the originals. 
By way of proof it is pointed out that the coefficient of x-’y’ in 


* See below under year 1881] in Chap. XVI. 
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Aye + dyy ayt + dey .--.  Ay® + Din 
Gest + DoyY Ang + Dogy «.. +  an® + bonY 
Any = Dniy Ang az Dns Dp Qant 20 Ann& an Dan¥ 


is the same as in the conjugate determinant. 

The deduction which includes Le Paige’s theorem is of course at 
once given, but need not be repeated here in view of a further 
generalization to which considerable space is devoted (pp. 4-8). 
Unfortunately, as before, the enunciation of this wider generalization 
is not so satisfactory as could be wished. It is that “le signe 
sommatoire se rapportant & tous les arrangemens p 4 p des indices 


1, 2, 3,... 5”, analogues: a 9, Ro... it, 
M1 yo Seen See Pe 
Qg, ky (Ay, key +1 tr ORO. 0 Ag, k, -2 
Dh ky Uhykyt1 + +++ Uk | = (ea S p! Datitp—se> 
Gtr, WU,kt1 ++++ Mt, k,-2 
Giga” td's cache Pt 


where D,. denotes the determinant got by deleting the r** column 
of the array 
Qype 22 TRE Oy, Baa 


Cp ll atie ahe iy 10, eh a 
The mode of proof is gradational, the equality being known to hold 
when p is 1, and the case for any other value of p being made to 
depend on that for a lower value. 
The remainder of the paper is occupied with other instances of 
a sum of determinants being equal to a multiple of one determinant. 
We note for ourselves that when in the above quoted lemma A 
and B are the first and last n-line determinants of an n-by-(n+1) 
array, the lemma degenerates into Le Paige’s theorem of 1880: and 
that another interesting case of the same lemma arises when B is 
the conjugate of A. 


Se 
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SYLVESTER, J. J. (1882, 1883). 


[On the properties of a split matrix. Johns Hopkins Univ. Circ., 
i. pp. 210-211 : or Collected Math. Papers, iii. pp. 645-646. ] 


[Question 7480. Educ. Times, xxxvi. p. 293.] 


The fundamental property given here is a rediscovery, having 
been enunciated in its first form by Brill in 1871. As viewed by 
Sylvester it may be put thus: Jf an n-line determinant be such that 
the product of each of its first r rows by each of the last n-r rows be 0, 
then the ratio which any r-line minor belonging to the first r rows bears 
to its complementary minor is constant. Another property is that af 
the sum of the squares of all the said r-line minors be multiplied by the 
sum of the squares of all the complementaries, the product is equal to 
the square of the determinant. This is easily established by multi- 
plying the determinant by itself. 

There is also given a theorem of a different type, namely, the 
nullity of the product of any number of n-line determinants cannot be 
less than the nullity of any one of them nor greater than the sum of 
the nullities of all, it being explained that a determinant which 
vanishes but whose primary minors do not all vanish is a ‘ simple’ 
null or ‘of nullity 1,’ that a determinant whose primary minors 
vanish but whose secondary minors do not all vanish is ‘ of nullity 
2,’ and so on. 

In regard to this idea of degrees of nullity note must be taken that 
doubtless the originating train of thought is the same as that which 
suggested Rouché’s ‘ critical minor ’ of 1875 and Frobenius’ ‘ rank ’ 
of 1877. In fact if the order of the determinant be n and the nullity 
be k, the rank is evidently n-k: the one number being an index 
of the degree of nullity, the other is an index of the degree of non- 
nullity, and the sum of the two naturally n. 


BONOLIS, A. (1882). 

[Di un nuovo e semplice modo di sviluppare i determinanti di grado 
qualunque, e sua applicazione all ricerca della resultante di due 
equazioni qualsivogliano. Giornale di Mat,, xxi. pp. 336-342.] 
The method referred to consists in forming every term from the 
elements in a diagonal or in two mutually parallel minor diagonals, 
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being an extension of that used by Muir the previous year for three- 
line determinants. If the determinant be n-line, the number of 
terms thus to be got at once is 2n, so that what Bonolis seeks to 
give is !/2n forms of the determinant, each furnishing a different 
set of 2m terms, and this he obtains by transposition of columns. 
‘For example, the final expansion of | a,b,c,d, | may be got from 
| aybocgdy |, — | Aydocgds |, | 04d |; 
the order being 
1234 — 2341 + 3412 — 4123 + 4321 — 3214 + 2143 — 1432 
— 1243 + 2431 — 4312 + 3124 — 3421 + 4213 — 2134 + 1342 
+ 1423 — 4231 + 2314 — 3142 + 3241 — 2413 + 4132 — 1324 
where, for shortness’ sake, the letters a, b, c, d are omitted from each 
term. The method is considered to be specially useful in the case 
of bigradients, and to these the second half of the paper is devoted. 
When the determinants are taken in the form | @,b,c,...| or 

| @4,@9433 ...| the method is essentially the same as that con- 
sidered by Cayley in 1871 (Hist., iii. p. 31), namely, where the terms 
are got by (n—1)! cyclical permutations. Probably it is best 
viewed in this latter light, as the points requiring demonstration 
are less likely to be overlooked. 


DAVIS, E. W. (1882). 


[The maximum value of a certain determinant. Johns Hopkins 
Unw. Circulars, 1. no. 20, p. 22 ; or Bull. American Math. Soc., 
(2) xiv. pp. 17-18.] 

The result here stated is that if the elements of an n-line deter- 
minant (n > 2) be restricted to variation between the limits —a and 
+a, @ numerical maximum is C(—a, a, a,..., a),. The value of 
the circulant, we may note, is known from Sylvester (Hisé., ii. 
pp. 406-407) to be (—1)"-1(n—-2) 2"-1a”, 


ANTONELLI, G. B. (1883). 


[Nota sulle relazioni indipendenti tra le coordinate di una forma 
fondamentale in uno spazio di qualsivoglia dimensioni, e... . 
Annali di Scuola Normale Sup. (Pisa), iii. pp. 71-77. ] 

What calls for notice here is the old subject of vanishing aggregates 
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of products of pairs of determinants. The case mainly dealt with is 
in the umbral notation 


7 (ae: n 12 73 m 
ene Pe eet 
ke ee 


It dates from 1825, being found substantially in Schweins (Hist., i. 
p. 171; xxii. 8, 1). When m = n it is identical with Sylvester’s 
of 1839, and when m <n either may be viewed as including the 
other.* 
KAPTEYN, W. (1883). 
[Over een paar stellingen uit de leer der determinanten. Nieww 
Archief v. Wisk., x. pp. 180-185.] 


A careful statement and verification of the expansions of Laplace 
and Cauchy (Hist., i. pp. 104-105) with a wealth of differentiation- 


symbols. 


* Thus, having proved, say in Cayley’s manner (Hist., iii. p. 65), that 


| @yb2¢s | | M4b5Ce | — | Gyb2¢q| | Gabsee | + | 4yb2C5 | | 430g | — | 2ib2eg| | Gab4c5| = 0, 
we can put a, b,,c, = 1, 0, 0 and obtain 
| byes | | agbseg| — | bz¢q| | 4abscq| + | O2¢5| | Gabscg | — | O26 | | sbacg| = 93 
or, having proceeded again in Cayley’s way, thus, 
Oe a eg Ai eee er, es A= (NO Oars Os (0, (Ge 
illite Mea is Be aac by 0,00; tO gee 0g 107 
Cpl Ce Poa, t See, a Py | on tes 5 Oe Os 
Gnd, Unie Or Re OF) ORO 
Daub g Une Uses bre lay lip lo i 
Cpe, Cp alg aCn 5 tO th WH e- 
Bac) (CROC ARR nF Ln hy Che ths GP GE 
= | a,b,c, | | agbsced, | — | yb204| | agb5egd,| + -.-- + | ab20,| | Asbacsdel, 


we can put az, b,, ¢,, d, = 0, 0, 0, 1 and obtain the equality with which we started. 

As we have pointed out elsewhere (Textbook, § 87), however, the theorem here 
formulated by Antonelli does not exhaust the case where the orders of the deter- 
minants are different. Thus, the equality 


Gann iden Aged) pean O Bae 
by By. by) By cbs eee e 
Gar MCKN CRO AC Ce Ce CHER CRERTC ICS 
G3 A Os GQ, Gy Os 
ae a | ei b=); 
gives us 
| @ybo¢s | | t45| — | @1b2ca| | a3b5| + | 415205 | | sb, | — | tybges| | 52) = 0, 


which is not included in the said theorem, 
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SYLVESTER, J. J. (1883). 


[On the equation to the secular inequalities in the planetary theory. 
Philos. Magazine, (5) xvi. pp. 267-269: or Collected Math. 
Papers, iv. pp. 110-111.] 

Notwithstanding the title here used Sylvester is now ‘barag with 

a much more general equation, namely, that which has for its non- 
zero member any determinant whatever with x subtracted from 
each of its diagonal elements. The roots of such an equation, called 
in the preceding year lambdaic roots,* he now calls the latent roots 
of the determinant—or matrix, rather—and the non-zero member 
the latent function ; and with this preparation formulates the theorem 
of the paper, namely, The sum of the k-ary products of the latent roots 
of the product of two determinants is equal to the sum of the products 
got by multiplying each k-line manor of the first by the corresponding 
manor of the second. A proof is promised. At present, however, it 
is sufficient to point out in regard to the latent roots of 


| 4b2¢3| * | ayBeys|; 
that is to say, the roots of 
LYaa—xz LaB Lay 
Lba xb8—ax2 Xby =24,0; 
Yea xc8 X<ey—2x 
that we manifestly have 


+ t+ 2%, = Yaa + LbB + Ley, 


Yaa LaB Yaa Lay LbB Xby 
LV +- LyX, + & = | 
WA det Gals die Mb Sbdp Sh am) Scemeo ne ae eee 
LX, = | Laa’ LaB Lay 
Xba YbB by 
dea XeB Ley |, 


and thence see that the first of these expressions on the right is the 


sum of the products got by multiplying together each pair of corre- 
sponding elements ; that the second 


*v. Comptes Rendus ... Acad. des Sci. Rgsiys xciv. pp. 55-59; 396-399 : 
Collected Math. Papers, iii, pp. 562-567, . 
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ay ne 7 | ay GQ, Gs 


by bs bs | By Bo Bs 

= | bz || a8. | + | abs | | 2183 | + | 2b | | a283 [+ . 
and the third | a,b,c;!-| a,8,y3|. It must be noted, however, that 
Sylvester always speaks of matrix unless when compelled to say 
determinant; and, as the multiplication of matrices is row-by- 
column, the wording of the theorem is to the necessary extent 
different. 

In giving his definition at the outset he announces that the latent 
roots of any function of a matrix are respectively the same functions 
of the latent roots of the matrix itself,—an interesting generalization 
of a special case which he had used thirty years before (Hvst., ii. 
p. 123). 

It is strictly necessary, however, to draw attention to the fact 
that much of what Sylvester says regarding latent roots in these 
papers is novel only inform. As a preliminary we note that so long 
ago as 1840 the general determinantal equation had made its appear- 
ance in a paper on linear differential eae one by Cauchy,* who 
styled it the “équation caractéristique”’; and Frobenius in 1877, 
when dealing with bilinear forms,t took over Cauchy’s term, calling 
the equation 


Cy Cz C3—2X see 


the characteristic equation, and the left-hand member of it the char- 
acteristic determinant,t of the form 


ty te Lz 


Cae I UE Rr A 
Spann teed os Mee ae ie) 


Ch Cr nGrp tre tee 


* Exercices d analyse et de phys. math., i. p. 53: or Guvres completes, 2° s¢r. xi. 
is Te 

+ Crelle’s Journ., Ixxxiv. p. 10. 

+ While still, be it remarked, calling | a,b,c, .. . | the determinant of the form. 
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If we bear this in mind and make allowance for difference in ter- 
minology a single proposition from Frobenius will establish our point. 
He says (p. 11): If t,, Te, ..., In be the roots of the characteristic 
equation of A, then £(r,), £(t2), ... , £(t,) are those of the characteristic 
equation of {(A). The corresponding proposition of Sylvester is that 
which we have spoken of above as a generalization. 


MUIR, T. (1883). 


[On the development of determinants with polynomial elements. 
Messenger of Math., xiii. pp. 135-138. ] 

Here attention is first recalled to Albeggiani’s theorem of 1874, 
a restatement of it being made with a view to supplying a clearer 
conception of the nature of the development. The given deter- 
minant, A,,,, being of the n‘” order with p-termed elements, and 
D, being the partial determinant whose elements are all the first 
terms of the polynomials, D, the determinant whose elements are 
all the second terms, and ‘so on, then Albeggiani’s theorem gives 
A,,p in terms of D,, D,,..., D, and their minors of every order. 
Thus the development of A; , consists of 4 terms which are three- 
line determinants, 108 terms involving two-line determinants, and 
144 terms involving one-line determinants. 

The following theorem is next stated and proved: Jf D,,, be a 
determinant of the n'” order each of whose elements consists of p terms, 
p being > n; tf XD,,,-, denote the sum of the p determinants formed 
from D,,, by omitting firstly all the first terms of the elements, secondly 
all the second terms, and so on; if XD,,,-, denote the sum of the 
4p (p—1) determinants formed by omitting firstly all the first and all 
the second terms of the elements of D,,,, secondly all the first and all 
the third terms, and so on, and if ZD,.,-3, 2D ust eae 
similar interpretations : then 


Dyey: 2 Dieta, a eee == Oe 
From this is readily derived a property of row-multiplication, 
namely, If 7,,, denote the product of n p-termed expressions, p being 


>n; Uf Xm,,y-1 denote the sum of the p products formed from ee 
by omitting firstly all the first terms of the expressions, secondly all.the 
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Second terms, and so on; tf Yay -2, Vtyy-3, .- +» bear similar 
interpretations : then 
Tap pa eae == Phe ae ster gems 


The illustrations are taken from D,,, and by specialization end 
with the expression of a sum of seven squares as a sum of eight 
squares. 


WALECKI, _. (1884): FALK, M. (1885). 


[La multiplication des déterminants. Journ. de Math. Speéc., iii. 
pp. 8-9.] 
[Beweis der Multiplications-Theorems fiir die Determinanten. 
Nachrichten. . . Ges. d. Wiss. (Gottingen), pp. 181-183.] 
The first proof is one depending again on the partitioning of the 
product-determinant, and the second is another of the gradational 
type. (See above, p. 5.) 


MERAY, CH. (1884). 


[Exposition nouvelle de la théorie des formes linéaires et des déter- 
minants. Journ. (de Inouville) de Math., (3) x. pp. 181-280.] 

Taking an exaggerated view of the extent to which in teaching 
determinants the subject is separated from its origin and artificially 
developed this author sets out ‘ to récast the whole affair, putting 
each thing in its own place, linear forms on the first plane and deter- 
minants on the second.’ The result is a long and carefully con- 
structed memoir of 100 pages, in which the subject of determinants 
ultimately emerges in a sufficiently subordinate position. The first 
chapter (pp. 182-201) deals with ‘ Systems of linear forms in general,’ 
and the second (pp. 201-222) with ‘ Simultaneous linear equations.’ 
In the third (pp. 222-248), which bears the heading ‘ Determinants,’ 
ten pages are required to prepare for the definition, from which it 
appears that a determinant is a particular case of an entity called 
a‘ covanescent.’ The fourth (pp. 249-268) is described as ‘ Develop- 
ments on the composition of systems of linear forms’ ; and the fifth 
(pp. 269-280) as ‘ Relations between the major and minor deter- 
minants of a system of linear forms.’ Unfortunately the memoir is 
not easy reading, the writer, oddly enough, having faults of style in 
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common with the extreme determinantalist whom he chides, and 
every subject touched on being more or less covered over with fresh 
technicalities. As an example we take a brief proposition (p. 250) 
connected with the multiplication-theorem, namely, “Si l'un des 
abaques inducteurs est vanescent par ses files inductorielles, l’abaque 
induit lest aussi par les files de son sens d’aggrégation a l’autre 
inducteur.”’ It also serves as an illustration of the fact that any- 
thing new on determinants which the memoir may contain is 
applicational. 


MUIR, T. (1884). 


[An overlooked discoverer in the theory of determinants. Philos. 
Magazine (5), xvui. pp. 416-427. ] 

The discoverer referred to is Schweins, whose Producte mit Ver- 
setzungen extending to 113 quarto pages had been overlooked, even 
in Germany, from its publication in 1825 until this paper appeared— 
a period of sixty years. The loss involved in this neglect will be 
understood on reading the pages devoted to Schweins in our first 
volume (Hist., 1. pp. 159-175, 311-322, 479-485). In the paper now 
under consideration Muir, after a short imtroduction regarding 
Schweins and his treatise, gives an account of the first and most 
important section (pp. 317-368). 

Taking Schweins’ fundamental theorem regarding products of 
pairs of determinants, and writing it in the umbral notation in the 
easily remembered form 


soe Oye Senne liste Opera StOe more ie eee Bin 
ay ty 0 ase Glens nek a) emer Seno An en CS Owen 6 Big 
AN aie Gag Diy te ee OF Dos gtie > tO, 
vw 
ay ooo On—q On—q+1 iene Ay Ba ie ayea Sara 
he shows, by putting m=q-+mn and B,,..., B,=a,,..., ay, that 
it includes Sylvester’s theorem of 1851, namely, 
ee 1 Saintes Xi Be Neher & ily Daa yapeie- bee Oday ane 
ape coh oea Sis Ao foe An Oy sata Oley é 


where the meaning of the horizontal lines will be got from Schweins’ 
mode of writing the first of these equalities (Hist., i. p. 169) or from 
our verbal enunciation of the second (Hist., iv. p. 81). 
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KRONECKER, L. (1884). 


[Naherungsweise ganzzahlige Auflésung linearer Gleichungen. 
Sitzungsb. ... Akad. d. Wiss., (Berlin) Jahrg. 1884, pp. 1179 
1193, 1271-1299 ; or Werke, iii. (1), pp. 47-109.] 

In this (p. 1192, §5) and an immediately preceding memoir 
Kronecker defines his use of ‘ Rang’ or ‘ Stufenzahl’ in connection 
with a rectangular array, without making any mention of Frobenius 
(1877). 


BRUNEL, G. (1884). 


[Note sur l’analyse indéterminée et la géometrie 4 n dimensions. 
Meém... . Soc. des Sci. . . . (Bordeaux), (3) 11. pp. 129-143.] 

In the closing pages (pp. 137,...) the writer deals with the 
relations between the 3-line determinants of any 3-by-5 array, 
showing that not more than three of them are independent (see 
below, pp. 55-56). The determinants being 1,2, ..., 10, the three 
relations obtained are 


1-6 —2-54+3-4=0 
1-9 —2-8+3:7 =o} 
1-10—4:84+5-7=0 J. 

In this connection it is desirable again to recall d’Ovidio’s 

overlooked work of 1877 (Hist. iii. p. 68). 


DERUYTS, J. (1884). 


[Sur analyse combinatoire des déterminants. Mém.... Soc. des 
Scr. (Liége), (2) xi. 11 pp.] 

Notwithstanding the difference in the title, the subject here is 
quite similar to that of the author’s papers of 1881 and 1882. The 
determinants, however, that now go to form his aggregates are no 
longer constructed from the elements of an n-by-(n+1) array, but, 
like Hammond’s of 1881, from the elements of a single determinant. 
His fundamental theorem—changed in form for simplicity’s sake— 
is that if from | a,, | a new determinant be formed by altering the order 
of the elements in the first row, a second determinant by making the 
same alteration in the elements of the second row, and so on, the sum 
- of the n determinants thus derived is p tumes the original, where p is the 
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number of elements of a row that after the change of order occupy the 
same positions as before. Hammond’s is merely the case of this 
where p is 0; on the other hand, however, by the introduction of 
coefficients with the elements in their changed order, Hammond’s 
is in a way more general. Verification of the theorem is readily 
accomplished by expanding the n determinants in terms of the 
elements in the altered rows and their cofactors, and then making a 
different summation of the n? terms thus obtained. . 

By taking the n determinants of this fundamental theorem and 
applying the said theorem to each of them while holding one row 
exempt from further change, there are obtained n(n—1) deter- 
minants whose sum can be readily specified as before. In this way 
the author obtains his second theorem, and then in like manner a 
third theorem. He also is fertile in examples and analogous results. 

Strangely enough note is not taken by him of the further equalities 
resulting from the fact that to each theorem obtained as above by 
operating on rows there corresponds a theorem obtained by similarly 
operating on columns. 


CAUCHY, A. L. (1885). 


[Algebraische Analysis. Deutsch herausg. von C. Itzigsohn, 
xii+398 pp. Berlin.] 


A German translation of the Analyse Algébrique of 1821 (Hist., 
i. pp. 148-150.) 


HUMBERT, E. (1885): HOPPE, R. (1885). 


[Note sur le développement d’un déterminant. Nowv. Annales de 
Math., (3) iv. pp. 289-294.] 
[Ein Satz iiber Determinanten. Archiv d. Math. u. Phys., (2) i. 
pp. 106-107. ] 
The first of these is a simple exposition of Laplace’s expan- 


sion-theorem: and the theorem referred to in the second is the 
extension of 


| ab. |-| cd, | — | aco | +| byds | + | ad, |-| bye, | = 0 
made by Desnanot in 1819. 
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MUIR, '. (1885.) 


[On bipartite functions. Transac. R. Soc. Edinburgh, xxxii. pp. 
461-482. ] 


The functions here introduced and discussed have points of re- 
semblance with determinants, differing mainly from them in being 
non-alternating. Besides this we have an interest in them from 
the fact that the one theory is of substantial value in the study of 
the other. The matrix representation of any such function consists 
of m arrays, of which the first and last are single rows of n elements 
each, and the others are arrays of n-by-n elements ; and the ordinary 
algebraical representation is the aggregate of the terms that contain 
one and only one element from each array, subject to the condition 
that the element to be taken from any one array must be in the 
same row or column with the element taken from the preceding 
array, and in the same column or row with the element taken from 
the following array : for example, 


rs a = te + 6B + cy + dé, 
L z 
a, - as | E i? ea alg a 
b, by b, 4] ai ase E: oth 4 ous 
eee eee ge? ee 
a b 
ihe acgk + achl + aeck + aejl 
th as + bdgk + bdhl + bfik + bfjl. 
k ol 


After definitions, illustrations and elementary properties (§§ 1-11), 
the author gives a long series of results analogous to results in deter- 
minants, namely, expansions of the type of Laplace’s (§§ 12-19), 
theorems regarding ‘condensation’ and ‘compounds’ (§§ 20-27), 
and theorems on the ‘ adjugate,’ including the Law of Comple- 
mentaries. A few miscellaneous matters are next dealt with, in- 
cluding the resolution of a bordered adjugate determinant (Hist., 
ii. p. 118); and then the paper concludes with the ‘ applications.’ 
- Of these by far the most important for us consists in the fact that 
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the elements of the product of any number of determinants are for 
the first time made representable in a uniform way : for example, 


1d; Qe Gs | Cp Oly 
b, bs bs ‘a4 By Be 
Cy Cg Cg Yi -Y2 


a3 
Bs 
We 


| dybocg | - | a1Po73 | + | @14 23 | = 


A, Az Az Ay Ag Az My Ay As | 
a, By ¥1 4% Pe Ye a3 Bs Y3 
103 05 bs Di, is Osis Onn 
> ay Py 71 ae Be Yours Bs aes 
Cp Corneal *CiiCa HC) Dy esgic, 
a, Pi 71 a2 Bey2 a3 Bs Ys 
ay A, Ag ay A, As a A Ag 
a, By y1 | % ay Bry1|% 1811 
ae BeY2/¥1 G2B2y2\Y2 a2 Bee 
a3B3y3\%1 3P3y¥3\% 383 ¥3 
by be b5 by be b; b, be bs 
a, Pr¥1)/%1 a By y1|%2 a Biyr 
a2 P2Y2/Y1 U2Pey2/¥2 o2Beve 
a3B3731%1 a383Y¥3/\%2 32s Ys 
Cy Cg Cg Cy Cy Cg Cy Co Cg 
a Pry1|% a Biyi|% aBiyr 
a282Y2/¥1 G2Beye|Ye a2 Pe ye 
a333¥3|% a2BsY¥3\%2 asBs yz 


and the determinant which is the equivalent of 
| @:b2¢3 | - | arBeys| + | rY2% | + | Arkols | 


has for its first element 
a 
ay 
ae 


ag 


a 
By 
Bs 
Bs 


As | hy 
V1 | % 
Yo) 41 
3 | #1 


(2) 


23 - 


“ 


As a consequence the investigation of the laws of determinantal 
multiplication are much facilitated. This application, however, is 
not entered on, the author promising a separate communication on 


the subject.* 


* This was not published, as a number of the results were found to be already 
known to Cayley, and indeed were afterwards come across in his writings on 
Matrices: for example, the validity of the Associative Law, and the effect of sub- 

\ 
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MUIR, T. (1885). 


[New relations between bipartite functions and determinants, with 
a proof of Cayley’s theorem in matrices. Proceed. London Math. 
Soc., xvi. pp. 276-286. ] 


The first theorem is, for the case of the 4 degree, 


00s Ge BG, nit, b;°c,) d, Oy OOM, 
= et . ay 

Pyl0s Se Aig @, es Ted, @, 03, Cy Oy \.@- 

a ar A eR Uy (0,0 est, VC) 

dy by cy dy\ d, d, ds dy Q, by cy d,id, 


Gy A, Az UW 
a, b, C, d, 
where Da, stands for a,+b,+c¢,+d,, >| a,b,| for the sum of the 
two-line coaxial minors, and so forth. For higher degrees there is 
used a more compact notation, easily understood with the help of 
the case just written in full, and warranted by a property of the 
functions : for example, 


* > | a,b, aa Od | a,b2C5 | “+ | A,DoCaQy | aS 0, 


pte pathy |he 2 eth; 
At 
CpeOain ce Enh b, att. 3a, 
fe Oe Oe ES abe 


—_ A, * | A,beCad yes | 
8 | dybecsdaes fg | = 0. 


stituting for a determinant the conjugate determinant. There, however, they are 
uniformly used without proof,—a matter of little moment perhaps, save in the 
case of the Associative Law. Of course his multiplication is row-by-column : if 
it be taken row-by-row the results are less shapely: for example, in the former 


case we have 
ABC = A(BC), ABCD = A(BC)D = AB-CD=... 


. {AByse bb AY (ABC) = CBA, .".'.5 
and in the latter 
ABC = AC’B 
(AB) = BA, (ABC) = C(AB) = CB’A,..., 
where A’ is very conveniently used for conjugate of A. 
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The second theorem is, for the case of the 4 degree, 


i 
a, wy, as a3 a, 
1 2% 3 4 
Copa aa C4 = 
ett 
a 3 4 d, dy ds d; —, 


A, A, Az UA es Ay Ay Ag Ay | a,b, d, oS 
G0, dy 


= —2!— aa? — 


Ay Ay My Ay | a dy Gy dys a4 
A? 
the quotient of the two determinants being thus viewable as the 
generating function of expressions of the form 


GQ, A, Az Aq | a, ba 


A™ 
The third theorem is 
a, —2z Qe as A, ; 
saa b b Pigs See ae 2 
1 2-0 3 4 . i * 
— C. —s 
Cy Co Cz ——— 4) C4 2 3 4 


A, Az Aq, _ A, Az Ay |b, cy dy 
Te ee pera aa : oe 
1 © &y 


where D stands for the square array of | b,.c,d,|. Advantage is 
of course taken of the fact that the expressions dealt with in the 
last two theorems are reciprocals, the resulting deduction being 
exemplified by 


Q, a, ag|hy ky | 


by Oy edetiem eaukets 

b, 6 adifi fe fs 

bs C3 ds\91 Ge. Qs 
Sa 4 eG tes ag We Us | hy ty 
€y 2 €3 |b, c dy & eg es Cy de | fy Cy dy} fy fs 
fi fo fs | be C3 ds | 94 C3 ds | Jo Js 


91 92 93 | Og =: 
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The theorem of Cayley’s to which the title refers is that con- 
cerning the matrix which is a latent root of a determinant. For 
the 4" order it is that * 


if M = (a, a, a, a,), then |a,-—M a, as a, =a (; 
b, by bs by b, 6,—M 06, b, 
Ae Cc) Co C;—-M & 
d, dy dg dg | d, DPR Eee PS 


and as the expansion of the determinant here is 
M* — M?. Ya, + M?. >| a,b,| — M- >| a,b,c, | + M°-| a,bocad, |, 


the connection with the foregoing is sufficiently indicated. 


HAMBURGER, M. (1885). 
(See under this heading in Chap. VII.) 


MERTENS, F. (1885, 1890). 


[Ueber eine Formel der Determinantentheorie. Sitzungsb. d. k. 
Akad. d. Wiss. (Wien), xci. ii A, pp. 622-636. ] ’ 

[O funkeyjach catkowitych ukladu mn zmiennych, tworzacych m 
wierszy in kolumn. Pamietnik Akad... . Wydz. mat.-przyr., 
xvii. pp. 143-165. ] 

The title of the first paper here is quite misleading: there is 
nowhere in it any formula of the Theory of Determinants. Its 
subject throughout is a definitely specified integral function of the 
elements of an m-by-n array, various expressions for the function 
being arrived at, in which determinants not unnaturally appear. 

The title of the second paper is appropriate to both, the subject 
being now carried a little further, and being now more closely con- 
nected with determinants, in that conditions are investigated for 
the divisibility of the function by a power of a determinant. The 
case where m=n the author had dealt with in 1880 (Sitzwngsb...., 
Ixxxi. ii A, pp. 260-270.) 


* Caytey, A. A memoir on the theory of Matrices. Philos. Transac. R. Soc, 
London, exlviii. pp. 17-37; or Collected Math. Papers, ii. pp. 475-496, 
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MUIR, T. (1885). 


[Question 14792. Hduc. Times, liv. p. 83: Math. from Educ. Times, 
(2) 1. pp. 52-53.] 

_ The theorem here proved by Muir is that <f in the case of each row 

of a determinant the square root of the sum of the squares of the elements 
be taken, the product of the said square roots is greater than the deter- 
minant. It is stated to be due to Sir William Thomson, afterwards 
Lord Kelvin, who suspected it to be true and desired a proof.* 
Taking the determinant | a,b,c,d,| and putting 

a? a OF = Ce a d,? a= Se A? “te Be ae Ce iy DE = ae 


we have the positive quantity 


Ga) lees se aa ee) 


G8 4b) Ped Pde GA 0, Be dread SAP Bee 
= 32 3S, oir S2 
Bay ee | ab2C3d, | 
§; f. : 
from which it follows that 
‘ 8,8, > | aybecsd, |. 


This being used four times, it follows that 
84828384 * SS.835, > | ab2c9d, |', 
and .”, > | a,bycgd, | - | AyB,C5D, |, 
whence the deduction 
8189538, > | @,boCgd, |, 
since to suppose otherwise would lead to a contradiction. 


VANECEK, M. N. (1886). 


[O souvislosti subdeterminantu. Véstnik kral. Ceské Spolecnosti 
Nauk. Trida math., pp. 21-28.] 

The title here is somewhat indefinite, the theorems actually 

brought forward—without reference to their original authors—being 


Jacobi’s regarding a minor of the adjugate and Sylvester’s ‘ exten- 
sional’ of 1851. 


* See Transac. R. Soc. 8S. Africa, i. p, 323, footnote. 
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WEST, E. (1886). 


[Exposé des méthodes générales en mathématiques. .. d’aprés 
Hoéné Wronski. x+314 pp. Paris.] 

In this valuable guide to the study of Wronski’s mathematical 
work, the portion directly connected with our subject is that section 
of the Complément which deals with the ‘ loi supréme ’ (pp. 235-251).* 
It is helpful towards a clearer understanding of the law, but does 
not add anything to what we have already noted regarding ‘ schin ’ 
functions. 


MUIR, T. (1886-1889). 


{The theory of determinants in the historical order of development. . 
Proceed. R. Soc. Edinburgh, xiii. pp. 547-590 ; xiv. pp. 452-518 ; 
xv. pp. 481-544 ; xvi. pp. 207-234, 389-448, 748-772.] 
The original draft of Part I. of the first volume of the present 
book (see Hist., 1. p. 3). 


WELTZIEN, C. (1886). 


[Zur Theorie der homogenen linearen Substitutionen. Sch.-Progr. 
20 pp. Berlin.] 

In reality the subject of this simply and clearly written paper is 
the relations between the elements ‘of a set of four determinants, 
namely, any 3-line determinant, its adjugate, its square by row- 
multiplication, and its square by column-multiplication. The most 
important result in it, however, is a rediscovery, namely, Brioschi’s 
or Beltrami’s theorem regarding the latent roots of the last two 
determinants of the four (Hist., ii. pp. 96-97, 294). 


BAGNERA, G. (1886). 
[Sopra i determinanti che si possono formare cogli stessi n* elementi. 
Giornale di Mat., xxv. pp. 228-231.] 


All that is here said on the general subject is that the number 
of different determinants formable from n? elements is (n?) ! (n!)?, 


* The portion preceding this Complément had appeared previously as a series 
of articles in the Journ. (de Liouville) de Math. 
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difference only in sign being considered an essential difference. The 
matter really dealt with is,the determinants formable by permuta- 
tion of the elements of a single row, and the object is to discover 
relations connecting such determinants. The first result reached is 
_ that If the elements of the x row of | a, | be permuted in every possable 
way, and any one, the «" say, of the n! determinants so formable be 
singled out and be subtracted from every other one that differs from it by a 
single interchange in the row in question, then the product of these 
_ remainders is independent of u, being equal to 


aE (a,1, Ara, ++ +5 ry) ¥ (A, Avs, ae Mee Ay): 
This is obtained by expressing in terms of @,,, @,., ... and 
A,;, Ar, ... the two determinants concerned in any of the sub- 


tractions referred to, and noting that the remainder after subtraction 
can be put into the form of the product of the difference of two a’s 
by the difference of two A’s. The other result concerns the 
vanishing of a certain determinant whose elements are (n-+1)? of 
the n! determinants spoken of. 


LORIA, G. (1886). 


[Nota sulla moltiplicazione di due determinanti. Jornal de Sci. 
math. e astron., vii. pp. 101-106.] 

Loria’s result differs from Sylvester’s of 1852 (Hist., ii. pp. 75-77) 
in that the product-determinant obtained involves a square array 
of elements unconnected with the factors. If, for example, the 
factors be | a,b¢sd,|, | a,Gey364|, their product is evidently repre- 
sentable by an 8-line determinant whose first four columns are the 
columns of | a,b,c,d,| followed by zeros, and whose last four columns 
are the columns of 

eee 
My Me 
—l1.. 
—1 
followed by the columns of | a,8g7y3d,|: and equally evidently the 
order of this is reducible to the 6" by taking advantage of the 
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presence of the elements —1, —1,—an operation which does not 
oust the intruding \’s and y’s. The result thus reached by Loria 
is, however, obtained even more readily by Sylvester’s process, 
“namely, by multiplying 


1 aa Seed (Rome 

1 Cs Oy 10s Oe 

a, ce adage Da. a 

Bethan Pasha enn « f + yeni la dad Ox 4% 

aayvyeaVa, Yar sani d oye wpreviel BishAs 
Ggt OROs UOgbile | = opdtt Hoctedigiethiis be 


(See Hist., i. pp. 75-77). 


RADOS, G. (1886). 


[A theorem in determinants (in Magyar). Math. és természett. 
Ertesito, iv. pp. 268-271: German translation in Math. u. 
naturw. Berichte aus Ungarn, vii. pp. 60-64.] 

The theorem in question is Zehfuss’ of 1858 (Hzst., ii. pp. 102-104) ; 
but the proof is not purely determinantal, being dependent on 

Grassmann’s methods. 


MUIR, T. (1886). 
[A supplementary list of writings on determinants. Quart. Journ. 
of Math., xxi. pp. 299-320. ] 


This list. contains 84 titles belonging to the period of the previous 
list (see above, p. 12) and 176 belonging to the five-year period 
1881-1885. 


NEKRASSOFF, P. (1886): HAEBLER, T. (1888). 


[The importance and the historical development of the theory of 
determinants. (In Russian.) Fvzmat. nauki.... (Moskva), ii. 
pp. 169-178.] 
| [Betrachtungen iiber Determinanten. (Sch.-Prog.) Grimma.] 
These I have not seen. They are reported to contain no really 
fresh matter. 
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GIBBS, J. W. (1886). 


[Multiple algebra. Proceed. American Assoc. Adv. of Sct., xxxv. 
32 pp.] 

Besides much that is indirectly interesting to us there is, on 
Sylvester’s lines of 1884, a two-page criticism on the ordinary mode 
of expounding the multiplication of determinants, and, in particular, 
on row-by-row multiplication. Probably something less one-sided 
on the part of both writers would have been more effective. As a 
matter of fact, Sylvester up to the last used with determinants any 
kind of multiplication that came handy: and, of course, papers of 
his like that of 1852 (Hist., 11. pp. 75-77) are not to be cast aside as 
useless. 


FOURET, G. (1886, 1887). 


[Sur un mode de transformation des déterminants. Bull. Soc. Math. 
de France, xiv. pp. 146-151.] 

[Remarques sur certains déterminants numériques. Bull. Soc. Math. 
de France, xv. pp. 146—147.] 

In the so-called transformation there is nothing really new (Hist., 
iii. p. 77), nor, as the author himself afterwards points out, in the 
evaluation of the circulant (Hist., ii. p. 107) which he uses to effect 
the transformation. 


PRESLE, A. DE (1886). 


[Multiplication de deux déterminants de méme degré. Bull. Soc. 
Math. de France, xiv. pp. 157-158. ] 


Shows no advance in the mode of proof. 


POUJADE, . (1887). 


[Une propriété des déterminants. Journ. de Math. Spéc., (8) i. 
pp. 10-11.] 

The property is the Sylvester-Kronecker condition for the evanes- 
cence of all the k-line minors of an n-line determinant (Hist., iii. 
p. 14). The proof is dependent on the theory of homogeneous linear 
equations, 
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DESPLANQUES, _. (1887). 
[Théoréme d’algébre. Journ. de Math. Spéc., xi. pp. 12-13.] 
The test for non-evanescence given by Lévy in 1881 is here 
improved on, namely, If each diagonal element of a determinant 
exceeds in absolute value the sum of the other éléments of the row to 
which it belongs, the determinant cannot vanish. The proof depends 
on the theory of homogeneous linear equations. 


STUDNICKA, F. J. (1887). 

[Novi naéin kojim moZemo izvesti treci temeljni pouéak deter- 
minanta. Rad yugoslavenske akad.... u Zagrebu, \xxxiii. 
pp. 146-152.] 

This is concerned with a detailed proof that the familiar theorem 


| Aan | i | Qa, | 


can be established if Jacobi’s theorem regarding minors of | A,, | 
holds for the two-line minors. 


MUIR, T. (1887). 


[An incorrect footnote and its consequences. Nature, xxxvii. 
pp. 246-247, (343, 344), 438-439, (445).] 

The footnote in question attributes the Demonstratio elaminationis 
Crameriarmae of 1811 not to its author Prasse, but to Mollweide. 
Strange to say, the error occurs in all the five editions of Baltzer’s 
text-book. Muir gives interesting details in regard to the matter, 
and these are augmented in the correspondence called forth by his 
letter. 


MUIR, T. (1888). 

[On vanishing aggregates of determinants. Proceed. R. Soc. Edin- 
burgh, xv. pp. 96-105. ] 

‘The first theorem here enunciated concerns an aggregate of n-++1 

determinants of the n order, the elements involved being those of 

a rectangular array of n—1 rows and n+1 columns together with 
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those of a Pfaffian array of n+1 frame-lines. If in the case of n=5 


the arrays referred to be 


G A GA, As 
be iby Mebyeeebs 
Con Ci maComm a3 
dy dy dy ds 
the identity is 
@, Wy As Ay Gs; Qo 
b, bs b, 6, b; bo 
Cy Cy Czy Cy Cy| — | Co 


2p Xx pg “uy 


Co 
ds 
Y 


a3 A, U5 
bs by 65 
CCT ic, 
d, dy ds 
By 6 
a 


bs bs 


C3 Cg) Ma 


d, ds 
p Q 


by by 


Co 


Co 


eS Nos 


As a, 
bs by 


eyes | sa. 


dy d, dy ds dy 
6 Log 3k 


A verification is readily effected by observing the cofactors of 
Diss Af, So Ur Vie Osby acOs te Natty aaa as 

thus, the cofactor of y in its first position is | a)b.c,d; |, and in its 
second position the same determinant with the opposite sign.* Note 
is taken that the number of elements involved is $(n+1) (8n—2) : 
and the theorem is used to establish Kronecker’s relation between 
m-line minors of a 2m-line axisymmetric determinant. 

The second theorem is: If any two determinants A and B of the 
n” order be taken, and from them two sets of determinants be formed, 
namely, first, a set of n determinants each of which is in one row identical 
with A and in the remaining rows with B, and, secondly, @ set of n 
determinants each of which is in one column identical with A and 


* The theorem may be simply formulated thus: If there be a rectangular array 
of n—1 rows and n+1 columns and a Pfaffian array of n +1 frame-lines, and A, be 
the determinant formed by taking all the columns of the former array except the rt 
and as a last row the r” frame-line of the Pfaffian array, then 


oe +t (=1)2Ana1 = 0. 


Aloe Apter, 
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om the remaining columns with B, then the sum of the first set of 
determinants is equal to the second set. Thus, with the originating 
determinants 


| @yb2C3| | Agbscg |, 
we have the identity 
Gy A, Gz | Mg As , As % 
Cy Cy Ce Cy Cy Ce Cy Cy Cg 
= b; bs be a by by be Fir by bs bs 
Cy CG Ce Cy Co Cy Cy Cz 


In verification we have only got to observe the cofactors of the 
elements of either of the original determinants. Also, passing 
mentally from cofactors of elements to cofactors of minors a generali- 
zation is suggested which is coextensive with the expansion-theorem 
of Laplace, but which had already been obtained otherwise by 
Deruyts (1882). This is: If any two determinants A and B of the 
n” order be taken, and from them two sets of determinants be formed, 
namely, first, a set of (n), determinants, each of which is in r rows 
identical with A and in the remaining rows with B, and, secondly, a 
set of the same number of determinants, each of which vs in r columns 
identical with A and in the remaining columns with B, then the sum 
of the first set of determinants is equal to the sum of the second set. For 
example, 


DR a a a, A, As A Gy A, A, UM 
b, Da xbs 0; bs bg b, bg bs be b, dg 
- 
C5 Cy Cz Cg Cy Cy Cy Cy Cg Co Cg 
d; dy dy ds dgiedy dy ds d, dz ds dy 
‘a Debs bbs i b, by bs dy ve bs be db, bg 
Cy Co Cz C4 Cs C4 Cy Cg Cy Co C3 C4 
d, d,-d, ds d, d, ds dy d, dz ds dy 


= | a,b,c,d, | + | AdeCadg | + | AdgC74s | 
+ | dgby¢gdg | + | Asboc.d, | + | @sbeCady |. 
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The simpler form of the second theorem (Deruyts’) is applied in the 

same manner as the first theorem, namely, to establish a linear 

relation between n-line minors of a 2n-line centro-symmetric deter- 

minant, thus producing an analogue to Kronecker’s theorem above 
referred to. 


VANDERMONDE, N. (1888). 


[Abhandlungen aus der reinen Mathematik von N. Vandermonde. 
In deutscher Sprache von C. Itzigsohn. 104 pp. Berlin.] 
The important Mémoire sur Pélimination (Hist., i. pp. 17-24) is 
the fourth here translated. 


MOUCHEL, J. (1888). 


[Correspondance. Nowv. Annales de Math., (3) vii. p. 400.] 


Statement of two theorems, one being Dostor’s of 1879 and the 
other still less important. 


RAHUSEN, A. E. (1888). 


[Sur quelques proprietés des déterminants, appliquées & une question 
de géométrie & x dimensions. Annales de I’ Ecole Polyt. (Delft), 
iv. pp. 104-139.] 

The properties in question (pp. 104-109) are almost entirely con- 
nected with the evanescence of a rectangular array, the other matter 
being notational and not of any permanent importance. The case 
is first taken where | a,, | and one of its primary minors vanish, and 
then in a step-by-step manner a general theorem is reached, namely, 
that If an an oblong n-by-m array all the n-line minors vanish that 
include a fixed group of less than n columns, then either the array 1s 
wholly evanescent or the array composed of the said group is evanescent. 
For example, if in the array 


Ga A, zg dy as 


we have given 
| 2345 | = | 1345 | = | 1246 = 0, == 
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then either | 1235 | = | 1234| = 0, 


= dg by Cy dy 


as b; cs ds al 


By way of proof the author forms four vanishing determinants by 
annexing to the given array as a fifth row a repetition of one of the 
other rows: from these by expansion he of course obtains 
a, | 2345| — a,| 1345| + a3] 1245| — a,| 1235] + a,| 1234| =0 
6, | 2345 | — 6b, | 1345| + 6,| 1245| — 6,| 1235] + 6, | 1234| = 0 
c, | 2345| — c,| 1345] + c | 1245] — e,| 1235] + ¢ | 1234] =0 
d, | 2345| — d,| 1345| + d,|1245| — d,|1235| + d,;| 1234| = 0, 
i.e. — a,| 1235] + a,| 1234] = 0 

— b,| 1235] + 6,| 1234] = 0 

— ¢,|1235| + ¢, | 1234| = 0 

— d,|1235| + d;|1234| = 0), 


which is viewed as equivalent to the desired result. 


STUDNICKA, F. J. (1888). 


[Nové odvozeni ti¥eti z4kladni poucky determinantni. Casopis pro 
pestovant math. a fys., xvii. pp. 193-199.] 

Holding the opinion that Jacobi’s theorem regarding a minor of 
the adjugate is the third fundamental theorem of determinants, the 
first being Laplace’s expansion-theorem and the second the multi- 
plication-theorem, Studnicka nevertheless is at pains to show that 
the third can be established without the help of the second by using 
along with the first the condensation-theorem of 1879. 


MUIR, T. (1888). 


[Nomenclature of determinants. Nature, xxxviil. p. 589.] 

The subject, raised in a review (pp. 537-538), is the impropriety 
and harmfulness of multiplying synonyms, the main illustrative 
examples being proposed substitutes for adjugate, persymmetric, and 
skew. ‘‘ Adjugate as applied to a determinant was a generation old 
before reciprocal was proposed, and carries with it the sanction of the 
highly-honoured names of Gauss and Cauchy. To outweigh these 
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claims there is very little to be said for the rival word. It is not 
more appropriate : indeed, the kind of connection to be indicated 
does not convey the idea of reciprocity at all....” And so on, 
the other words being similarly dealt with. 


HERMITE, ©. (1889). 
[Question 9930. Educ. Times, xli. p. 37: Math. from Educ. Times, 
li. pp. 49-50. ] 

What Hermite sets for proof is a case of Cayley’s theorem of 1843 
(Hist., ii. p. 15), being to the effect that 
if” | abet, | =. | 4,000," ~ =.0,, then, |.a,0.c, | = |.a,b;e7) 0-20 
The proof given by Muir consists in taking the additional equality 
| a,b,c, | = 0 and eliminating | a,b, |, | a,c,|, | b,c. |. It is also 
pointed out that the identity 

| ay. | + | 4yb3¢q | — | abs |-| 41b2¢q | + | a1da|+| @d2c3| = 0 

only establishes the vanishing of | a,b,c, | when it is known that 


| a,b, | is not zero; whereas, if | a,b, | be 0 the three equations of 
the other procedure become 


Os hg Cage Gide | cs | 
bs by by | b 1¢2 | 
and give | a,b,c, | = 0 more easily than before. 


HENSEL, K. (1889). 


[Ueber die Darstellung der Determinante eines Systems welches aus 
zwei anderen componirt ist. Acta Math., xiv. pp. 317-319.] 


The theorem here dealt with is Zehfuss’ of 1858 (Hist., ii. pp. 102- 
104), although not so attributed by Hensel. Associating the com- 
posite determinant in question, D,, say as before, with a set of 
linear homogeneous equations, Hensel shows that D, and D, are the 
only possible factors,—in other words, that the equivalent of D,, 
must be of the form 

cD, 
—and then by taking a case with very special elements he finds 
c, a, B to be 1, 2, 4. 
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MUIR, T. (1889). 
[On self-conjugate permutations. Proceed. R. Soc. Edinburgh, xvii. 
pp. 7-13.] 

After recalling previous work on the subject, the author fills a 

long vacant niche by giving a proof of Rothe’s recurrence-formula 
Un = Un + (m — 1) Uy». 
He then establishes the new formula 
U, = 1+(n).+1-3(n),—1-3°5(n), +..., 
the first eight values thus being 
Ly a, 4, 10, 26-16, .232,- 164, 7. 

Passing then from permutations to terms of a determinant he proves 


independently the same two results, using in the case of the second 
the lemma that in a zero-axial n-line determinant 


u, = 0 when nis odd, 
= 1-3-5...(n —1) when ns even. 


KRONECKER, L. (1889). 
(See under this heading in Chap. IV.) 


CASPARY, F. (1889). 

[Sur une méthode générale de la géometrie.... Bull. des scr. math., 
(2) xiii. pp. 202-240.] 

The method referred to is Grassmann’s, and there naturally 


appears a short account of the relation between the ‘ outer product ’ 
and determinants (§§ 24-26, pp. 228-231). 


FISKE, T. S. (1889). 

[Notes on modern higher algebra. 1. Converse of the determinant 
multiplication-theorem. Messenger of Math., (2) xix. pp. 
89-90. ] 

The converse in question is that if a rational integral function of 
~ the elements of a square array be subject to the same law of multiplication 
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as a determinant, it must be either a determinant or a power of a dete~- 
minant. Denoting the function by y, we have by hypothesis 


ei. @; (6. “o él fee) e104 ce: 


iL iP l. eee | i Ay . . eee LAy Lopes lsvg 
M, M2, Ms aN, Me aa MyAz Moke, MzV3 
Nn, No Ns | V3 ai tele Nyy Nope N3V3 


@ 0: @ @ (©) je) 0) 6 Fa: sive) e 


from which it is concluded that the function is homogeneous in the 
elements of a column, and therefore must vanish if there be a column 
of zeros. We thus know that if 


LA + PAC a. IsA3 - ete. — 0 
MyAy + Modo -- MsA3 + SGha t= 0 
Nyy le Noro ++ Ns + Ont = 0 


oe ete @ © © 0 «© © © © © @-e 6 « © 6 @ 8 © © @ 


or, what is the same thing, if 
| GMmetts a. | — 0 


(for of course the )’s are understood to be non-zero), then the 
product 


y eats v My Me bg 
Ny No Nz Vy Vo Vg 


a. le oe) .@ Te! 0; ‘a! @; cel vey cel ef Ne (el 6) @ eiiei er ele) (olcee 


must vanish,—a result which is seen to imply that its first factor 
is a multiple of |lm n,;....|. The step from ‘multiple’ to 
‘power’ is thereupon readily taken. 


POMEY, E. (1890): TISSOT, A. (1890). 
[Sur un théoréme de déterminants (théoréme de multiplication). 
Journ. de Math. Spéc., xiv. pp. 3-4.] 
[Sur la multiplication des déterminants. Journ. de Math. Spéc., 
(3) iv. pp. 193-194. ] 
Nothing noteworthy in either. 
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MUIR, T. (1890). 


[The Theory of Determinants in the Historical Order of its Develop- 
ment. Part I. Determinants in general; Leibnitz (1693) to 
Cayley (1841). xii+278 pp. London.] 

A reprint, separately published, of six papers communicated to 
the Royal Society of Edinburgh during the years 1886-1889 (see 
above, p. 33). It takes up to, but does not include, Cayley. 


KRONECKER, L. (1890). 


[Ueber die Composition der Systeme von n? Gréssen mit sich selbst. 
Monatsb. . . . Akad. d. Wiss. (Berlin), pp. 1081-1088: or Werke, 
iii. pp. 463-473.] 

The result which concerns us here is essentially the same as the 
second thecrem of Muir’s paper of 1885 (see above, p. 30); but 
it is very important to note that Kronecker himself here refers it 
back to a paper of his of the year 1873.* 


HORTA, F. DA P. (1890). 


[Nota sobre os determinantes. Jorn. de sci. math. phys. e nat., 
(2) v. pp. 67-73.] 

The subject here is the enumeration and the evaluation of the 
various kinds of symmetric determinants and skew determinants, 
the suggesting sources being Muir’s similar papers of 1881. The 
conditioning equations of symmetry 


Ong = Asp (1) 
Ars = On4i—s,n4+1—r (2) 
Ars = An41-1,n+1-s (3) 


with respect to (1) the primary diagonal, (2) the secondary diagonal, 
and (3) the centre, are also considered as holding simultaneously in 
pairs, and thus originating a fourth form.t Skewness is dealt with 


* KRONECKER, L. Ueber die verschiedenen Sturm’schen Reihen und ihre 
gegenseitigen Beziehungen. Monatsb.... Akad. d. Wiss. (Berlin), pp. 117-154 
(Art. vii.). 

+ As the form is the same whether the originating pair of equations be (1) (2), 
or (1) (3), or (2) (3), the name ‘ bisymmetric’ is fully appropriate. An example 
of about this date will be found in Math. u. naturw. Berichte aus Ungarn, ix. § 14. 
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in the same way. Note is even taken of the form which is sym- 
metric with respect to one diagonal and skew with respect to the 
other. 
A mode of development incidentally given will be fully understood 
. from the example 


Gy Ay Az Ay| = Ay | dgCed, | 
b05. D5n0e + by| . Gg. d,| +63| .. G3 a | +d,| .. ay ag 
Gp Co Ca. Cx Cone. eed Ue) ae 
d, dz ds dy d, d, dy d, ds dy Cy C2 
mE) Fey <Oe5i ay 

by culsb37 10, 

NRHN AROS tn 

dy dy ds 5) 


the related equality which deals with the mere number of terms 
being 

4! = 3!+4 (44+3+4 2) +9.: 
The development bears some resemblance to Cayley’s of 1847, where 
the corresponding equality is 


4!=1+4+61+44249, 


KRONECKER, L. (1890): NETTO, E. (1891). 


[Anwendung der Modulsysteme auf Fragen der Determinanten- 
theorie. Crelle’s Journ., cvii. pp. 254-261 ; eviii. pp. 144-146.] 
The fundamental theorem here—considered ‘noteworthy’ by 

Kronecker himself—is in effect that If the product | aj,|-| bin | 

with —1 affixed to each of its diagonal terms be denoted by | P,,|, and 

the corresponding result, when the order of the factors is reversed, by 
|Qin|, then each of the P’s is expressible as a linear homogeneous 
function of the Q’s, with coefficients involving only elements of | ayy |. 

The proofs given need not be reproduced, as the theorem is much 

simplified when increased in definiteness by including the specifica- 


We may add that bisymmetric n-line determinants have at most }(n +1)? distinct 
elements when n is odd, and 4n(jn+1) when n is even; that the corresponding 
numbers in the case of centro-symmetric determinants are $(n* +1), 4n2, ; and that, if 
B,, and C,, represent the numbers for the two forms, C, = B,+B 


n=2 


a i ee 


oy Ae © 


Ph 


DETERMINANTS IN GENERAL (KRONECKER, 1890) 47 


tion of the functions referred to, these being the elements of the 


product 

| in| + | Qin | + | ain |, 
where | a,,| is the reciprocal determinant of | a,, |, and the multi- 
plication is row-by-column throughout. For example, if the 
initiating determinants be 


| @ybo¢3| and | Ayuouz |, 


we have 
a Gd 43 aT. a % 43 : 

= —|a,boc3|, Py. = ———*——— _ +| a,bocz |, etc. 
Goa On OunOe |B, 
Qis Qee Qs2 A, Qie Qeo Qs2 B, 
Qis Q.5 Qs3 A; Qis Qos Qs3 B, 


Since the theorem is one concerning any element of a determinant, 
the suggestion occurs that we are dealing with Cayleyan matrices : 
and, as a matter of fact, it is included in the simple identity 

uww—l = u(vu—1) vw, 


where wu and v are any matrices of the same order. 


PRANGE,. A. J. N. (1890). 


[Een en ander over nieuwere algebra naar anleiding van een onlangs 
verschenen werk. Nieuw Arghef voor Wiskunde, xvii. pp. 158- 
175.] 

Determinants are here employed in solving (pp. 160-166) several] 
irrational equations, beginning with (a,0-+b,)? + (agv-+b,)? cri 
resolving ax? +2bry+cy?+2dz+2ey+f into factors (pp. 167-170), 
and in the solution of the biquadratic equation (pp. 170-172). 
Taking these examples as evidence of the usefulness of the instru- 
ment, the author then devotes a couple of pages to explain wherein 
the usefulness consists. 


MUIR, T. (1891). 


[On some hitherto unproved theorems in determinants. Proceed. 
R. Soc. Edinburgh, xvii. pp. 73-82.] 

The theorems referred to are those of Cayley’s second paper of 

1843 (Hist., ii. pp. 14-16). The first theorem is, however, very 
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imperfectly treated ; as regards the one ‘ unproved ’ part of it—the 
determination of the 0’s—it is overlooked, for example, that these 
coefficients are to be independent of the first row of the array. In 
establishing the two other theorems the last is extended, and it is 
thus made possible to include the two in one, namely, Jf an 
m-by-(m-+-h) array be evanescent, then the array produced by multi- 
plying row-wise by a determinant of the (m-+h)” order and the array 
produced by multiplying column-wise by a determinant of the m order 
are both evanescent. 


CARVALLO, E. (1891): NIEMOLLER, F. (1891). 


[Théorie des déterminants dans l’esprit de Grassmann. Multi- 
plication des déterminants. Nouv. Annales de Math., (3) x. 
pp. 219-224, 341-345. ] 

[Anwendung der linealen Ausdehnungslehre von Grassmann auf die 
Theorie der Determinanten. Sch.-Progr. 22 pp. Osnabriick.] 


The first of these is a simple exposition of the elementary pro- 
perties, the definition used being that based on ‘ algebraic keys’ or 
‘ alternate units.’ 

The second differs merely in being more ambitious and more 
extensive, with the object of including as many so-called ‘ applica- 
tions ’ as possible. 

Neither author refers to Scott (1881). 


GRASSMANN, R. (1891). 
[Die Ausdehnungslehre, ....ix.+132 pp. Stettin.] 


The brother of the author of the theory here gives a fresh account 
of it, the contents of his book so far as they go being in the main 
in keeping with those of the Ausdehnungslehre of 1862. 


GERHARDT, K. I. (1891). 


[Leibnitz tiber die Determinanten. Sitzungsb.... Akad. der Wiss., 
(Berlin) pp. 407-423. ] 

Gerhardt here edits, with an explanatory introduction, four short 

manuscripts of Leibnitz, ‘ hitherto unpublished.’ The contents of 
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the latter do not, however, warrant any alteration in what we have 
already written on the subject (Hist., i. pp. 6-10). Indeed, the 
essential part of the third manuscript is not now printed for the 
first time, having been published under Gerhardt’s eye in 1863 and 
been reprinted by us in 1886 (Hist., i. p. 10). 


IGEL, B. (1892): ESCHERICH, G. v. (1892). 


[Zur Theorie der Determinanten. Monatshefte f. Math. u. Phys., 
lll. pp. 55-68.] 
[Ueber einige Determinanten. Monatshefte f. Math. u. Phys., iti. 
pp- 68-80. ] 

Here there is brought to light (pp. 55-60) an interesting con- 
nection between Zehfuss’ theorem of 1858, Sylvester’s of 1851, and 
Schlafli’s of 1851 (Hist., ii. pp. 102-104, 52-53, 196-197). We 
know, for example, that if the two determinants are of the same 
order, | a,b,c, | and | a,8,y, | say, Zehfuss’ composite determinant is 
of the 9 order, and if, further, the two be identical, the composite 
is equal to | a,b,c; |. Now by the performance of three row-sub- 
tractions on the composite nine elements are made to vanish, and 
by the performance of three column-additions other nine go like- 
wise, the result being that the determinant is transformable into 


2 2 
20,45 20,4 As 2A fs As 


1b,+a9b, a,b3+a5b, And, A2b3+dsb, sb, |a b | | agb | |a be | 
pedi b 1 3 


2b,b, 2b,b, is 2bob, 6? 
“| [eer | | asey | | 4522 | 
AyCo+Agl, AyCg+Agl, Ugly Mglg+Mzlz A3Cg rh b b 
b b if } b ? b | boc, | | bse | | Os¢e |] - 
ByCyt+beC, yC3+-b3¢, Oelq Oylg+O3Cy 030s 
204C. 2¢4C Pr 2CC3 Cn? 


We thus see that the second of the two factors so reached must be 
equal to —| a,b,c; |*, which is in agreement with Sylvester’s theorem 
regarding the second compound of a determinant, and that the first 
factor must equal —| a,b,c, |* as originally found by Schlafii. 

The second paper provides a gradational proof of the fundamental 


theorem of the first paper, and extends one of the other theorems. 


No reference is made to either Zehfuss or Schlafli in either of the 
papers,—a neglect, we may add, which not a few subsequent writers 


were equally guilty of. 
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DITTMAR, O. (1892). 


[Neue Permutationsverfahren und Determinantenberechnungen. 
Progr. 19 pp. Wimpfen.] 


This concerns the obtaining of permutations in pairs, each pair 
consisting of a permutation and its reverse. It leads to a generali- 
zation like that of Bonolis (1882). 


DICKSTEIN, 8. (1892). 


[Sur les découvertes mathématiques de Wronski. Bzbliotheca Math., 
(2) vi. pp. 48-52, 85-90.] 


This historical note, besides giving useful lists of writings, has a 
special section on ‘combinatory sums’ (pp. 49-51) and another on 
‘aleph functions.’ In view of the source of the paper and its author, 
one would have expected stronger advocacy of Wronski’s claims in 
connection with determinants: nothing more is brought to light 
than what we had drawn attention to in 1881 and 1887.* — 


DERUYTS, J. (1892). 


[Sur les relations qui existent entre certain déterminants. Bull... . 
Acad. roy. des sci... . de Belgique, xxiii. pp. 507-521. ] 


The determinants in question are the m-line determinants of an 
m-by-n array, and make their appearance as coordinates in the 
geometry of space of n—l dimensions. The investigation rests 
throughout on the theory of quantics, and we need therefore only 
note the result reached, namely, that (p. 516) all relations connecting 
the said determinants are deducible from quadratic relations by means 
of multiplications and additions, and draw attention to its importance 
in connection with the question of the number of relations that are 
independent (see below pp. 56-57). 


* Theory of Determinants, py. 224-227 ; Proceed, R, Soc. Edinburgh, xiv. pp. 484— 
485; xv. pp. 503, 542, 
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MUIR, T. (1892): CAYLEY, A. (1894). 


[A problem of Sylvester’s in elimination. Proceed. R. Soc. Edin- 

burgh, xx. pp. 300-305. ] 

[Note on Dr. Muir’s paper ‘A problem....’ Proceed. R. Soc. 
Edinburgh, xx. pp. 306-308: or Coll. Math. Papers, xiii. 
pp. 545-547.] 

The main result of Muir’s examination of Sylvester’s classical 
paper of 1841 (Hvst., i. pp. 243-245) is to show not only that a 
variety of six-line eliminants like Sylvester’s exists, but also that 
three-line eliminants of greater interest are obtainable in the same 
way. Thus, the original set of equations and their eliminant being 


bz? — 2fyz | la h g/* 
oe —2qze -- az? = 0} and 2)h 6 ff, or 2A* say; 
ay? — 2hey + bx? = 0 | ie es 


he deduces a set in z*, y?, z* with eliminant 2f29?h?A?; a set in yz, 
zx, cy, namely, 
a(bg—fh)yz + b(af—gh) zx + c(h? —ab)xy 
a( f?—be)yz + b(ch—gf)zx + e(bg—hf)xy = 0 
a(ch —fg)yz + b(g?—ca)za + c(af—hg)ay = 0 | 
with eliminant abcA? ; and a set in g, y, z, namely, 
(bg—fh)x + (af—gh)y *+ (h?—ab)z = 0 | 
(f?—be)a + (choy + (bg—hf)z 
(ch—fg)x + (g?—ac)y + (af—hqg)z = 0 
with eliminant A?. 

Cayley, who was interested in these results, draws special attention 
to the last set, pointing out and illustrating from geometry that, when 
A = 0, not only does the determinant of the set vanish, but also all 
its primary minors, so that there is only one distinct equation in the 
set. In view of his note of 1856 (Hist., ii. pp. 143-144) he might 
have been expected to remark also on the fact that the set is the 
assertion of the vanishing of the remaining three primary minors of 
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THE PASSING OF CAYLEY. 


It becomes us here to draw attention to the fact that this note 
of Cayley’s was his last contribution to the literature of our subject. 
As his first contribution had appeared in the beginning of 1841, 
there lies between the two dates the long period of almost fifty-four 
years. We may note also that the paper of 1841 was his first paper 
of all, and is thus the opening paper in the first volume of his Col- 
lected Mathematical Papers, while the other is numbered 963, and is 
the last but three in the ieaicene volume. Cayley died on 26th 
January, 1895. 


KRETKOWSKI, W. (1892): PRIME, F. (1893). 


[O pewnej tozsamosci. Rozpravy Akad. .... (w Krakowie), (2) vi. 
pp. 151-154.] 
[Essai d’une démonstration de la formule de Laplace relative au 
développement des déterminants. Journ. de Math. Speéc., (4) 
il. pp. 3-5.] 
The identity dealt with in the first paper is a particular case of 
that connected with the squaring of an oblong array. 


WELTZIEN, C. (1892). 


[Ueber das Product zweier Determinanten. Math. Annalen, xlii. 
pp. 598-600. ] 

For the case of two determinants of the fourth order there is 
given at full length the four equalities on which the author justifiably 
bases the general theorem that the sum of the k-line coaxial minors 
of | Un | + | Yn | I8 equal to the corresponding sum in | 4, | - | Min |; 
or, as it might be written in a later notation, 


Saxm,(| WU, | - | Vin |) = Saxm, (| Vin | + | Man |). 


It is more general than Brioschi’s theorem of 1854 (Hvst., iii. pp. 
96-97, 294), and it is included in the theorem which Sylvester in 
1884 put very differently as follows: The latent roots of AB are the 
same as those of BA (Johns Hopkins Univ. Cire., iti. pp. T-9.)* 


* Or Collected Math. Papers, iv. p. 127. — 
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MILLER, E. (1893). 


[Modern higher algebra. Kansas Univ. Quarterly, i. pp. 1383-136.] 


What is here given is a formal proof of a known theorem on a 
zero determinant, of another on a zero-axial skew determinant, and 
of a third on Jacobians. 


BANG, A. S. (1893). 
[Om en Trediegradsligning. Nyt Tidss. f. Math., iv. B, pp. 57-60 ; 
ix. B, pp. 94-96.] 


Incidentally there is proved here an equality in regard to any 
three-line determinant, namely, 


abe 
cdh.\d e f, = —BFG + bB.fF + fF-gG + 9G-.bB 
ghk — (6B+fF +9G) (bfg —edh) 


+ (bfg—cdh)?. 
A useful special case we may put in the form: Jf bfg = cdh, then 


abe 

BF FG. GB BFG 
GQ) eck i toghde b tf big? 
ghk 


the development, be it remarked, containing only three elements 
and their cofactors. 


ALMEIDA, L. C. (1893): THEIXEIRA, J. P. (1893). 


[Novas regras para desenvolver os determinantes literaes do terceiro 
e quarto grao. Instituto de Cowmbra, xl. pp. 763-765. ] 
[Processos expeditos para achar os desenvolvimentos de alguns 
determinantes. Jorn. de sci. math. e astron., xi. pp. 88-92.] 
[Novo methodo de desenvolver os determinantes. Jorn. de sci. 
math. e astron., xi. pp. 173-186.] 

Teixeira’s aim here is, like Bonolis’ of 1882, to formulate a rule 
for the purpose of obtaining all the terms of an n-line determinant 
in the form of diagonal terms. The exposition is simpler and much 
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more detailed than before, distinction being drawn between the 
cases n= 4p, 4p +1,....* 


LIERS, E. (1893). 


- [Ueber eine Analogie des Laplace’schen Determinantensatzes. 
Archiv d. Math. u. Phys., (2) xi. pp. 352-353. ] 

This is another rediscovery of the generalization brought to light 
by Muir in 1879, or rather of that case of the latter in which the 
factors of the expansion are restricted to being minors of the same 
order. The mode of proof is new, the essential part of it being the 
application of the ordinary form of Laplace’s theorem to an 
(n—1)-line minor of the adjugate.+ 


MACMAHON, P. A. (1893). 


[A certain class of generating functions in the theory of numbers. 
Philos. Transac. R. Soc. London, clxxxv. pp. 111-160.] 

Through consideration of ‘inversely-symmetric’ determinants 
MacMahon is led to an interesting theorem (pp. 146-150) regarding 
determinants in general, namely, Jn the case of every determinant of 
even order higher than the second there exist two special relations 
between its coaxial minors, and each of these two relations can be 
thrown into a form which exhibits the determinant as an irrational 
function of its coaxial minors: in the case of a determinant of odd 
order, on the other hand, no such relations exist, and it is not possible 
to express the determinant as a function of its coaxial minors. 
Unfortunately the proof is lengthy. 


* Perhaps the necessary rule of signs may be best formulated as follows: In 
an n-line determinant the signs of the series of terms composed of elements from 
lines parallel to the primary diagonal are all positive when n is odd, and are alter- 
nately positive and negative when m is even, the leading term of course being 
first taken : in the case of the series of terms similarly connected with the secondary 
diagonal each term has the same sign as the corresponding term in the previous 


series or the opposite sign according as $n (n-1) is even or odd. Thus, when n 
is 3, 4, 5, 6, the signs are 


++ 435 -- - 
peice ae ee 
tet+t+s tee tt 

SS a ee ee 


+ The example given in the umbral notation is very inaccurately printed. 
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VAHLEN, K. T. (1893). 


[Ueber die Relationen zwischen den Determinanten einer Matrix. 
Crelle’s Journ., exii. pp. 306-310.] 
Vahlen’s theorem on this subject is Hamburger’s rediscovery of 
1885, namely, that the number of independent relations connecting the 
k-line minors of a k-by-n array is 


(n), —1 —k(n—k). 


The array being 
it lias Ay An 
} Ge, Aan 93 Aa Aon 
Hot Wan, Spe 3p, I3n 
PO i oats Fe eee ae 
/ 
1) Tey Ug ge es Mee es Un ||, 


he first subjects every element of it to a linear substitution, namely, 


a3 = MaDis <. MoyDog a ta oT: iy Drs 


obtaining 
| by Dis bis by. Bin My Miz M13 Miz | 
bey bee bag buy bon | Mey Mee Mag fay, | 
bs; 32 das bs bsn Mai bse M33 M3K 
TPR ed 5° RADA 2 pot ca ad hee i SMa aii ten ates taka ta 
bia G8 Uy ee Og Bin Bir Bre . Mes + + 6 Mek ys 


as Cayley had shown in 1845 (Hist., ii. pp. 33-34). He is thus 
entitled to assert that for every homogeneous equation connecting 
determinants of the a-array there exists a perfectly similar equation 
connecting the corresponding determinants of the b-array, no matter 
what the elements of the modulus of substitution | u,,| may be. 
Then, on the ground that the 4? elements of the modulus may be 
so chosen as to give definite values to k? of the b’s and so leave only 
nk — k* 

undetermined elements for the (n),—1 determinant ratios to be 
dependent upon, he concludes that between the said ratios there 
exist (at most) (n),—1—k (n—h) relations. 

The relations themselves are obtained in Hamburger’s manner 
by multiplying column-wise each of the determinants of the array 
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by the adjugate of the first of them, and, as we have already pointed 
out, are included in Bazin’s theorem of 1851 (Hist., ii. pp. 206-208). 
Thus, the array being 

aha ft mH mb 

Gz bz Co fe Yo he 

az bs Cs fs 93 heg||, 
there are (6), multiplications to be performed. The first is nugatory, 
the result being 

| abecz | - | AyBsC3 | = | aybacg |? : 

so also are the nine, 3(6—3), in which the multiplicand has two 
columns in common with | a,b,c; |, for example, 


a, b f, 1 A, B, G | yb Cz | ° 
dy by fo|*|Ag By C2) = : | a 9s | 
dz bs fs A, B3; Cz | fibscs| | a1 foCs Fal aybofs | |. 


Then come those in which the multiplicand has only one column 
in common with | a,b,c; |, an example being 


af A, B, C, | 4yb2¢5 | : 
dz fo ge\-|Ae By Cy) = || fibocs| | ar focs| | aides | 
a3 fs 9s A aCe | | Gibecg| | Q1g2e3| | G1b295 ME 
which, on removing the factor | a,b,c, |, becomes 
| 1 fogs|-| @1bo¢3| = | abo fs| - | C293 | — | dybog3|.| dicofs |, 
and lastly there is 
| figehs | - | ArBoC3| = | | fidscs | [ar focs| | abefs| 
| 91b2¢s| | ayGa¢z | | aybag5 | 
| Aybscs | | ahocg| | aybehs | |, 


in which so many as eleven of the determinants of the array are 
involved. The number of relations thus obtained is 


(6); — 1 — 3 (6—3), 
Ve. 10. 
In proof of the assertion that the ten are mutually independent, it 


is adduced that each of them begins with a determinant which occurs 
in none of the others. 


, 
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ZANTSCHEWSKY, I. M. (1894). 


[Some theorems in determinants: (In Russian.) Mat. Sbornik... 
(Moscow), xvii. pp. 585-597. ] 

This may be viewed as a study of the subject of Sylvester’s paper 
of 1851 (Hist., i. pp. 61-62), namely, the expression of a product 
as an aggregate of like products. The author takes up in order 
(1) the case where, in the obtaining of the expansion, only one row 
is repeatedly removed, (2) the case where a group of rows is removed, 
and (3) the case where the orders of the two factors are not the 
same. 


FROBENIUS, G. (1894). 
(See under this heading in Chap. XX1.) 


MORLEY, F. (1894). 


[Three notes on permutations. Bull. New York Math. Soc., ui. 
pp. 142-148.] 

An attractive paper embodying ‘a plea for the chessboard in 
teaching determinants,’ ‘ a special rule of signs,’ and a commentary 
on ‘the enumeration of positions ’ as dealt with by Cauchy in 1841 
(Hist., i. pp. 250-253). Under this last the author properly calls 
attention to a closely related paper of Jacobi’s dated only ten days 
later than Cauchy’s.* 


HURWITZ, A. (1894). 


[Zur Invariantentheorie. Math. Annalen, xlv. pp. 381-404.] 


This bears indirectly on determinants at several points, for 
example, on Cayley’s determinantal operator Q (pp. 385-387) ; but 
perhaps only once directly, namely, under ‘ Potenztransformation,’ 
where the theorem formulated (p. 391) regarding the determinant 
- of such a transformation is in essence identical with Schlafli’s of 
1851. 


* Jacozi, ©. G. J. Zur combinatorischen Analysis. Crelle’s Journ., xxii. 
pp. 372-874: or Gesammelte Werke, iii. pp. 453-457. 
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MUIR, T. (1894). 


[On the expressibility of a determinant in terms of its coaxial minors. 
Philos. Magazine, (5) xxxviii. pp. 537-541. ] 
MacMahon’s theorem of the preceding year on this subject was 
an easy deduction from another, to the effect that the number of 
relations between the coaxial minors of an n-line determinant is 
2"—n?+n—2; but his proof of the latter was rather lengthy. 
The want Muir now supplies in three steps of a quite elementary 
character. First there is the self-evident proposition: If the rows 
of an n-line determinant be multiplied by x,, Xo, ..., Xn respectively 
and the columns be then divided by x, Xo, ..., Xy, respectively, the 
determinant is unaltered in value, and each of the minors of the new 
form is, save for a connecting factor, equal to the corresponding minor 
of the original form, the multvplier in question being 
KikeM tal Sek wai 
af the minor belong to the h®, k”, I”, ... rows and r™, 8”, t®, ... 
columns. To this there is the equally evident corollary that the 
connecting multiplier in the case of the coaxial minors, as in the case of 
the whole determinant, is 1: in other words, the coaxial minors remain 
unaltered by the transformation. Next, it is seen that the x’s may 
be so chosen that all the elements of any row except the element common 
to the row and the diagonal shall be 1. For example, after the multi- 
plications and divisions, the first row being 
M15 ta aes . = 
may be made to take the form 
Oris telco tli dees 
by giving the z’s the values 
1, 1 Gey OR eRe 
in order. This means that 2”—1 quantities, namely, the deter- 
minant and its coaxial minors, can be expressed in terms of n?—(n—1) 
others, namely, the modified elements which are not equal to 1; and 
therefore that after eliminating the latter we have 2”—n?+n—2 
relations connecting the former. The determinant taken as an 
example is . 


\ 
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et aes ee 
eal Sa-6 
Ihe esas DIE ae 


1 6 es 1 
Calling it A, and its four coaxial minors of the third order A, B, C, D, 
we have 


A=a-24%, Bees pgs 


Sart 1 _ ae b 
2 dale eh is Fa De ere, 
(1—a) (1—b) (1—c) (ae — 6) 


a abc 


b 


whence one of the relations in question is found to be 
2A?B2C? — YA*BCD — 22A*BC + 42A?B2C — 6ZA2BCD | | 0 
+ DA — 4 A°B + 45A2BO + 6D A2B? — cept a 


MUIR, T. (1894): NEUBERG, J. (1899). 


[On a theorem regarding the difference between any two terms of 
the adjugate determinant. Proceed. R. Soc. Edinburgh, xx. 
pp. 323-327. ] 

[Question 14167. Educ. Times, lu. p. 199: Math. from Educ. Times, 

Ixxu. pp. 39+40.] 

The theorem is that the difference in question contains the original 
determinant as a factor. More than one proof is given. As an 
illustration of the most direct of them, applied to the case where the 
original determinant is | @,b,¢,d,e;| , we have 

.B,C,D3E, — A,BsC;D;E; = As5B,C,D3E, — A;ByC,D3E, 
+ AsByC,D3E, — A,B,C, D3E; 
+ A,B,C,D3E; — A,B,C,D,E; 
= A;D3E,|B,C,| + ByC,Dz | AsE, | + A,B,C, | DE; |, 
where | B,C, |, | AsE, |, | DsE,| all contain | a,bycsd,e, | as a factor, 
its cofactor in the full expression being 
| dodges |*AsD3Hy + | by¢3¢4 | *BsC\D3 — | @,bcy | - A2B,C,. 

Attention is drawn to the form of the cofactor in the case where the 

original determinant is of the third order: and finally there is 

established the more general theorem that the difference of any two 
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terms of any minor of the adjugate determinant is a multiple of the 
original determinant. 


NETTO, E. (1894). 


[Erweiterung des Laplace’s Determinanten-Zerlegungssatzes. 
Crelle’s Journ., exiv. pp. 3845-352. ] 

The ‘ Erweiterung ’ in question is a rediscovery, being merely the 
result obtainable at once on applying the Law of Extensible Minors 
(1881) to Laplace’s expansion-theorem ; and being, further, in the 
case where there are only two factors in the terms of the expansion, 
the result reached in similar fashion by Muir in 1879 (Hist., 1 
pp. 79-81). Netto properly views as deducible from it Sylvester’s 
theorem of 1851 (Hist., ii. pp. 60-61). 

Of other results one established like the ‘ Erweiterung ’ is specially 
noteworthy as giving the product of n—1 determinants of the n'” 
order as an aggregate of terms each of which is the product of n 
determinants of the (n—1)order. For example, when mis 4, we have 


| aydecgd, | - | a1Bey364 | - | AyBeC3D, | 


Oy dg. Wigu Gap Ay “Aa Ag A; 
Vi Va Ya. Va.) Cro Cg Case Ge 
OL) Os Dy ae pga LD eae 
B, B, B, By 
Cr +0. GaG: 


= >) | 410203 |-| taBrye |- | agyaD 

the number of terms here being 4 - 6 - 4. 
It may be worth adding that in his paper on orthogonants, a 
month or so earlier in date (Acta Math., xix. pp. 105-114), Netto 


had already devoted a couple of pages to his extension of Laplace’s 
theorem. 


| ByC3D, |, 


ees 
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FEHR, H. (1895). 


[Sur l’emploi de la multiplication extérieure en algébre. Nouv. 
Annales de Math., (3) xiv. pp. 74-79.] 


The only fresh subject suggested here for treatment is certainly 
extensive enough, namely, the theory of invariants. 


AHRENS, W. (1895, 1897). 


[Hin neuer Satz iiber die Determinanten. Zeitschrift f. Math. u. 
Phys., xl. pp. 177-180.] 
[Ueber Beziehungen zwischen den Determinanten einer Matrix. 
Zeitschrift f. Math. u. Phys., xiii. pp. 65-80.] 

The new theorem referred to is Cayley’s of 1843 (Hist., ii. p. 15), 
namely, that the vanishing of n—m--1 of the m-line determinants of 
an 1a-by-n array entails the vanishing of all. What is new is the proof 
and the conditions attaching to it, the first condition being that the 
n—m-+1 determinants have to be suitably chosen, and the second 
that each one of them must have a primary minor that does not 
vanish. 

The second paper is considerably more important, containing a 
painstaking investigation of Sylvester’s more general theorem (Hist., 
ii. p. 52) in which the determinants goncerned may be of a lower 
order, p say, than the m‘. An inquiry suggested by this is also 
dealt with, and special cases illustrative of both matters are given. 


MUIR, T. (1895). 


[Further note on a problem of Sylvester’s in elimination. Proceed- 
R. Soc. Edinburgh, xx. pp. 371-382. ] 


This is a continuation of the paper * of 1892 on Sylvester’s appli- 
cation of dialytic elimination to sets of ternary quadrics. It de- 


* The said paper gave rise to a number of others in addition to Cayley’s previously 
mentioned. What fresh interest they possess, however, does not centre in deter- 
minants. See Proceed. R. Soc. Edinburgh, 

Tait, P.G. xix. (1892), pp. 131-132. 

McLaren, Lorp. xix. (1893), pp. 264-265. 

Muir, T. xxi. (1896), pp. 220-234, 328-341. 
Nanson, E. J. xxii. (1897), pp. 150-157, 353-358. 
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velops more fully the method there set forth, the set of equations 
being more general and the eliminant of the 12'° degree. It must 
suffice to note that from one form of the latter there is obtained 
on specializing back to the original set the curious identity 


| a h g af + 2gh bs ae OR 

ign: b f bg + Qhf eth - 
F C ch + 2fg ja 

af i Qgh bg +2hf ch+2fg abe + 8fgh g ; 


where the determinant on the left is equal to the square of one of 
its own primary minors. 


STERNECK, R. D. v. (1895). 


[Beweis eines Satzes iiber Determinanten. Monatshefte f. Math. u. 
_Phys., vi. pp. 205-207. ] 
Here the multiplication-theorem is used, as on p. 117 of Muir’s 
text-book (1882), to prove Zehfuss’ theorem of 1858. The proof is 
no longer sketchy or merely suggestive, but is fully worked out. 


JENKINS, M. (1895): DAVIS, E. W. (1897). 


[On a shortened rule for ascertaining the sign of a given term of a 
determinant : and on some problems in which the application 
of the rule occurs. Messenger of Math., (2) xxv. pp. 60-68.] 
[On the sign of a determinant’s term. American Journ. of Math., 
xix. p. 383.] 

The main interest of Jenkins’ paper lies in its first part (pp. 60-64) : 
and although the ‘ new’ rule is only a rediscovery of that given by 
Bellavitis in 1857 (Hist., ii. pp. 96-97), the introductory discussion 
of sign-rules is sound and interesting. 

Davis’ rule is diagrammatic in character, and may therefore be 
classed with Tanner’s of 1879. 


AMIGUES, E. (1895). 
[Théoréme d’Algébre. Nouv. Annales de Math., (3) xiv. pp. 
496-497. ] 
The so-called theorem would seem to be that if the elements of 
a determinant be letters carrying a single suffix, and the suffixes 
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of each row form an equidifferent progression, the difference being 
constant for all rows, the terms of the determinant are isobaric. 


JACOBI, ©. G. J.; STACKEL, P. (1896). 
[Ueber die Bildung und die Eigenschaften der Determinanten. 
Ostwald’s Klassiker ... Nr. 77, pp. 1-49.] 
This is a translation of the De formatione .. . of 1841. The editor 
appends six pages of useful notes (pp. 66-72). 


GASCO, L. G. (1896): GUIMARAES, R. (1897). 
[Reglas practicas para el desarrollo de las determinantes de cuarto 
grado. Archivo de Mat., i. pp. 11-15.] 
[Reégle pratique pour développer les déterminants du 4™° ordre. 
Assoc. frang .. . des Scr. (St. Etienne), ii. pp. 129-131.] 
Gascé’s first rule does not really differ from Teixeira’s of 1893, 
and the others are of less moment. 


PASCAL, E. (1896). 


[Sopra le relazioni fra i determinanti formati coi medesimi elementi. 
Rendic. . . . Istituto Lombardo (Milano), (2) xxix. pp. 436-438. ] 
This concerns the determinants arising from | @,, | by substituting 

for each of & columns a permutation of the elements of that column. 

The relation given includes Bagnera’s second relation of 1886, and 

is obtained by the obvious expedient of utilizing a vanishing com- 

pound whose elements are primary minors of an oblong array. 


PASCAL, E. (1896). 

[Su di un teorema del sig. Netto relativo ai determinanti, e su di 

un altro teoremo ad esso affine. Rendic.... Accad. der Lincet 
(Roma), (5) v. (1) pp. 188-191.] 

Netto’s theorem of 1894 is here properly viewed as merely the 
extensional of Laplace’s expansion-theorem, and the mode of proof 
adopted is that originally used in establishing the general law of 
extensible minors. The other theorem is got by first applying the 
law of complementaries to Laplace’s theorem and then taking the 
extensional of the result, 
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SCHICHT, F. (1896): BRAND, E. (1896). 
[Beitrag zur Theorie der Determinanten. (Sch.-Bericht.) 2 pp. 
Prag-Altstadt. ] 
_[Dérivée d’un déterminant. Journ. de Math. Spéc., xx. pp. 102-104. ] 
The first of these merely re-establishes Cauchy’s theorem of 1812 


regarding the adjugate of a product. The second differs from 
Teixeira’s of 1880 mainly in notation. 


DERUYTS, J. (1896). 
[Quelques propriétés du déterminant d’un systéme transformable. 
Bull... . Acad. de Belgique, (3) xxxil. pp. 433-445.] 
The real interest here is connected with the Theory of Quantics. 


BONOLIS, A. (1896). 


[Sul prodotto delle matrici. Giornale di Mat., xxxiv. pp. 375-9.] 
The well-known theorem regarding the product of two m-by-n 
arrays is here established by first expressing the product as a deter- 
minant of the (m+n) order and then transforming it into a unit 
determinant bordered by the two arrays (Hvst., ii. p. 200). The 
proof is fully worked out. 


MUIR, T. (1896). 


[The expression of any bordered skew determinant as a sum of pro- 
ducts of Pfaffians. Proceed. R. Soc. Edinburgh, xxi. pp. 342-359. ] 
Three paragraphs of this (§§ 4, 5, 6, pp. 345-349) concern a theorem 
regarding determinants in general, namely, the expansion of any 
determinant in terms of any specified diagonal elements and deter- 
minants from which the said elements are excluded. For example, 


| @ydocydyes | = | dy Gz My g| + U(Cg| A, Gy Ay As |) 
by by by by 65 b, by by bs 
Oy Opt seen Ope |, laa 
d, dy dz . ds |€, @, e% 
C1, Con Cy 
+ D(Cgdq| Ay Gy As |) + Cydyes| a Ae 


| 
by be bs | 
| 

J 
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where the elements singled out are 3, d4, és. The mode of formation 
of the right-hand member is (1) to take the various combinations 
of ¢3, dy, €;, namely, 


fe ots, Gots: tetly, Cxl5, Ages; Cyyey : 


and (2) to take as cofactors of these their cofactors in the given 
determinant, only replacing in the latter the elements cs, d,, e, by 0 
in every case. 

The five different expansions of | a,b,c,d,e;| which arise from 
BOlOCNG, Co dp e's) Cassy, Cz 5) Og; Cas Oy, €s 3 43-Dos Ca, Ug, Cg ATO 
given, and the mode of deriving either of a consecutive pair of these 
expansions from the other is pointed out. 


WELTZIEN, C. (1897). 


[Uber Produkte und Potenzen von Determinanten. Sch.-Progr. 
23 pp. Berlin.] 
[Uber Potenzen von Determinanten. Math. Annalen, 1. pp. 282- 
284. ] 

Weltzien here makes a further advance, his theorem now in 
regard to ‘ products ’ being that the sum of the k-line coaxial minors 
of the determinant which is the product of | ay, |, | Pin |, | Cm, --- 
as not altered when the factors are cyclically permuted. For his other 
subject he takes advantage of a start made by d’Ocagne,* and 
establishes a recurrence-formula for the formation of the elements 
of any power of a determinant. If we denote the (h, k)” element of 
dees | Sank’ 5. | Ban  *, - « - Of Go Oya, Oyo, -- - Tespectively, and 
by o,, the sum of the r-line coaxial minors of | a, |, the formula is 

Cp = Fylp_1 — F2@p-z 1 T3@p-3 — 
The mode of procedure, which is carried out with patience and 
skill, is to begin with the simplest case and to advance from case 
to case until conviction is reached of the truth of the general 
theorem. 

The so-called recurrence-formula, however, is simply the ‘ rela- 
tion’ established by Muir in 1885 and used by him in proving 


* Mémoire sur les suites récurrentes. Journ. de P Ecole Polyt., cah. 64 (1894), 
pp. 151-224. 
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Cayley’s theorem in matrices. (See above, pp. 29-31.) Strictly 
speaking, indeed, it is included in Cayley’s theorem, and therefore 
dates back to 1857. 


NANSON, E. J. (1897). 


[On the relations between the coaxial minors of a determinant. 
Philos. Magazine, (5), xliv. pp. 362-367. ] 

This is a marked advance on the second part of Muir’s paper 
of 1894. (See above pp. 58-59.) By a different process of elimina- 
tion the relations in question in the case of a general determinant 
of the 4"" order are obtained in the form 


DL CQ BR AQRL + 2BCD 

CP DM AR BRPM + 2CAD 

BP AQ DN CPQN + 2ABD] = 0, 

AL BM CN DLMN + 2ABC 
if i) 1 k 


where the eleven letters A, B,... represent simple functions of 
the coaxials, and k is the one which involves the full determinant. 
The five equations are equivalent to only two that are mutually 
independent. 


HATHAWAY, A. 8. (1897). 


[Alternate processes. Proceed. Indiana Acad. of Sci., pp. 117-127.] 

Note is taken of this because it is a return to the old subject of 
those alternating and symmetric functions whose individual terms 
are got from a typical term by making changes in the order of the 
variables,—the subject which Cauchy in 1812 took as the starting 
point of his first great memoir on determinants and to which he 
returned with fresh views in 1841. Here, however, the ‘ process’ 
of formation includes the dividing of the aggregate by the number 
of terms. Actual determinants are of course reached when the 
typical term is of the form 


fi(21) + po(%a) «.. - n(n) 


and the number of terms is n!. 
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TRAVERSO, N. (1897). 


[Su una formola d’analisi combinatoria. Periodico di Mat., xiii. 
pp. 43-47.] 

The problem here dealt with is to find the number of ways in 
which it is possible from the elements of an m-by-n array to form 
a term containing elements belonging to each row of the array 
and & to each column. 


MUIRHEAD, R. F. (1897): A. C. (1897). 


[Question 13651. Educ. Times, 1. p. 434: Math. from Educ. Times, 
lxix. pp. 52-54; Ixxi. pp. 121-122.] 
[Question 1139. Mathesis, (2) vii. p. 237; x. pp. 229-230.] 

The subject of the first question here is that referred to above 
(p. 36) as having interested Sylvester in 1850 (Hist., ii. p. 52), 
namely, the coevanescence of the k-line minors of a p-by-g array. 
A careful proof is given by Nanson of a theorem closely akin to 
Sylvester’s, that all of the minors will vanish of (p—k-+1) (q—k+1) 
of them, properly chosen, vanish. 

The identity involved in the second question is 

| A,B,C,” | = | a,b,c; |? . {| A47b9?c5” | — 2 | bic, + Coe - Agb5 |} ) 


unfortunately the proof given is merely an unattractive verification. 


MUIR, T. (1898). 


[The relations between the coaxial minors of a determinant of the 
fourth order. Transac. R. Soc. Edinburgh, xxxix. pp. 323-339. | 
This continues the subject of Nanson’s paper of the preceding 
year, the explicit expression of | a,b,c,d,| in terms of its coaxial 
minors being now effected. The process is based (§§ 2, 3) on a 
theorem, not recognized as Cunningham’s of 1874, giving a deverte- 
brated determinant in terms of the coaxial minors, namely, 
2 apts ) ty 
Vile ORR ites 2 
Cpe ane ana, Dab g 0] (0, | Dyed, . .. |} 
d, dz ds . «.. + D{a,bs | ody. |} —e.., 
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it being thereby clear that a relation between the coaxial minors is 
assured as soon as we obtain an equation connecting the deverte- 
brated coaxial minors and the diagonal elements. In this way it 
is found that 

| ayb2¢344 | 


i Da, | bod, | +- >| 4b, | | Cody |— 2Da,b, lcs | a 6a,b,Csd4 


; 
+ ORF + Be + Ge! — gp.vnt + BBB? + BBB. 


ae sg/ve + 4B BoB ys" + 4828386 


_—_ sgvVE + 43, 6305/y2+ 4028366, 


where the (’s are the devertebrated coaxial minors of the 2° order, 
and the y’s are those of the 3" order. As the substitutions still to 
be made are of the type 

By = | bz | — 45, V1 = | bees | — Za, | bocg| + 2a,bo¢s, 
and as the expression thus to be transformed produces ultimately 
only six terms of | a,b,c,d, | its ungainliness is fully apparent.* 

By reason of the form of the result it is suggested that Nanson’s 
four-line determinant (see above p. 66) must be resolvable, and its 
resolution into four linear factors is actually effected (§§ 7-11), it 
being found possible to put it into the special bi-axisymmetric 
form known to us from Bellavitis (1857) and Ferrers (1861). 

In a later part of the paper (§ 17) the other relation, namely, that 
from which | a,b,c,d,| 1s excluded, is given in the symmetrical 
form 

Y1 -. cos—t w! 
2(— Bi B28,)* 2(—B18s85) 


= Go 


te 


Y3 th, al Ves ; 
2(—BsBsB)' 2(— Baba)? 


+ cos! 


* These troublesome six terms are 
= Mg 4Cody — AgbgCydy — Agb3C4dy — Agb.C,d4 — A3b,Cqdy — Agb4C,d5. 
{See below in Chap. XXII. under Muir, 1898. 
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METZLER, W. H. (1898). 


[A theorem in determinants. American Journ. of Math., xx. 
pp. 273-276.] 

From our account of Binet’s memoir of 1812 Metzler extracts the 
equality (Hist., i. p. 86) 

Lay D| Yee | + Vyy- Z| ey | + Zz,-D] Myo | = D| xyyees | 
in regard to a 3-by-n array, and the equality (p. 92) 
Zt, - Z| LyY2% | — Lay- Z| ys2ots | + Ly, - DI zateys | 

— 22-2] tyrys| = 0 

in regard to a 4-by-n array: and taking a 4-by-6 array proves that 
~M,(1, 2) - 2M,(8, 4) — ©M,(1, 3). 5M,(2, 4) +... 

+ ©M,(3, 4)-=2M.(1, 2) = 22M,(1, 2, 3, 4), 
where ©M,(a, B, y, ...) is used by us temporarily to denote the 
sum of all the r-line minors formable from the rows a, 8, y,.... 
He then formulates a general theorem in regard to an m-by-n array, 
the left-hand member being an aggregate of (m), products, of which 
the first factor is the sum of the r-line minors formable from r rows 
and the second the like sum formable from the m—r complementary 
rows, and the right-hand member is a multiple of ©M,,(1,2,...,). 


ANISSIMOFF, W. (1898). 


[Sur une formule nouvelle rélative aux déterminants, et son appli- 
cation 4 la théorie des équations différentielles linéaires. Math. 
Annalen, li. pp. 388-400. ] 

The ‘ formula ’ here carefully established (pp. 389-393) is Schlafi1’s 
of 1851 regarding a particular power of a determinant (Hust., il. 
pp- 52-53); and the ‘application’ is to a theorem already dealt 
with by Malmsten and Tissot regarding the particular integrals of 
a linear differential equation (Hist., il. pp. 220, 222). 


TRAVERSO, N. (1898). 


[Sopra la differenza di due determinanti qualunque. Periodico di 
Mat., xii. pp. 146-148. ] 

The author here again (see above, p. 67) proposes for himself a 

widely-stretched generalization, namely, from any determinant 
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|a,, | another determinant having been formed by changing a 
number of elements @, Gp, --+ into by, bpg,... he seeks to 
obtain an expression for the difference between the original and the 
derived determinant. 


STUDNICKA, F. J. (1898, 1899). 

[O determinantni symbolice vabec a pridruzenych determinantech 
vySSich ¥4da zolast. Véstnik Ceské Akad... . , vii. pp. 73-81.] 
[Dodatek k symbolice determinantni. Véstntk Ceské Akad... ; 
vil. pp. 159-164.] 

[Beitrage zur Determinanten-Theorie. Monatshefte f. Math. u. 
Phys., == pp; 1-17] 

The notation proposed here for | a,, | is a complication of others 
already on record : ‘ adjugate ’ is unfortunately used as equivalent 
to ‘compound,’ so that A(A,,) comes to be proposed as the symbol 
for the adjugate of A,,, and A,*(A,) for the so-called ‘ adjugate ’ of 
the h class and &" order: and known theorems regarding such 
matters are tediously verified for the case where A, is a simple 
4-line or 5-line recurrent. The iteration of the symbol C, standing 
for “‘ complementary of,” is also dealt with, the result being 

(n—1)7*¥-1 
C**(a,s) = Ars( An) : 


(n-1)*¥-1 n-1 


CO aes) — A,(A;,) K eae 


As a further illustration, the adjugate of | abc? . . . |,, is con- 
sidered, and by removing from it the (n—2) power of | alc? . . . |, 
a known equivalent of | a°b'c? . . . |,, is obtained. 


STUDNICKA, F. J. (1898). 


[Nova poutka determinantni. Véstntk Ceské Akad. ... 7 Vib aps 
167-169. ] 


The theorem in question is that if k columns of a determinant be 
such that the elements of each of their rows form an arithmetical pro- 
gression of the (k—2)" order at most, the determinant vanishes: for 
example, when k is 4; we have 


——— 


DETERMINANTS IN GENERAL (STUDNICKA, 1898) 71 


i 49) 16 ape 

£0" oF Gem bp hopu ay 

Nie Tie <p | Nc 8 

Fam la Uiiglena ere ale 83 Ba 

Sie | tae mid ney ape 

Sgt Ree Wm De ae 

Strangely enough, the method adopted for verification is the re- 
peated use of Chio’s condensation-theorem of 1853. 


STUDNICKA, F. J. (1898). 

[Jak vyjadri se subdeterminant k-tého stupné soucinu dvou deter- 
minanti n-tého stupné pomoci prislusnych subdeterminanti 
jejich. Véestnik Ceské Akad. ..., vii. pp. 239-247.] 

The outcome is the familiar expression obtained for a minor of 
the product-determinant from viewing the said minor as the product 
of two oblong arrays. 


MASSIP, L. (1898): BITALE, I. B. (1898) : 
HATZIDAKIS, J. N. (1898). 
[Démonstration du théoréme de Janni. Journ. de Math. Spéc., xxii. 
pp. 102-]03.] 
[Texxwrépa popgn tav Sewpnuatwv roo G. Fouret. ’A@nva, x. pp. 
401-408. ] 
[Ilept yevcov Twav avartvypatov opifovcav Kat TOY apoTarewy 
rou G. Fouret. “A@nva, x. pp. 558-559. ] 

The theorem dealt with in the first paper here is that of 1874 

regarding change of sign in elements whose place-numbers are 
unlike. The other papers concern Fouret’s rediscoveries of 1886. 


WAELSCH, E. (1898). 


[Ueber. eine geometrische Behandlungsweise der Elemente der 
Determinantentheorie. Monatshefte f. Math. u. Phys., ix. 
pp. 207-214.] 

Not unnaturally the arrangement of the elements of a deter- 
minant in square array suggests that the point in geometry may be 
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looked on as an analogue of the element; but the extending of the 
analogy, as here attempted, leads to artificialities. The set of 
points corresponding to the elements which form a term is viewed 
in geometry as an entity called a ‘ Normaleck’: a ‘ Normaleck ’ is 
classed as odd or even according as an odd or even number of 
‘ascents’ must be made in passing in a certain direction—north- 
west, say—from each point of it to every other point, an ascent 
being thus the analogue of a derangement : and soon. The outcome 
of thus pressing the analogy is not encouraging. 


STEPHANOS, C. (1898). 
[Sur un mode de composition des déterminants et des formes bi- 
linéaires. Grornale di Mat., xxxvi. pp. 376-379. ] 

There is here included another way of arriving at Zehfuss’ theorem 
of 1858, but the theorem with which it is associated is formulated 
for the first time. In different phraseology it is that each latent 
root of the mn-line product for | ay, |" | by, |" os the product of a 
latent root of | a,,| and a latent root of | yy |. 


NANSON, E. J. (1898, 1899). 
[Questions 13925, 14258. Educ. Times, li. p. 828; lu. p. 301.] 
The first proposition here is that the (n), equations of the type 
| ayby|-| asby| — | aybs|-| agbg| + | ayby|-| abs | = 0 
whach connect the minors of the array 
Bj qiaga outer 
bi doyitese.... tbe 
are equivalent to only (n—2), equations. The second proposition is 
that the vanishing of all the (m-+-1)-line minors that involve the elements 
of a single non-vanishing m-line minor of | a,,| ts dependent on 
s(n—m)(n—m-+1) conditions, the proposer’s fresh point being that 
the m-line minor need not be coaxial with | a,, |. 


MUIR, T. (1899). 


[Determination of the sign of a single term of a determinant. Pro- 
ceed. R. Soc. Edinburgh, xxii. pp. 441-477. ] 


This paper, extending to 37 pages, is an orderly arranged account 
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of the subject. After an explanatory and historical introduction 
(pp. 441-446) regarding five of the rules in use, a chapter is devoted 
to * inverted-pairs ’ (pp. 446-464), considerable space being given to 
the problem of finding in how many (V,,;) of the permutations of 
n things the number of inverted-pairs is 6. Besides other matters 
the difference-equation of V,,, ; is found, a table of its values is given, 
and the problem is shown to be identical with two already known 
problems in combinations. ‘ Moves’ and ‘interchanges’ are then 
shortly dealt with, and the nature of their connections with inverted- 
pairs made clear. Lastly, the properties of ‘ circular substitutions ’ 
are treated of at some length (pp. 468-475), and especially those 
connecting them with interchanges. It may be noted too that under 
the first and fourth headings a subject which receives attention is 
that of conjugate permutations. For ease in reference the more 
important properties are carefully formulated throughout, and a 
two-page list of contents is given at the end. 


MULLER, E. (1899). 


[Beweis einiger Determinantensitze mittels der Grassmann’schen 
Ausdehnungslehre. Zertschrift f. Math. u. Phys., xliv. pp. 
28-40. ] 

The proofs with which Scott and others have already made us 
familiar are supplemented here, the ‘fresh theorems for treatment 
being the ‘extensional’ of Laplace’s expansion-theorem and 
Sylvester’s theorem of March 1851. 


LERCH, M. (1899). 
See under this heading in Chap. VI. 


STUDNICKA, F. J. (1899). 
[Nové doplnky nauky determinantni jako% i upottebeni jejiho. 
Véstnik Ceské Akad. .. ., viii. pp. 59-67, 197-208. ] 

The first of the contributions here (pp. 59-61) really only amounts 
to saying that a determinant will vanish if one of its compounds 
vanishes; and the fifth (pp. 197-199) discusses the consequences 
- of the vanishing of the central secondary minor of a determinant. 
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STEPHANOS, C. (1899). 


[Sur une extension du calcul des substitutions linéaires. Comptes 
rendus ... Acad. des Sci. (Paris), exxviil. pp. 593-596.] 

In the account here given of the author’s ‘conjonction’ and 
‘composition bi-alternée ’ of two bilinear forms, as contrasted with 
the ordinary ‘composition’ of Frobenius, several determinant 
theorems make their appearance, most of them, however, already 
made known by Frobenius, Rados, or Stephanos himself. (See 
above, p. 72.) Those of freshest interest concern latent roots. 


MUIR, T. (1899). 


[On a development of a determinant of the mn‘ order. Transac. 
R. Soc. Edinburgh, xxxix. pp. 623-628.] 

The main result here is the expression of a determinant of the 
mn order as an aggregate of determinants or of permanents of 
the m order, each of whose elements is a determinant of the n™ 
order. For example, when mn is 6 we have 


| aybeez | | agbsCe | 
| aybocsdaesfg| = ») 
J | dieofs| | dyes fo | ) 
an + + 
| @yb2| | agby| | asbg | 


| dyboCadyeg fg | = ye |ede| |esda| | esd | 
lerfe| |esfa| les felt 


there being included under the sign of summation 10 terms in the 
former case and 15 terms in the latter. As a first step in the estab- 
lishment it is proved that if the rows of a determinant of the mn" 
order be separated by horizontal lines into n sets of m rows each, and 
the columns be similarly divided, the result may be viewed as roughly 
representing a compound determinant of the n order, each of whose 
elements is a determinant of the m" order and a minor of the original 
determinant, and each term of the compound determinant thus arising 
will produce (m!)" terms differing at most only in sign from terms of 
the original determinant. In the next place it is shown that the 
number of ways of breaking up mn things into n sets of m each is 


(mn)\/(m!)rn! . 
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In the third place a theorem regarding inverted-pairs is established 
which readily leads to the following: If the first mn integers be 
separated into n successive growps of m each, say the groups 
CO rear: We 

then, when m is even, any one of the n! permutations of A,A,... Ay 
has an even number of inverted-pairs of the mn integers more than 
the standard permutation A,A,...A, has: and when m is odd, 
has an odd or even number of inverted-pairs more, according as the 
suffixes of the A’s have an odd or even number of inverted-pairs. On 
these three results the validity of the new expansion is based. 


LOVETT, E. O. (1899). 


[A theorem in determinants. Annals of Math., xii. pp. 161-163.] 


This is a much belated rediscovery, the theorem being the so-called 
Sylvester theorem of 1839 regarding an aggregate of products of 
pairs of determinants. 


BES, K. (1899). 


[Théorie générale de l’élimination, d’aprés la méthode Bezout, 
suivant un nouveau procédé. Verhand.... Akad. van Wetens. 
(Amsterdam), (1) vi. no. 7, 121 pp.] 


This is a clearly and simply writtén exposition. The investiga- 
tion of a given set of m linear homogeneous equations in n unknown 
x’s is carried out with the help of the n similar equations in m 
unknown é’s whose (r,s) coefficient is the same as the (s, 7)" 
coefficient in the given array. From this standpoint an array 
(‘assemblant ’) is considered not to vary on the change of rows 
into columns, and the cases that fall to be examined are (1) that 
in which neither set of equations can*be satisfied, (2) that in which 
only one can be satisfied, and (3) that in which both can be satisfied, 
—a division held to be equivalent to (1) m=n, (2) array non-evanes- 
cent, (3) array evanescent. The second chapter (pp. 34-58) concerns 
two binary quantics, the third concerns three ternary quantics, and 
the fourth generalizes.* Although the procedure here agrees in 


*See also Bus, K., On the formation of the resultant. Proceed. R. Acad. 
Amsterdam, ii. (1899), pp. 85-88. 
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essence with Cayley’s of 1848, and therefore cannot fairly be said 
to be new, it is manifestly the author’s own, and the account of it 
does not, like Cayley’s or even Salmon’s, induce neglect from want 
of helpful detail. 


NANSON, E. J. (1900). 


[On certain determinant theorems. Crelle’s Jowrn., cxxil. pp. 
179-185. ] 


Although this paper professes to show merely that most of Netto’s 
theorems of 1894 are immediate corollaries of Muir’s law of 1881, 
it in reality does much more. First of all, the Law of Comple- 
mentaries and the Law of Extensible Minors are formulated and 
established anew. He then shows the effectiveness of these laws 
in arriving at determinant equalities, and in binding an assemblage 
of such equalities into a compact whole. The particular theorems 
which he so knits together by way of illustration are Laplace’s 
expansion-theorem (1772), Cauchy’s theorem regarding the adjugate 
(1812), Jacobi’s regarding a minor of the adjugate (1831), Sylvester’s 
regarding compounds (1851), Franke’s regarding a minor of a com- 
pound (1862), Muir’s extension of Laplace’s theorem (1879), and 
Netto’s similar extension (1894). He also makes his own contri- 
bution to the list, namely, an expansion like Laplace’s for | a,, |"-! 
whenr > 2. This he obtains by taking the complementary of that 
form of Laplace’s theorem in which each term consists of r factors ; 
for example, knowing that 


| @ybyc3d4e5| = omy yb, | - | Cady | és | ; 
he deduces 
| @do¢ydqe5|?7 = Al AyboCedq|-| Ayb3e5 | -| Cydges |}. 
We may recall that by taking the extensional of this, say the exten- 
sion f,g;, there is obtained 
| @1bo¢sd4es.fe97|" >| F692] = ont AydoC3dy foGr | + |41b205.fo9: | - | cod 4es.feGal } 
as observed by Pascal in 1896. 


CHAPTER IL. 
TEXTS-BOOKS, FROM 1880 TO 1900. 


ALTHOUGH the number of text-books and other publications of a 
text-book character is not appreciably different from what it was 
in the preceding period, there is considerable convenience to the 
reader in having them segregated from their former fellows, whose 
number has greatly increased. About a dozen languages are repre- 
sented, being one or two fewer than before: on the other hand, 
Serbia appears for the first time with a good text-book in her own 
language, and Spanish works are effectively supplemented by one 
from Argentina. German still heads the list with double the 
number in either French or English. 

Fortunately, in accordance with their.dates, some critical papers 
on the subject of text-books, and generally on the teaching of deter- 
minants, fall to be noticed at the outset. 


HOFFMANN, J. C. V., DIEKMANN, J., ERLER, ., 
BARDEY, E., GERLACH, (1880-1882): DOTSCH, G. (1880): 
JENRICH, P. (1882). 


[Determinanten oder nicht? Eine Gefahr! Zeztschrift f. math. u. 
naturw. Unterricht, xi. pp. 348-360; xi. pp. 84-85, 95-99, 
193-196, 413-417, 425-427; xii. pp. 111-114, 171-186, 356, 
442-443. ] . 

[Zum Unterricht in der Determinantenlehre. Blatter f. d. baar. 

Gymn.-u.-Realschulwesen, xvi. pp. 25-28. ] 

[Beitrage zur Methodik des mathematischen Unterrichts mit Beriick- 

sichtigung der Determinantenfrage. Sch.-Prog. 41 pp. 

- Magdeburg.] 
What we have here is a lengthened discussion of the position and 
value of determinants in the mathematical section of the school 
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curriculum, together with suggestions as to the best mode of intro- 
ducing the subject to the learner. On all these points the writer of 
the leading paper shows himself pedagogically sound and experienced. 


CARDENAS, A. RUIZ DE (1878): FRASCARA, G. A. (1880): 
HOPPE, R. (1880). 


[Primi notizie intorno al calcolo dei determinanti. Annali del R. 
Ist. Tecn. e Naut., viil. pp. 87-117.] 


[Sui Determinanti. 46 pp. Genova.] 


[Elemente der Determinantentheorie. Archiv d. Math. u. Phys., 
Ixv. pp. 65-72. ] 
The first two writings are quite elementary expositions, not calling 
for any special note.* 
Hoppe gives a very condensed presentation of the elements 
suitable for teachers. 


KLEMPT, D. A. (1880). 


[Lehrbuch zur Einfiihrung in die moderne Algebra. x11+260 pp. 
Leipzig. ] 

The subjects dealt with are quite similar to those of Salmon’s 
Modern Higher Algebra. The book, however, is intended for less 
advanced students; and to such, by reason of its fuller exposition 
and its large number of simple exercises, it ought to be serviceable. 


SCOTT, R. F. (1880). 


[A Treatise on the Theory of Determinants, and their applications 
to Analysis and Geometry. xi-++-251 pp. Cambridge.] 


This is noteworthy as giving for the first time to the English- 
speaking student a reasonably full account of the subject. No 
branch of any note is neglected, even a chapter on cubic deter- 
minants being included.t At the end there is given a valuable 


* For help in learning about them I am indebted to the kindness of Professors 
G. Loria and G. Lazzeri. 


{ Curiously enough Sylvester’s important theorem of 1839, poh (Hist, ii, 
pp. 61-62) has been found omitted from it, aoe 
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collection of exercises, about a hundred in number, and most of 
them of the kind deserving record as being statements of more or 
less useful properties. There is appended also a bibliographical list 
containing about 200 titles. A special feature of the exposition is 
the prominence given to the use of so-called alternate numbers, the 
resolution of a determinant into a product of such numbers being 
employed at the very outset to evaluate the determinant 


; COS (4;-+4,) cos (a, +45) 
cos (@,+4a,) 4 COS (@2+45) 
COS (43+4,) COS (43+) 


and being repeatedly recurred to later in the establishment of the 
general properties. 


HESSE, O. (1880): MANSION, P. (1880): BALTZER, R. (1881): 
BRUNO, F. FAA DI (1881). 


[Die Determinanten, elementar behandelt. (Translation into Polish 
by Zdziarski.) Warsaw.] 


[Eléments de la Théorie des Déterminants,.... 3° éd. 64 pp. 
Mons.} 


[Theorie und Anwendung der Determinanten. 5" verbesserte und 
vermehrte Auflage. vi+279 pp. Leipzig.] 


[Hinleitung in der Theorie der Binairen Formen.... . Deutsch von 
T. Walter. viii+379 pp. Leipzig.] 


Mansion very considerably enlarges and improves his German 
edition of 1878, the chapter on elimination, etc. (pp. 41-63), natur- 
ally receiving most attention. 

The new edition of Baltzer, the last of all, has received only 
slight enlargement, but.the same careful revision and amendment 
as its predecessor. Most of the alterations are in the section on 
‘ applications.’ 

In the German edition of Bruno, produced with the help of 
Noether, there is quite a number of alterations and extensions, the 
value of the book being increased thereby. 
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GROLL, R. (1881): KAISER, H. (1882). 


[Die Determinanten fiir den Schulgebrauch. Sch.-Progr. 20 pp. 
Quackenbriick. ] 

[Die Anfangsgriinde der Determinanten, in Theorie und Anwendung. 
Zur Selbstbelehrung leichtfasslich bearbeitet. vii+41 pp. 
Wiesbaden. | 

The first author here teaches by means of the simplest particular 
instances, and is not sparing in explanation: the second by means 
of general propositions accompanied by the minimum of illustration. 


Neither pamphlet seems to justify its existence in view of others of 
like kind. 


BURNSIDE, W. S anp PANTON, A. W. (1881). 


[The Theory of Equations, with an introduction to the theory of 
binary algebraic forms. (Chap. XI. Determinants, pp. 221-— 
265.) xvi+387 pp. Dublin.] 

This is in some points better than the usual chapter given in such 

a book. The exercises, for example, are chosen so as to be of value 


apart from the practice which they afford the reader, and sometimes 
involve fresh results. 


THOMSON, W. (1881). 


[An Introduction to Determinants, with numerous examples. For 
use in Schools and Colleges. viiit101 pp. Edinburgh.] 

Another want felt in English is here supplied, namely, an ele- 

mentary exposition accompanied by a variety and sufficiency of 


easy exercises to enable the less advanced student to handle deter- 
minants with reasonable facility. 


MUIR, T. (1881). 
[A Treatise on Determinants. With graduated sets of exercises. 
For use in Colleges and Schools. viii++240 pp. London.] 
This is a students’ text-book intended to make readers interested 
in the theory for itself, and not merely as a pleasant auxiliary to 
other branches of elementary mathematics. No separate chapter 
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or section is devoted to the ‘applications’: examples of such are 
only given at suitable points in illustration of the theory : geometry 
1s not at all referred to. There is thus made possible a fuller state- 
ment of the theory, the 240 available pages being allocated to a 
simply-written chapter on determinants of the 2, 3" and 4*" orders 
(pp. 1-23), a chapter on general determinants (pp. 24-148), a chapter 
on special forms (pp. 149-227), and a chapter containing a historical 
and bibliographical summary. Nineteen sets of exercises are given 
at intervals,—436 exercises in all. 

As an instance of fresh matter in regard to general determinants, 
we may note a proof of the Law of Complementaries (p. 142). M, 
being used to denote an r-line minor of | a,, |, the known equality 
can be put in the form 


MA Mae Fee EMM oes ly 


where of courser +s+t#+... = pto+7+.... Now this, 
being true in regard to every determinant, must hold when the 
corresponding minors Stl,, H., . . . of the adjugate are substituted : 


and, as we have 
Sy 31 Gy 20. 
where M,,_, is the cofactor of M, in | a, |, it follows that 
pe MWe | we ee das. Mes, 5 oer 
Be Me ae | Mycealklig OM goes es boa «5 


whence, on division by the lowest power of | a,, | contained in any 
term, there results the new identity predicated. 

The subject, also, of vanishing aggregates of products of pairs of 
determinants receives (pp. 121-128) fuller attention than in any other 
text-book, Sylvester’s theorem of 1839 being first carefully proved 
(§ 85), and then his generalization of 1851 (§§ 86, 87). The difficulty 
of specifying signs in the latter is got over by modifying the enuncia- 
tion, namely, The product of two determinants of the same order is 
equal to the sum of like products obtained from the original by wnter- 
changing q chosen columns of the one determinant with every set of 
q columns of the other in succession, the interchange of q columns with 
q columns being effected by interchanging the first column of the one 
set with the first column of the other, the second column of the one with 
the second of the other, and so on. 
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SUAREZ A. y GASCO, L. G. (1882): BACAS, D. 
y ESCANDON, R. (1883). 


[Lecciones de coordinatoria con las determinantes y sus principales 
aplicaciones. xvi+451 pp. Valencia.] 

‘ [Teoria elemental de las determinantes y sus aplicaciones al algebra 
y 4 la trigonometria. 196 pp. Madrid.] 

To the first Spanish text-book on determinants some special 
interest attaches, an unusually large portion of it being occupied 
with the auxiliary subject of ‘ coordinatoria, —that is to say, com- 
binations and permutations. The contents of the book are (1) 
seven lessons (146 pages) on ‘ coordinatoria,’ (b) ten lessons (242 
pages) on determinants, and (c) three short lessons on applications. 
In all cases the exposition is made with great care, and in fullness 
it even exceeds that of Dostor. 

The other text-book is more ordinary in character, and less 
accurate. It takes over from Dostor two pages on ‘ déterminantes 
miltiples,’ and some of its ‘ applications to trigonometry ’ are less 
appropriate than Dostor’s. 


SHAPOSHNIKOFF, — . (1882). 


[Elements of the Theory of Determinants. (In Russian.) 35 pp. 
Moscow. ] * 


MANSION, P. (1882, 1883, 1886): DOSTOR, G. (1883). 


[Introduction & la Théorie des Déterminants,.... 2° édition. 
32 pp. Gand.] 
[Eléments de la Théorie des Déterminants,.... 4° édition. iv-+80 
pp. Paris. ! 
[Elemente der Theorie der Determinanten,.... 2 vermehrte 
Auflage. xxiv+56 pp. Leipzig.] 
[léments de la Théorie des Déterminants,.... 2° édition. xxxiv 


+361 pp. Paris. ] 
In these new editions Mansion enlarges and improves both the 
Introduction and the Eléments, the latter being now almost quite 


* Not seen, 
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double its original size. Save for the arrangement, the German 
edition of 1886 does not differ from the French edition of 1883. 
Dostor’s book is also slightly larger. 


EGIDI, G., KROBER, ., BUNKOFER, W., VALENTA, J. 
(1883). 

[Trattato Elementare dei Determinanti e loro Applicazioni, estratto 
dalle... xvi+196 pp. Roma.] 

[Die Determinanten fiir den Unterricht bearbeitet. Sch.-Progr. 

30 pp. Bischweiler.] 

[Die ersten Elemente der Determinantentheorie. 27 pp. Tauber- 
. bischofisheim. | 

[The Theory of Determinants (in Czech). Sch.-Progr. Prag.] 

The first of these is a well-intentioned contribution, but shows 
no advance on previous Italian text-books either in teaching skill 
or in freshness, being little more than a series of conscientiously 
framed definitions, theorems and corollaries. As a specimen we 
may note that the equality which for the 4 order is 


a b c a 

pietsen iP Ninhaten Rib DON aes 
—q —=b Cc 2 
TSOh IN 6 d 


is carefully formulated as a theorem, the wording of which occupies 
seven well-filled lines. 

The second is a fair specimen of the school ‘ program’ of the 
purely class-room type. The third is equally elementary, but less 
workmanlike. The fourth has not been seen. 


LEBOULLEUX, L. (1880, 1884). 


[Traité élémentaire des déterminants. 175 pp. Paris.] * 
[Traité élémentaire des déterminants, contenant 299 exercices. 
vili+184 pp. Genéve.] 
A very elementary ‘ treatise.’ To two-line determinants 18 pages 
are devoted, to three-line 33, to n-line 66, and then follow 64 pages 


* This I have only seen referred to, The other makes no mention of a previous 


* edition. 
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of mixed matter, mainly worked-out exercises. The author is a 
willing and profuse guide, but not always safe. 


LONGCHAMPS, G. DE (1883). 


[Algébre. (Déterminants, etc., pp. 64-111, 637-664.) xii+671 pp. 
Paris. ] 
Longchamps’ exposition is of the type usual in such a book, save 
as regards the very full consideration given to linear equations 
(pp. 88-111). 


ALBUQUERQUE, J. A., SCHRADER, ., REUSCHLE, C. (1884) : 
KAISER, H. (1885). 


[Primeiros principios da theoria dos determinantes, para usos dos 

lyceos. vii-++55 pp. Paris.] 

[Die Determinanten im Schulunterricht, und ihre Anwendung auf 
Gegenstande der analytischen Geometrie. Sch.-Progr. 23 pp. 
Halle a. S.] 

[Determinantentheorie. Erstes Kapitel, Einfiihrung in die Deter- 

minantentheorie. 16 pp. Stuttgart.] 

[Die Determinanten fiir den ersten Unterricht in der Algebra. 

23 pp. Wiesbaden. ] 


The first of these is an elementary text-book with suitable exer- 
cises, somewhat resembling in its aims Mansion’s Eléments, and 
therefore likely to be useful for Portuguese schools. The second is 
a school-program with only six pages expository of determinants, 
and fourteen devoted to coordinate geometry. The third and fourth 
resemble school-programs of the most elementary type. 


SALMON, G. (1885). 


[Lessons introductory to the Modern Higher Algebra. 4" ed. 
xvi+360 pp. Dublin.] 

To this, the last, edition the most noticeable extensions concern 
binary quantics: in determinants proper only about a score of 
exercises are added. In connection with Schlafli’s expressions for 
| ab, |%, | a,b. |®, ... it is pointed out how, from considering the 
eliminant of 


Ss 
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(bya +b2y) (qx+exy) = 0 

(4@+Cyy) (ae +ay) = 0 

(a,@+agy) (b,2+by) = 0), 
a known identity may be reached: also how the 3-line minors of 
the array 


2 2 2 
ay b Cy bic, Cy yb, 
2a,0, 26,6, 2c. byCotboC, Cyag+C,Q,  a,b,+0,0, 
2 2 
Ae bs Ce” bolo Cole Agbs 


are ascertained to be ternary products of | b,¢,|, | ca |, | ab, |. 


SICKENBERGER, A. (1885): TARTINVILLE, A. (1885, 1886). 


[Die Determinanten in genetischer Behandlung. Line Einfiihrung- 
in die Lehre von den Determinanten. Sch.-Prog. 80 pp. 
Miinchen. | 

[Premiére legon sur les déterminants. Paris. ] 

[Seconde legon sur les déterminants. Paris. } 

This school-program of the expository type is better and much 
more extensive than any of its immediate predecessors. The author 
devotes 12 pages to determinants of the second degree, 38 to those 
of the third degree, and 30 to determinants in general. Though 
explanation may be overdone, the method is in general sound. 

The two ‘ legons ’ I have not seen. 


GORDAN, P. (1885). 
[Vorlesungen itiber Invariantentheorie. Herausg. von Dr. Georg 
Kerschensteiner. Erster Band: Determinanten. xi1+-202 pp. 
Leipzig. ] . 

This volume is divided equally between ‘theory’ and‘ applica 
tions.’ 

The first half, though freshly written, shows no improvement on 
previous expositions, the explanations and illustrations being some 
times a little overdone, and yet not too effective. While dealing 
with the transposition of rows, attention is given (pp. 28-31) to the 
- problem of transforming a determinant so as to have in the diagonal 
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any given set of elements that may form a term,—a matter at the 
basis of such proposals as those of Bonolis, Teixeira, etc. 

The second half is considerably more interesting, the treatment 
of the solution of linear equations (pp. 101-120) being very readable, 
and the improvement being still more marked in the chapters dealing 
with the resultant of two binary quantics (pp. 131-166, 174-186) 
and with the discriminant (pp. 185-196). 


CARR, G. S. (1886): HAGEN, J. G. (1891). 


[Determinants,.... Synopsis of Elem. Results in Pure Math., 
pp. 144-158, ....] 
[Theorie der Determinanten,.... Synopsis der hoheren Math., 


i. pp. 215-228, 189-193, ... .] 

The interest of the first of these synopses does not lie in the 
necessarily meagre collection of ‘results,’ but in an unexpected 
subject-index (pp. 841-935) to the mathematical papers published 
in thirty-two serials during the preceding part of the century, also 
in a table showing at a glance the current volume-number of any 
one of the serials for each year from 1801 to 1885. 

The second synopsis is meant for more advanced students, and 
is most carefully drawn up: in usefulness, however, it naturally 
falls short of a good text-book. 


YOUNG, T. E. (1886): JANNI, V. (1886): DOLP, H. (1887): 
HATTENDORF, K. (1887): SICKENBERGER, A. (1887). 
[A note on determinants. Journ. Inst. of Actuaries, xxvi. pp. 
149-152. ] 
[Lezioni di Algebra Complementare. Terza edizione, corretta 
ed ampliata. (viii)+272 pp. Napoli.] 


[Die Determinanten.... 3 Auflage. 94 pp. Darmstadt.] 
[Hinleitung in die Lehre.... 2 Ausgabe. 60 pp. Hannover.] 
[Die Determimanten.... 2°" Abdruck. viii+80 pp. Miinchen.] 


The first of these is an expository trifle. The second is an im- 
proved and enlarged edition of a text-book first published in 1876, 
but known to us only from being quoted by Giinther and Pascal 
(Hist., iii. p. 460). ‘The others are practically reprints. _ 
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CAPELLI, A. r GARBIERI, G. (1886). 
[Corso di Analisi Algebrica. Vol. I. Teorie Introduttorie. vii-+ 
511 pp. Padova.] 


The fourth chapter of this ‘ Course’ (pp. 273-363) is devoted to 
the pure theory of determinants. It is sound in quality, like other 
previous Italian expositions of the same type—Rubini’s of 1863, for 
example, and Janni’s of 1876—gives proper evidences of improve- 
_ ment and progress, and though merely part of a book on general 
algebra is almost as full in its treatment as special text-books of a 
few years before. A portion also of the next chapter (‘ Systems of 
Linear Forms ’) is, strictly speaking, an addendum, the subject being 
the evanescence of arrays (pp. 387-400). 


HANUS, P. H. (1886): PECK, W. G. (1887). 


[An Elementary Treatise on the Theory of Determinants. A text- 
book for colleges. viii+218 pp. Boston, U.S.A.] 
[Elementary Treatise on Determinants. iv+47 pp. New York 
and Chicago. ] 

Although, avowedly, the author of the first of these text-books 
makes free use of a number of previous works of the same kind, 
and specially mentions those of Muir and of Burnside and Panton, 
the result is a fresh whole, more homogeneous, indeed, than the 
works of some authors who are less frank. It consists of an intro- 
ductory chapter of 16 pages, a chapter of 65 pages on general deter- 
minants, and a long chapter readily separable into two, namely, one 
on the use of determinants in dealing with a variety of questions 
regarding equations (pp. 82-146), and the other on determinants of 
special form (pp. 146-217). We may note in passing that in the 
last of these, under the head of continuants, there is reproduced 
from Giinther a so-called proof by means of determinants that 

a ma 


a me - 
Speaking generally, this first home-made text-book on determinants 
would be found by United-States students sound and serviccable. 


The other book is a quite elementary exposition, and, though 
filling a gap in America, is of merely local interest. 
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SCHRADER, W. (1886). 


[ Beitrage zur Theorie der Determinanten. Neue Sitze und eine 
neue Bezeichnung. vi+156 pp. Halle a. S.] 

Notwithstanding the title, this is in form and reality a text-book, 
the first two chapters (pp. 1-75) dealing with determinants in 
general, and the third (pp. 75-141) with special types, numbering 
about a dozen in all. There is also an appendix (pp. 152-155) on 
the division of one determinant by another. The treatment is not 
quite commonplace. Indeed, in the title and preface the author 
makes definite claims to originality, and, though this cannot in 
general be sustained, it is clear that he sought out paths and results 
for himself. 

His full-length notation for the n-line determinant, which has 
double-suffixed a’s for elements, is 

Nema 
D (ay,z)h Pe kn, 

where the 2’s are the row-suffixes and the k’s the column-suffixes ; 
but he usually shortens it into 


nm 


D (4;,x), 
when the suffixes are in both cases 1, 2,..., n. 

His new theorems on general determinants mainly concern the 
adjugate, and are to be found in the second chapter (pp. 53-75). Of 
the few requiring notice, one is in effect that 7f | a,, | be multiplied 
row-wise by |b,,|, and the product be multiplied column-wise by the 
adjugate of the former, the (r,s)” element of the result is equal to 
bye |. With a superfixed comma to denote the operation of 


changing rows into columns, it is the same thing to say that the 
(r, s)” element of 


{| Ay, | | Din |}’- | sh 


as equal to b,,-| a, |, or that the elements of {| ayy |-| Dyn mba: 
and | b,, | are proportional. By way of proof it is only necessary to 
write the (r, s)'" element of the product in the form of a so-called — 
bipartite function. It will then also be apparent that the pro- 
position is not affected by interchanging | a,, | and | Ayn |, a fact 
which, if noted by the author, would have rendered one eof his other 


N 
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propositions (p. 61) unnecessary. He fails too sometimes to recog- 
nize an old theorem in a new guise ; for example, the fact (p. 73) 
that the elements of the (n—m)** compound of | @,, | are propor- 
tional to those of the m™ compound of | A,, | is merely Jacobi’s 
theorem regarding a minor of the adjugate. Lastly, we may note 
a proposition which is an immediate consequence of the multi- 
plication of two oblong arrays, namely, Jf m rows of | ay, | and m 
rows of | A,,| be taken, and each determinant of the former array be 
multiplied by the corresponding determinant of the latter, the sum of 
the products equals | a,,|" or 0, according as the rows taken in the 
second case are or are not the same selection as in the first case. 

As for the division-problem above referred to, the kind of solution 
obtained will be understood from the statement that M and N being 
any n-line determinants, the (r,s) element in the quotient of M by 
N is got by replacing the xr row of M by the s row of N and diwiding 
the result by N. Any want of value in this as a practical solution 
may be held compensated for by the fact that the outcome is the 
theorem in compound determinants originally discovered by Bazin 
in 1851. Schrader illustrates it, and indeed almost all the others, 
by purely arithmetical examples. 


SCHEIBNER, W. (1887). 


[Mathematische Bemerkungen. Berwhte... Ges. d. Wiss. zu Leip- 
zig: math.-phys. Cl., xxiv. pp. 1-13.] 

These are unimportant extracts from letters addressed to Baltzer 
in the early part of the year of his death (1887) and containing 
suggested amendments to his 5 edition, the passages concerned 
being § 6,, § 72, § 8, § 11s. 


AMORETTI, F. y MORALES, C. M. (1888). 


[Teoria elemental de las determinantes, y sus principales aplicaciones 
al algebra y la geometria. xvili+180 pp. Buenos Ayres.] 

A very useful text-book for Argentine students, the authors being 
pupils of Valentin Balbin and following the lines. of his university 
lectures. In extent # is similar to that of Bacas and Escandon of 
1883, but in other respects it differs considerably for the better. 
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NEWMAN, F. W. (1888). 


[Mathematical Tracts. Part I. Tract IV. On superlinears, pp. 
35-53. 80 pp. Cambridge.] 
The ‘ tract’ is a short elementary exposition, simply and clearly 
written; ‘superlinears’ are determinants: and a ‘bilinear tablet’ 
is a determinant of two rows. 


HORTA, F. P. (1889). 


[Estudo elementar dos determinantes, sequido de uma parte com- 
plementar relativa, principalmente, aos determinantes funcion- 
naes. 176 pp. Lisboa.] 

This supplies Portuguese students with a reliable text-book of a 
more advanced type than Albuquerque’s of 1884. Unfortunately, 
it does not contain a single example for practice. Exactly half of 
the whole is devoted to ‘ applications.’ 


WENTWORTH, G. A., Erc. (1889). 


[Algebraic Analysis. Solutions and exercises, illustrating... . 
Part I. x+418 pp. Boston, U.S.A.] 

What is of note here is that in addition to 168 exercises given in 
sets at intervals to test the learner’s progress there is at the end a 
careful compilation of 300 more not confined to determinants, but 
dealing also with the so-called applications. 


POWEL, A. (1888): DIEKMANN, J. (1889). 


[Anwendung der Determinanten in der Schule. Sch.-Progr. 18 pp. 
Gumbinnen. | 


[Anwendung der Determinanten und Elemente der neueren Algebra 
auf dem Gebiete der niederen Mathematik. 111 pp. Leipzig.] 


Diekmann’s attitude towards the inclusion of determinants in the 
school course we have already noted (Hist., iii. p. 59). The present 
is another effort to show what effective applications can be made 
of even a very elementary knowledge of the theory. 

The other writing I have not seen, but it is said to be of 
comparatively trivial importance among ‘ programs.’ 


—__. 
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PRADO, G. FERNANDEZ DE (1890, 1902). 


[Elementos de la teoria de los determinantes, y sus aplicaciones 4 
la eliminacion y 4 la teoria de las formas. (?) pp. Madrid.] 


[Elementos.... 2* edicién, revisada y ampliada. xii+324 pp. 
Madrid. ] 

A clear but stiffly formal exposition, done carefully to order, with 
no unfamiliar material, and with no exercises for practice. Only a 
third of the book concerns the theory, and the last third is devoted 
to the algebra of quanties. The first edition I have not seen. 


KNESER, A. (1891). 


[Ueber eine Methode zur Darstellung der Determinantentheorie. 
Sitzungsb. d. Natur f. Ges... . (Dorpat), ix. pp. 522-532.) 


The method is one that has already been more than once brought 
forward, probably with the greatest fullness by Matzka in 1877. 
The proofs, including that of the multiplication-theorem, are 
gradational. 


LUCAS, E. (1891). 


[Théorie des Nombres. I. xxxiv+520 pp. Paris.] 

A brief account of determinants and linear equations occupies 
chap. xvi. (pp. 281-298): the applications to the Theory of 
Numbers are fewer and more commonplace than might have been 
expected, considering the author’s devotion to the subject. 


CARNOY, J. (1892). 


[Cours d’Algébre Supérieure. 2x1i-+-537 pp. Louvain. ] 


The first part (pp. 1-65) is a clear exposition of the theory of 
determinants, and the two others, dealing with the theory of 
equations and the theory of binary forms, furnish a number 
of applications. 
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MILLER, G. A. (1892): WELD, L. G. (1893). 


(Determinants. An introduction to the study of, with examples and 
applications. (iii)+101 pp. New York.] 
[A Short Course of the Theory of Determinants. xiv+298 pp. 
London. | 

The first of these belongs to a series of pocket booklets on technical 
science, where, doubtless, simplicity and clearness of exposition 
were held to be the most important requisites. 

The second is a text-book not unlike others already in English— 
for example, those of Muir and Hanus—but aiming at still further 
simplification of the exposition and exercises. 


WEICHOLD, G. (1893). 


[Lehrbuch der Determinanten und deren Anwendungen. Erster 
Theil... xvi+380 pp. Stuttgart.] 

This is a text-book of no ordinary type. Instruction is conveyed 
in it by question-and-answer with the aid of numerous solved and 
unsolved exercises and a wealth of explanations. The page is double- 
columned : the questions are placed in the first column, the answers 
in the second, and both are printed in the larger of the two types. 
The answers being much longer than the questions, the remaining 
space in the left-hand columns is packed with ‘ explanations’ in a 
smaller type and with the statement of the exercises. The solutions 
of the latter are intended for the right-hand column, but often fail 
to be confined. The thoroughness of the system (the ‘System 
Kleyer’) is admirable, the 380 carefully printed pages containing 
about as much matter as 700 pages of an ordinary book such as 
Hesse’s ‘ Determinanten.’ Much of it, however, is of very doubtful 
utility : for example, the resolution of 


sina sin2a tana sin?a 
sn8 sin28 tan sin? 8 
sny sin2y tany sin? y 
snd sin2d tand  sin®6 


into factors occupies 2} full pages, and is still curiously unfinished. 


nN 
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KORCZYNSKI, J. (1892): OTT, A. (1893): DOLP, H. (1893). 
[Elementary Theory of Determinants. (In Polish.) Sch.-Progr. 
42 pp. Cracow.] 

[Ueber Determinanten. Sch.-Progr. 26 pp. Weimar.] 
[Die Determinanten,.... 4% Aufl. iv+95 pp. Darmstadt.] 


The first two are ‘ programs’ of the class-room type: the third 
is almost a complete reprint. 


GARBIERI, G. (1893). 


[Teoria ed applicazioni dei determinanti. 100 pp. Reggio d’Emilia. ] 

This has been somewhat incorrectly viewed as a second edition 
of Garbieri’s text-book of 1874: it is rather a new work, drawn up 
with the help of the old, on the lines of his lectures at Genoa. 


CESARO, E. (1894). 


[Corso di Analisi Algebrica, con.... vili+500 pp. Torino.] 

We have here again a clear and readable account of determinants, 
occupying the opening chapters (pp. 1-51, . . .) of a book on general 
algebra. It is naturally, however, less full than that given by 
Capelli and Garbieri in the first volume of their work bearing the 
same title (see above, p. 87). ‘ 


WEBER, H. (1895, 1898, 1898): NETTO, B. (1896, 1900) : 
WELD, L. G. (1896). 


[Lehrbuch der Algebra. Bd. I. xv+653 pp. Braunschweig. 
2% Aufl. xvi+704 pp. (1898).] 
[Traité d’Algébre Supérieure. ‘Traduit ... par J. Griess. xi+ 
704 pp. (1898.) Paris. ] 
[Vorlesungen iiber Algebra. Bd. I. x+388 pp. Bd. IL iv+ 
519 pp. Leipzig.] 

[Merriman and Woodward’s Higher Mathematics, pp. 33-69. ] 
Weber, in seeking to produce an up-to-date work on the lines of 

Serret’s Cours d’Algébre Supérieure devotes, like Serret, a chapter 

(II.) to determinants, and uses them freely afterwards in dealing 
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with other subjects. His chapter (IV.) on symmetric functions is 
especially readable. 

Netto has no lecture specially given up to the subject, but for all 
the so-called ‘ algebraical applications’ his book deserves to be 
. carefully consulted. 

Weld’s article aims at giving in short compass to fairly advanced 
readers a general idea of the subject. 


CAPELLI, A. (1895, 1898). 


[Lezioni di Algebra Complementare, ad uso.... xii+527 pp.: 
2°" ediz. xvi+680 pp. Napoli.] 

In view of the character of Capelli’s work with Garbieri on this 
subject (1886) one is not surprised to find here a superior text-book, 
clear in exposition and fresh in material, nay even occasionally 
original. A chapter, the third, is wholly devoted to determinants, 
and there are also of course the usual applications. 


PASCAL, E. (1897). 


[I Determinanti: teoria ed applicazioni: con tutte le pit recente 
ricerche. vili+330 pp. Milano.] 

A very attractive pocket text-book, with pages only a trifle larger 
than a post-card, but 330 of them, and almost none of them occupied 
with Geometry. It is divided into two strikingly unequal parts, 
one of 48 pages on the fundamental properties, and one of 282 pages 
on special researches and applications ; and although, of course, the 
latter does not really contain ‘ all the most recent researches ’ nor 
go very deeply into any one subject, it is surprising to find how 
many comparatively fresh matters are touched on and attributed 
with fair accuracy to the original writers. There are no exercises.* 


STOFFAES, . (1897): DOLP, H. (1899). 
[Théorie des déterminants. Lille.] 


[Die Determinanten,.... 5' Aufl. iv-+95 pp. Darmstadt.] 


* Another noteworthy feature is the price. For 3 lire (about half-a-crown) 
Italian students receive better value than those of any other nationality, Even 
the German translation costs about four times as much (10 marks)— 
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LIEBER, H. anp MUSEBECK, C.; 
BUDISAVLJEVIC, E. (1898). 


[Aufgaben iiber kubische und diophantische Gleichungen, Deter- 
minanten und Kettenbriiche, Combinationslehre und héhere 
Reihen. yvi+129 pp. Berlin.] 

[Grundziige der Determinanten-Theorie und der projectivischen 

Geometrie. x+492 pp. Wien u. Leipzig.] 
The section devoted to our subject in the first of these books is 

§ 4 (pp. 16-33). The treatment is quite elementary. 

The second book I have not seen. 


NETTO, E. (1898). 
[Kombinatorik. Encykl. d. math. Wiss., i. pp. 28-46.] 

To give within the space of 103 pages an account of determinants, 
likely to be of any real use, would seem to be an impossibility, and 
the task is not made easier if a bibliography is to be included. 
Nevertheless the effort is here made, and the result might easily 
have been less worthy. In such a matter, however, as accuracy in 
the references and in the history, there is unfortunately room for 
considerable amendment. 


GAVRILOVITCH, B. (1899). 


[Teoriya Determinanata. xii+278 pp. Beograd.] 

A workmanlike text-book, written with a wide and accurate 
knowledge of others, well chosen as to matter, and up-to-date in 
construction. Certain to be valuable to Serbian students, and not 
unworthy of examination by expositors outside Serbia. 


BURNSIDE, W. 8. anp PANTON, A. W. (1899). 


[An Introduction to Determinants, being a chapter from The Theory 
of Equations. 84 pp. Dublin.] 

The text-book by the same authors on the Theory of Equations 
(1881) we have already noted at the proper place. In 1886 a second 
edition of it appeared with the chapter on determinants increased 
to 60 pages, and in 1892 a third edition with a further increase of 
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5 pages. The booklet we have now reached is a reprint from the 
fourth edition, which shows again considerable growth and improve- 
ment. The separate publication of the chapter gives to English- 
speaking readers for the first time something comparable with 
Mansion’s Eléments. 


MANSION, P. (1899, 1900). 


[Introduction 4 la théorie des déterminants. 3°éd. 40pp. Gand.] 

[Einleitung in die Theorie der Determinanten, fiir Gymnasien und 
Realschulen. Aus der dritten franzésischen Auflage tiber- 
setzt von B. J. Clasen. 40 pp. Leipzig. ] 


[Elemente der Theorie der Determinanten.... Dritte vermehrte 
Aufl. 103 pp. Leipzig.] 
[Eléments de la théorie des déterminants.... 6° éd., revue et 


augmentée. iv+91 pp. Paris.] 


Still further improvements and extensions have been made to the 


‘Eléments,’ and the German edition is now closely assimilated to 
the French. 


STUDNICKA, F. J. (1899). 


[Uvod do nauky o determinantech. Sbornik Jednoty Ceskych math, 
v Praze, Cislo iii. 230 pp.] 

This is quite different from Studnitka’s text-book of 1869 (Hist., 
il. p. 29). In the first place it is almost four times as large, and in 
the second it gives liberal space to the author’s own writings of the 
preceding thirty years. The latter feature is more pronounced in 
the case of the second of the three sections, which deals with deter- 
minants of special form. By its clear and detailed exposition the 
book is well calculated to spread a knowledge of the subject among 
Czech-speaking students,—a fact, doubtless, which led to its receiv- 
ing the imprimatur of the Society of Czech Mathematicians. 


CHAPTER III. 
DETERMINANTS AND LINEAR EQUATIONS, FROM 1880 TO 1898. 


THE number of writings to be reported on here is about a half more 
than for the period of the preceding volume: on the whole, however, 
the importance of them is less. 


MANSION, P. (1880, 1885). 


[Sur un systéme d’équations linéaires. Nowv. Corresp. Math., vi. 
pp. 30-32. ] 


[Note sur la méthode des moindres carrés. Bull.... Acad. R. de 
Belgique, (3) ix. pp. 9-14.] 

Mansion’s first result, which he establishes by means of deter- 
minants,* we may formulate thus: If from a given set of linear 
equations in Zz, y, z,... there be formed the so-called ‘ normal ’ 
set, and if between the first and each of the others of the normal 
set x be eliminated, the third set so obtained is the same as would 
be got by an almost exact reversal of the operations, namely, 
eliminating x in every possible way from the given set, and then 
forming the normal set of the set resulting. 


*To the previous list of writings which use determinants in dealing with the 
Method of Least Squares there fall to be added : 
1880. GuatsHER, J. W. L. Monthly Notices... R. Astron. Soc., xl. pp. 600- 
614; xli. pp. 18-23. 
1884. ZprozEK, D. Pamietnik akad.... Krakowie, ix. pp. 199-218. 
1885. Nexrassorr, P. A. Mat. Sbornik (Moskva), xii. pp. 377-420. 
1898. Lr Granp Roy, E. Archives des sci. phys. et nat. (Genéve), (4) vil. 
p. 588. 
Glaisher’s three papers (1874, 1880) contain a fairly complete exposition. Nekras- 
soft’s has the special interest that the determinant of his set of equations is a 


circulant. 
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His second result is more general, including also Jacobi’s of 1841 
and Catalan’s of 1878 (Hist., i. p. 272; i. p. 115). 


LINDELOF, L. (1880). 
(See under this heading in Chap. I.) 


BIEHLER, C. (1880). 


[Sur les équations linéaires. Nouv. Annales de Math., xix. pp. 
311-331, 356-362. ] 

The treatment here is fuller and more thorough than in the 
author’s thesis of 1878. In dealing with his third case (pp. 325-331), 
where the number of equations is less than the number of unknowns, 
he proves a theorem including four of Ventéjols’ (1877), but does 
not mention Rouché (1875).* The fourth section (pp. 356-362) 
concerns a so-called ‘application,’ namely, the expression of a 
quadric as a sum of squares. 


SCHMITZ, A. (1880). 


[Bemerkungen iiber die Anwendbarkeit der franzésischen Methode 
zur Auflésung linearer Gleichungen. Zeitschrift f. math. u. 
naturw. Unterricht, xi. pp. 428-431.] 

As the application of the method (‘ undetermined multipliers ’) 
to a set of n equations necessitates the solution of a set of n—1 
new equations, and thereafter of a set of »—2 equations, and so on, 
it is clear that if one of these auxiliary sets be intractable through 
inconsistency or otherwise, the method fails. Further, as the deter- 
minants of the auxiliary sets are minors of the original, the con- 
ditions for the applicability of the method are easily stated. This 
is the matter to which attention is here fully drawn by example 
and reasoning. 

Additional examples will be found in a paper by C. Prediger in 
the Archiv d. Math. u. Phys., \xx. (1883), pp. 319-333. 


KRONECKER, L. (1881). 
(See under this heading in Chap. I.) 


* Rouché’s paper of 1880 had not yet been published. 
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WARNER, J. D. (1881). 


[Symmetrical method of elimination in simple equations by use of 
some of the principles of determinants. Proceed. American 
Assoc. Adv. Sci. (Cincinnati), pp. 50-56.] 


Unimportant. 


BURNSIDE, W. 8. anp PANTON, A. W. (1881). 
[The Theory of Equations,.... xvi+387 pp. Dublin.] 
It is worth noting that a legitimate solution of the equations 
ac + ay + a2 +aw = 0 
be + by + 6,2 +b0 = “ 
when none of the coefficients nor any determinant of the array is zero, 
is obtained by forcing into the set the additional pair of equations 


a G2 a3 Gy” 
Peak sialon e 
b, bi? bs bP 
agbitinage: to att aiage i 
and using the equality 
[ a," @2°b, sb," 0,°| = |a,b,|-|a10,| - ... [agb,]. 


LONGCHAMPS; G. DE (1883). 
[Algébre. (Equations linéaires,...pp. 88-111.) xii+671 pp. 
Paris. | 

This is a fuller and more serviceable exposition of the subject 
than is to be found in any previous text-book of determinants. 
A chapter is devoted to linear equations in general (pp. 88-100), 
Rouché’s lead (1875, 1880) being carefully followed ; and a second 
is occupied with those that are homogeneous (pp. 101-111). 


GIUDICE, F. (1883). 


[Equazioni simultanee di primo grado. Riwista di mat. elem. 
; (Novara). ] 

This paper, which has not been found accessible, was considered 
important by Garbieri (see below, p. 105). The author himself at 
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a later date drew attention to the fact that it contains the enuncia- 
tion and a proof of the theorem that in a set of equations that are 
(n—k)-fold indeterminate the choice of the n—k wnknowns that may 
be left arbitrary has no influence on the solutions. At the same time 
he also claims that it contains the first introduction of the notion 
of a ‘resolvent system.’ 


MERAY, CH. (1884). 
(See under this heading in Chap. I.) 


WEYR, ED. (1884). 


[O resent lineérnych rovnic. Casopis pro pestovint Math. a Fys., 
xiv. pp. 101-110, 149-159.] 

This discussion is of about the same extent as Longchamps’, but 
would seem to be more independently thought out. The writer 
does not make use of Rouché’s concept, but with the same purpose 
in view—clearness and brevity of expression—introduces a tech- 
nicality of his own, defining two or more rows as being “ sub- 
stantially different ’’ when the oblong array formed by them is not 
evanescent. By way of example we may note his treatment of the 
question as to the number of independent solutions in the case of 
a set of m homogeneous equations in » unknowns when the critical 
minor of the determinant of the set is given (§ 7, pp. 158-159). 


SIMMONS, T. C. (1885). 


{An application of determinants to the solution of certain types of 
simultaneous equations. Math. from Hduc. Times, xliv. 
pp. 136-143 ; or Progreso Mat., v. pp. 1-4, 40-44.] 

The characteristic of the main type of equations referred to seems 
to be that an elimination performed on the set produces a vanishing 
determinant containing only one compound unknown, the finding 
of which enables the veritable unknowns to be determined. For 
example, the set 

Yye(aye + dey + az) = f, 
za(byx + boy + b5z) = 
wy (Ce + Cxy + C32) 


I 
=™~sS 
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is thrown into the form 


(a, _ Eye - Asy - Ase = if 
So ay he = 0 
Cx - Coy a (¢, — =)? = | 


which by elimination provides a cubic in zyz. Numerous illustrative 
examples of this and other types are given. 


GORDAN, P. (1885). 


[Vorlesungen... I. (§ 8. Systeme lin. Gleich.... pp. 101-120.) 
xi+202 pp. Leipzig. ] 

The exposition here given resembles Longchamps’ in fullness, no 
previous German text-book on determinants being comparable with 
it in this respect. The resemblance referred to, however, goes no 
further: in Gordan’s treatment there are considerably fewer formu- 
lated theorems and greater freshness of treatment. It is con- 
structed, too, on quite a different plan. Homogeneous equations 
are taken first and assigned almost all the space (pp. 101-117) : 
the other class is considered to be a mere specialization, and is 
dismissed in a page followed by foyr examples. 


JUERGENS, E. (1886). 


[Zur Auflésung linearer Gleichungssysteme und numerischen Berech- 
nung von Determinanten. Festschr. 20 pp. Aachen.] 

What this actually concerns is the solution of any set of equations 
in which the known quantities are numbers in the ordinary decimal 
notation, like 1-7254 ..., each with the possibility of being made 
more accurate by the use of additional digits. The special pro- 
cedure proposed is the replacement of the set by another in which 
each diagonal coefficient is positive and greater than the sum of 
the absolute values of the other coefficients of its row. The multi- 
pliers for producing the second set from the first are themselves to 
be determined by the solution of sets of equations. In the next 
place, determinants of the type connected with such sets of equations 
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are directed to be evaluated by a process which brings out the result 
in the form of a product : for example, | a,b.c,d, | in the form 


| ayb2C3d | ; | bacada| | eoda| dy 
| bocsdy| | egal 5 


CAPELLI, A. = GARBIERI, G. (1886). 


[Corso di Analisi Algebrica. Vol. I. Teorie introduttorie. vii+ 
511 pp. Padova.] 

The chapter on Linear Equations (pp. 367-412), like that on 
Determinants, is a pleasing feature of this general manual of Algebra, 
an effort at progress being evident in both the matter and the 
manner of the exposition. For the first time in a text-book use is 
made of the term ‘characteristic’ (Frobenius’ ‘ Rang’) in the 
statement and discussion of the theorems. This of course is a help 
towards attaining greater accuracy, although on the other hand it 
at first raises a danger of mistaking newness of form for newness of 
substance. Of the series of nine formulated results attention is 
drawn to the second, namely, By means of successive substitution the 
set of equations 

ax eax, +o eae of = 


r=1 


can be transformed into an equivalent set of the form 


BuX, + Brox, + BisX3 +--+. + Buk +... + Bink = 0 
_» BaoXe + Boss ++. 5 + Bake... + BX = of 
BssX3 +... + Bake +... + BooXn = 0 
[oS en ieee eg eye oe | 
in which the coefficients 81,, Bos, ..-, Bry are non-zero, and k is the 
characteristic of | a, |. 

Closely connected, of course, with linear equations is the evanes- 
cence of arrays, and thus it is that there comes to be appended 
(pp. 387-400) a series of results on the latter subject. Of these 
the most general is the one worthy of note, and after some alteration 


it stands as follows: the necessary and sufficient condition for the 
vanishing of an array, oblong or square, is that its rows be connected 


s 
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by a linear homogeneous relation with coefficients not all zero. For 
example, if the array 
yey! Ae gs Oe 


d, dg dg d& ds dy 


be evanescent, with | a,b,c; | for its ‘ critical minor,’ then the elements 
of every column are connected by a linear relation whose coefficients 
are 

—| beads |, | @,Cod3|, —|A,bods|, | a,becs |; 


and, conversely, if such a fixed linear relation exist, the array must 
manifestly be evanescent. It may also be noted that there is 
established an analogue to the former of these two theorems in 
the case of the rows: thus, to take the same example, the elements 
of every row are connected by a linear relation whose coefficients 
are 

— (234 + 235 + 236), 134 + 135 + 136, 

— (124 + 125 + 126), 123, 123, 123, 


where 234, ... are primary minors of the given 3-by-6 array. 


CLASEN, B. J. (1888). 


[Sur une nouvelle méthode de résolution des équations linéaires et 
sur l’application de cette méthode au calcul des déterminants. 
Annales... soc. sci. de Bruxelles, xi. B, pp. 251-281; a, pp. 
50-59 ; or Mathesis, ix. Suppl. 2, 40 pp.] 

In the solution of a set of linear equations with arithmetical 
coefficients considerable latitude is available in the choice of the 
series of derived equations which is to end up with the values of 
the unknowns. The choice made by the writer now reached is 
made with real skill and deserves attention. For exposition it 
must suffice to say that with the set of equations 


CO i by + C2 + dyu ev. = fi (ay) 


ast + bsy + C52 + dgu + e50 = Is (a5) 
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the derived sets would be 
| ayb. | y + | aye,| 2 + | @ydy|u + | qe. |v = | a, fe| (8; 
— | ayby |x + | dye |2 + | bide | uw + | b,e2.|0 = | bf | (62 
| aybo¢s | 2 + | aybyds | uw + | aybee3| 7 = | abofs | (y1) 
— | aybacs | y + | ayCods | uv + | axes |¥ = | eof | (y2) 
| aybecy | & + | dycods | & + | ByC2¢3|0 = | byCof's | (ys) 
| aby¢gd4 | w+ | ybacgeq| 0 = | aydoesfa| (61) 
) 
) 
) 
) 


— — 


— | aybocgdq | z + | aybydgeqg |v = | adedsfy| (de 
| decay | y + | MyCodgea | = | AyCodsfa| (65 
— | ayboegdq | x + | DyCodgeq |v = | Dycodsfa| (64 
| dyboCgdyeg|v = |aydoegdafs| (ex } 


the first of any derived set after the 6 set being got, by addition 
of multiples, from all of the preceding set.and one of the a’s, and 
the others of the set from the first and one of the preceding set. 
The advantages of the process, which will be best appreciated by 
an actual trial of it, and which are rather obscured by the use of 
literal coefficients, are brevity, easy discovery of errors in calcula- 
tion, and timely detection of inconsistency or incompleteness in 
the data. Apart from these it is a useful lesson in determinants, 
comparable with Desnanot’s of 1819. 


CAPELLI, A. (1888-9, 1892, 1895, 1898). 


[Lezioni di Algebra Complementare, date nell’ anno accademico 
1888-1889. Cap. III. §6. Napoli.] 

[Sopra la compatibilita o incompatibilita di pil equazioni di primo 
grado fra pitt incognite. Ravista di Mat., ii. pp. 54-58.] 
[Lezioni di Algebra Complementare, ad uso.... xii+527 pp.; 
2" ediz. xvi+680 pp. Napoli.] 

Here we find ourselves faced with an important advance in the 
formulation (p. 165) of the test for consistency. It may be put 
very shortly thus: In order that a set of non-homogencous linear 
equations may be consistent it is necessary and sufficient that their 
unaugmented and augmented arrays have the same characteristic. By 
way of proof the author first recalls three theorems regarding homo- 
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geneous equations which he and Garbieri had formally established 
in their text-book of 1886. Then, taking his set of m non-homo- 
geneous equations in m unknowns, and supposing first that the two 
arrays of the set have the same characteristic, he makes the given 
equations homogeneous in the usual way by bringing in an (n+1)" 
unknown, and proves by use of the aforesaid theorems that a 
solution is obtainable in which the unknowns have finite values and 
the (n+1)™ of them is not zero. The sufficiency of the asserted con- 
dition is thus established. Next, supposing that the unaugmented 
array has a lower characteristic than the other, and that the set is 
nevertheless consistent, he is able to show with the help of similar 
reasoning that he is thereby led to a contradiction of his hypo- 
thesis. The asserted condition is thus seen to be also a necessity. 

It remains to note that the treatment of the subject in 1892 is 
said by the author to be essentially the same as that of the ‘ Lezioni ’ 
(1888-89). 


BUSCHE, E. (1891). 


[Ueber Kronecker’sche Aequivalenzen. Mitteil. d. math. Ges. 
(Hamburg), ili. pp. 3-7.] 
It is here shown that the number of solutions of a set of n so-called 
‘equivalences ’ in » unknowns is the absolute value of the deter- 
minant of the set. ‘ 


TYLER, H. W. (1891). 
(See under this heading in Chap. XIV.) 


GARBIERI, G. (1891). 


[Introduzione del una teorica dell’ eliminazione. Giornale di Mat., 
xxx. pp. 41-105.] 

The matter here given would appropriately form three chapters 
in a bulky text-book on ‘ modern higher algebra.’ It is mainly of 
interest as bringing once more into prominence the intimate relation 
which exists between the solvability of a set of linear equations and 
the properties of the two arrays associated therewith—the ‘ unaug- 
mented ’ and ‘ augmented ’ arrays of H. J. 8. Smith (1861), and the 
‘V-block ’ and ‘ B-block ’ of Dodgson (1867). 
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The first chapter (pp. 42-56) deals with the evanescence of arrays, 
a subject not so singled out for exposition since Dodgson’s time 
(1867). After the natural preliminary explanations, the three 
operations which do not affect the nullity of an array are discussed ; 
‘ characteristic ’ is used as by Capelli; the condition for evanescence 

‘is carefully worked out (pp. 44-49) ; and Frobenius’ property of an 
evanescent array enunciated and proved anew. The concluding 
pages (51-56) are less relevant, and their contents not recognized 
to be cases * of Sylvester’s theorem regarding a sum of products of 
pairs of determinants. 

The second chapter (pp. 56-70) concerns non-homogeneous linear 
equations. Its series of carefully formulated propositions culminate 
in Capelli’s test for consistency. The requisite specialization is then 
made, and justification is given for throwing the burden of further 
discussion on what follows. 

The third chapter, on homogeneous linear equations (pp. 70-105), 
is In consequence still more scrupulously detailed. After the test 
for consistency has been established, the conception of a ‘ reduced ’ 
set of equations (‘sestema ridotto’) is brought forward and utilized 
at considerable length. The term is used to denote a set of equa- 
tions equivalent to the given set and consisting of the lowest possible 
number of mutually independent equations. The concluding pages 
are occupied with the question of the dependence or independence 
of solutions. 


AMIGUES, E. (1892): PAPELIER, G. (1897): GASCO, L. G. (1897). 


[Démonstration analytique du théoréme de M. Rouché relatif & un 
systéme d’équations algébriques du premier degré. Nouv. 
Annales de Math., (3) xi. pp. 47-48.] 

[Note sur les équations linéaires. Revue de Math. Spéc., iv. (7° année), 

pp. 81-85. ] 

[Resolucion por determinantes de los sistemas de ecuaciones lineales. 

Archwwo de Mat., u. pp. 124-127.] 
As a mode of establishing Rouché’s theorem it is sought in the 
first paper here to prove that having selected from the given set of 
* Muir’s Determinants (1881), § 88, p. 128. Garbieri attributes them to Giudice 
(1883). \ 


\ 
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equations the group with the greatest breadth of non-evanescent array 
uw is justifiable to replace, as if for purposes of solution, each of the 
remaining equations by the vanishing of one of the ‘ déterminants 
caractéristiques.’ The proof is not without weakness. 

The second paper gives another proof. 


COLLET, J. (1893): MEYER, A. (1894). 
[Les équations linéaires et leurs applications. Annales del’ Enseigne- 
ment Sup., v. pp. 351-364. ] 
[Ligninger af 1** Grad. Nyt Tidsskrift for Math., v. B, pp. 4-17.] 
The exposition given by Meyer is of the classificatory type, 


non-homogeneous equations being given the leading place, and 
discussed under four heads with sub-heads and examples (pp. 4-16). 


CHAPTER IV. 
AXISYMMETRIC DETERMINANTS, FROM 1880 TO 1897. 


THE amount of work done on the various kinds of symmetric deter- 
minants approximates closely to that done in the preceding period, 
being however differently distributed amongst them. By reason 
of this there is a shrinkage in the contents of Chap. V.: neverthe- 
less, for convenience in reference, the classification of this part of 
Vol. III. has been retained. 


SCOTT, R. F. (1880). 
[A Treatise on the Theory of Determinants,.... xi+251 pp. 
Cambridge. ] 

We have already seen how Scott seems (pp. 15-16) to support 
his predilection for so-called ‘alternate numbers’ by using them 
to show that 

cos (a,;+az) cos (a;+as3) 
cos (ag+a,) : cos (a,+ag) 
cos (as;+a,) cos (aga) 


= (—1)"-' . {cos 2a, cos 2a,... jena nto me 
Later (pp. 221-222) he gives a similar equality, 
M+d, +43 
A, Ay . Az+As 
Ag+, 3+, 


== (=) "1s 28 Vota en rae tn Cae } 
tn : 
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without indication of procedure. Both, however, are readily 
evaluated by appropriately transforming them into determinants 
of the (n+2)" order; for example, the first into 


—| 1 ; sin ay SIN dy sin as 
—l COS a, COS ay COS ds 
sMa, COSa, —cos 2a, 
SIN d@_ COS ag ; —Cos 2a, 
SIN a3; COS az j ; —cos 2a, .... 


He records the fact that a determinant of the form 


1 COs a cos (a+) cos (a+8+y) 
COS a 1 cos 3 cos (8+) 
cos (a+) cos (3 1 cos y 


cos(a+B8+y) cos(8+y) cosy 1 


exemplified by Wolstenholme in 1878, vanishes for all orders above 
the 2"! ; and that 


at+b+c+d a—b—c+td a—b+c—d | 
a—b—c+d a+b+c+d a+b—c—d| = 16 (bed+acd+abd+abc). 
a—b+ce—d a+b—c—d a+b+c-+d | 
In regard to the latter it might have been mentioned that if on the 
right a, b, c, d were replaced by 


atbte+d, a+b—c—d, a—b+e—d, a—b—c-4d, 


and the opposite change made on the left, it would only be necessary 
to change 16 into } in order to retain the equality. Finally, the 
consequences of bordering 
(6+c)? ab ac 

ab (c+a)? be 

ac be (a+b)? 
in several different ways are specified, all of the resulting deter- 
minants being necessarily divisible by a+b-+c as this is a factor 
of every primary minor of the original (Hist., ii. p. 125), 
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HAZZIDAKIS, J. N. (1880). 


[Ueber eine Higenschaft der Unterdeterminanten einer symmetri- 
schen Determinanten. Crelle’s Journ., xci. pp. 238-247.] 


Notwithstanding the title, the real subject here is the conditions 
under which the cofactors of f,,, fifo: fifozts3 --- in the axi- 
symmetric determinant | /;, |, where the elements are rational integral 
functions of x, constitute a Sturmian series for the examination of 
the roots of the equation | f,, | =0 in the interval from =a to «=. 
The conditions found are (1) that none of the f’s must vanish identi- 
cally, and (2) that F,,, f,,, being the cofactor and derivate of any 


element, the sum 
DF iE tel 9b 
oa 


must not vanish in the interval in question. By way of illustration 
the result is applied to several special cases—the original case of 
Lagrange, Sylvester’s case of 1853 where the f’s are all linear, and 
so on. 
MUIR, T. (1881). 
[Note on a special symmetrical determinant. Analyst, vill. pp. 
169-171.] 

What is effected here is the generalization of an identity pub- 
lished anonymously in non-determinant form in 1846 (Host., 11. 
pp: 114-115). If S, be written for a,a,+b,b,+¢,c.+d,d>, the ‘ next 
case ’ 1s 

2AyAy—Sq Ada +g, — Ayly-+MgCy yg +o, 

Myby+Aqb, — 2bjbz—-Sy yea +beey dy + Dy dy 

Ayla +g DyCg+-bQ¢, — 2CyCg—Sy dy +- Cyd, 

[Aydy +d,  Oydg+body Cyd,+end,  2dyd,—Sy 

= Sy (4,70)? +¢,? +d?) (ag? +b? + 02? +d,?), 

and is proved by expanding the determinant in descending powers 
of Sy. On putting d,=d,=0, the original case is reobtained: a 
second interesting specialization 1s a,=d,=a, b,=b,=b,...; and 
a third results from putting d=0 in the second. An alternative 
procedure begins by suitably raising the determinant to the sixth 
order, so as to make the non-diagonal elements of the original 
replaceable by zeros, 
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MUIR, T. (1881). 
(See under this heading in Chap. VII.) 


MUIR, T. (1881). 
[On new and recently discovered properties of certain symmetric 
determinants. Quart. Journ. of Math., xviii. pp. 166-177.] 
All the results save one concern symmetric determinants of 


special forms elsewhere dealt with. The identity excepted is, in 
the case of the third order, 


at+xz b+y c+tze c—z b-y a-x 

a ‘i b+y dtu e+v e—v d—u b-y 

Piatt : és sive burl Ce. CP ftw f-—w e-—v cz 
al. % fe 

why: ed c—z e—v f—w ftw e+tv c+z 


b—y d—u e—v e+tv dtu b+y 
a—x b—y c—z c+tez b+y ate}, 
the determinant on the right being bi-axisymmetzic. 


BURNSIDE, W. 8S. snp PANTON, A. W. (1881). 


[The Theory of Equations,.... xvi+387 pp. Dublin.] 
By bordering 
da? +cy? +b2? —1 (A—c) xy (A—b) xz 
(A—e) xy Ay? +a +cx?—1 (A—a) yz 
(A—b) xz (A —a) yz Ae + ba? +-ay?—1 | 


by the column 1, Az, Ay, Az and the row 1, 0, 0, 0, it is shown to 
contain the factor 1—)(z?+y?+2*), the cofactor being what the 
given determinant becomes on putting \—0. 


MUIR, T. (1882). 
[On a symmetric determinant connected with Lagrange’s inter- 
polation-problem. ~ Proceed. London Math. Soc., xiii. pp. 
156-161.] 
The subject is the determinant 
lila . 2.27 _ nent 
pag Bice ier a aeeT |: 


sin or L, say, 
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and quite a number of results in connection with it are given. 
Besides being symmetric with respect to the main diagonal, it is 
alternately symmetric and skew with respect to the secondary - 
diagonal and also with respect to the bisecting line drawn parallel 
to the columns. Its most important property is that ats elements 
are proportional to their cofactors.* This is established by multi- 
plying the s** column by the element in the (r, s)™ place, the (s—1)™ 
column by the element in the (r, s—1)™ place, the (s—2)" column 
by the element in the (r, s—2)™ place, and so on, when it is found . 
that the result of summation is a new s column with all its elements 
equal to 0 except that in the 7” row, so that 


LeuDES 1 se 
L, xsin eer £(n+1)- cofactor of sin ras < 
By multiplying L,, by itself and using the identity 
pig eine + sin ano cu! 
le eh en ee ae 
oe NSH, e | 0 (sr) 
altar oo nay a Pos Gay? 


there is obtained 

L,? = {3(n+1)}”. 
In the case of L,,, addition of rows suffices to make the elements 
in m? places vanish, and after some transformations there results 


ne Ei ee Ta eee Te . m(2m—l1)7 - 
bry. = ( 1) 2 sin Im-+1 * sin m1 56 6 0 pilin 2 Ome 5 
from which and a previous result we have readily 
Lr gg 29 gg mlam—Un | _ in 
sin mai DL Sin = ene {4(2m-+1)} 


Ku evaluation is thus effected, as, curiously enough, the new 
determinant on the left here is shown to be transformable into 
me LL2a 2.2.20 sin 2 
2m+1 2m+1 °° °° 2m+1 |° 
Lastly, the determinant which differs from L in having cosines 
in place of sines is referred to, and a few analogous results given, 
one agreeing with Hunyady’s of 1872 so far as the latter goes. 


* Note might have been taken here in passing that the determinant is thus an 
orthogonant. 


iN 
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KRONECKER, L. (1882). 


[Die Subdeterminanten symmetrischer Systeme. Sitzungsd... . 
Akad. d. Wiss. (Berlin), pp. 821-824; or Bull. des Sci. Math., 
(2) xi. (2), pp. 102-107 ; or Werke, ii. pp. 391-396.] 


As already recorded, the basis of this paper professes to be the 
conception of ‘ reciprocal systems.’ In the portion devoted to such 
systems that are axisymmetric, the author intimates the existence 
of linear relations between the minors of any axisymmetric deter- 
minant. These he states in the form 


| | = >) | | 
We Ee, oes os Vb me Ny. se og MH) 
(@@ =1,2,...,m—l1,7; k = m+l1,...,r—l1,m,r+l],...2m); 
r = m+1,m+2,...,2m, 


which is somewhat lengthy and complicated, even although the 
requisite axisymmetry is not prescribed in it. The theorem simply 
LD o's 2 
12 


is that if is 


be axisymmetric, the minor 


1 ee oe Bit) 
m+1m-+2,... 2m 


as equal to the sum of all the others got from it by interchanging an under 
123456 
123456 


index with the last of the upper; for example, being given 


axisymmetric, we have 


123| _ | 124 125 126 
be a be +| 138 | +| 3, 

or 123| _ | 124] , 1125 Seas lice: 
456 356| ' | 346] | 345 


It is pointed out that the identity is verifiable on expanding each 
determinant in terms of the elements of its last row and their co- 
factors. As a matter of fact, in these last rows the elements 34, 
35, 36, 45, 46, 56 occur twice, and the cofactor in one position 
cancels its fellow in the other position. 
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RUNGE, C. (1882). 


[Die lineare Relationen zwischen den verschiedenen Subdeter- 
minanten symmetrischer Systeme. Crelle’s Journ., xciii. pp. 
319-327. ] 

This paper is the record of a vigorous investigation of Kronecker’s 
identity with two main purposes in view, a section being devoted 
to each. 

In the first place, it having been made evident that linear relations 
with constant coefficients other than 1 may exist between the 
m-line minors of a 2m-line axisymmetric determinant, the question 
arises whether such relations are self-dependent or derivative. 
With this inquiry §I. is occupied, and the result is to show (pp. 
320-322) that they are all deducible from Kronecker’s. At the 
outset attention is drawn to the fact that in every minor of a 
Kronecker identity the row-numbers and column-numbers involve 
between them all the integers 1, 2,..., 2m, the number of minors 
of this kind being therefore $(2m),,,; but that an identity will still 
subsist if in its leading minor 


Lis; 2 aiieiucsinoen — Tm, 
m+1, m+2, ...., 2m—l1, 2m 


any upper index except m be made the same as one of the under 
indices. Thus, from the identity 


123| | 124 
| 456 356 
by replacing 2 by 5 we find 
135 145 156 
bem - nee si ie al 
and by replacing 1 in this by 4 we arrive back at the simplest con- 
sequence of axisymmetry 
345 
— | 358 | + 


The result of the second section (pp. 323-326) is more interesting 
and important, namely, that a system of linearly-independent m-line 
manors can be found in. terms of which each of the others can be linearly 


125| | 126 
+ | 3461 — | 345 


456 


345) 20! 
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and integrally expressed: further, that the number of the former is 
(2m)!/(m-+1)!m!, being the }(m+1)" part of the total number that 
are admissible. 

The third section (pp. 326-327) establishes the absence of such 
linear relations in the case of a determinant that is skew, the mode 
of demonstration employed being gradational. 


MUIR, T. (1884). 


[Note on a unique property of an axisymmetric determinant of the 
fourth order. Annals of Math., i. pp. 31-33.] 
The property in question is that ¢f H and F stand for the comple- 
mentary minors of h and f in 


bee AF Te 
a Tidy re iE 
bee? sgh 
Brat i ok 
then 
{ence a b Hope fe 
ELT ofa dite a ee 
dull aye eat ils iat dae aa 


Incidentally it is noted and proved that if a non-diagonal element 
in an axisymmetric determinant be changed in sign, the number of. 
terms in the final expansion 1s diminished by 


2(n—2) . (n—2)! 


SYLVESTER, J. J. (1884). 
[Question 7889. Educ. Times, xxxvii. p. 356; or Math. from Educ. 
Times, xlviil. p. 37.] 
When simplified the result here established is that the dis- 
cruminant of 
a,Xta.y+asz+ayw b,x+b,y+b,z+b,w 
Cx+csy+eszt+e,w dyx+d,y+d,z-+d,w 


. ig |a,bocyd,|?. For proof all that is needed is to write the dis- 
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criminant in its definitional form, when it will be found to be the 
row-by-row product of 


a% b&b G& dy; —¢, —b; ~G 

dz, by Cy dy d, —C, —b, ad 
and 

a3 bs C3 ds ds —C€,3 —b, as 


Sylvester, however, evidently had in mind a general theorem 
involving a determinant of order m?, not merely 2°. 


BUCHHEIM, A. (1884). 


[On a theorem relating to symmetrical determinants. Messenger of 
Math., xiv. pp. 143-144.] 


The theorem is that regarding the reality of the roots of Lagrange’s 
determinantal equation, and the proof given rests on the considera- 
tion of a set of simultaneous linear equations. 


MUIR, T. (1884). 


[Note on the equation connecting the mutual distances of four points 
ina plane. Proceed. Edinburgh Math. Soc., i. pp. 34-88. ] 


The fact that one of the determinants in the two relations 


| age th Sa i! 5 a UF es 
| hahha alls CP Oe anes 
2a Acie pa Pate SO An eaneratlie sera atl) 
AY O25ond be eee Cor ey ae 
1 (6 e2 yi 


connecting the distances, a, b, c, d, e, f, of four points on a circum- 
ference is a coaxial primary minor of the other, is used to make the 
immediate deduction 


-, {(@erp?)} a8 (b2c2f2)? as (a2c2e2)? a (a2b2d?)* | Bie 
On account, however, of the ambiguities of sign itis thought better 
to alter the original equations * into 


* The mode of transforming the four-line determinant, though not given in the 
paper, deserves note. Multiplication of the rows in order by 


def, bef, ace, abd, 
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def? + bers? + azcre2 + a2b2d2 = (a? +f?)( a a?f? + be? +c?d?) 
— (0? +e?)( \(afz— —b2e2 +c?d?) 
— (2+?) (af? be cd?) = 0, 
(af +be+cd) (af —be —ced) (af —be+cd)(af+be—cd) = 0, 


when the deductions with the proper signs are readily obtained. 


MEHMEE, R. (1885): SCHENDEL, L. (1885). 


[Bemerkung tiber die Subdeterminanten symmetrischer Systeme. 
Math. Annalen, xxvi. pp. 209-210.] 
[Das Kronecker’sche Subdeterminantensatz. Zeitschrift f. Math. u. 
Phys., Xxxii. pp. 119-120.] 

The author of the first of these two brief notes quotes from p. 131 
of Grassmann’s Ausdehnungslehre of 1862 a theorem regarding a 
vanishing sum of products, and proceeds to show that when the 
usual transition is made from a vector to a scalar relation a case 
of the theorem is the same as Kronecker’s of 1882. 

The other author, with his own changes on Grassmann’s notation, 
seeks to prove the latter theorem anew, and thereafter to obtain 
by means of it a fresh expression for a bilinear form, and another 
of similar type for a quadric. 


SYLVESTER, J. J. (1885). 


[Note on certain elementary geometrical notions and determina- 
tions.* Proceed. London Math. Soc., xvi. pp. 201-215; or 
Collected Math. Papers, iv. pp. 259-271.] 


The mathematical notions in question are those which lead up to 


and then division of the columns by 
abc, ade, bdf, cef, 


af be cd 
af . cd be 
be cd . af 
ed be af .j, 
whence come immediately the four factors. 


gives 


* At the top of four pages the word is as here ‘ determinations,’ at the top of 
four others it is ‘ determinants.’ 
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the consideration of Cayley’s ‘ mutual-distance’ determinant and 
another connected therewith, namely, 


i lek! Goer a ft Ws Ae eae 
1) oe as og data et. 
tiple oe ae Weta as tee 
LOS 2 33 wee Shee. Brel lon, 223 
Dieter WO pale eo woe 
* | n+2° 


For the former he finds the development 


DS 1) ak hegre ieee 

where the k’s are cycles of two umbrae, and the y’s are cycles of 
more than two: for example, 12-21, 12-23-31, where 21=12 and 
31=13 (cf. Hist., ii. pp. 469-470). The development of the other 
he arranges according to products whose one factor is a 2-line minor 
formed from the first two rows and whose other is a 2-line minor 
from the first two columns. To this he devotes considerable atten- 
tion (pp. 211-215), separating the terms of the development into 
three types, and examining them in more or less detail for the first 
seven cases. Unfortunately, there are serious inaccuracies in the 
evaluations. 


CESARO, E. (1885). 
[Determinanti in aritmetica. Gvornale di Mat., xxiii. pp. 182-187.| 


This is the first of a vigorous series of more or less overlapping 
papers * belonging to the year 1885 and occupied with determinants 
of the type brought to light by Smith in 1876 and already studied 
by Mansion and others. The series, however, throws little, if any, 
additional light on determinants, the interest attaching to them 
being more closely connected with the Theory of Integers. We 


* The others are in 
Nouv. Annales de Math. (3), v. pp. 44-47. 
Rendic. .. . Accad. dei Lincei (1885), pp. 709-711, 711-715. 
Annales de Hc. Normale (3), ii. pp. 425-435. 
Mathesis, v. pp. 248-250. 
Giornale di Mat., xxv. pp. 14-19. 
Two ‘ questions’ taken out of the first of the series appeared also in Nouv. Annales 
de Math. (3), iv. p. 56, p.. 451. See also (3) iv. p. 560. 
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have, for example, the evaluation of | a,,,_, |, whose (7, s)" element 
is the number of common divisors of r+1, s-+1, excluding unity, and 
| 41 |; whose (r, s)" element is 1 or 0, according as the highest common 
divisor of 7, s is or is not a square. 


LORIA, G. (1886). 


[Intorno ad alcune relazioni fra distanze. Periodico di Mat., i. 
pp. 33-43.] 
Loria rests his investigation on the lemma that ¢f a, 8, y be angles 
satisfying one of the relations 


at+B+y =27, —atBt+y =0, a—B+y =0, u+B—-y = 0, 


then 1 cosy cos8 
cos y 1 cosa | = 0, 
}cos 8 cosa 1 


considering first points on a sphere, and then five points in space. 
In dealing with the latter his initial step is to obtain the four-line 
determinant corresponding to the preceding, then to substitute for 
the cosines their equivalents in terms of lengths, and, lastly, to 
simplify the elements by raising the determinant first to the fifth 
order and then to Cayley’s sixth order. 


¢ 


EDWARDES, D. (1886). 
[Question 8767. Educ. Times, xxxix. p. 372; Math. from Educ. 
Times, li. p. 76.] 
When stated a little more fully, Edwardes’ interesting theorem is 
that if 


ja b e¢ 
Rotten ed | =" ©, 
Cw we 
then 
| aa®+2bay+cy? ba?+2eay+dy*| | aa+by br+cy aldo d?) 
| ba®+2cry+dy? cx®+2daytey?| = | ba+cy cx+dy 
az+by cx+dy |? - oy _ | oet+ey co+dy? _ AM 
~ |ba+ey datey aie Wor catdy dx+ey ede) 
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Verification is readily effected by expressing the members of the 
desired identity in descending powers of z, namely, 


Eat—2Da3y+(20+T)a2y2—2Bay?+Ayt = (Ex?—Day+Cy’)? +E, 
and using the fact that the adjugate 


AL Be C 
BeDed 
CD El 


of the given vanishing determinant has all its primary minors equal 
to 0. 
We may add that 


—(. y wy 2 
G2 Oona 
7) a OO Ne 
aqaae. Side “Fe 


is a fifth equivalent expression. 


SCHRADER, W. (1887). 

[Beitrige zur Theorie der Determinanten. vi+156 pp. Hallea.8.] 

In the section on axisymmetric determinants (pp. 81-84) it is 
stated that if D be any determinant and X be axisymmetric, then 
DXD 1s axisymmetric. The cause of this being at variance with 
Muir’s expression (1885) for the product of three determinants is 
that with Schrader row-by-row multiplication is meant. If the 
standard mode of multiplying in determinants be made that of 
matrices, it is DXD’ that is axisymmetric, the superfixed comma 
indicating change of rows into columns. 


SHARP, W. J. C. (1887). 


[Questions 8940, 8970. Math. from Educ. Times, xlvi. pp. 131, 135 ; 
xlix. pp. 133-135, 136-138. ] 

The identities here dealt with belong to the same series as a 
simpler one formulated by us when describing a paper of Cauchy’s 
of the year 1844 (Hist., ii. p. 26) and referred to again in our notice 
of a different kind of generalization of it made by Cayley in 1846. 
What is now specially interesting is the mode of proof given by 


\ 
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Edwardes. For the case of the 4" order the result may be stated 
as follows : The bilinear 


Keay: Vee, We 
a n m p we, 
n b 1 q |y, being denoted by Fs, 
m | Cc r Z,, 
Pods at Seal Wa 
then 
| VL... | = | Y1Z2W3 | | Z1WoX3 | | Wy XeV3 | | Ki VN | 
= i ys P | YiZ2Ws | 
a B L Q | ZyWoXs | 
a S e R | WiX2V| 
Q i D | X1Y 22s |. 


Edwardes points out conclusively that the members of this asserted 
equality are the two forms of 

eka) 08, OF Cor, 
Ol, OY, 0% OW, | a 


OF 33 OF's3 OF, OF 33 
0%, Os C23 Ws | 
known to us from the extended multiplication-theorem. 


Zz Y3 % Ws 


MUIR, T. (1888). 
[On vanishing aggregates of determinants. Proceed. R. Soc. Edin- 
burgh, xv. pp. 96-105. ] 

A fresh departure is made here, a vanishing aggregate being used 
which degenerates into Kronecker’s when special values are given 
to « certain number of the elements involved. For the case of the 
4*» order the elements involved are ; 

4 15 16 17 18 
24 25 26 27 28 
34 35.36 37. 38 


45 46 47 48 
56 57 58 
67 68 


78, 
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and the identity is 
15> L618 PA0CKGS LTP: Peer 17> 1s 
25° 26' 27% 28 24°26 27 28) PA = 259° 21-28 
35 36 37 38] |34 36 37 38 5 34° 95-5 OS 
45 46 47 48 45° 562. 57 . 58 46 56 67 68 


14 15 16 18] 14-15 16 17 
24 25 26 28 24 25 26 27 
34 35 36 38 34 35 36 37 
47 57 67 78 48 58 68 78 


But the five determinants here would be minors of any 8-line deter- 
minant in which 


45 = 54, 
46 = 64, 56 = 65, 
40. 14) WOT SD Olas aU. 
48 845 O85 (805 C8 Shee | T8r=— SIF 
and in the axisymmetric determinant 
Lite 22 soos. Cole a 
all these conditions hold. Consequently, what we have reached is 
an identity connecting five of the minors of the said determinant, 
that is to say, Kronecker’s identity. 
The number of distinct elements of the axisymmetric determinant 
which do not appear in the identity is 
m(2m+1) — $(m+1)(38m—2), 
ve. su? +im+l, 
or, if we leave the diagonal elements out of account, 
zm?—3m-+1, we. $(m—1)(m—2). 
‘These it is next sought to identify, and, as a consequence, the natural 
result is reached that they are those elements of the axisymmetric 
determinant which do not occur in the mixed array on which the 
theorem is here founded. Thus, in the example just used they are 
12 13 
23. 
From this it is suggested that the number of Kronecker identities 
connected with a given axisymmetric determinant can be found. 
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The curious result is also thus led up to that zf zeros be put in the 
places of the absent elements, the 2m-line Pfaffian associated with the 
axisymmetric determinant—for example, 
dapeiths 162017 13 
24 25 26 27 28 
34 35 36 37 38 


78 


—represents exactly half the terms of the Kronecker identity, the other 
half being the same with opposite signs. 

Lastly, the naturalness of the descent from a general to an axi- 
symmetric determinant being accompanied by a descent from a 
quadratic to a linear relation between minors suggests that the 
axisymmetric is not the only special determinant with minors 
linearly related: and this is fully verified. 


HERMES, J. (1888). 


[Determinanten bei wiederholten Halbirung des ganzen Winkels. 
Archiv d. Math. u. Phys., (2) vi. pp. 276-293.] 


The main result of this lengthy paper is to the effect that the 
n-line determinant whose (r, 8s)” element is 
(2r—1)(2s—1) 7 
4n 
is equal to (An), n being any power of 2. Considerable space is 
devoted to the verification of the first five cases, each determinant 


being resolved into the product of two-line determinants. Thus, 


putting ¢,, ¢3,.. . for cos iB , COS an >..., 80 that the four-line deter- 


cos 


minant is 

Ss ae eG a 

Cz Cg Cys Car 

Cs C5 Ce5 C35 

Cy a1 Cg5 Cag | > 
the writer increases the 4*" column by the 1* and the 3" by the 
2-4, thus arriving at 
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CG Cy C3 Cy Cs Gi 27% 
C3 —C, —C es 
7 a | &s 7 3 7 
2 cos— :2 cos— , thence 2% ar : 
4 Be sO: Cedee Cgume n ce . . 5 1 
Oe C5 OTe ae Cz Og (7, -—G fs 


and so forth. A generalization of the procedure is next attempted, 
and then the remaining half of the paper is devoted to remarks 
more or less of the nature of suggested thoughts and corollaries,— 
for example, the ineffectiveness of the substitution of sines for 
cosines, etc. 


STIELTJES, T. J. (1888). 


[Sur ’équation d’Euler. Comptes Rendus ... Acad. des Sci. (Paris), 
evil. pp. 617-618 ; Bulletin des Sci. math., (2) xii. pp. 222-227. ] 
We have already seen Cayley using alternants (1877) in connection 

with the equation da//X = dy//Y: the solution now given is 


0 1 —Hwty) ay 
1 My ay a,—2C ney 
+ (x+y) a a,+C As : 
xY A,—2C as uy 


where the a’s are the coefficients of the originating quartic and C is 
an arbitrary constant. 


SHARP, W. J. C. (1888). 


[Question 9779. Math. from Educ. Times, xlix. pp. 141-142; (2) 
iv. pp. 83-86. ] 

The first of the three “new” determinants here evaluated is 
Ferrers’ of 1861; the second is Scott’s of 1880; and the third is 
a simple case of Sylvester’s circulant of 1855. Interest attaches to 
the second only, the result now given being 


A+A, +45 
1+ . Ag+Azg 
G+d3 A,+d3 
Se 


ey 1 
= }(—2)" aya, . . Uy ». otd,)(—+—4+,.. +2 )<(n— 
+ (—2) M142 a, {axa +a es RR — (n 2} 


3 


Vee CLs 


R 


=. o' 
’ ~ 


=< 


ae 
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or, say, for shortness’ sake, 
4(—2)—111 (a {So Py (*) = (n—2}4 


In both cases the form of the evaluation is doubtless influenced 
by the form of the evaluation of a determinant preceding, and, 
unfortunately, both forms conceal the important fact that there 
are not more than two kinds of terms in the final expansion. A 
better form is 


(—2)"-2{(n—1)(n—4) ayy... dn — Da 2y. . . ny} 


which also has the merit of attracting attention to the case where 
n=4, the result then being simply 


—4> 4,205. 


CAYLEY, A. (1888): MUIR, T. (1889). 


[Note on the relation between the distances of five points in space. 
Messenger of Math., xviii. pp. 100-102. ] 


[Note on the relation between the mutual distances of five points 
in space. Proceed. R. Soc. Edinburgh, xvi. pp. 86-88. ] 
Cayley draws attention to the fact that in a memoir of Lagrange’s * 
there is contained the relation 
0 = —4A?f + a(a+f—g)? + a’ (a'+f—g'? + a" (a"+f—g"P 
(a’ +f—9')(a" +f—9") + 2B" (a+f—ga'+f—9") 
+ 28" (a+f—9)(a'+f-9’), 
where, if the points be called 1, 2, 3; 4, 5, the letters 


Caer ti stg 12 13 14 15 
c a g'\ represent the squares of the 23 24 25 

CW ti distances 34 35 

ft 45 


* LaGRANGE, J. L. Solutions analytiques de quelques problémes sur les 
pyramides triangulaires. Nowy. Mém. de PAcad....(de Berlin), Ann, 1773, 
pp: 149-176; or Wuvres, iii. (pp. 659-692), p. 677, 
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and A, a, a’, a", 8, 6’, " are certain functions of the said distances. 
Reason is given for believing that this cannot be essentially different 
from Cayley’s own relation of 1841 (Hist., ii. pp. 109-110), and the 
belief is justified by an actual verification. 

Following on this Muir shows that the one vanishing expression 
can be directly transformed into the other. Beginning with 
Cayley’s determinant 


eS a > EG ee 
Ca C er cee! 
c Cc u" g’ 1 
ire aesepioee + 
Yn ee Be ei 
dee Oe ee ee 


he subtracts the 4** column from each of the others except the last, 
and thereafter the 4° row from each of the other rows except the 
last, thus arriving at 


—2a e’—a—a c’—a—a" g—a-—f 
| ” / / wu , , 
|e" —a'—a 2a c—a'—a" g'—a'-—f 
| cl ei! ay) itil! ry SG! g’ i! —f 


(gfe gare’ y'-f-a" 8, 
which, when expressed according to binary products of the last row 
and column, gives Lagrange’s expression 


—4A*f + a(atf—g)? +.... 
He is thus led to suggest a fresh expression for the relationship in 
question, namely, 
152-++152—112 252152212 352415231? 4524152412 
15?-+25?—12? 25?-+25?—22? 3524252322 4524252492 
152-++35?—13? 25%+35%—23? 35?+352—332 4524352432 
152-+-452—14? 252445224? 3524452342 4534452442 
Further, the determinant here proves to be a missing link giving 
connection with another already-known expression—that with 


cosines for elements,—all that is needful being to divide in every 
case the s‘" row and s column by s5. 


=0), 
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KRONECKER, L. (1889). 


[Ueber symmetrische Systeme. Sitzwngsb.... Akad. d. Wiss. 
(Berlin), pp. 349-362; or Werke, iii. pp. 295-314.] 

The main contents of this paper do not concern us; but the 
foundational portion (pp. 350-354), which deals with the ‘com- 
position of systems,’ or what Cayley at an early date had spoken 
of as ‘ multiplication of matrices,’ craves suitable notice. It con- 
sists of a series of numbered results culminating in the theorem 
that any non-zero axisymmetric determinant can be transformed so as 
to have all its elements zeros except those in the diagonal, and that the 
reverse changes can also be effected. The noteworthy point about it 
is that every one of the necessary changes is brought about by 
multiplying by a unit determinant. For example, the determinant 
being three-line, the operation of increasing the 2"* row by ¢ times the 
1*, and thereafter the 2"* column by ¢ times the 1", takes the form 


Kate ® 4 toy TORY Nal 
loo fal Peer ele r ee ins 
PP hee. y. See Las 


and the interchange of the 1* and 2" rows followed by interchange 
of the 1* and 2"* columns is effected by 


rt a [th Sey te eee t.. l. Fo tolbade b 
Pee FE et: Pa i aera! Veal = deol ee 
lI a ee Bo el FoF a res Sea 


where it is to be noted that any determinant to the right of the given 
axisymmetric determinant is the conjugate of the corresponding 
determinant to the left, in accordance with the theorem that if 
| Z| be axisymmetric and | ay,| be any determinant whatever, then 
| Ain | * | Zam] * | Qin |’ 
is also axisymmetric. Unfortunately, no reference is made to 
H. J. 8. Smith’s similar work of 1861. (See below in Chap. XXI.) 
In the last section (pp. 358-362) Kronecker advances to the 
similar consideration of a general determinant, and he continues 
the subject at some length a month or two later.* 


* Kronecker, L. Die Decomposition der Systeme von n? Grossen . . . Sitzwngsb. 
_.. Akad. d. Wiss. (Berlin), 1889, pp. 474-505, 603-614 ; or Werke, iii. pp. 315-368. 


ae 
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SYLVESTER, J. J. (1890). 


[Question 10751. Mduc. Times, xiii. p. 484; Ixv. (1912), p. 263, 
~ pp. 337-338. ] 
[Question 10792.. Hduc. Tumes, xii. p. 528.] 

These questions were neglected for over twenty years, on account, 
most probably, of inaccuracy in the statement of the first of them. 
Ultimately Muir pointed out what the theorem intended to be 
enunciated really was, and extended it to determinants in general, 
his enunciation being Jf A and 6 be any n-line determinant and the 
complementary minor of its last element, and 8, s be the sums of the 
primary coaxial minors of A, 3 respectively, then 

otis 

A'S 


is equal to the product of the first n—1 rows of A by the first n—1 rows 
of the conjugate of A. Thus, for the case of n equal to 4, it is 


D, | yb, |-+ |a4¢3| +|bacs | ¥ BS i ‘ % un ‘ Cy a 
| a,b.c,d,|  A,+B,+C,;+D, Bi) a te Os Og a 9 Wen We Con te 
Cy Cy Cy % ads bs cs ds 


which can be verified by noting that the right-hand member equals 
Dée+D,0,+D.B.+DiAy, 
and that 
| @boC3d I{| ab | +| A403 | + | bac; | = |C3D,| + | B.D,| +| AiDa]. 
The theorem involved in the other ‘ question ’ is that If the sum 

of the squares of the primary minors of an axisymmetric determinant 
vanish, and if in addition either the determinant itself vanish or the 
sum of its coaaral secondary minors, then the sum of the coaxial primary 
minors must also vanish. Part of the basis of this is an identity just 
seen to be necessary for the establishment of the previous theorem, 
namely, that in the case of an n-line axisymmetric determinant the 
sum of the coaxial r-line minors of the adjugate is equal to the product 
of the original by the sum of the (n—r)-line minors of the latter. Thus, 
when 7 is 2 and the determinant is 

ah g 

hy 0 of |) or Ay say, 

GF OM: 
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we have 


Bw AG ANA 
= A, (a+b-+c). 


FC GAC HB 
Consequently, if either A, or a+b-+-c vanish. there results 
BC+CA+AB = F?+G?2+H?; 
and the sum of the squares of the primary minors being 
A?+B?+C?+2 (F?4+G?2+H?) 


is equal to 
A?+B?+0?1+2BC+42CA+2AB, 
1.€. (A+B+C)?. 
It thus follows from the first datum that A+B-+C vanishes also, 
as asserted. 


HORTA, F. DA P. (1890). 
(See under this heading in Chap. I.) 


LONGCHAMPS, G. DE (1890, 1891). 


[Questions 298, 332. Journ. de Math. Spéc., (3) iv. p. 263; (4) 1. 
pp. 142-144 ; (3) v. p. 264.] 

The theorem here is to the effect that the roots of the equation 
resulting from putting equal to 0 Torelli’s determinant of 1864 are 
either all real or all real except two. The subject dates back to 
Garbieri’s text-book of 1874 (Hist., ui. pp. 100-101, 109-110). In 
view of the fact that the so-called proof which is given contains a 
serious error, it may be worth noting that the determinant is ex- 
pressible as an axisymmetric continuant: for example, when 7 is 
4 it is equal to 


a, +a,—2x L—Ay . 
L—Ay A,+a,—2x L—Az : 


L—-U MN 


The author’s other determinant results from bordering Torelli’s with 
the row X, a, a, a,... and the column X, (, 8, 8,.. 
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MUIR, T. (1891). 


[Note on a peculiar determinant of the sixth order. Philos. Maga- 
zine, (5) xxxi. pp. 429-430.] 


This concerns the identity 


US eh tbe aaaDar : 
Ce eee ‘ —2b’ ; appa 
, Oe! CC RO 
a . —2c¢ 
’ , , ao é a’ 
a a —c’ —b cee 
b’ —e b.. —a’ P OM 
cc 8 6—D’ —aq’ Cc 


of which Cayley desired to have a direct proof. Muir’s procedure 
consists essentially in the multiplication of —ab?c? in the form 


—tac' —thbe' Rech PRONE yaad 
—tab' bb’ —Acb' . ca 
zaa’ —tba’ —kca’ be 
: 1 
: 1 
yee ad 


by the left-hand member, the product obtained being manifestly 
resolvable in a way suitable for giving the desired result (Hvst., i 
p. 244; ii. pp. 143-144). 

In the following year another proof was incidentally given by 
him (Proceed. R. Soc. Edinburgh, xx. p. 302). 


LAURENT, H. (1892). 
[Sur Pélimination. Nouv. Annales de Math., (3) xi. pp. 5-7.) 


The resultant here found for two binary quantics is essentially 
the same as Borchardt’s of the year 1859, the determinant involved 
thus being the axisymmetric case of Sylvester’s unisignant of 1855 
(Hist., 1. pp. 456-459). With Laurent, however, the quantics are 
no longer restricted to the same degree; and the mode of arriving 
at the resultant is entirely different, being simple and sheer and 
not at all lengthy. — 
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MUIR, T. (1892): CAYLEY, A. (1894). 


Tt deserves note under this head in Chap. I. that the study of 
Sylvester’s well-known set of equations 


0 = cy?—2fyz+bz2 = az?—2gzr+cxr? = ba? —2hay +ay? 
practically brought out the result that 2f the cofactors of a, b, c in 
ae Wy ees | 
Cook CL 
2 Ges igh? 


vanish, then the other three-line minors vanish also. 


SYLVESTER, J. J. (1892). 
[Question 11580. Educ: Times, xlv. p. 306, lx. pp. 329-330 ; 
Math. from Educ. Tvmes, (2) xvii. p. 40.] 
The theorem meant to be announced here is interesting in con- 
nection with the author’s paper of 1853 (Hist., 1. pp. 127-129), being 
that 


: ae) —~g 2 
Norm | 1 + (f+VP=1)g+V el) (h+vh?—1) | = 16 ene ey 
agar) 0d 


It was not established till 1909, when Muir made the requisite 
correction and gave a proof. 


THE PASSING OF SYLVESTER. 


It deserves note that after the year here reached there is no record - 
of any direct contribution made by Sylvester to the pure theory of 
determinants, although his mind continued to be active on other 
subjects almost till the day of his death, 15" March, 1897. His 
first paper of all was published in 1838, and his first paper on deter- 
minants,—then known to him only as ‘ zeta-ic products of differ- 
ences ’—in 1839. Thus in a working life of almost sixty years, 
determinants figured for about fifty-four,—exactly the same stretch 
of time as in the case of his great contemporary and co-worker, 
Cayley. See above, p. 52. 
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PRIME, F. (1892). 


[Sur un déterminant nul. Journ. de Math. Spéc., xvi. pp. 177-179.] 
The determinant in question is the n-line determinant whose 
(r, s)™ element is sin (a,-+a,), or, say for shortness’ sake, 
| sin (a,+as) |p. 
It manifestly equals 


sin a, 4 4c0s.a; 0. 0; 2.E3. cosa, sina, 0 0 


sina.) seos a, “0 0) 2.02. x | 008 Ae sna, 0 0 
gin a,,) cosa, 0 -0 ere G0S.a,.. sina, OU sale 
and .°. vanishes when n> 2. So does |cos(a,+a,)|,; and we 


remark for ourselves, further, that endless results of this kind are 
included in the general proposition that the product of two n-by-k 
arrays is an n-line determinant which necessarily vanishes when nu > k 
(see Hist., ii. pp. 465, 468 ; il. pp. 122, 322; iv. p. 109). 


LEUDESDORF, ©. (1893): CESARO, E. (1894) : 
TUCKER, R. (1894). 


(Question 12015. Educ. Times, xlvi. p. 305; Math. from Educ. 
Times, lx. p. 89.] 

[Corso di Analisi Algebrica,.... vilit+500 pp. Torino.] 
[Question 12532. Hduc. Tumes, xlvii. p. 440; Math. from Educ. 
Times, \xii. p. 116.] 

The identity here given in regard to 


Gank wg, @) Rag’ 
highs honbdonys 
g f C |; gy ye é b) 
namely, 
hf +hf—bgy' —b'g gh’ +g'h—af’—a'f ab! +a'b—2hh' 
G F C 
(eg ’ (OY 


aG+h'F+9'C WG+LOF+'C 
aG’+hF’+9C’ AG’ +0F’+f0' 
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is established by verifying the equality of the cofactors of C on the 
two sides, also the cofactors of F, and the cofactors of G.* 
The identity involved in the other ‘ question ’ is of little moment. 
Cesaro’s simple but interesting result is 


BD e en Giles G:0ady toh On 
DO Ro 0 eRe 
Gs  Gsby— TD, | 3. - Og, 
Qi Oi Bl foc GD), 
= Mbp | b,|-| gba |- --~ + | nbn l- 


NEUBERG, J. (1893, 1896). 
[Questions 820, 1080. Mathesis, (2) ii. p. 79, pp. 172-173; vi. 
p. 215; vil. pp. 232-233.] 
[Question 242. Revue de Math. Spéc., ii. p. 195.] 
The result here given, which is said to be a generalization of one 
that appeared in 1892 in an Aberystwyth examination paper, is 


1 1 
b+e 2 a+ = 2(be—a) (ca—b) (ab—c) (abc —1)/0?b?c?. 
1 L 
Ors ae 2 


* Here there might have been suggested a very interesting result in regard to 
the minors of a 3-by-4 array : namely, the array being 
° a by Gy dy 
i lie tae Teh 
as bs Cg ds, 


we have 
| asd5|—|by¢3| | debs] | Code | 
| asd, |—| 5, | | @sb,| | ead | | = | oe : iwi | 
| ayd, | —| b,c. | | c,b, | | c,d, | 1723 102% . 


This is easily established by multiplying the left member columnwise by | 6,¢,d; |. 
It involves all the minors except six, 


| aCe |; |@y¢3|, |@2cs|, [4.42], |O.d5|, | beds |. 
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The special case referred to is where the factor abc—1 vanishes 


because of taking j ahpedt hee 


gle Sag Be 
We may note that interest attaches to the factorization on 
account of the determinant being the duplicant of 


(i+ 0; 50s e 


ror 
i! 

Zt @ 
11, 
c a 


> 


the value of which is (ab—c)?/abe. In connection with the invariance 
of the determinants to the substitution 


nee Regt 
a, b, Ca a ’ b ? C 
it is well also to note how the factors change, for example 
—1 


be—a into (bc—a) X The 


SCHAPIRA, H. (1893). 


[Ueber symmetrische quadratische Formen. Jahresb. d. deutschen 
math. Verein., ui. pp. 99-102. | 

Incidentally there is here considered the subject of determinants 

resolvable into rational linear factors, there being given as examples 


of a general theorem the circulant © (, a, a) and the in teresting 
result 


ada Mil ig SF ih peta Vi 9 Sina ewe dp 

db BG in Othe GO Ea 

ad ay 26.70 (45 be Gee 

a ad b-@ @ Gea Gab ; 
ab Osa FE GO VO ce f (z-+6a-+36) 
bGatd: LOA Oe Wa cae -(x--a—26)* 
a Pal b aeabiNG “ea roe (2—2a-1b), 
Gi, 00.001, 0— Or Oe oa. 

b a a 6. b..4,4 4a see 

6. Ftd site. ore eens 
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where the construction of the determinant is best indicated by 
denoting its rows in order by 


li, 12,,.13,,14, 15, 23, 24, 25, 34, 35, 45, 


and its columns in the same way, and then filling the (a8, yé)" place 
with an x when af and yé do not at all differ, with an a when they 
differ in one of the integers, and a b when they differ in both. 


METZLER, W. H. (1893). 


[Compound determinants. American Journ. of Math., xvi. pp. 
131-150.] 

The first theorem here given (pp. 146-148) is Gravelaar’s of 1875, 
and the other is that All the minors of order n—m in an n-line axi- 
symmetric determinant will vanish if the coaxial minors of this order 
vanish, and vf for each of the higher orders the sum of the coaxial minors 
vanishes. The latter follows from one of the main theorems 
(pp. 132-145) of the paper regarding sums of sets of k-line minors 
of the m™ compound of | a,, |. 


FROBENIUS, G. (1894). 


[Ueber das Tragheitsgesetz der quadratischen Formen. Sitzwngsb. 
... Akad. d. Wiss. (Berlin), pp. 241-256, 407-431 ; or Crelle’s 
Journ., cxiv. pp. 187-230.] * 

Frobenius here formulates (§ 2, pp. 245-246) a set of three theorems 
regarding the evanescence of minors, the third being that which he 
had arrived at in 1876, though at that date less readily. They are: 
(1) If in an axisymmetric determinant | a,,| the r-line coaxial minor 
| ayj4op - - - A, | does not vanish, but all minors of the forms 

| dypBeq +). BrrAce|, ~ |[B1yBeq » ~~ ArrBecDrr | 

do vanish, then the non-coaxial minors of the (r-+1)" order vanish also. 

(2) If in an axisymmetric determinant the coaxial minors of the x” 

order and of the (r+1)” order all vanish, then the non-coaxial minors 

of the x and higher orders vanish also. (3) If in an axisymmetric 
determinant the minors of order r+1 all vanish, but not all those of 

order r, then one of the latter is coaxial. (See Hist., ii. p. 275.) 

He also at a later stage (§ 12) gives a proof of Kronecker’s so-called 
linear relation of 1882. 
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CIAMBERLINI, C. (1895): LOVETT, E. O. (1897). 


[Intorno alla relazione tra le distanze di 5 punti dello spazio. Gvor- 
nale dt Mat., xxxiv. pp. 279-289.] 
[Note on the invariants of » points. Bull. American Math. Soc., iv. 
pp. 58-59. ] 
Both of these touch lightly on Cayley’s determinants of 1841 
(Hist., ii. pp. 109-110). The second is interesting from its fresh 
standpoint. 


WHITE, H. S. (1895). 


[Kronecker’s linear relation among the minors of a symmetric 
determinant. Bull. American Math. Soc., ii. pp. 136-138.] 
This note makes the fresh suggestion that Bezout’s relation 
between the three-line minors of a 3-by-6 array, namely, 


| dyboCz | - | @b5cg | = | dyb2¢q | - | @gb5¢,| + | Abo; | -| A4b3Ce | 
+ | aybecg | - | AgbsCs |, 


if not the source of Kronecker’s linear relation, can at least be 
viewed as a basis for establishing the latter. For, performing 
columnwise the multiplications indicated in Bezout’s relation, and 
denoting by 7-s the product of the 7" and s* columns, there is 
obtained 


1-4 2-4 3-4 1:3 2:3 43 | 1-4 2-4 5-4 1-4 2-4 6-4 
1-5 2-5 3-5] = | 1-5 2-5 4-5) + / 1:3 2-3 5-3] +1 1-5 2-5 65 
1:6 2-6 3-6 1-6 2-6 ie 1-6 2-6 5-6 1:3 2-3 6:3 


which is Kronecker’s linear relation connected with the determinant 
[11 2:2 3:3 4-4 55. 6-6], 
the axisymmetry of this last being implicated in the definition of 


r.s. The possible objection that a theorem in determinants might 
hold for elements of the type 


a,a,+b,b,+c¢,¢,, 


and not hold for all others, is met by pointing out that as the linear 
relation involves no diagonal elements of the six-line determinant, 
there are available for determining the 15 non-diagonal elements 
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the 18 parameters of the 3-by-6 array. It is added that this reason- 
ing is always applicable since, just as 15 < 18, so generally 
2m(2m—1) Se 
2 
MUIR, T. (1897). 
[The automorphic linear transformation of a quadric. T'ransac. R. 
Soc. Edinburgh, xxxix. pp. 209-230. ] 


Incidentally (§ 11, pp. 225-226) attention is drawn to the fact 
that in the axisymmetric determinant of the fifth order there exist three 
secondary minors whose aggregate vanishes, namely, 


135] | 125) | 145) _ 9 

124 | 134 i sy sO a 
Further, the identity is viewed as the ‘ extensional ’ of 

23 24 25 

lis 35 + | 54 pa; 


which, we know from Kronecker, holds for the axisymmetric deter- 
minant 
2345 | 
2345 
not only so, but the general applicability of the Law of Extensible 
Minors to Kronecker’s identities is thus suggested ; for example, 
knowing that 


TS=ST > 


125 126 


123 124 " 
| 456 — | 356 + | 546 PBs y ie 
if the determinants be minors of the axisymmetric determinant 
123456 |. 
123456 | ,.-crs 
we can at once vouch for the identity 
1230S iar crs 12478... 12578...) __ aie .| = 
45678...|  |35678... 34678... | 34578... 


in connection with the axisymmetric determinant 


12345678 ... 
12345678 ... 


TsS=sf * 


CHAPTER V. 


SYMMETRIC DETERMINANTS THAT ARE NOT AXISYMMETRIC, 
FROM 1884 TO 1897. 


LEUDESDORF, C. (1884). 

[Question 7718. Educ. Times, xxxvii. pp. 162, 211; Math. from 
Educ. Times, xiii. p. 26.] 

The determinant, D,, evaluated here is one in which each odd- 
numbered diagonal element is a, each even-numbered diagonal 
element 0, and every other element 6. It is found that 

Dome Sa (@—26) Dons a (a—b)*Den, 
Doms = (a—2b) Da BDen—13 
and thence that 
Dome = (—1)™b™+1(a—b)™{ ma—(2m+1)b}, 
Demat = (—1)™4b"(a—b)™{ (m—1)a—2mb}. 


TUCKER, R. (1886). 
[Question 8609. Educ. Times, xxxix. p. 227; Math. from Educ. 
Times, xlvi. pp. 69-70. ] 
The identity here noted is much better put in the form 
—a y+ta at 
Bt+y —8 a+8| = (atB8+y)/. 
Baia Vad oy 


This also has the merit of suggesting a ‘next case,’ in which the 
first column is 


—a, B+y+6, B+y+é, B+y-+6, 
and the right-hand member 


—2(a+B-+y+6) 
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EMMERICH, _. (1888). 
[Question 9906. Educ. Times, xli. p. 489; Math. from Educ. Times, 
li. p. 96.] 
The equation here set for solution has for its non-zero member 
the case of Ferrers’ determinant, in which the diagonal elements are 
sin(x—a,)  sin(xz—a,) sin(%—a,) 
sia maar sin x, 
and the remaining elements of the 7" column each equal to cos a, ; 
and Wolstenholme shows that the determinant is equal to 
(—1)"sin a; sina, ...sina, - (cot x)” .{1- tan z(cota,+...-+cot an) J 
and that therefore the non-zero value of cot x is 
cot a,+cot ag+...-+cota,. 


HOWSE, G. F. (1889, 1890): SHARP, W. J. C. (1891, 1894). 
[Question 10354. Educ. Times, xlii. p. 483, xlili. p. 88; Math. 
from Educ. Times, liii. p. 38.] 


[Questions 10934, 10977, 11184, 12316. Educ. Times, xliv. p. 157, 
p. 199, p. 345, xlvil. p. 199; Math. from Educ. Times, lv. p. 123, 
p- 116, Lx. p. 36.] 
The first result is already known,-the others already familiar. 


GILLET, J. (1894). 


[Question 395. L’Intermédiaire des Math., 1. p. 235, i. p. 127; 
solution by A. Hurwitz, ii. pp. 367-368. ] 
What seems desired here is a development of 


(s——a,)’ ay” a,” a,” 
ae? (s—az)? a,” ay” 
a P a3” (s—ag)” a DP 
a” a,” ae woe (Ss-0,)' |, 


where s = a,-+a,+. ..+a,, similar to the developments in the cases 
n, p = 8, 2 (Salmon, 1866), n, p = 4, 2 (Wolstenholme, 1870). Un- 
fortunately the solvers consider it sufficient to make a mere 
substitution in Ferrers’ result of 1855. 
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MUIR, T. (1888). 


[On vanishing aggregates of determinants. Proceed. R. Soc. Hdin- 
burgh, xv. pp. 96-105.] 

One of the main results of the paper is to the effect that by com- 
bining in different ways the rows and columns of two given m-line 
determinants there may be formed 2n n-line determinants connected 
by a linear relation with unit coefficients. For example, the originat- 
ing determinants being 


41 42 43 46 45 44 
51 52 53 56 55 54 
61 62 63), |66 65 641, 


we have the identity 


41 45 44 |46 42 44 46 45 43 
51 55 54; + |56 52 54|) + |56 55 53 
61 65 64 66 62 64 66 65 63 
41 42 48 46 45 44 46 45 44 
= |56 55 54/+ /|51 52 53) + |56 55 54 
66 65 64 66 65 64 61-S62, “63.12 


Now the first three determinants here are minors of any six-line 
determinant, and the second three would be minors of such a deter- 
minant if its elements were so related that 


41, 42, 43, 51, 52, 53, 61, 62, 63 
= 36, 35, 34, 26, 25, 24, 16, 15, 14; 


—ain other words, so that r,s = 7—r, 7—s. But this is exactly the 
definition of a centro-symmetric determinant. It thus follows that 
of | 11, 22,..., 66| be centro-symmetric, then a linear relation con- 
nects six of rts three-line minors, namely, 


456 456 456 
be 7 436 | <a as8 


| 451 426 356 
= vet a fee a ee 
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NEUBERG, J. (1897). 

[Question 1120. Mathesis, (2) vii. pp. 126, 260-261. ] 
The result here is 
|sna sin@ siny sind | 
cosa cos cosy cosd 
sm8 sina sind siny 
cos 8 cosa cosd cosy 
Note might have been taken that the determinant merely differs in 
sign from the centro-symmetric determinant whose eight elements 
are the sines and cosines of a, y, 6, PB. 


= —4sin (a—) sin (y—é) 
-sin?$(a+8—y—6). 


CHAPTER VI. 
ALTERNANTS, FROM 1880 TO 1899. 


THE rate of increase in the number of writings on Alternants con- 
tinues as great as ever. In the preceding volume we stated that 
the number for 1860-1880 was almost double the number for 1841— 
1860: now we have to report that the doubling is not merely 
approximate but complete,—that is to say, almost exactly the 
same number of writings as were dealt with in the whole of our 
first volume covering the period 1693-1841. Notwithstanding the 
changed circumstances—the generally increased facilities for publi- 
cation, the tolerant reception of short communications on mathe- 
matical subjects, and the constantly growing demand for school and 
university text-books—these are striking and significant facts for 
the historian of science. 


BAEHR, G. F. W. (1880). 
[Extraits d’une lettre (a M. Catalan). Nouv. Corresp. Math., vi. 
pp. 225-227.] 


Baehr expresses the sine of the sum of angles as the quotient 
of two alternants. The expression when n is 2 is 


sina cosa 


sin8B cos @ 


Layain2aaye 
1 sin?B| * 


) 


and, when vn is 4, 


sina sina cosa sin?a cosa 


| 1 sin?a sinta sina cosa 


b) 


his sign, (—1)?, in the latter instance being incorrect. For an odd 
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number of angles the elements follow a curiously different law ; for 
example, when n is 3, the expression is 


sina sin’a cosa | 1 sin’ta_ sina cosa 
—|smB sin’8 cos8| + |1 sin?8 sinBcos8 
siny sin’y cosy 1 sin?y siny cosy |, 


and, when n is 5, 
sina sina sina COS a sin?a cos a 


1 sin?a sinta sinacosa sin*acosa 


No indication is given of the nature of Baehr’s mode of investigation. 

We note for ourselves that the elements of the first rows of the 
two alternants are the powers of sin a, whose indices are 0, 1,2,...,”, 
and the multiples of the first n—1 of these powers by cosa; that 
the members of the former group are assigned to the dividend and 
divisor alternately, beginning with the dividend when n is even and 
with the divisor when n is odd; and that the other group is then 
apportioned in like manner, beginning this time, however, in a 
different determinant. For example, when n is 7, the group of 
elements used is 


ie sin a, sin?a, nate sin’ a, sinfa, sin’a, 
cosa, sinacosa, sin?acosa, ..!., sin'acosa, 
and the expression for sin(a+6+. . .+7) 

sina sin°a sin’a sin’a cos a sinta cosa sinta cosa 


| 1 sintaq sinta sina sinacosa sin?acosa sin’acosa| * 


SCHWARZ, H. A. (1880). 


[ Verallgemeinerung eines analytischen Fundamentalsatzes. Annali 
di Mat., (2) x. pp. 129-136.] 
The generalization is: If the values of t, f,(t), f,(t), ..., £,(t) be 
real, and the functions and their derivates up to and including the 
(n—1)" be fimite and continuous, then 


| £, (ty) > fo(te) -...- fa(ta) | + | t1° ty? ty... t,"-7| 
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is not greater than the greatest value of 


f,(71) f,(71) Gb soy f, (71) 
£,'(t2) fy'(T2) se f,'(T2) 
f,"(t3) f,"(T3) B Ow 04.0 f,(t3) 


mae Gre Ree GP) PMO Be eo 
and not less than its least value, where t,, te, ..., ty, are values, all 
different, belonging to the interval a... b, and 


$= 7, =), T1 = Tec D, Diora ets Fag Ty 


Schwarz shows how he was led to the theorem in the case of the 
3° order by geometry, and it is this case, so illustrated, which he 
also proves. 


IGEL, B. (1880). 


[Zur Theorie der Determinanten. Sttzungsb.... Akad. d. Wiss. 
(Wien), Ixxxil. pp. 1288-1294.] 


The second part of Igel’s paper concerns a case of the difference- 
product, namely, the case in which the variables are divided into 
s sets and those in each set are in equidifferent progression. The 
expressions are unwieldy, even after being divided by certain powers 
of the common differences and the limit taken of the quotient when 
the said common differences become indefinitely small. In the case 
where s is 1 the already known limit 


[nt Qn-2, ... (n—2)?-(n—1)! 
is obtained. 
SCOTT, R. F. (1881). 
[Mathematical notes. Messenger of Math., x. pp. 142-149.] 
In continuation of a paper of 1879, Scott now shows in his first 
note (pp. 142-143) how to evaluate alternants of the types 

|sin a cosa .... sin(2m—l)a cos(2m—l)a sin {(2m-+1)a+€}] 
[1 sin2a cos2a .... sin2ma cos2ma cos{(2m+2)a+é}I, 


the important point being that in the results of evaluation € occurs 
only in the factor sin(2a+ €). 
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RE, A. DEL (1881). 


[Relazione tra due determinanti. Giornale di Mat., xix. pp. 
116-117.] 


An unimportant reply to Eugenio’s ‘ question ’ of 1871. 


KOSTKA, ©. (1881). 


[Ueber den Zusammenhung zwischen einigen Formen von sym- 
metrischen Functionen. Crelle’s Journ., xciii. pp. 89-123.] 


This may be viewed as a continuation of the author’s papers of 
the years 1875, 1876. So far as determinants are concerned, the 
interest of it lies in the fact that one of the symmetric functions 
in question is 

'; Cy41 Cp+2 
Cy Kei, ; 

pot BE(p,1g) 7) ee)e say; 
| Cra Cry Oy . aks 
where ¢,, Cy, ¢3,... Stand for La, LaB, DaBy,...and p+q+r+... 
is equal to the number of the letters a, 6, y, .... The paper is 
practically summarized towards its close in a set of tables, the 
fourth of which, 
aByd LaBy Da*B? YaFB Lat 


N(4) 1 —3 i 2 eet VN TSiP 1) 
N(3, 1) a 1 —] —1 IVEN(2; 151) 
N(2, 2) 2 1 1 —] N(2, 2) 
N(2, 1, 1) 3 2 1 1 —1 | N(3, 1) 
1S NR ee 8 1 1 1 1| N(4), 

Go Cie, Ca" Ces C4 


will suffice as an example. From the 4" row beginning on the left 
and using the facients at the top, we obtain 
N(2,1,1) = 8aBy6d + 220? By + La?G? + 2a, 
and from the 2" row, beginning on the right and using the facients 
at the bottom, we have 
N(2, 1,1) = cf — ¢,¢, — ¢.” + cy%Co. 
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If the use of the table ended here, there would be nothing in it 
out of the common,—simply the combining of two triangular tables 
into one rectangular. There is, however, the curious additional 
fact that from the columns we can obtain an expression, in terms 
’ of the N’s, for any one of the symmetric functions at the bottom, 
and also for any one of those at the top; for example, from 
the second column 
Ce, = N(4) + 2N(3, 1) + N(2,2) + N(2, 1,1), 
and from the fourth column 
YaFB = 2N(4) — N(3, 1) — N(2, 2) + N(2,1, 1). 
A point worth noting in regard to the formation of the table is that 
the partitions of 4, namely, 
4e~ Gabe eo oe be ke i Saas 

appear in the notation of each set of functions, namely, in the top 
outside row going leftwards, in the left outside column going down- 
wards, in the bottom outside row going leftwards, and in the right 
outside column going upwards. The tables extend to the 8" order 
inclusive. 

The user of them needs to bear in mind that, although by Naegels- 
bach’s theorem of 1871 we have 

|a®Bly?64¢7| 
[a®Bly*d3e4| 

an error might be made in taking the first of the above expansions 
of N(2,1,1) as the equivalent of this quotient. The fact is that 
with Kostka N(2,1,1) stands only for |a°G1y36°| = |a°B1¥7631, 
that is to say, for what the quotient of the two five-line alternants 
becomes when the number of variables is reduced to fowr by putting 
e = 0. 

Of course the possibility of making the above double use of 
each half-table implies two theorems expressible without any 


= N(2, Lh 1), 


reference to tables; namely, (1) the coefficient of cycycy ... in 
the expansion of N(l,m,n,...) ts equal to the coefficient of 
N(A, u,v, . - -) in the expansion of Xa*B’y* ...,1, m,n, ... and 
A, Ms Vy +++, being conjugate partitions, and the wording of 
(2) differing from this merely in having ¢,¢,¢,, ... and La"B*y” . 


interchanged. a* 
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BURNSIDE, W. 8. anp PANTON, A. W. (1881). 


[The Theory of Equations,... xvi-++387 pp. Dublin.] 
Among the results deserving record here are (p. 258) 
(GM, Ayb,+Ab, bydy 
(Aggy Agb3+Asb, debs | = | dybg| - | ob3| + | ab |, 
U3, A3b,+a,b, bb, 


a GG dg A 


b, by bs by 
ay a ag® a?) _ | abe | - | @,Cy| -| ad | - | bic | - | bd, | - | Cd | 
et 05! b= Ay Agtz, - D,bob54 ; 


a GA, AW & 


the former being comparable with one already used (Hist., iii. p. 132), 
and the second being, for generalization’s sake, better written in the 
form | @,° - G°b, - a,b," -b,? | ° = |'a,63 |. 

A more interesting pair (p. 258) is viewable as giving solutions of 
the equation 


CF (a, Y; z) aa wer F(a, b, C, d), 
namely, 


L,Y,2 = ab+cd, ac+bd, ad tbe, 
Z,Y,2 = £(a+b—c—d)*, }(a+c—b—d)*, }(a+d—b—c)?*; 
and alongside may be placed temporarily the equality 


lhe wie ah sank 


1 abted ab’+c'd’ 


=|; ; ‘ 3 =]1 ac+bd a'c'+b'd’ 
beg ao dat 1 ad+be a'd’+b'c' |, 


where the determinant on the left (H7st., ii. p. 451) is manifestly an 
alternant when a’, 0’, c’, d’ = a?, b*, c?, d?. 
There is also given in effect (p. 262) the equality 


3¢* (a, b,¢,d) = | (a—b)® (a—c)®? (a—d)? |; 
(bo)? (b—d)? 
(c—d)? 


148 HISTORY OF THE THEORY OF DETERMINANTS 


and lastly we note (pp. 250, 261) one regarding double alternants, 
namely, 


| (a, —b,)° - (426)? - (a3 —bs)° | 
a C (4, Ga, @3)-¢ *(b, » bg, b3)-3 { 3a, d19015 —Zayd_-2b,+Za,-Td,b, —3b,bbs}, 
the last factor being given equal to 
3{ (a; —b,)(4%—B,)(43—B5) + (4% —b2) (42—Bs) (ag—b) 
+ (a — bs) (4,—b;) (as—bs)} : 


The fresh point about the alternant here is that its order is the 
same as the power of its elements. 


SCOTT, R. F. (1881). 


[On some alternating functions of n variables. Messenger of Math., 
x1. pp. 98-103.] 


The real subject here is Jacobians of sets of similar symmetric 
functions, the paper following effectively on that of Crocchi of 1878, 
and the main functions being the c’s, the N’s, and the s’s. In the 
first place are established anew the simple cases * 


J (Gene aes G,) te ae Ce 
J(Nu Newnes N) = 
Al Oh re in aes 
where é stands for the difference-product of the independent 


variables 71, %,....,%,. Anadvance is then made to the Jacobians 
in which the degrees of the functions (the c’s necessarily excluded) 
arc no longer 1, 2,..., ”, but any n integers in ascending order, 


say p,q,.-.-,¢. Thus for the case of the s’s: 


* Tt is worth noting that, after the required differentiations have been performed, 
the first two of these Jacobians are readily seen to be resolvable into 


NS eee ie Le — ciao 1 ; . : Mise ies en? 
Cpr lie oes l-y y -y Ni 1 : 1S ye yae ye 
c ¢ 1 «| | 1 Se gage NoMeND lees) elalle’s) ected es 
C3 C2 & 1 1 th ws aul, Ns Ne Ni | lw w? wl, 


where, merely for shortness, the order used is only the 4", and 2, y, z, w are used 
instead of 2, %2, 23, %,. In the case of the third Jacobian, the existence of the 
factor | x°y1z*w* | is apparent without this kind of resolution, <——— 
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Slee eo SOL 

OlS 2 Sis ae 25) Gee ees es ite 
CON ae &) co lil 

[ES ee ee ee 

Neils hel a es Oe 

Ne. Ni-2 --- Nee 


ssppe ets woehy 


Nn Nin esas Nin 
the latter step being Jacobi’s (Hist., i. pp. 341-342) *; and in the 
case of the alephs the result is the same divided by n!, because 
Oleeis Nos ei> Wis dee O(N Sod ab BL O85 5855.02 5 Se) 
er Oe) 6 Oh, Bas dis ©) 
and the first Jacobian on the right is equal to 1/n! This last point, 
which is important, is made clear by noting that, since we have 


i 
S., — m!\ Sy —l 


Ss So 8, —3 
pelt eevee: Y at 
it follows that Wn = f and Rm = 0; 
OS Mm CSin4 


The obtaining of the Jacobians of s,, 8,,..., 8, and of &,, &,...,®, 
with respect to other sets of variables, namely, 

Cy, Coy ++ +9 On ie ieas oc ts Son S15 S25) +s + 9 Shs 
need only be mentioned. It is more interesting to note that a fresh 
function W being defined by the identity 


1 — Wx = Wx? = Sh ees (1+8,2+N,0? + ee se 
and it being ascertained that 
OW, Wim + 
oN, y and Bea 0, 


repetition of the procedure above gives 
OCW py Weare sc Wa) ie) GUN pa dacses cis, Sy) 
0(2,, Xo, EE) Ln) (x, Xo; =f RM a2); ; 
in which the Jacobian on the right has already been found. 


* See also Hist. iii., under Trudi (1864). 
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MUIR, T. (1882). 


[A Treatise on the Theory of Determinants.... viii+240 pp. 
London. | 


We have here (pp. 161-182) the fullest account of alternants yet 
given in a text-book ; and for the first time there is made known 
a general process for finding the quotient of a simple alternant by 
the corresponding difference-product. The process is quite similar 
to the ordinary division-process in Arithmetic, being dependent on 
the multiplication-theorem originally foreshadowed by Schweins. 
Thus, denoting the simple alternant 


| abc" | by A(p, 4g, 7), 
we have as an example of it 
A(012) | A(034) | (022) + (112) 


giving as result 
| a°b8c* | + | a®%'c? | = La2b? + Yarbe. 
Worthy of note among the exercises are the general equalities which 
include 
| a°btc* | | a°btc> | 


[abt | = | ac? | + | acs p+ | a°b3¢5 | 


| abre2d%e | | a 'cFd4es | 


| obicrd®e! | = | a%b'e3dte? ie | abic3d5e6 hs |a°b2c3q4e8 |. 


MUIR, T. (1882). 


[On a class of permanent symmetric functions. Proceed. R. Soc. 
Edinburgh, xi. pp. 409-418. ] 


The symmetric functions dealt with here, called permanents, being 
symmetric with respect to the rows of a square array, are not 
primarily of the simple type met with in the study of alternants, 
where the symmetry, as in YaBy, Lar%bcd, ..., is between the 
individual variables. If, however, we specialize permanents as 
determinants are specialized into alternants, we pass over to the 
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simpler type of symmetric function at a single step; for to say 
that 


=F ae 
am qa” Q? 
5m " Be 
“ye y” y? 


is symmetric with respect to its first and second row is the same 
as to say that it is symmetric with respect to a and 8; in other 
words, 
= + 
Ja™Bry?| = LanBry”, 
An equality like 
- falbte | = Fa°b'c* | -Dabe® 


is thus viewable as the result of multiplying a permanent by a 
determinant, namely, 


+ + 
| Gata la @ 
4 'b b 6B by 1 .btn 
€ ¢ -& le ¢& 


Now in this paper, as we have already seen, a general multiplication- 
theorem of this kind is obtained, and what we have here to note is 
that specialization of it leads to the conclusion that The product of 
a simple aliernant and a single symmetric function of tts variables is 
expressible by a sum of simple alternants, whose indices are got by 
arranging the variables in every term of the symmetric function in the 
same order, and adding the indices of each term to the indices of the 
original alternant, the first to the first, the second to the second, and 
so on: * for example, 


| atc? |. Xa*b = | ae’ | — | a°b8c*| — | ab?ct |. 
Another direct consequence of the said multiplication-theorem is 
Borchardt’s equality 


+ 
391) *(a2—2)*. . . (€n—Bn)* | : | (a, — By)" (42—B 2) « - « (a,—8,)-7| 
= | (a,—B,)*(a2—B2)> « « - (tn Bn) |: 
* Schweins’ case of this (Hist., i. pp. 311-318) should have been referred to in 


'. this paper, but Schweins’ work was not then known to any one, having not been 
brought to light until 1884. 
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| SCOTT, R. F. (1882). 
{On some determinants whose elements are rational fractions. 
Messenger of Math., x1. pp. 165-172.] 
The determinants referred to are Cauchy’s double alternant (Hvst., 


i, p. 345) and others formable from it by ‘ bordering.’ With an eye 
on the known result, 


| (a —=0)-1(@7g—a9)* sae (ay —a,)-? | 
(al) iG (win eee: Clonee . 
where [(x)=:(a—a,)(w—ag) ... (v—a,), Scott begins by multi- 


plying the given alternant by the product of the /’s, and then the 
determinant so obtained, 


I (2&1) I (&1) F(&) 
w—a, Ly — Ap Ly — An, 
fle) fles) fle) 
g—A, %y—A, La—Ay 
fd) My LS 
Ey — Oy Ly — Ae Lyn —An |» 


has only to be resolved into the two difference-products. Now, if 
in their expanded forms 


f(a) = w—¢,2"1+ 4", . 
; (z) ‘ 
and fo) = yk 16,0"? +-6,,0" 3 —, ee 
C,,, thus becoming ¢, on putting a, = 0, it is clear that the said 
determinant is the product of 


Os) 


Wee ee oe ee il | il Gig Coy — C3, 
Le gee earn 1 —e Cop —C 
and 12 22 32 
. . ° . | 
n-1 n—2 
Bie Ln sahara Ln Cin Contad aibay a tae , 


and consequently 


(ayy) vngeay) 
sn(n—1) 64 4 
a (—1) X ¢ (Xj, a an eg Ln) . (a, ay OF) Ay) Mey zr) 


kn(m—1) .} — teens © 
a (ez ‘ ae (ans ee ey 4 yey » (C1, «+ +5 Ce Cn) 
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as desired. The procedure is worthy of attention because of the 
fresh results reached by it. With comparative ease there is evaluated 
Joachimsthal’s determinant formed by annexing 

(Zn41—Gn)* 1 

and as a last column 1 sere 1 1s 


as a last row (¢..,—¢,)* 


the determinant formed by annexing 


Ap 
as a last row Dag Oy ts ks (a) pac 
(@n41—4%) (p41 —Gp) F(@naa) 
ry i Li, Las 


and as a last column 


ea ahh baal Colne sel (tre) 
the determinant formed by annexing as a last row and as a last 
column 


De haus (ela Oss 
and the determinant formed by annexing 
as a last row lhe aged 1 ~ 0 
ve 
and as a last column Pas pp ws 
jes) @) F(@n) 


Perhaps the most interesting of these is the third, where the effect 
of the bordering is to multiply the original by 


La — La; 
in the other cases the like connecting factors are 
(2n41—Fn) (®n41—Fn—1) «+ + (p41 —%), 
(2n41—Vn) (@n41—Tn—a) + + (Lntr—%1) +f (Gn 41); 
SNrnsa(@1> Les + +> Tn); 
respectively. As a sort of appendix Scott establishes Brioschi’s 


improved result of 1857 (Hist., ii. p. 187). Here his procedure is 
to take Cauchy’s result for the double alternant of the (2n)'" order 


(Zn) 7+ (%,—a)* 
(Z_—4)-?  (%_—Gg)* 


(%)—a,)*  (%,—ay)? (2 —Ap,)} 
(%;—a,)? (%,—a,)* (21 —Gan)* 
(%_g—a4)"*  (%_—a2)~* (L_—Gon) + 
(t%g—a,)* (%,—a2)* (Zp—Agn)* 


(x, a, oe a 


(x, Sonia ’ 
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diminish each (r+2)" row by the (r+1)", remove the factor z,—y, 
thus disclosed, and then put y, =a,. He also extends the equality 
from the (2n)" order to the (mn) order. 


MITCHELL, 0. H. (1882). 


[Note on determinants of powers. American Journ. of Math., iv. 
pp. 341-344 ; Johns Hopkins Unw. Curc., 1882, p. 242.] 

The contribution here is that the number of terms in the quotient 
of | a*b®crd? | by | a®bte2d? | as €2(a, 8, y, 6) + €2(0, 12.3) Sr ehe 
author first shows at considerable length that all the terms in the 
quotient are positive, and then in Jacobi’s expression for it, namely, 

X. Nz Ny Ns 

Na-1 Ne-1 Ny-1  No-1 

Na-2 Ne-2 Ny-2 No-2 

Nu-3 Ne-3s Ny-3 No-3 |, 
he naturally puts a =b =c=d=1. Since the number of terms in 
the m™ aleph function of n letters is (m+n—1),_,, he thus obtains 


(a+3)3 (8+3)3 (y+8)3 (6+3)s 
(a+2)s (8+2)3 (y+2)3 (6+2)s 
(at+])s (8+1)3 (yt+I1)3 (6+1)s 
(a)3  (B)s_— (yds (S)s | 
which by subtraction of rows is seen to be 
ua 1 A IL 
a * 8 Vee 8 
(a). (B)2 (y)2 (d)e 
(a)s (8)s (y)s (¢)s 
as we know from Stern (1865) and Zeipel (1865). 


= €(a, B, y, 6) + 1!2!3!, 


NOVARESE, E. (1882). 


[Intorno ad alcune formole di Hermite per l’addizione delle funzioni: 
ellitiche. Atti... Accad....di Torino, xvii. pp. 607-621, 
723-739. ] 


One point of interest here is the fact that the expressions obtained 
are in the form of the quotient of two determinants. Of greater 
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note, however, is a theorem communicated to the author by Siacci 
and utilized as the basis of the result of the second paper, namely, 
When x,, X2,..., X, have the common value x, then 


| $1 (1) -ho(X_) ... n(Xn) | iis | pr (x) Oak) =e pe-(x) | : 
Wri(X1) + Wro(X2) . Vn (Xn) Nala) ‘o(X) - +> yin Y(x) | 


By means of this the passage is made from addition to Aa ee nese 


BESSO, D. (1882). 
[Di alcune proprieta dell’ equazione differenziale lineare omogenea 
del second’ ordine. Atti... Accad. dei Lincei, Mem. (Roma), 
x1v. pp. 14-29.] 


Incidentally it is shown here that the determinant of the 2n 
order, whose h'" row (h=n) is 


th 


2-1 


Ae i a) ee 
and whose (n-+h)" row is 
Obl s Qe ws Do, 
is equal to 
Giliger ie. ne ee 
In this connection Franke’s paper ee 1876 (Hist., ui. p. 159) may 
be recalled. 


GARBIERI, G. (1882). 


[Sopra alcune classi di funzioni simmetriche. Atti... Ist. Veneto 
di Scv., (6) 1. pp. 33-74. | 

This long paper is avowedly a continuation of that of 1879 (Hist., 
iil. pp. 163-166). In its first section (pp. 34-53) it still concerns the 
quotient 

| f:(41) -f2(a2) oe ap) eee? (a,, Ag, «+ +5 CAN 

but the result obtained, ages interesting, is a little far-fetched 
and less likely to be of value. Thus, when v is 3 and the three 


~ functions are 
Jot Get... +950, 
hg the +... $A;0’, 
ko the+... + kx, 
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the equivalent of 1879 is 


Ge Ge Ga. Gs2 29a G5 es 
hy hee hy hae hh 


Coe Gee ICM 


were the c’s are defined by the identity 


cau? + con® + 6,0! + Cy = C3 (u—a,) (w4—ag) (w—as) ; 


whereas now the equivalent given us is 


Go 91 Gs Gs 94. Gs |= 0s 6,0; 


Cg eC Catena Cg 

in which the b’s and c’s are defined by the identities 

bse + byt +... +09 = b5(%—a,)(%¥—ag) (4—ag)(%—8,)(%—f,), 
Cge* +... + Cy = C4(X—a,)(%—ag) (v—az)(%4—y). 

This means that a,, a,, as are now roots common to two equations : 

and that the determinant-quotient just written, notwithstanding 

the presence in it of the other roots 8, 83, y, is independent of them. 


The first and main step in the new proof is quite similar to that of 
the old, consisting in multiplying the dividend determinant by 


Gla, ae, As, By, Be, y), %€. | ay° ag! ag? By Bayou 


The quite general theorem is fully investigated, that isto say, 
the theorem in which the degree of the given functions is n, the 
number of functions and of common roots is m, the degree of the . 
b-equation is s, and the degree of the c-equation ¢, s being taken for 
convenience >t. The eodene. determinant in the equivalent for 
\fa Ga) veciah Gaal ~ a, ..., G,) has then t—m rows of 6’s 
and is of the degree +1 or s+t—m, according as the first or 
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second of these numbers is the greater: the divisor-determinant is 
the complementary of the first m-line minor of the dividend. 

The second section (pp. 54-74) is devoted to a similar treatment 
of the quotient 


|F(a,, 8;) -F(ag, Be) ee hae F(a, Bn) | 
ees A Pee ML BS 


as is of course natural in view of the author’s previous work. 


b) 


REHOROVSKY, V. (1882). 
[O vytvornjici funkci Borchardt-ove. Casopis pro pestovdnt math. 
a fys., Xi. pp. 111-120.] 
This is another examination of the equality 


| (4,—2,)*...((,—%,)* | 


+. + 
= \(t, ae see (f,—%) | ‘. | (t;—2)7 see (tn, —Vn) | 
and of the associated generating function, the author being moved 
thereto by Bruno’s chapter on the subject. 


POSSE, C. (1883). 


[Sur le terme complémentaire de la formule de M. Tchebychef don- 
nant l’expression approchée d’une intégrale définie par d’autres 
prises entre les mémes limites. Bull. des Sci. Math., (2) vii. 
pp. 214—-224.] 


Incidentally there is here (pp. 221-223) formulated and proved 
the theorem that if x,, Xo, ..-., Xni, be independent quantities and 
f(x) any function that is continuous for all values of x lying between 
the least and greatest of the said quantities, then 


Meee ee OID Bs MET beds) F GaGa. MOR Xnaph tte) 
Prey et Xe xe ei Ko ts) he) 
2 ORV ok ee ne ee ott 
~ where £"(x) denotes the n™ derivate of {(x), and € a quantity wnter- 
mediate between the least and greatest of X1, X,--++5Xn41- The proof 


is gradational, the known case where n = 1 leading to that where 
'm = 2, and so on, 
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CRAIG, T. (1883). 


[On a O-function formula. American Journ. of Math., v. pp. 
350-357. ] 
What is of value here properly concerns the O-functions: it is 
interesting, however, for us to note the peculiar type of determinant 
used, namely, 


| O(u) -O"(v) 0" (w) .0""(t) |, 
which is an alternant with respect to u, v, w, t, and in which the 


first element of each row gives rise to the others through being 
differentiated. 


EDWARDES, D. (1884). 
[Question 7952. Educ. Times, xxxvu. p. 388.] 


The assertion here is that 


De g-DaaD: Dear, liijth, & 
D2) D; Dy Ds + 1 DeeDiee Dot Wentls Dasa Fe oe 
Ds D;3D, Di Dew, 1. oC }cee 


In the absence of any proof we may note that the expression involv- 
ing the D’s is a two-line minor of the adjugate of 


: DI elye LD. 

De Ds Ds 7D; 

D 3 D, D; D, ? 
and is thus known to be equal to the product of this determinant 
by its central two-line minor. It will suffice, therefore, if we can 
prove that one of these factors vanishes when the D’s are specialized 
as stated. Now, since the specialized D,, is divisible by D., the 
quotient being the aleph function (a, b, c)"-* or &,», the four-line 
determinant is seen to be equal to 


D,4 : . 1 X, 
1 & & 
1 oN, SN; 


X; NX: X5 Na ’ 
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and therefore equal to 0, as we know from Trudi (1864), or as the 
use of Wronski’s relation 
col, — Xa-col; + Sab -col, — abe-col, = 0 


makes directly clear. 


GORDAN, P. (1884). 
[Ueber Gleichungen siebenten Grades, mit.... Math. Annalen, 
xxv. pp. 459-521.| 
Three pages (§ 4) of this are devoted to the symmetric functions 
|vryrer| = Oe, y, 2), 
| -y"-(2—2)(2—y)| + Ow, y, 2) 
but the results obtained, though useful in connection with the main 
subject of the paper, are not otherwise noteworthy. They are based 


on what may be conveniently called the multiplication-theorem of 
alternants (see above, p. 151 and Hist., iii. p. 155). 


FOURET, G. (1884). 


[Sur deux formules trigonométriques d’interpolation, applicables, 
Yune aux fonctions paires, l’autre aux fonctions impaires. 
Comptes rendus ... Acad. des Sci, (Paris), xcix. pp. 963-966. ] 

[Sur une formule trigonométrique d’interpolation applicable a des 
valeurs quelconques de la valeur indépendante. Comptes 
rendus ... Acad. des Scr. (Paris), xcix. pp. 1062-1064. ] 

So far as determinants are concerned Fouret’s results are redis- 
coveries, those of the first paper having been given by Prouhet in 

1857 and that of the second by Scott in 1879. 


JACOBI, C. G. J. (1884). 
[Additamentum ad Commentationem quae inscripta est: Dis- 
quisitiones analyticae de fractionibus simplicibus. Gesam- 
_melte Werke, i. pp. 553-582. ] 
The theorems regarding alternants given in this posthumous 
_ memoir are essentially the same as those published by Jacobi in 
1841 (Hvst., 1. pp. 331-342). 
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JOHNSON, W. W. (1885). 


[Reduction of alternating functions to alternants. American Journ. 
of Math., vii. pp. 345-346. ] 


The function in question is 


P1(41 5 Gy, Ag, «..y An) ho (G13 Gay Ag, «» 5 An) se0) (Gn( Aq $ An5-gs «015 An) 

$1(Ae3 MH, My, «02, An) he (g} Ay, Az, «++, An) oo. Gn(Ay} A, As, ny An) 

$1(An3 A, A, ..., (Pn) (OGD Gan Cay cong Cie) oon Cabin § Cha Wins coop hes, 
where $(a,; dz, @3,..., G) denotes a function of the a’s which is 


symmetric with respect to those following the semicolon ; and the 
theorem is that & is expressible as a sum of alternants the aggregate 
of whose principal terms is equal to the principal term of &. Thus 
the principal term of 
il B+e at+be 
| 1 @+a@ +a 
| 1 @+8 c+ab 
being equal to 
c? + ca? + cab +a°b, 
which can be written 
a°b°c* +-a2b%? + albic? + a3blc®, 
the determinant itself 
| a°b%*| + | abc? | + | atbtc2| + | a8b1c°| 
= 04+0+0—|a%5| 
= —(a +b+0)- (a, b, c). 
The proof rests on the fact that the interchange of the h‘" and k*” 
rows is equivalent to the interchange of a, and a, in the function. 


JOHNSON, W. W. (1885). 


[On a formula of reduction for alternants of the third order. Ameri- 
can Journ. of Math., vii. pp. 347-852.) 


The formula in question furnishes a complete solution of the 
problem of finding the quotient of a three-line alternant by the 


or, ® say 
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difference-product oi the variables. It may be written, q being 

=p. 
| abc! | ise) 
farbigg| (Bab +...) + abo(Zattbr? +...) 
+ a*b*c? (Zab? 4-2.) + ..., 


where Yat-*h?- +... means Ya%-*b?-! and all the terms following 
it in the aleph function of the (q-++p — 3)" degree,—in other words, 
the said function as truncated by cutting off all terms that have an 
exponent greater than gq —2. Thus 


abic? 
+e = (Za*b* +...) + abc(La*b? +...) 
= Ya*bt + Yarb 3c + Dadb2c? + 2Da4b4c 
+ 23Da4bh3c2 + 250583; 
| a°b%c8 | = iy 
[aie | = (2a%? +...) + abe(Latb' +...) + a*b*c?(La2 +...) 


= Yash? + Yasbe + Ya5b? + 25a°b%c + Datb4 
+ 2datb?c + 32 a4b?c? + 3Da7b%c?. 


All that requires to be proved is 


| a°b?¢! | —— q-2hp-1 | ab? ict? | 
Tate] (Sa2-*b?-14+...) + abe Tait] 
or | a°b?ct| = | ab'c?| (Dat *b?-1+...) + | ab?et" |, 


which would be very simple if we were furnished with a theorem for 
the multiplication of an alternant by Yat*b’-1+4 ... similar to 
Schweins’ for multiplication by a simple symmetric function or by 
an aleph function (Hist., i. pp. 311-318). In default of this Johnson 
supplies the interesting lemma 


Sey ts .. = Na N;-2e"" (r< 9m), 


adducing by way of proof the fact that if the terms of &,, be sym- 
metrically disposed in the form of an equilateral triangle, the terms 
of X,-2a™-" occupy three equal-sized portions cut off by lines 
parallel to the sides, and the terms of 2a”-’-1b"+1 + . . . constitute 
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the remainder : * for example, the diagrammatic illustration of the 
equality 
Nae =u ahaa ee, -) 


would be 
ae 
a’b a7c 
a®b? a®be a’? 
ob wore) Varo a’c8 
a*b* CRE VARS Oe Oe ae 
A a 2 Co a®bc* ac? 
arte. a*b'c) <a®btc?  a?b8e®  ab*c*. _-a*be® ae a*cé 
ab’. abe ab’c? abte® “abc! abee> abe® ac? 
bebe Oe? PG btc* bee Shc? 


He is thus enabled to substitute 
Np4¢-3 <—.e Np-2 i Yat for Yat—2hP-1 = eeeeg 
so that the right-hand member of the desired result becomes 
| a®bic?+4-1 | — | a®bte?| - Dat? + | alb’ct-1 |, 
and therefore by Schweins’ theorem 
| a°bic?te-1 | = ( athe | = | a°b%e? | = | a°blerty-1 |) ab | ab?ci-1 |, 
which reduces at once to the left-hand member. 

Other proofs of the lemma are given, but the foregoing is the 
most instructive. The author also points out that it is true for 
alternants of any order, but adds that for the 4" and higher orders 
it does not in general provide a ‘formula of reduction.’ As an 


exceptional case where it does, he instances | a°b1c?+2d?+3|, the 
formula then being 


| a°bler+2 dp+3 | 


| a%'c2d? | - = (Za’b? +...) + abcd. 


| abrerde+ | 
[ated |’ 


which he illustrates by putting p = 5. 


* It should be noted that when m is odd there exists a unique equality of this 
kind, namely, 


Nou+1 = Nu. Zattl + (ZahbMet+ .. 2). —— 


\ 
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JOHNSON, W. W. (1885). 


[On the calculation of the cofactor of alternants of the fourth order. 
American Journ. of Math., vii. pp. 380-388. ] 


The central fact of interest here is the discovery of a ‘formula 
of reduction’ for alternants of the 4" order similar to that for 
alternants of the 3" order, namely, 

|a°b? cid’ | 


| ab p—-1¢9-1qr—2 | 
| abied3 | : ’ 


= Q, + abed-- Tales | ) 
or, say, 
(0, p, 9,7) = Q, + abcd.(0, p—1, g—1, r—2), 

where Q,, the first instalment of the quotient, begins as before with 
La’—*bt*e?-1, but does not necessarily include all the simple sym- 
metric functions following Ya"~*b**c?-' in N,4¢4,-6 nor have such 
functions confined to the coefficient 1. For example, 

(0, 2, 3, 7) = Lathe + La*b?c + 2Da%bed + La*b?c? + 2Da*b2cd 

+ abcd - (0, 1, 2, 5), 
where in Q, the term Da*b* does not occur. Much of the paper is 
occupied with explanation of the origin of Q, and with simplifications 
of the original mode of finding it. In the course of this 
(0, 3, 5,7) and. (0, 4,7, 9) 
are calculated as illustrations, and at the close there is also given 
the calculation of the more serious example 
(0, 5, 13, 17). 

There being occasion to use as a check Mitchell’s rule for giving 
the number of terms in the full quotient, a more natural proof of 
the said rule is appended.* 


*It would have been still more natural to say that the number of terms in 


| aPb2c" | + | a%'c? | is the limiting value, when h=k=1=0, of 
[(L+Ae(L+he(l +) | + [+A +e (1 +0)? |, 
a.e. of 
1p) tp) ae (p)s). es WS Te TP IE? avai 1 lo We 
1 (q), (2 (3 Z aie Ne YR Vos aE [ee ear i Ake 
ja ens) Pa 9 eee tot ed ee Paes 
te. 1 p (P)s 
1 q (4%: 
es 
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SALMON, G. (1885). 
[... Modern Higher Algebra. 4° ed. xvi+360 pp. Dublin.] 
We note the alternants 

sin(a+a’) sin(a+@’) sin(a+y’) 

sin(@+a') sin(8+f’) sin(8+y’) 

sin(y+a’) sin(y+ 8") sin(yt+y’) 

1 sina sin(a+@) sina sin(a+6) 

1 sn@ sin(@+6) sin@sin(@+6) 

1 siny sin(y+@) sinysin(y+6) 

1 sind sin(é+6) siné sin(é+6) 

the former as being the product of two zeros, and the other as being 
equal to 


- 


. 


II sin $(6—y) - 16 sin 6 sin(a+8+y+6+6). 


The result of squaring zero in the form 


cos8 sin 


cosy siny 


cosa sina . 


is also noted : likewise the producing of 
| (4, —1)" (@_—be)" « . . (@n—bp)? | 


by means of the multiplication-theorem. 


JOHNSON, W. W. (1886). 


[On a geometrical representation of alternants of the third order 
and of their quotients when divided by A(0,1,2). Quart. 
Journ. of Math., xxi. pp. 217-224.] 


This is an elaboration of the diagrammatic part of the author’s 
second paper of 1885, culminating in the representation of 
| a%b%c* | ~ | a®b1c? | 
by means of a series of concentric hexagons, the first, as we already 
know, corresponding to 


Dat-2HP-1 Fs, 
the second to 
abe. (Lat4b?= +,......); 
and so on. 
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ANGLIN, A. H. (1886). 
[Sur le coefficient du terme général dans certains développements. 
Journ. (de Iiouville) de Math., (4) ii. pp. 1389-150.] 
The coefficient in question is 
1 @ ar?(b™+¢”) 
1 6 6"+*(c"+a") 
1 c¢ ¢?(am+b") 
but determinants are not at all used or mentioned. 


’ 


ANGLIN, A. H. (1886). 


[On certain theorems mainly connected with alternants. Proceed. 
R. Soc. Edinburgh, xiii. pp. 823-839. ] 


The first result here is that of the p” aleph function of a, b,c, .. . 
be denoted by (p), then 

: a a a? See, 4 
(yp) (p+) (p42) (p+3) | 
@) (atl) (442) (q43) -.--| 

Me) @4+1) (+2) (r+3) 0. 
is independent of a. The reason of ceurse is that any column is freed 
of a by being diminished by a times the immediately preceding 
column: and Anglin’s equivalent determinant of lower order is at 
once got by puttinga=0. The next result is that the product of the 
complementary minors of the elements of a column of an n-line alternant 
has the (n—2)” power of the difference-product as a factor. Thus, in 
| w’b%c'd* | such a set of complementary minors must be divisible by 
64(6,¢, 4), Ec, d,a), Gd, a,b), Sa; b,c) 

: 4 <3\ 
respectively, and therefore their product by the es power of 
é(a, b, ¢, d). 

The expression of the product of the minors of an n-by-2 array 
is then taken up—a subject hitherto not explicitly considered—and 
some deductions are made. Thus, when the array is 

Gy A Os Og 


bebe Cgom be 
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there is obtained 
| ab, | | @1b3| | 4124| | @2b5 | | @ab4| | dq | 


—= Oe a,b, a,b,” 6,3 == a°byb3b, G5 a,b, be 
2 
CRO Pals Sem os ik G00, Ue” dat 0s 
as* ds°b; sds" 05° Gs°bgbbz ds” dds 5° 
Ged Oy G0, a,b,0,0, af “a,b, 67 
3 ; 
= a,%bgbyb4° | bs | | Gedy | | tsa] — .. ++ — 44%Oyb2b5-| 41b2| | 1s | | abs | ; 


and by taking the ‘complementary’ of this* with respect to 
| a4b,c,d,| and dividing by 
| byce | | byes | | big | | bees | | be¢a| | Osea] » | 4x0sCa| | 41934 | | 21b2¢4 | | 210205 | 


there is deduced the equality 


= | ayo¢sdz |* 
| Gb30q| | 4153C4| | 1b2eq| | a4b2¢5 | 
ae 4 bea, |* i is | by¢3d, |* 
| becs| | aca] | sca] | G2b3¢q | | byes] | Byca| | Bsa | | 41O5Cg | 
| byCods |* i | bycods | 
| bycy| | yea | | boca | 4b 2cq | | by¢o| | by¢3| | bec3| | @ybec3| 


the right-hand member of which takes two other forms on account 
of the left-hand member being symmetric with respect to a, b, c. 


The paper concludes with a geometrical application of the theorem 
of which this is a case. 


ROGERS, L. J. (1886). 
[Question 8765. Hduc. Times, xxxix. p. 372: Math. from Educ. 
Tumes, xvii. pp. 88-89. | 
The subject here is the double alternant 
tan (%,+a,) tan(x%,+a,) tan (x,-+45) 
tan (x ,+a,) tan(#,+a.) tan (x,+<a3) |. 
tan(z3+a,) tan(%+a@,) tan (x%3-+a5) |, 
but all we learn is that it vanishes when 


Ly + % + Xs + a, + a, +a, =D, 
and that the same is true for the determinant which differs from 
it in having sines in place of tangents. 


* Not exactly ; it would be literally correct if the previous }’s-were d’s. 
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SCHRADER, W. (1887): SPORER, B. (1887). 


[Beitriage zur Theorie der Determinanten. vi+156 pp. Hallea.8.] 


[Ein Satz iiber Determinanten. Math.-naturw. Mitt. (Tiibingen), ii. 
pp. 103-106. ] 


There is here a very full section on alternants (pp. 98-112), but 
unfortunately the numerous special results had all already appeared, 
some in Muir’s text-book of 1882 and many others in Johnson’s 
papers of 1885. Other determinants to which a separate section is 
given, namely, those with so-called ‘factorial’ elements, are in 
reality alternants, being expressible as sums of multiples of simple 
alternants. For example, taking a, 8, y, 6 instead of the d, 2d, 3d, 
4d of a’'", we have 


La alata) a(a+a)(a+p)(a+y)(a+8) 
1 b b(b+a) 6(b+a)(b+6)(b+y) (b+6) 
tke ele-ta) aale dalle ePlleadelenks) 
1 d d(d+a) d(d+a)(d+)(d+y)(d+6) 

= bod. a -+aa..e°+o'> eg re ets ee 


-ya+ |1 a. a a 


LaB. 


il aa kdzava® 
t 


ak a a at 


The note of the other writer concerns the alternant er dealt 
with by Garbieri in 1878. 


MUIR, T. (1887). 


[On a class of alternating functions. Transac. R. Soc. Edinburgh, 
Xxxll. pp. 309-312.] 
When the number of variables in each of the two sets involved 
is 4, and m, n, r are integers not greater than 4, the function is 


|omerd"| (a—a)a—B)(a—y)(a—d)_, |arerd’| (b—a)(b—B)(b-~y) (6-8) 


[Bld | (a—b)(a—c)(a—d) |a%d?| =. (b—a)(b—c)(b—d) 
Jarbrd’| (ca)lo=Blemyye—a) , Jarbrer| (d—a)(d—8)(d—y)(d—<) 
~ [a%d?| (ca) (c—b) (c—d) | a1? | (d—a) (d—b) (d—c) 


or, say i He nr? 
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and the object is to show that while it is symmetric with respect 
to a, b, c, dand symmetric with respect to a, 3, y, 6, it is alternat- 
ing with respect to the interchange 


(° bc ie) 
ible 6 ate dh) 
This is accomplished so far as the symmetry is concerned by trans- 
forming it into 

1 ' a™bc'd4 | etd | abcd? | 5 Dye + | a™b”c'd2 | La 

| a°%bic7d? | —|a™brc'd|.DaBy + | a™brc"d® |. LaBydJ. 
Alternancy is then demonstrated by considering separately all the 
possible sets of values of m, n, 1, the final result being Jf m, n, r 


arranged in order of magnitude be any three of the values 0, 1, 2, 3, 4 
and u, v arranged in order of magnitude be the remaining two, then 


. 


F,,, hi oe | 84-7 4—v ls 
where s and « are explained by the examples 


8. Lal, os —=\Dacy, 


RUSSELL, A. (1887). 


[Question 9017. Educ. Times, xl. p. 135: Math. from Educ. Times, 
xlvu. p. 124.] 


This and Sylvester’s unsolved question 2810 of the year 1869 are 
both included in Muir’s first paper of this year. 


MUIR, T. (1887). 


[On the quotient of a simple alternant by the difference-product of 
the variables. Proceed. R. Soc. Edinburgh, xiv. pp. 433-445.] 


Three pages at the beginning of this are devoted to a resuscitation 
of the author’s method of 1879, his action being due to the fresh 
interest created in the subject by Johnson’s papers. The peculiarity 
of the method lies in that it determines the arithmetical coefficient 
of any one of the simple symmetric functions without regard to 
any of the rest. It is stated in the form of a ‘rule’ and leads in 
the case of the 3" order to the conclusion that the coefficient of 
La*b’c* im the expansion of | a°b’c'| = | a°blc2| is the number of 
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ways in which by taking a number from 


ees, us. te Ls oe 
and a number from 


Pp Pais 2; g — 1, 
the sum y +2z-+1 may be obtained. To illustrate it in the case of 
the 4 order Johnson’s example (0. 5, 13, 17) is taken and the 
coefficients of Da1%c7d?, Da°b%*d4, Ya!°b%c5d> found to be 35, 46, 
50. The following results connected with this order are then estab- 
lished at length. 

(1) The expansion of | a°b'c3d3+*| = | a®b'e?d?| consists of all the 
single symmetric functions which have no index greater than s, and the 
sum of whose indices 1s s+1, the coefficient of each function being 
less by 1 than the number of different letters appearing in any of its 
terms ; for example, 

(0, 1,3, 7) = Lath + dar? + 2d a%be + 2Darb2e + 32 abcd. 

(2) The expansion of | a°b?c%d3+*| = | a°btc2d?| consists of the 
single symmetric function Xa*be and all the like functions succeeding 
ut, the coefficient of every term involving three letters being 1, and the 
coefficient of every term involving four letters being 3; for example, 

(0, 2, 3,6) = Zarbe + LYarb2c + 3Da*bcd. 
(3) The expansion of : 
(0, i q; r) ri (0, 2, q; r—1) =F (L, 2, q; 7 —2) 
consists of the symmetric function La™*b*-? and the like functions 
succeeding it, the coefficient in every case bevng 1, 1.e. (La’—8b*-? +... .). 

(4) The expansion of (0, 1, 2+8, 3-+8) ws 
(Sa®b*+ ...) -+ (La*tb*4¢ed +...) -+ (La*-*b**e?d?4-...) -F .. 

(5) The expansion of 

(0, 2, 2+s, 3+s) — (1, 2, 1+8, 3++s) 
is (LYa®b’c +....). 
— (6) The expansion of (0, 1, 2+8, 4+) as 
(Das b*+ .. .) + (La*b’c +. . :) + abcd (0, 1, 5, s+2). 
The paper concludes with tables giving the quotients from (0, 1, 2, 4) 
to (2, 3, 4, 6). 
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ANGLIN, A. H. (1887). 
[Théorémes sur les déterminants. Bull. Soc. Math. de France, xv. 
pp. 120-129.] 
[On the summation of a certain series of alternants. Proceed. R. 
Soc. Edinburgh, xix. pp. 194-203. ] 
The theorems in the first paper are rediscoveries, having indeed 
already found their way into the ordinary text-books. 
In the case of the second it is different, only the lemma which 
is brought forward and established being a rediscovery. In the case 
- of the 4" order the new theorem is that the sums 
| aP+1pactds | + | aPbitte'd*| + | aPb%e"+4d*| + | aPb%c'd*+?], 
| aP+1h9+1¢"ds| 4 | aPtipie+tds| +... .-+ | aPbac'ttdst4], 
fabhibttte de es. + | aPbttter+tds+1 | 
can each be expressed as a single determinant multiplied by the daffer- 


ence-product. By way of proof it has only to be noted that the 
quotient of the first sum by ¢ 2(a, b, c, d) is known from Jacobi to be 


(pat) ~ (9) (7) (s) (p) (gel) Xr) | 
(pe (get ats 0) Fe peels 2g) Ee (s— hs 3) 
(pl) (q-—2)-- 2) (5 --2) age bl rt 33) 
(pr 2) (G3) SG 3) (82-3) (p—3) (q—2) eee 


where (p) denotes the p aleph function, and this fe Le Paige’s 
theorem of 1880 is equal to 


(p+1) (q+1) (r+1) (s+1) 
(pd) fa lots BEN) pes 
(p—2) (q—2) (r—2) (s—2) 
(p—3) (qg—3) (r—3)  (s—3) 


In the same way it follows that the two other sums are equal to 


(p+1) (g+1) (+1) (s4)|@, |(ptl) (41) (4) (42)/ 4 


(r) gt) ) ~) @ @  () 
(p--2) (g—-2) (r—2) (s—2) (p-1) q—1) (@@—1) (s—1) 
(p—8) (q—3) (r—3) (s8) (p—8) (g—8) (r—3) (s—3) 


respectively. hae 


a ee 
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MARCOLONGO, R. (1887). 
[Generalizzazione di un teorema sui determinanti. Giornale di Mat., 
XXxv. pp. 298-302. | 


The portion of this which is new is readily suggested by Besso’s 
theorem of 1882, being in effect that the determinant of the (2n)" order 
whose h” row is 


pn(2y); n(Z2), Jee Pars Mie | $n (Zn); pn (2X), pn (£2), OR Se) nr (Xn); 
where ie) 9 2 Sherms ing; ao 


is equal to (—1)im@-b. (a, Bos bi oe 5 lh)s 


WEIHRAUCH, K. (1887). 


[Ueber gewisse Determinanten. Zevtschrift f. Math. u. Phys., xxxiil. 
pp. 126-128.] 
The determinants in question, P and Q say, closely resemble one 
dealt with by Scott in 1879, and Q is actually included in another 
of Scott’s of 1881. They are 


1 cosa, sina, cos2a, sin2a,.... cos(m—l)a, sin(m—l)a, cosma, 
1 cosag Sina, cos2a, sin2a,.... cos(m—l)a, sin(m—1)u, cos mag 


and the one formable from it by putting sines for cosines in the last 
column. Instead of evaluating them separately with the help of 
the exponential values of the sine and cosine, Weihrauch evaluates 
with the same help 


P+Qi, 
which is also a determinant, and so finds readily 
P = (—1)™  .22m(m—0+1. FY sin 4 (c19m—Ggm—1) + Sin} La, 
Q = (H1)m-2. 22m6m—044.. TT gin (gq, —atgyn_1) + 608 4Ea. 


It is interesting to learn from the writer that P and Q are not a 
product of fancy, but actually arose in the course of a meteorological 
investigation led up to by his professional duties. 

We note for ourselves that if we increase each of the angles of 
the last column of P by & we obtain a determinant equal to 


P cos €—Q sin €, 
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and therefore equal to 
(—1)™22m(m—1)41.. TT sin $ (d2m—Gam—1) + 8in (32a+é). 
Further, if we treat the last column of Q in like fashion, the value 


of the resulting determinant differs from that of Q merely by having 
é added to 12a, which is Scott’s generalization above referred to. 


STIELTJES, T. J. (1887). 


[Sur une généralisation de la formule des accroissements finis. Bull. 
Soc. Math. de France, xvi. pp. 100-113: or Nowv. Annales de 
Math., (3) vii. pp. 26-31.] 

The theorem here reached is a variant of Schwarz’s of 1880, 
namely, that if the functions 


fu), gu), h(u), ku); 
fu), gu), hu), k(u), 
fu), gu), hu), ku), 


be finite and continuous, and z, y, z, t be values of wu taken in ascend- 
ing order of magnitude, then 


fw) gw) hw) B(x) 
fo MhQhO®| — 1 flr) 9) Ba) 
| a%yieb | hale ey ae ACA) 


Sr) gr) Wr) |, 
where » hes between x and ¥, € cca x ay z, and + between x 
and ¢. A simple proof is obtained by repeated use of the familiar 
theorem sought to be generalized; and then on the further sup- 
position that 
Fu), ou), Wu), "(u) 

are continuous, it is shown that if a, y, z, t tend toward a common 
limit a, the equality will still hold if », § 7 are also put equal to a. 


MUIR, T. (1888). 


[On a class of alternants expressible in terms of simple alternants. 
Proceed. R. Soc. Edinburgh, xv. pp. 298-308. ] 


The alternants referred to are those dealt with by Johnson in his 
first paper of 1885, and the last of the three methods explained does 
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not really differ from Johnson’s. The subject, however, is treated 
in greater detail, and pains are taken to make clear the possible 
simplifications of the procedure, application being made to show 
that 

1 be+bd+cd bc+b8d+c%+... d4etd+b*ed*+betd4 

1 cd+eatda cCd+eatde+... ctdta+ctdat+cdtat 

1 da+db+tab da+d%b+a%d+... dtath+dtab++dab4 

1 abtac+be ab+a’c+b3a+... atbte+a4bct+-abtct 

= | a'b’c'd7| + | atb3ctd7 | + | a°b8c®d? | — | ab4c8d8 | 
— | a%b?c®d? | — | a®b'ctd® | + | atb?c'd® | . 

A table is added giving the irae of 


la@ F (6, c, d) 
14 0_ 5b 2 F(c, d, a) 
laa F(d, a, b) 


1d Fla, b, c) 
for all cases where a’: F(b, c,d) is of the 9" degree, and where of 
course F is symmetric. 


ANGLIN, A. H. (1888). 


[On certain theorems mainly connécted with alternants (II.). Pro- 

ceed. R. Soc. Edinburgh, xv. pp. 381-396. ] 

[Alternants which are constant multiples of the difference-product 
of the variables. Proceed. R. Soc. Edinburgh, xv. pp. 468-476. ] 
The specified subject of the second paper here is also the actual 

subject of the algebraical part of the first, and both are mainly 

occupied with a special class of alternants belonging to the type 


DOEO es Og gerat e ) BE Oa ay oo. ax) 
MGR G,° pe = aH” ON (Gag, ry Gy) 
where F is a symmetric function of all the a’s that follow the semi- 
colon. Unlike his predecessors Anglin confines himself to the case 
where F is of the (n—1)™ degree, and where therefore the cofactor 
of the difference-product is independent of the a’s. The first result 
to be noted is that if F be a simple symmetric function, and in the 
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D-specification of it a of the letters used are alike in their exponent, 
8 others have a similar mutual resemblance, y others a similar, and 


so on, then the cofactor of G3 as 
(—1)et+B+y+- tits (atS+y-+-. - Jt 
al Bly! .. 
For example, if the variables be a, b, c, d, e, and if the simple sym- 
metric function free of a be Yb%c, the desired cofactor is 


oie i 
Eee ee 


and we have 
a a! a? >be 
1 6b BB B Xa 


= 2.€4(a, b, ¢ d, e). 


Similarly, if the variables be a, b, c, d, e, f, g, h, 
lL @ @ Cl A ere elec r=: €%(a, agains 
1 6 Bb? 88 OP O88 Fb 30. Sed 


and so on. He then passes on to the case where F is the most 
general integral function of a, b, c, d, e, which is symmetric with 
respect to 6, c, d, e, namely, 
m-a*+n-a2b+ p-.e>db? + ¢-a2be+...+¢-adXbed 
+u.Xbt + v. Tb8c + w. Tb?c? + x. Vb2ed + y - bede, 
giving as the desired cofactor 
m—n—....—t—u+2v0+w—3r+y. 
Lastly, he takes up for a moment such an alternant as 
T, 2b Sho wb ew Dose 
Lali DO eed Nhe Ogee: 


YP 26 Dab Seu Seo 
where the >’s of the first row refer to b, c, d, e, the D’s of the second 


to c, d, eé, a4, and so on; and noting that the values of the cofactors 
corresponding to 
x0, be, bc, “SXb%c 
in the previous case are 
ool baa aap 


shows that here the value is the product of these values, namely —4. 
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His method, like Muir’s first method mentioned above, depends 
on the transformation of the last column by subtracting multiples 
of the others. 


WEILL, G. (1888). 
[Sur une forme du déterminant de Vandermonde. Nowv. Annales 
de Math., (3) vii. pp. 427-429. ] 


The author formulates the set of equations for determining the 


A’s so that 
1 A, 


— 


—=0,)7—a,) 0 e—4,)"—- @ 4, ca, Ba, 


and notes (1) Tarleton’s result of 1867, namely, that the determinant 
of the set is equal to the difference-product of the a’s (Hvst., ili. 
pp. 141-2), although its 7” row, the conjugate having been taken, 
is free of a,, whereas the 7" row of |a,°a.1 ... a,”"-1| contains a, 
alone; and (2) that the cofactor of the last element of each row, 


although involving all the a’s, is a function of only n—1 of them.* 


LORIA, G. (1888). 


[Nota su una classe di determinanti. Guornale di Mat., xxvi. 
pp. 329-333. ] 


A rediscovery of Naegelsbach’s extension of Bellavitis’ procedure 
of 1857. 


STARKOFF, A. (1889). 


[Théorie des équations générales. Mém.... soc. des naturalistes 
... (Odessa), x. pp. 143-200. ] 


Any freshness connected with the determinants used here, alter- 
nants chiefly and wronskians, is in the main a matter of notation. 


* The cofactors of other elements besides the last are worth noting ; for example, 
in the case of the first row of 
1 b4+c+d be+cd+db bed 
1 c+d+a cd+da+ab cda 
1 d+a+b da+ab+bd dab 
1 


a+b+c ab+be+ca abe 


the four are 
— a® | b%cld?|, a*|b%ctd?|, -—a|b%ctd? [, - | b%td? |, 


the last being independent of a, 
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For example, the general alternant | (Xo) -f,(%1)- --- -Sn(£n)| 1s 
denoted by | x°x,")... x,'"|, and the operation of changing /,(z) 
into f,.,(z) by Kf,(x), this and similar uses of K being frequent. 


WEIHRAUCH, K. (1888, 1889). 


[Neue Untersuchungen iiber die Bessel’sche Formel, und deren 
Verwendung in der Meteorologie. Schriften... Naturf-Ges. ber 
der Univ. Dorpat, iv.] 
[Ueber gewisse goniometrische Determinanten, und damit... 
Zeitschrift f. Math. u. Phys., xxxvi. pp. 71-77.] 


These are continuations of the author’s work of 1887, showing 
the same skill in the treatment of such determinants, and involving 
a considerable number of fresh evaluations. The opening result is 
a rediscovery, being that given by Scott in 1879 and already redis- 
covered by Fouret in 1884. As it has a column of 1’s, columns of 
cosines and columns of sines, there are three types of primary 
minors, and all are dealt with, Scott, on the other hand, having 
only considered the first type. Similarly, Weihrauch’s P and Q of 
1887 lead each to three evaluations. More interesting are a com- 
panion-theorem of Scott’s original, namely, 


cosa, sina, cos3a, sin3a, ... cos(2m—1)a, sin(2m—l)a, 


: = 4mim)), I 81N (tem —Gem—1)> 
and the like companions in the case of P and Q, namely, 


cosa, sina, ... cos(2m—l1)a, sin(2m—1)a, cos(2m+1)a, 


== (—=])™, deen. cos 2a sl Si (oa. Go) 


cosa, sina, ... cos(2m—l1)a, sin(2m—1)a, sin(2m+1)a, 


= (—1)".47™- gin Da - ID sin (Gen47-—Gem); 


the latter, however, being included in a result indicated by Scott 
in 1881. Consideration of the primary minors of these leads to 
three pairs of evaluations, and with this the first section of the 


paper ends. 
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The second section concerns the sets of linear equations to which 
in the Theory of Interpolation the evaluated determinants pertain. 
As before, we note for ourselves that if each angle in the last 
columns of the pair of determinants above be increased by € and 
Ya in the evaluations receive the same increment, the identities still 


hold. 
MERTENS, F. (1889). 


[O wyznaczniku, ktdrego elementami sa wartosci n! funkeyj catko- 
witych m zmiennych z,, %, ..., Lp pochodzace z wszelkich 
moZliwych przemian tychze zmiennych. Pamietnik Akad.... 
Wydz. mat.-przyr., xvi. pp. 60-69. ] 

The determinant here has for its (r,s) element an integral 
function ¢, of the s‘" permutation of the variables x7,, 2, ..., Up; 
and is therefore of course of the order m! It is readily seen in the 
usual way to have | x,° z,!...2,"-1| for a factor, but the author’s 
theorem is that | 7,°r.! . . . 2," Wee is a factor. 
He also generalizes the related result 
(Ea tee id ee) ae ee? 
Fe EG) Rig ADB gs 
Te Ly, Lely Lg” Lylg” 
he Ly Lely Ig” Api” 
te ty Wele be Tel 


= Oy ly 2/8 
= | LLL 


a en ee 


le 25. ERI a BS 
where only two of the three variables occur in each row, and the 
sum of the elements of each row is of the form (1+) (1 +v+v?). 


WEIHRAUCH, K. (1889). 
[Ueber eine algebraische Determinante mit eigenthiimlichem Bild- 
ungsgesetz der Elemente. Zeitschrift f. Math. u. Phys., xxxvi. 
pp. 34-40.] 

The first determinant here considered, Anim+1) Say, is of the order 
n(m-+1), consisting of the m rows 

lwanind? 

1 Gy \ ae? 


at 1)—1 
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and nm rows obtained by successive differentiation of each of these 
m times; and the result reached, naturally with some toil, is 
Ai aio {nl (Rohwer 2hOnt (Gehan Sappees 
_ For example, when v is 2 and m is 2, 
OO A et Cee 
1 2a 3a% 4a? 5a* 
gory 12a? . 
Asey) = Pai = a = = 4(b—a)?. 
Le 20 36% = 4b? bet 
2 6b 126? 2003 ; 

The root-idea appears in Besso’s paper of 1882, where A,,1,1) is 
dealt with. 

The next type of determinant considered differs from this in 
having for its fundamental rows n rows like those of P in the author’s 
paper of 1887, namely, 


1 cosa, sina, .... cos(n—l)a, sin(n—1)a, cosnay,, 
and in having m =1. The two results obtained may be written 
Prati = (—1)r - 228-De—). {Th sin $ (4,,—an-3)} "sin Za, 
Qnaz1y = (—1)e-2. 22n-D—1). {TT sin 3 (a,—an_3)}* cos Da. 
The third type is a generalization, like Marcolongo’s, of the first, 
each power of a, being replaced by an integral function of a,. 


| SEGAR, H. W. (1890). 
[Some inequalities. Messenger of Math., (2) xix. pp. 189-192; 
xx. pp. 54-59. ] 
So far as alternants are concerned, the two papers culminate in 
the result that ofa, b,c,...,p,q,1%,... be positive quantities, then 
| aPb%c’ . . .| as of the same sign as (a, Hy, Chemaye Ep, Gs Bneic TD 


SCHENDEL, L. (1891). 


[Mathematische Miscellen. III. Das alternierende Exponential- 


differenzenproduct. Zeztschrift f. Math. u. Phys., xxxviii. 
pp. 84-87.] 


What is fresh here is a theorem including Weihrauch’s of 1889, 
given, however, in an unlike form and without any reference to 


oa 
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preceding workers. The relation between the two in the case 
where the number of variables in the difference-product is three, 
hes in the fact that whereas Weihrauch’s determinant is equal to a 
multiple of 


{(@—y)(e—2)(y—9}” 
and is of the 2p™ order, Schendel’s is equal to 
(e—y)P*(a—2)"" (y —2)” 


and is of the order p+q-+r. If we write n for p+q-+r, the first 
p columns of the latter determinant are 


, (n—1) boss tlt -2l) oat 
(n=2)ute tees (NA 2) ve 
ons 


the next g columns are 


ase Pasay 5 ga we = Ean he 
Vee sgt © ieteicee hl eA) p ear 
and so on. For example, when p, q,7 = 1, 2, 3, we have 


esi. ae AOL ek 
pam 6 Me Te 


y 
pe Sys ye bz 32 2 
Sy y ae = (4—y)?(x—z)3(y—2)*. 


LY Uhm We Beer 
Tome elt) ’ Wi, 
1 1 
Of the other results we need only note as an example 
wt (a+4), (8+4)2 (y+4) 1 
ay (a+3)3 (8+3), (y+3), | 
wy? (a+2)s (B+2)2 (y+2): 1] = (—y). 
ry® (atl)3 (841). (ytl) 1 
y* (a)s (8)s (yt 1 


In no case is there any hint of a proof. Fortunately most of them 
are such as Zeipel had established in 1865. 
For ourselves we must note that the specification of the main 


( 
( 
( 
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determinant can be greatly simplified. Thus, in the case where it 
equals (x—y)?"(x—z)?"(y—z)”, we begin with the row 


Lrg ge ee 


_obtain the next row by the operation 0/da, the 3" row by the opera- 


tion 40/da on the 2™4, the 4‘" row by the operation 40/0x on the 3", 
and so on until p rows in all are got: then in similar fashion follow 
q rows involving y, and r rows involving z. Our six-line example 
above would thus take the form 


ae = eT ee 


Pee Pe Sie 
2 (1. 2y By? “4? byt | 
li, 2 ote iat So ee (y—2)? (2-2) *(2—y)*. 
L222 322 ee 
Wo Bye ye I 


For proof we might be content with the usual tedious verification 
obtained by removing the factors as methodically as possible one 
or more at a time; but a more interesting mode depends on the 
multiplication of the determinant by a certain multiple of itself. 
Thus, in the case just mentioned, we obtain the multiple in question 
by reversing the order of the columns and then multiplying them 
by 1, —5, 10, —10, 5, —1 respectively. The form of the product is 
zero-axial and skew, so that root-extraction is possible: thereafter 
little is needed. 


SEGAR, H. W. (1892). 


[On a determinantal theorem due to Jacobi. Messenger of Math., 
(2) xxi. pp. 148-157.] 


The theorem of Jacobi’s referred to, and of which use is repeatedly 
made in the paper, is that regarding the quotient of | a*b*c’. . . | 
by the difference-product ¢ 4a, b,c,...). Of the results obtained, 
the most important is the first. In effect: this is that 
jae ( ie ( Nea se Seat Sane Sa+y! ae 
oe ( Neds ( yer . 


Ble t / < ieee 
y a. ( Vie ( ee ED Cal ae oe ae Ia 


Sp+a! Sp+4.’ Sp+y’ Par 


. . . . . . vat =" 4n(n—1) . DE . . 
(abe. . j=l Sale CYortyeend.,) 
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where ( )*=(a,b,c,...)° = 6 aleph function of a, b, c,...; 
spe’ Eb" haa ey , 
and the number of the variables a, b, c, ... is m. The proof is 


indirect and somewhat lengthy, and is followed by the analogous 
theorem where the elements instead of being coefficients in the 
expansion of 1/(1—aa+a?Xab—. . .) are coefficients in the expan- 
sion of a multiple of this by a polynomial in x of the m'” degree. 
The third result is of a different type, being, when altered,* 

x 


ak L , 
D Fo Fe PF 


Gaye sara re 
f(z): Cay, dg, Ag;-+- 4 
where J(%) = (a@+a;)(a@+a,)(atag).... 


The fourth theorem is connected with the first, and the fifth with 
the second; the sixth deals with the unisignancy of 


[a°b'c’...| + [a%Be...| 


in the case of the lower orders, and the others with 


= | (w+a,) “(x+a9) “(w+as)”. ins 


nh? 


1 1 1 % 
faty, b+y, ¢ a Ek : fe sitter) 
stad aa Uahls Uos Bil a) cae peg? ary 
and related matters not requiring our attention. It is the first 
theorem that gives the paper its attraction, and that manifestly 


calls for further study. 


ECHOLS, W. H. (1892). 
[Exercise 336. Annals of Math., vi. p. 136.] 


The determinant form of €7 (12, 2?,..., n®) being denoted by A, 
and its (7, s)* primary minor by A,.,, the problem set is to find 
the limiting value of A,,., — A when m approaches infinity. 


- ™* Qn the right Segar has no f(x) in the denominator, but has it with the exponent 
4n(n—3) in the numerator. As a check on the sign-factor the case where 
a,B,y,--. = 1, 2, 3,... may be compared with Segar’s own result of 1891. 
Note is necessary, however, that with him (a; @9,+.+, G,) stands for 


Ge 1 aad @y%0,! . ss an]. 
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ECHOLS, W. H. (1892). 


[On certain determinant forms and their applications. Annals of 
Math., vi. pp. 105-126; vii. pp. 11-59, 93-101, 109-142.] 

The applications referred to concern the expansion of functions in 
series, and constitute the chief value of the paper. To the student 
of determinants it is mainly interesting as affording fresh evidence 
of the important uses to which his subject can be put. 

As a first and fundamental example, we may give the following 
extension of the familiar theorem of Rolle, namely, If {(x) and tts 
first n derivates be fimte and continuous for all values of x from a to 
a,, and the quantitres 


Aap Ay Ag «+45 Aygo An-7 an 
pb ee bo bee 
Co Cy +++ - Cys Cn-2 
Wg Wa 
u 


be such that the a’s are in ascending order of magnitude, and 
ay < b, — Frit, 
b, << C, —< Dears 


Wo =< U< Wa; 


then 
Lip Go's) gs. ane Tsiots op Lian) 
ie (u) = 1 Ay ay” ie 8 Qn" £(a,) 
LFF ay age atone eae. 
1): as, SES Ge Fabio aa 


It is very simply proved by noting that the function 


LOE T Li A ete ai) 
TV. Gg: Gp? Varn One ay) 
Li Cie Usa rcu erties wel ceaany (ae) 


vanishes when x takes any one of the values dp, . . ., @,, and there- 
fore its first derivate must vanish when x takes any one of the 


a) 
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values by, ..., 6,1, its second derivate when a takes any one of 
the values ¢, ..., C,_2, and so on, the final deduction being that 
the n derivate, namely, 

nm! f"(2) 


Me) Ge. OPS ag fas 


(oer Ge Oe a a) 
must vanish when z is put equal to u,—a result substantially the 


same as that desired. 
In similar fashion it is shown that 


1 1 1 
F(a+h) 1 h ay oes) ale ares aie | 
f(z) ean ee: : ‘ 
f' (2) Ra. bal © Sk I us 
Pett et Oh) — cay =. ee , 1 


which is the familiar expansion of f(x+-h) in ascending powers of h. 
This in the next place is widely generalized ; and in the following 
papers still further advances are made, the operation of Finite 
Differences, for one thing, taking the place of differentiation. It is 
not surprising therefore that the author finds himself ultimately 
brought into contact with Wronski and the ‘loi supréme.’ 


SEGAR, H. W. (1892.) 


[The deduction of certain determinants from others of indeterminate 
form. Messenger of Math., xxii. pp. 57-67.] 

In the examples dealt with here the indeterminate form is 0/0, 
and arises from fractions whose numerator and denominator are 
each a function of 2, 2%, ..., % and contain ¢ Ban, eet) 
as a factor. The fundamental proposition used is that if there be 
no other disturbing factor in numerator and denominator, the 
limiting value when the suffixed z’s are each made equal to z is 
got by first performing on both the operation 


-1])n-2 1 
Die DSi et Deke 
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where D,” denotes r successive differentiations with respect to 2s. 
After the three equalities 
D''Dt-?.... DE CB, tay 0 9 Ge) = (—1IO?- (nD, 
Di Di... Deel, ve, . 2 seen = (1h 
Di D2 .... Dt G4 (x, 2)... 5) %) = (n—I)!! 


are noted, the result of the first application of the proposition is the 
rediscovery of 


jij eee es ee oa EMG, ee ae | 

batantas? eee | (n—1)!! 

as obtained by Johnson in 1885. Application is then made to 
Segar’s own theorem regarding |( )***( )Pt® ...|,, the result 


being the equality 
(aan) Pe (a8 ad) 
(Goa RU) (66a. 


= (—1) {(n—1)!!\? 
From the manifest identity 
1%. oe 
S(%1) f(x) I (%) 
boy sl ait a 
I (2) f (a2) I (22) 
one iD a gee 
|S (24) Ly ay" | f(a) f(a.) F(&n) 
Sf (&2) 1 ne) ry"? | 
there are obtained 
0 ey ee oun 
deaaceite { wenG AC Wanda te) 
; all ie a 
Dh sD. F@ D jar 71) 
FAC) De | x ee wo ; i (yo 
Ji @)i os 


1 . Vale teehee ee 
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and 
ii ar pw ihe 
D's; bD?z, .... 
Fo) ~ F@ Fe) | TON et 
and from the equally simple equality 
ber Gr ps ss. Gn | Cd bas 9 be 
Wy’ Lt yr «6. TPL Te Sa i ae @,) 
are got 
|D°¢-D'g? -D7g? ... Detgn | = (n— 1)!! g". ay" (n— », 
| Dép- Difp?- D?fg? ... Detfgn| = (n—1)! fry. (g! nem, 
|D’g -D’g? -D9g? ©... Drg | = all (gio, 


The last of these recalls to Segar a result of Wronski’s (Hist., i. 
p. 477), which he thereupon generalizes by applying his process to 
Jacobi’s theorem regarding 


Eps ecpslin- pata ade oe 0 lps 
[ogee diet widigA NE idk eadares 


the result obtained being 
‘\ 4n(n-+1) 
D’g* Dept Dg... In = ay... CHa, Bry-..)-(F)  -geterr. 


Lastly, the process is applied to the supposed general equality 
1 Fi(@)- Felt) +. Fan) 
E(a,, Tg, +604 Ln) 


and the outcome generalized by another process, with the result 
that there is found 


L{D,"D,*D," ... . (¢4)} = (n—1)!! Lao, 
where A is the operational determinant 
De? ade? (a). ">? 


D,f pve (B)gD.*-? 
D3Y  yD3y-! (y)2D37-? 


se O(x,, De) Oe OT) Ln)s 


As examples of this are given the values of three persymmetric 
determinants with arithmetical elements. A comparison of the 
two processes is also made, with interesting consequences. 
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VAUTRE,  . (1893). 
[Question 11858. Educ. Times, xlvi. p. 157: or Math. from Educ. 
Times, |x. p. 108.] 


A fresh proof of the already well-known result connecting the 
quotient 


-2 qn-1+h : Oy 1 n-2 gn-1 
| aMagler a otspiant** iee "| aia =. nat One | 


with the A aleph function of the a’s. 


CAYLEY, A. (1893): SEGAR, H. W. (1893). 


™ 
[On the development of (1--n2x)". Messenger of Math., xxii. 

pp. 186-190: or Collected Math. Papers, xiii. pp. 354-357.) 

[Proof of a theorem in the theory of numbers. Messenger of Math., 
xxiii. pp. 31-36. ] 

These both concern the theorem, spoken of by Cayley as Segar’s, 
but implicitly expressed by Mitchell in 1882, that Op, Wes oe) 
is divisible by &(0, 1, 2,...) when p, q, 7, ... are integers. 
Cayley’s proof is essentially the same as that given above in a foot- 
note to Johnson’s third paper of 1885: Segar’s is non-determinant. 


ECHOLS, W. H. (1893). 
[Proof of a formula due to Cauchy. Annals of Math., viii. p. 21.] 


[On some forms of Lagrange’s interpolation-formula. Annals of 
Math., viii. pp. 22-24.] 


In the first paper here the manifest vanishing of the function 


Lt oie a el ee 1 
Ct 1 ae eA aa 
(a)? 11 oa?’ G? ka. a Pie E(a, “Seer © 
(PE): ORG) OR ee ae 
when « =a”, a~’+1,,. . , a~+"-1 ig used to obtain for the function 


an n-factor product to be equated to the alternative expression got 


by expanding the determinant according to the elements of the first 
column and their complementaries. - 
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In the second paper the kind of fresh forms brought forward will 
be understood from knowing that in the case of the fourth order 


F(x) (w—a,)(w—ag)(e—a4) _ (w@—a,)(w—ay) ty 


F(%) (4, —@)(a,—a3) (ay—a4) (a, —a) (a,—4) a,—a,| . 64 
J (a2) : peach (ok eaatet Sa lot €? (A, gtg0,) 
f (as) ‘ : y—y 
takes the place of the known form 

I). t 2 | 

Sf (a) 1 ay a? on 4 

Fae) 1 ay a?) © O(a» M2, Ms). 

S (4s) 1 a3 Gs" 


LERCH, M. (1893). 
[Kratky dtkaz Borchardtovy véty determinantni. Casopis pro 
pestovant math. a fys., xxili. pp. 76-78.] 
Still another examination of the equality of 1855 (Hist., ii. p. 174) 


+ + 
| (E01)? « «Ena? | = | (4-2) - - « (ty Pn) | + | (4-0) - . « (tp a) | 


touched on above by Muir (p. 151) and Rehofovsk} (p. 157). 


SCHLEGEL, V. (1894): NEUBERG, J. (1894): 
STUDNICKA, F. J. (1896, 1896). 
[Théorémes relatifs aux déterminants. Hl Progreso Mat., iv. 
pp. 176-177, 219.] 
[Théoréme sur les déterminants. Mathesis, (2) iv. p. 251.] 
[Neuer Beitrag zur Theorie der Determinanten. Sitzungsb.... 
Akad. d. Wass. (Prag), Jahrg. 1896, No. 6, 5 pp.] 
[PYispévek k nauce o determinantech. Casopis pro pestovant math. 
a fyz., xxv. pp. 241-243. ] 

The first so-called theorem is that of the elements of each of three 
rows of a determinant form an arithmetical series of order 1, the deter- 
minant must vamsh ; and he extends it to determinants of higher 
order, for example, 


| a?(8-+1)*(y+2)?(6+3)?| = 0. 
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Neuberg points out that of course 


| 1 (#1) $2(%2) - - - n(%n)| = 0 
so long as the ¢’s are integral functions of degree not higher than 
the (n—2), the determinant being viewable as a function that 
vanishes for n—1 values of the independent variable, 2, say. 
Studnitka’s contribution is of less interest. 


JONQUIERES, E. DE (1895). 


{Sur les dépendances mutuelles des déterminants potentiels. 
Comptes Rendus ... Acad. des Sci. (Paris), exx. pp. 408-410, 
580.] 


[Démonstration d’un théoréme sur les nombres entiers. Comptes 
Rendus ... Acad. des Scr. (Paris), exx. pp. 534, 537.] 
The results here are essentially rediscoveries, the chief one being 
that proved in the second paper, namely, the divisibility of 
tere tata leuDy wn) tao 
when 44, da, ... are integers. 


DELLAC, H. (1895). 


[Note sur lidentité des polynomes. Journ. de Math. spéc. Année 
xix. pp. 169-177.] 


A determinant which comes to the surface here is of considerable 
interest. It is a function of 2n variables, which may conveniently 
be looked on as the elements of a 2-by-n array, and it is of the order 
3n(n+1). If the array be 


a4, ds, ’ An,» 
DVO Oy, Was OF 
the first row of the determinant is 
OO), Gy ely: cS O PS tae ee ne ine aoa 


the second row is similarly formed from a,, b,, the third from a,, b 
and so on; then come n—1 rows similarly formed from 


Gg Gnd D 5 Das cies Wn cag Ones 
and following them n—2 rows formed from 


Gy Ald: 0), Os) teres, Dans : 


3°? 
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and so on, the two variables in the last row being thus a,,6b,. For 
the cases where n is 3 and 4, evaluations are lengthily made, and it 


_ 1s thence concluded that the general result is 


Se a Oct era, eh a) 
Oba, 0s Ba) Ebay. 5 Boa)... by, ba), 
the determinant thus being the product of 1(n3—n) differences. 
For example, when n is 3, we have 
a,b, b a, 6, 1 
a,b, 6.2 a, b 
b 


i) 


a,b, b;? a, by 
ab, b,? a, 
Ab, bo? ay dy 
dgb, 6? a, b, 1 
A good proof with attention to sign seems desirable, the determinant 
being worthy of further study. 


a 


LEMERAY, E. M. (1896). 
[Question 788. L’Intermédiaire des Math., iii. pp. 58-59, 251-256, 
v. p. 151.] 


This concerns the ratio of the complementary minors of the 
elements in the places (k, 1), (n, 1) in the case of each of the deter- 


minants 

UL OOS? teeta hl. bez eaea es 
the value in the one case being (mn), and in the other (2n),,_,. The 
starting point of the proof in the former case is the change of the 
first of the two minors into 


! : 
On, 7 gees iP ae el Me 13) 
and in the other case the procedure is similar. 


JACOBI, C. G. J.: STACKEL, P. (1896). 


[Ueber die alternierenden Functionen,.... Ostwald’s Klassiker 
Nr. 77, pp. 50-65.] 
This is the De Functionibus Alternantibus of 1841 in German. 
The editor appends a page of notes (pp. 72-73). 


= (d,—d,)? (43 —Gy) (43 —A,) * (by —b,)? (bs —b2) (bs —0}). 
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STUDNICKA, F. J. (1896, 1897). 


[Ueber Potenzdeterminanten und deren wichtigste Kigenschaften. 
Sitzungsb. .. . Ges. d. Wiss. (Prag), No. 22, 8 pp.] 
. [Beitrag zur Theorie der Potenz- und Combinations-Determinanten. 
Sitzungsb. .. . Ges. d. Wiss. (Prag), No. 1, 20 pp.] 
[O z&kladnich vlastnostech determinanti mocninnych a jich upo- 
tiebent v theorii rovnic algebraickych. Casopis pro péstovant 
math. a fys., xvi. pp. 105-120.] 


We have here the first three of eight papers written unfortunately 
under the belief that the subject had not been previously investigated. 
The first two are occupied with the gradual establishment of the 
theorem that the cofactor of | a%%!c?...| in | a*bfcy...| is ex- 
pressibie as a determinant whose elements are simple symmetric 
functions of a, b, c,.... The third, if we leave aside the so-called 
application, is a re-exposition of the same theorem. 

Studnicka’s oversight is the more noticeable because the theorem 
in the twenty-five years since its first publication by Nagelsbach 
had not only been more than once rediscovered, but had been 
generalized by Garbieri and actually in 1882 included in a text- 
book * to which Studnicka himself for another purpose had occasion 
to refer. It is only fair to say, however, that others had made the 


same oversight, a school-programme published in a small provincial 
town being easily overlooked. 


LONGCHAMPS, G. DE (1896). 


[Exercices sur les déterminants. Journ. de Math. Elém., xx. 
pp. 170-173, 198-201, 223-225, 244-245.] 


Quite elementary, but not without interest. 
LAISANT, C. A. (1896). 


[Propriétés des coefficients du bindme. Bulletin Soc. Math. de 
France, xxiv. pp. 197-199.] 


Laisant’s result is such as would readily be suggested by the first 
of Lémeray’s of the same year, the minors now considered being 
those of the array got by deleting the last row of | LT | 


* Muir’s, pp. 175-176, 
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instead of the first row. His mode of statement is: If A, denote 
the determinant of the array got by deleting the x column of 


se 2° 3° ee eel 9 i 
ji 91 31 ni 
j"-? gn-2 32-2 no? 
then 
A, As A; oe 


ae ie \tea a. 
He reaches it by the solution of a set of n—1 quasi-equations, 
namely, the identities obtained by substituting —1 for z in the 
identity 

(lta) = 1+ (n—1),% + (n—1),.2? +... 
and in the identities got therefrom by performing n—2 times in 


Z : ) : : 
succession the operation 5a The existence of a corresponding 


companion to Lémeray’s second theorem is not referred to. 

We may note for ourselves (1) that the mode of proof used for 
Lémeray’s results is more readily applicable here; (2) that the 
said results may also be proved in Laisant’s manner, the first, for 
example, by putting c = —1 in the equalities got by performing 
oo n—1 times in succession on (1+z)” = 1+(n),7+...3 (3) that 
of the elements of the given array have for bases 1, 2, 3,..., n and for 
exponents p, p+1, p+2,..., p+n—2, then 


(4) that if on the other hand the bases be 1*, 2?,..., n®, then 


A. n\??-? 
A. is (*) (Zi) ace; 


(5) that a fundamental fact in all the cases is the possible expression 
of a binomial-coefficient as the quotient of two difference-products, 
namely, 
ae pe eet ee. ntl) 
j CO) Eh) 
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STUDNICKA, F. J. (1897). 


[Neuer Beitrag zur Theorie der Potenz- und Kombinations-Deter- 
minant. Sitzwngsb.... Ges. d. Wiss. (Prag), No. 16, 16 pp.] 


The contents of this are a proof that 


jab e2...| = Gla, b,c...) 
a rediscovery of the divisibility of | a1b?c? . . .| by | 192132. . .| when 
a, b, c, ... are positive integers, and the evaluation of a special 
persymmetric recurrent. The last result, namely, 
m 1 : 
(m+1), m 1 


(m+2)3 (m+l),  m ee = (m), 
(m+3)_ (m+2), (m+l), m ... 
is interesting for comparison with Trudi’s (Hist., i. p. 219). Like 
Trudi’s it is obtainable from Zeipel’s paper of 1865, whence also we 
might obtain Weihrauch’s of 1874 (Hist., ui. p. 231). In an appendix 
two trigonometrical identities are deduced by considering 


| 
| 
| 
| 
| 


“bn 


€2(sin a, sin 8, sin) and €?(tan a, tan 6, tan y). 
The same matters are dealt with by Studni¢ka a few months later 


in two papers written in Czech (Véstnik Ceské Akad., vi. pp. 369-376, 
vii. pp. 165-167). 


RUSSELL, J. W. (1897). 


[Certain concomitant determinants. Proceed. London Math. Soc., 
XXvill. pp. 430-439, ] 
The subject here is the invariancy of certain differential operators, 
namely, in the case of binary quantics, the operators 


Go Gale (HO yee Bee 
Ox, “Oy, | Ox,? Om, Oy, Oyy? 
Che avis ee of ees 


| Oxy Ye Fe es Oat OYz Oy” 
ery! oO Cn 
| Og? "Oar, OY ys? a ee 
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It belongs strictly to the algebra of quantics, but the determinants 
used have a more than superficial association with alternants. We 
give the first general theorem because there attaches to it the 
additional interest that a simple deduction from it is Schlafli’s 
theorem of 1851 in regard to the (C,_,,1,,)" power of an n-line 
determinant. It is that the determinant whose successive rows are 
made up of the several terms in the expansions 


@ meniehee ssi 
Oat Weg eg 
6) io) One 
(ste ven a ee 


as a covariant of the q-ary quantics U,, Us,..., U,, where x is the number 
of terms in each of these expansions. 


LORIA, G. (1897). 


[Sopra certi determinanti i cui elementi sono funzioni trigono- 
metriche. Periodico di Mat., xii. pp. 33-34.] 
[Sopra una classe notevoli di alternanti d’ordine qualsivoglia. 
Véstnik Kral. Ceshé Spolecnoste Nauk, No. 57, 13 pp.; or 
Periodico di Mat., xiii. pp. 129-138.] 


The interest of these papers lies in the fact that they give a fresh 
mode of procedure for the evaluation of trigonometrical alternants, 
and especially of those in which the elements of the leading row are 
merely sines or cosines of multiples of the corresponding angle. 
The fundamental step in the procedure consists in expressing every 
function of each angle in terms of the tangent of half the angle, the 
means of doing this being furnished by the equality 


cosma+/—1sinma = ae , where A = tan, a; 
for example, 
. 2A 1—6A?+A4 
OE NT is changed into pas (EPA)? 


The new form is then evaluated like an ordinary algebraical 
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alternant ; for example, the factor 1/(1-+A?)*(1+B?)?(1+C?)? is 
removed, and the cofactor 

1+2A2+A4 Q2A+2A2 1—6A?+A4 
partitioned into simpler alternants, so as to facilitate the removal 


of another factor, €?(A, B, C). This being done, all that remains 
is the work of resubstitution and simplification ; for example, 


1/(1+A2)2(1+B2)2(1+C?)? = (cos?4a cos?48 cos*4-y)?, 
E2(A, B, C) = (tandy—tan $8) (tan }y—tan 4a) (tan $6—tan 3a), 


_ sin}(y—8) sin 3(y—a) sin 3 (G—a) 
cos?4a cos?4@ cos*d-y 


and the third factor—the only one that may require special treat- 
ment— 


= 16 {—i + ABC(A+B+C) — (AB+BC+CA) + A?B20?} 
= 16(AB—1)(BC—1)(CA—1) 


= (—1)316 cos a(a +8) cos 3(B+y) cos 3(y+a) ; 
cos?4a cos?48 cos*4-y F 


so that 
1 sina cos2a 
1 sinB cos28| = — 16II-cos$(a+) cos$(8+-y) cos $(y+a). 
1 siny cos2y | 


Other evaluations are: 


sina cosa cos2a 


= —4II-: 2 cos(a+ 8), 


1 cosa sin2a 


= ATT . (2 cos a—cos La), 
1—ZXcos(a+8). ~ 


“cos a cos 8 cos y ’ 


il cosa tana 


but it is more important to note the general result, namely, that 
when alternants of the type mentioned at the outset are divided by the 
alternating function II, the quotient is a power of 

cos $a cos $8 cosd#y.... 


multiplied by a symmetric function of tan $a, tan}, tandy,.... 
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STUDNICKA, F. J. (1897). 


[O determinantech mocninnych a sestavnych. Kral. Ceske Spoleé- 
nosti Nauk (Prag), 75 pp.] 

The subject of this fifth paper is again the theorem dealt with in 
the first three. Now, however, the material is used with deductions 
and comments to form a little treatise or dissertation consisting of 
an Introduction and four Chapters, and extending to 75 pages. In 
the chapters the theorem is viewed in connection with alternants 
of the 2™*, 3™, 4, n' orders respectively, and it consequently 
receives exceptionally full treatment. As a specimen deduction we 
may note from the first chapter the equality 


Cg ee oe 


pout ee ety ay 
hog, a! uf x+y xy Poe 
I ey ay 


n—1? 


whence, on putting cosa+7sina, cosa—isina for x, y, there is 
obtained the known determinant for sin na/sin a. 

The memoir is published separately by the Bohemian Royal 
Society of Sciences, being the ninth memoir awarded the Society’s 
Jubilee Prize for a work written im Czech. 


BRAMBILLA, A. (1898). 


[Intorno ad alcuni determinanti. Periodico di Mat., xii. pp. 169- 
175. ] 


The determinants here considered are those whose elements are 


of the form . 
xz(z+1)...(a+m—1) or wx” say. 


The opening example is the alternant 


Lae Aci. 4a", 
Pirie het le Oa 


which is manifestly equal to 


|a,° gt a? ... a5 
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in other words, the simplest alternant is not altered by changing its 
every element from a,°~! into a,@-!. The next, also an alternant, is 


gt) (a+1)™ (a+2)") 

bm) (b+1Y™ (b-+-2)"™ 

(uate (ore) ic (re 20): Planes pee 
which is practically the same as to say that its (r, s)* element is 
(a,+s—1)™, By a process of repeated removal of factors it is 
found that 

i | &,-+s—1)™! ie 
== (—1)??@-) 


*(€?(G7,d5,4 32, Gy) 
-m"(m—1)"-2 . . . (m—n+2)? 
< (a, +-n—1)™"-""ag+n—l1yim—nr4 wes (a, _+n—l)im—"rH; 


and this is the fundamental result of the paper. From it results 
already known regarding determinants whose elements are com- 
binatorial numbers are obtained by using the fact that when z is a 
positive integer 
aml = m! Uns ah m > 

but the procedure is not helpful. 

We may add for ourselves that the corresponding evaluation of 
| (a,-+s—1)™|, 18 not given, nor the fact brought out that when 
nm = m-+1 the two evaluations are identical.* 


* Taking the case where m is 4, we have by the multiplication-theorem : 
a* (a+1)* (a+2)* (a+3)* (a+4)! 
i Cal. c ee (b+3)* (b+4)4 


e4 (+1) (e+2)8 (e+3)* (e+4)4 
CS OSS Gi oy 1 | liens 6 5 5 
lie to oe ey A a ini Ge 2S 

| 1 4:2 622 4-23 94 
Lats ne 1 4:3 632. 4-38 34 
Git he Gi (Gil 4:4 64% 4-49 44 

= {2 (a, b,c, d, e)x 44-33-22- 1); 

and this is exactly what is found above for the other determinant in which the 
index of the elements is not 4 but [4]. \ 
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STUDNIOKA, F. J. (1898). 


[P¥ispévek k nauce o determinantech mocninnych. V¢stnck Ceské 
Akad. ..., vii. pp. 350-358. ] 


The main results here are Stern’s theorem of 1865 and Naegels- 
bach’s of 1871 (Hist., ili. pp. 138, 144-146), the latter being in 
particular applied to finding the product of the binomial sums of 
a, b, c, d, ..., that is to say, the quotient of | a%ctd*.. .|, by 
parhtetdzs. xj. 


BEKE, E. (1898). 


[Ueber die Fundamentalgleichungen der homogenen _linearen 
Differentialgleichungen. Math. és Phys. Lapok, vii. pp. 115- 
123 ; or Math. u. naturw. Berichte aus Ungarn, xv. pp. 273-281. ] 


As an auxiliary there is here established a result essentially the 
same as Schendel’s (1891), but the factorization given is in more 
complicated form. No preceding writing on the subject is referred 
to save a problem by Rados (Math. és Phys. Lapok, i. p. 367). 


STUDNICKA, F. J. (1898, 1899). 
(See under this heading in Chap. I.) 


ROH, E. D. (1898, 1899). 


[Note on a formula of symmetric functions. American Math. 
Monthly, v. pp. 161-164.] 
[On symmetric functions. American Math. Monthly, vi. pp. 1-6, 
25-30, 53-58, 103-107, 129-135, 161—165.] 


The first paper here is devoted to establishing the accuracy of 
Brioschi’s determinant of 1854 as a representation of Waring’s 
expression for a symmetric function. The service rendered by it 
was seriously called for in view of the action of Bellavitis and 
Bruno. It quite forestalls Muir’s paper of ten years later on the 
same subject (Hvst., ui. pp. 473-474). 

Near the outset of the second paper proof is given of the theorem 
regarding the multiplication of | a°*c? . . . | by a symmetric function 
of a, b,c, .. . (Hist., iv. pp. 150-151). It occupies five pages. 
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LERCH, M. (1899). 
v 
[O n&kterych vzorcich z theorie determinant. Rozpravy Ceské 
Akad., viii., no. 12, 16 pp.]} 

The determinants here dealt with are almost entirely alternants, 
the memoir being merely a careful reconsideration of four well- 
known important theorems (Hist., i. pp. 339-342, 343-345; i. 
pp. 173-175; wi. pp. 144-146). 

The last two pages concern the known expansion for the product 
of a general determinant by one of its minors (Hist., iil. pp. 79-80). 


MUIR, T. (1899). 


[The multiplication of an alternant by a symmetric function of the 
variables. Proceed. R. Soc. Edinburgh, xxii. pp. 539-542. ] 


The theorem here established is that If the alternant 
| BobtC* nek ta 
be multiplied by any symmetric function of a, b,c, . . . of the t degree, 
t being not greater than n, one term of the product is got from the multi- 
plicand by increasing each of its last t indices by 1, and prefixing as 
coefficient the same symmetric function of the roots of the equation 
x”—xn-1fx72_, ., .4(—1)? = 0. 


The fundamental step in the proof consists in substituting for the 
symmetric function its equivalent in terms of La, Sab, Sabe,.... 
Thus in the example used for illustration, 


| a°b1c2d3 | . Da%b, 
there is substituted for Da*b the expression 
(Ya)?Lab—2 (Lab)?—LaLabce+4Zabed, 
the product obtained being 
2 |a1b?c8d4| — |a°b?cd*|—|a°b'e4d*| +-|a%b'c7d8|, 
as is otherwise known. 


The theorem has the additional interest of being the basis of 
Sylvester’s previously unexplained theorem regarding “ zeta-ic ” 
multiplication (Hist., i. pp. 233-235, 323-325). a 
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LEWICKY, W. (1899). 


[Einige Bemerkungen zur Lagrange’schen Interpolationsformel. 
Archiv d. Math. u. Phys., (2) xvii. pp. 214-224; or, in Polish, 
Wradomosci mat., iii. pp. 264-274. ] 


This discussion of Lagrange’s formula is only of interest to us in 
that the mode of stating the formula is determinantal, namely, 


Y <fe a at, Be s. at 
UAW ot (BOR ae 
Y2 1 Le 22 SI Cee) OP et 0. 
ce 1 Fy UE ge 


(See Hist., ii. p. 155, and iv. aan xxii. under Echols 1893.) 


MUIR, T. (1899). 


[On a development of a determinant of the mn order. Transac. 
R. Soc. Edinburgh, xxxix. pp. 623-628. ] 


When the determinant is a difference-product, the development 
takes a specially interesting form ; for example, 


| obrcdsetf> | = S){| arc? | | Melf?|-| (abc) (def)? ) 
= S41 le b)(c—a)(b—a)( f—e)( f—d)(e— d). (def? —a°b*c)}, 
| a%rc2detfegh7i8| = S){| ac? | | Petf?| | gu? |-| (abc)° fae (ghi)®| \, 


where the expression under the last } is the product of twelve 
binomial factors, namely, 


(c—b)(c—a)(b—a) .... (g?h313— def?) (g3h?03 — a®bic*) (d?e5f3— a3b%c°). 


JUNG, V. (1899). 


[Piispévek k theorii determinanté mocninnych. Rozpravy Ceské 
Akad. viii., no. 38, 22 pp.] 

Like Lerch’s, this clearly written but lengthy paper shows the 
influence of Studnitka. The first nine pages are taken up with the 
rediscovery of Garbieri’s theorem of 1878 (Hist., ii. p. 163). A 
notice of Cauchy’s double alternant leads to a similar detailed 
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investigation of a double alternant with squared elements, a specimen 
result being 


(t, —@q)®(t,—g)® (ty —W3)®(ty —@4)® (4, — 24)? (t, —2)? 
(to —2q)"(tg—2)®  (tg—23)*(to—2 1)” (tg — 2)? (tg —)? 
(ts —@p)*(ts—ag)” (tg —3)®(tg—2)?_ (ts — 21)? (tg)? 
K(x) —2K,(z) 3 ; 
—K,(2) K(x) —2 
Sere ; OK) i Kee) ee 1 
Ke, KO eS @ee! 
=K@ -. K) =Ky 


where 
K,(x) = %+%_+4%s, K4(t) = tylg+tets test, 


rs 


and the €?’s are the difference-products of the two sets of variables. 
Borchardt’s double alternant (Hist., ii. pp. 173-175) is also again 
adverted to (see above, p. 187). 


JUNG, V. (1899). 


[Poznamka o jistém determinatu mocninném. Casopis pro pestovant 
math. a fys., xxix. pp. 41-42.] 


This concerns numbers of the type Ya, Lab, Sabc, ..., wherein 
a, b, c,... =1,2,3,...; it is quite unimportant in its bearing 


on determinants. 
BURNSIDE, W. S. anp PANTON, A. W. (1899). 
[An Introduction to Determinants... 84 pp. Dublin.] 
From this (p. 73) we may extract for reference 
|1 sina cos(G—y)| = 4II-2 cosa, 
|sina sin2a sn4da| = 16sinasin@sin y- 2 cosa-|1 cosa cos*a|, 
|1 sinta costa | = 21’. sin(a+) sin(3+-y) sin(y+a), 


|1 tana tan2a| = QI’. x tan a-+tana tan B tan y 
cos 2a cos 28 cos 2y 


and If = sin ( ey sin (y—a rete = 


iN 
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In this connection it is desirable to remark that writers of text- 
books might well point out to learners how from a very few such 
evaluations many others are readily deducible, including those got 
by merely substituting for the angles their complementaries: for 
example, from 


|1 sina cosa! and |1 cosa _ cos?a| 
which are at once seen to be equal to 


sin(8—y) + sin(y—a) +sin(a—), «ae. 4II, 
and 


(cos y—cos 8) (cos y—cos a) (cos 8 —cos a), 2.€. 2I[-(= sin a—sin 2a), 


almost all those of the third order hitherto noted by us, as well as 
many others, can be obtained. This is not unimportant, for other- 
wise recourse must be had to the tedious process of removing 
separately the sines of the differences of the angles, or to sub- 
stituting exponential values for the angle-functions. 


MERAY, C. (1899). 


[Sur un déterminant dont celui de Vandermonde n’est qu’un cas 
particulier. Revue de math. spéc., ix. pp. 217-219.] 


This might have been described as giving merely an improved 
enunciation and treatment of Schendel’s theorem of 1891, if it were 
not that the author is able to show that long before Schendel, and 
indeed before Schendel’s earliest predecessors Franke (1876) and 
Besso (1882), he had occupied himself with the subject and made 
good progress. The early contribution to which he refers appeared 
in 1865 in vol. iv. of the Annales sci. de V Ecole norm. sup., the 
strictly relevant passage commencing on page 175.* The improved 
enunciation is similar to that given by us in the note appended to 
our account of Schendel’s paper. 


* The full title of the paper is : Extension aux équations simultanées des formules 
de Newton pour le calcul de puissances semblables des racines des équations entieres. 
iv. pp. 159-193. 


CHAPTER VIL. 
COMPOUND DETERMINANTS, FROM 1880 TO 1900. 


Unver this heading there are a half more writings than there were 
in the preceding period. About a fourth of them originate in 
Hungary—a curious fact in view of the different state of matters 
in other chapters. 


HUNYADY, J. (1880). 


[A mésodfokt girbék és feliletek meghatdroz4sarél. Ertekezések a 
math. tud. Kérébol, vii. 18 ; 39 pp.] 


This professedly geometrical paper is also particularly interesting 
from the point of view of determinants, by reason of the fact that 
in each case where the equation of a quadric satisfying given con- 
ditions is determined, it takes the form of a vanishing determinant, 
and that in each case also an alternative form is found by trans- 
formation, the consequence being that half a score of determinant 
identities is presented to us. For example, the determinant reached 
in solving the first problem being 


2 2 2 ‘ : 

X Yo 9 2Y 020 2zUq 2LoYo 
2 2 2 

Co Wainieosl fhe 2Y 4% Qe 20 4Y4 
2 2 2 } 

Us Y5 @s 2Y525 2255 225Y5 


Lol, Yos VX Yo®3+Ygrq %sXgt+%sVq WoYg+XsYo 
Cyl, YsY1 23% Yat tYir3 %s%y+2%3 gy +2, Ys 
LyX, YyYo 2% Yrto+Yo®y mXo+%oXy LyYohesyy | 
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Hunyady multiplies it by | 2,723 |8 in the form 


clei Sight ig fg Y,Z, Z,Xy XY, 
KX? Ya 72 Y.Z. Ped Xyy5 
x? Ny Ze Mz Te X.Y; 


ZAads 2YeY, 2Lg%e YValet+Volien. LodotLgk, Xo¥o+XeYs 

Bhaghke 2Y3¥, 2L%, Yol,4-YqylZ, 2,5,+Z,X5 X,Y,+4,Y, 

2X,X, 2Y,Y, 22,Z,- Y,Z.1+Y.Z, Z,X,+Z,X, X,Y,+X.Y; 
and obtains 


| ZoYe2%3 |" | XyYo23 |? | 12% |? mR, Rs 7 Re 
| aYo%s |? | 2425 |? | LY2%a |? rey 7oRs Teg 
| tsYo%3 | | tyYys%3|® | 2yYo%s |? r3Rq 73Rs 13Re 
| LY 22s |? 
| %Y223 |? 
| ZY 225 |? |, 


whence it follows that the original six-line determinant is equal to 
| Loyo%s |? | LrYo%s |? | P1422 |? 
| Zayo%s|* | LyYa%s|? | PyYo% |? | > | VyY2%s |?. 
| xsyo%q|? | wiYs%a|? | UyY2% |? 

This interesting result is seen to depend—and so it is with all the 
others—on equally interesting identities in row-multiplication: and 
although Hunyady does not refer to the said identities, it is well to 
take note of them. Denoting by 7,R, the product of the h™ row 
of the multiplicand by the k" row of the multiplier, we have 

TBs = (os 40% sae = = 1 wolfe 


nRy = 2 (aX, yey: A (eX, eX nes, 3) 


21, ee k | et } 


I 


ryRy = (2X, Te tinlsy (aX, +Y3Y1+23Z;) 
— | ay s%s ltallsts | = 0, 


oR; = Be cicky +22 Ae. hy p2gZ ,) 
+ (%gX_+Y3Y o+23Le) (%pX3+YoV3+2%.L5) 
= | ayYo2e | -| TYo23| + 0°0 = | 4 Y2%s |?. 
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The next four results are similar in character, the determinants to 
start with being all of the sixth order and having rows confined to 
one or other of two types, namely, the types 

LyLs YrYs 2hs Yr@stYser SUst2ly LyYstLYr» 
and 

EE MC) oO WWI PPA pe ET 

The remaining half of the paper is concerned with corresponding 
results in solid geometry, the determinants in their first form being 
now of the tenth order, and the elements of the evolved compound 
determinants being of the fourth order. | 


HUNYADY, J. (1880). 


[Tételek azon determinansokrél melyek elemei adjungalt rendszerek 
elemeibél vannak componalva. Frtekezések a math. tud. Kérébol, 
vu. 19; 27 pp.] 

The first half of this paper (§§ 1-5, pp. 1-13) concerns deter- 
minants whose rows are taken partly from a given determinant 
| a,,| and partly from the adjugate determinant ; and the second 
half is quite similar, the m™ compound and the (n—m)"" compound 
taking the places of | a,, | and|A,,|. The first half thus deals with 
the case of the second half where m is 1. 

Most of the theorems are found very near the surface, being in 
general brought to light by a single application of the multiplication- 
theorem. For example, if » be 5, and the mixture of rows be the 
1*, 274, 4"" from | A,,| and the 2%, 5 from | a,,|, we have 


An Ay Ars Ai Ads | G15 | . . . . | 
Ag, Ase Agog Age Ads : | 45 | . 
Ag Ag Ag Aug Aas!- |a5| = . . » | as | | 
Gay a9) Cag Cet aa Mel) Too Teg NoMg Tals | 
Ms, Asg 53 5g gg Ts"y Tso s%3 Neg N55 


where 7,7, denotes the product of the h row of | a,,| by the k*, 
and thence at once the final result is obtained. _ Writing the 
latter for the moment in the form 


Miz hi 2, Lols Vols 
25 — | a5 | 


"s’3 515 


> 
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we readily see with Hunyady that 


fats fel’, 


iS 
My = | 5 |*- 


Ts%o Ns5 


=— —Mni: 


25 9 


and generally how the subject is proceeded with. 


HUNYADY, J. (1880). 


[Tételek a compondlt determinansoknak egy kiilénés nemérél. 
Ertekezések a math. tud. Kérébél, vii. 21; 15 pp.] 

This paper has considerable value, viewed as an orderly arrange- 
ment and exposition of known theorems, namely, Bazin’s unex- 
tended theorem, the Reiss-Picquet theorem, and theorems on minors 
of the compound determinants involved in these. The reference to 
the authors of the said theorems is, however, strangely misleading, 
Sylvester in particular being wrongly favoured. 

Since one of the authors, Bazin, has suffered much in this way, 
it seems worth while here to draw attention to the fact that almost 
simultaneously in the year 1851 two theorems in compound deter- 
minants were published, one by Bazin and one by Sylvester, and 
that outwardly there was very considerable resemblance between 
them, the statement of them in symbols taking in both cases the 
form 

TAR ao gS ids de 


where the determinant on the left is compound. Nevertheless the 
two theorems are perfectly distinct. In Sylvester’s case the elements 
of the compound are formed by bordering a given determinant, in 
Bazin’s by supplanting a column of a given determinant by a column 
from another: in Sylvester’s the determinant on the extreme right 
has the other determinants of the equality for minors, while in 
Bazin’s the two determinants on the right are of the same order 
and are independent; Sylvester’s theorem is nothing if not an 
extensional, while Bazin’s is as important without extension as 


with it.* 


* On the general question of these relationships it may be helpful at this stage 
to recall Nanson’s paper of 1900 (see above, p. 76), 
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PAIGE, C. LE (1880). 


[Sur quelques propriétés des déterminants. Nowv. Corresp. Math., 
vi. pp. 490-496. ] 


Of the two identities here given, namely, 
[4122] | b2¢s| | esta || = | arb2¢3| - | @xbsca|, 
|] 41520344 | | bocsdyes 


the second is an ‘ extensional ’ of 


| C3dg@s4 || = | C3q| - | AydoCgd,e; | - | AgdgC4d5€5 |, 


[| 412] | b2¢5| | este || = | 41b2¢5| + | Gabsec |, 
which is equivalent to the first, and the first is a rediscovery. (See 
Mist., 11. p.. 196.) 


CASPARY, F. (1880, 1881). 


[Ueber die Umformung gewisser Determinanten, welche in der Lehre 
von den Kegelschitten vorkommen. Crelle’s Journ., xcil. 
pp. 123-144.] 


[Ueber einige Determinanten-Identiteiten, welche.... Creile’s 
Journ., xcv. pp. 36-43.] 


Caspary’s work is suggested by the papers of Hunyady, Mertens 
and Pasch on the same subject, and is interesting, not as giving any 
fresh result in determinants, but as providing Grassmannian veri- 
fications of known identities. 


MUIR, T. (1881). 


[Note on the multiplication of the (n—1)" power of a symmetric 
determinant of the n™ order by the second power of any deter- 
minant of the same order. American Journ. of Math., iv. 
pp. 273-275. ] 


This is a generalization of an identity of Hesse’s, and, as the title 
indicates, in a different direction from Hesse’s own generalization 
of 1853 (Hst., i. pp. 132-133). It is, however, of comparatively 
little importance, being included in Sylvester’s theorem of 1851. 
For example, from Sylvester we have 


|| AybyCad,| | AybeCse5 | | abecs fe I = | Abocad yes fi 6 | <] @yboeg [73 


. 
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and the degeneration referred to takes place when 


at OE a ee ae 
Dy Ab HOT) Bas We Rs 
c e€ f Bs Ys 2s 
% % Us 
a1, Ya Us 
Re Wig) Ag 


is substituted for | a,b.c,d4e; fe |. 

Kronecker’s theorem of 1869 (Hvst., iii. p. 19) is similarly in- 
cluded, and the same may be said of Scott’s of 1881 as reported 
on next page. 


HUNYADY, J. (1881). 


[Egy negyedrendit feliiletrdl. Hrtekezések a math. tud. Kérébél, viii. 
12; 20 pp.] 

[Ueber den geometrischen Ort der Kegelspitzen der durch sechs 
Punkte gehenden Kegelflachen zweiten Grades. Crelle’s 
Journ., xcil. pp. 304-306. ] 

[Zusatz zur Abhandlung: Ueber die verschiedenen Formen... 

Crelle’s Journ., xcil. pp. 307-310.] 


Having ascertained that two forms of the equation of the locus 
in question had been found, Hunyady as before sets himself to 
prove the determinant identity arising therefrom, namely, 


yey eye Uy? yy Dy Ly YY Bly 
Le Ye? Ue? = Leg LX Lele Yor Yole %llg 
Ze : , y ius hata} 
ye Wee ape er x ; ‘ z u 
2 as : x : y : U 
2-4 : x ; y z 


= 2 {| LyYotst | | LeY sre | | ViYa2s| | aya2eer | 
— | tay s%eet| | T1Y3%4 | | VeYs% | | LrY2%su Ls 
where 2, y, 2, u are the coordinates of the vertex of the cone, and 
Das ry Sapilas meee» » Xp» Yes %> Ug those of the six given points, 
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In the other paper in German he returns to the geometry of the 
plane, and with increased insight and skill now deduces from the 
single equation 


2 2 2 
| ty Yy aI Yq yy HY 
| Fel kes eee aR NE Sali Moora iat os, == (!) 


2 2 | 
|Z? “Yo % Yore 2g Vee | 


all the related equations of his former memoir (Hist., iii. pp. 191-2). 

The paper in Magyar has practically been cut in two to furnish 
the material of the two papers in German; its style also is 
somewhat more diffuse. 


SCOTT, R. F. (1881). 


[On some forms of compound determinants. Messenger of Math., 
x1. pp. 96-98. } ; 
The main theorem here is that the determinant whose (r, s)” element 
as the determinant got by bordering | a,,| by the xr” column of | byp | 
and the s” row of | yn, | vs equal to 


(ie : | Din | | Cin | | Ain feseee 


It is another special case, similar to Muiz’s, of Sylvester’s theorem 
of March 1851; but is not so viewed, and is proved quite inde- 
pendently. Sylvester’s, as we know, may be said to concern the 
compound determinant whose elements are the (n-+1)-line minors 
of | GyyGon ..- Gan » ++ Go| Which contain |@,,| as a minor, the 
equivalent of the said compound being 


bone tO lt Can Oao oa en, eel 


What we have now come to is the case of this where w = 2n and 
where | @,,49 ..- @».{| has nothing but zero elements in its last 
n-line minor, and consequently resolves into 


(Gali 4 | 1 n41%2, n4+2++ + Anon | i | On+1,19% 49,2 ++ + Aonn |. 


The theorem is also extended by making each border consist of 
m lines instead of 1, the result then being 


(—1)"-"™ {| Bin | + | Can Thames + [ Oy, [OU 


\ 
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HUNYADY, J. (1882). 
[Néhany determinans-egyenletrél. Brtekezések a math. tud. Kérébél, 
ix. no. 10; 19 pp.] 
[Ueber einige Determinantengleichungen. Orelle’s Journ., xciv. 
pp. 171-178.] 


A return is here made to the consideration of various previously 
used relations between minors of a 3-by-6 array, the main object 
being still geometrical, and the difference in treatment being that 
now the number of the relations of each type is inquired into and 
all of them set down at full length. 


KRETKOWSEI, W. (1882). 


[Dowéd pewnego twierdzenia tyezacego dwéch wyznacznikow 
ogélnych. Pametnik Akad... .w Krakowie, 1x. pp. 45-47.] 


What is given us here is another proof of Bazin’s unextended 
theorem of 1851, our latest reference to which is in connection with 
Hunyady’s third paper of 1880 (see above, p. 205). 


KRONECKER, L. (1882). 
(See under this heading in Chapter I.) 


HUNYADY, J. (1882). 
[Question 1416. Nouv. Annales de Math., (3) i. p. 384.] 


The proposition here set for proof concerns the determinant of 
the sum of a square matrix and its conjugate, and, in later phrase- 
ology, is to the effect that a determinant and its adjugate bear to one 
another the same ratio as their dwplicants ; or, in symbols, 

dupl. | Aan| = [in /*-®- dupl. | ay | 


No proof was elicited, and the question was forgotten.* 


* The subject of the duplicant seems to have been neglected until taken up as 
new by Muir in 1914, when the theorem here stated was discovered and 
published along with other results in the Messenger of Math., xliii. pp. 184-192, 
The priority of course rests with Hunyady. 
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SCOTT, R. F. (1882) 


[On compound determinants. Proceed. London Math. Soc., xiv. 
pp. 91-102.] 


The first four paragraphs (pp. 91-95) concern Sylvester’s theorems 
of March 1851, readily convincing proofs of them being given.* The 
next four paragraphs (pp. 95-98) make use of the theorems in the 
manner of Muir’s paper of 1881 to obtain anew the results arrived 
at otherwise by the author the year before. The more general of 
these two results may be formulated thus: The determinant, F say, 
whose (r, s) element is the determinant got by bordering | a,,| by the 
r* set of m columns of | b,,| and by the s” set of m rows of | cy, | 28 
equal to 


(= 1yesss| aye {| Din] + | Cin | \ ova 


He now notes a companicn determinant, G say, whose (r, s)” element 
has for a border the columns of | 6,,| and the rows of | ¢,,| which 
are not used in forming the (7, s)” element of F. This, he says, is 
equal to 


(— 1} | aig |M1. {| Bag || Cay |}. 
He might have added the suggestive deduction that 
FG = {(—1)"ABC}”". 


In the remaining four pages (pp. 99-102) fresh ground is broken, 
the subject being that which we have seen repeatedly arising in 
connection with such related pairs, namely, the ratio of a minor of 
F to the complementary of the corresponding minor in G. This 
ratio, when the minor of F is the first of the p-line minors, is found 
to be equal to 


(—1)7“A*, (BC)* where 1. = Pp —(2—1)m—4 
y = p~(m—1)n. 
More than one proof is given. 


* This paper and Van Velzer’s referred to on the opposite page helped to draw 
attention to only part of Sylvester’s work of 1851: they did nothing for the 
neglected theorem on sums of products of pairs of determinants (see above, p. 78) 


COMPOUND DETERMINANTS (BARBIER, 1883) 211 


BARBIER, E. (1883). 


[Sur une formule de Lagrange déja généralisée par Cauchy : nouvelle 
généralisation. Comptes Rendus... Acad. des Sci. (Paris), 
xevi. pp. 1845-1849.] 


[Généralisation du théoréme de Jacobi sur les déterminants partiels 
du systéme adjoint. Comptes Rendus... Acad. des Sci. 
(Paris), xevii. pp. 82-85.] 


Neither of these communications is an advance, the first merely 
giving an example of a compound of | a,b,c,d,| and two compounds 
of | a;b,c,d,e; |, and the second giving examples equally simple of a 
minor of a compound. 


VAN VELZER, C. A. (1883). 


[Compound determinants. American Journ. of Math., vi. pp. 164- 
172: Johns Hopkins Umiv. Cire., i. (1880), p. 132.] 


Although no really new theorems are reached here, the mode of 
investigation and the presentation have in them a welcome fresh- 
ness. As in Sylvester’s paper of 1879, more than ordinary use is 
made of geometrical diagrams in the exposition. Even the fresh 
terms introduced have a geometrical air about them ; for example, 
the law of extensible minors being unknown to the author, | a,b,c3d, |, 
| AyboCadye;|, | dybeCgdyesf,|, ... are not styled extensionals but 
‘gnomonics’ of | a,b,c,|, because to form them a gnomon of ele- 
ments is annexed to the array of | a,b,c,| in each case: on the 
other hand, it is curious to note that | a,b,c, | considered as a minor 
of its gnomonics is viewed as being formed from each ‘ by taking 
away an aphaereton’ not a gnomon. The more important results 
arrived at are Muir’s extension of Laplace’s theorem (1879), Syl- 
vester’s theorem in compound determinants (1851), and an approxi- 
mation to a ‘ principle of duality’ depending on interchange of 
gnomonics and minors. This principle would have been more 
valuable had it been as readily applicable as the law of extensible 
minors. As it is, however, theorems obtained by the use of it are 
claimed to include some of Scott’s theorems of the previous year 


(see opposite page), 
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HAMBURGER, M. (1885). 


[Anwendung einer gewissen Determinantenrelation auf die Integra- 
tion partieller Differentialgleichungen. - C’relle’s Journ., ¢. 
pp. 390-404. ] 


The first four pages of this paper are devoted to the consideration 
of a set of relations between the primary minors of an array of m 
rows and m-+A columns, say the array 


Gy, MQ +++ Uy mtn 
A, Ugg we es Aa mtn 
Ami Ame gC EEO An, m+h > 


and he opens with a theorem substantially identical with Bazin’s 
unextended theorem of 1851, already repeatedly rediscovered. 
Hamburger’s mode of proof is probably the simplest possible, con- 
sisting in merely multiplying column-wise any one of the said minors 
by the adjugate of the first of them, and noting that every product 
of two columns in such a multiplication is equal to one of the minors 
of the array ; for example, 


(Gir, Gaps +++» GmpSAiz, Aor -.-> Ams) 

is equal to the minor formable from the first of the minors by sub- 
stituting for its k** column the 7” column of the array. The con- 
nection of the theorem with Sylvester’s of 1839 and 1851 is reached 
in the same way as by Rubini. 

His next step takes him to d’Ovidio’s result of 1877, namely, that 
the number of the relations in question that are independent is 
the reasoning being that (m-+A),, is the total number of minors, and 
in expressing the whole of them by means of Bazin’s theorem the 
number used is mh+1. In this connection it is recalled that the 
case where h is 2 had already been dealt with in 1875. 

After the consideration of an unimportant converse theorem, the 
reader is reminded that throughout the discussion the first of the 
minors had been viewed as non-evanescent and is told what line 


should be taken in the opposite case. \ 
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MUIR, T. (1889). 


[Note on Cayley’s demonstration of Pascal’s theorem. Proceed. R. 
Soc. Edinburgh, xvii. pp. 18-22.] 

After the papers of Scholtz, Hunyady, etc., this has little or no 
interest save as showing how Cayley’s early equation (1843, Hist., 
ii. p. 13) could be simplified and made to take one of the later 
forms, namely, the form 


123 . 156. 425. 486 — 125.136. 423. 456 =0. 


D’OVIDIO, E. (1890). 


[Altra addizione alla nota sui determinanti dideterminanti. Alttc... 
Accad. delle Sci. (Torino), xxvi. pp. 131-133.] 


This second supplement, called forth by the appearance of Bar- 
bier’s two notes, passes quite fair criticism on them in showing their 
exact relation to theorems previously known. The author also takes 
occasion, with the same object in view, to refer shortly to Picquet’s 
memoir, giving nothing more than reasonable prominence to his 
own work. 


GRUSINTZEFF, A. P. (1891). 


[Contribution to the theory of adjugate determinants (in Russian), 
Communications Math. Soc. Kharkov, (2) iui. pp. 94-102. ] 


The subject here is the iteration of the operation of forming the 
adjugate. In place of the author’s main theorem, part of which 
seems inaccurate or misprinted, we prefer to give a more general 
theorem which ought to include it; namely, Jf Ay be any n-line 
determinant, A, the adjugate of A,,, and M, and M’,_, be in their 
respective determinants complementary minors so far as position is 
concerned, the one being of the k order and the other of the (n—k)", 
then 

(n= eee 1 

n 


, : , . 
My-« 1 Aon = Ay » Mix in Ao; 


{(a—vemet41} Ey 


. , . 
M, in Ag+ == Ay ‘ M._. in Ag. 
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By repeated use of the theorem regarding a minor of the adjugate, 
we have 
Manta SnAg eS ie A 
Me in Ay Area in AG 
M, in As = A, . 1 bag in A, 
M’ 2, in A, = "As? *. Mee in A, 
and therefore by multiplication and division 
IU 2, in Aga = (ApAgis Agee) Agee Ae a) 0 > eae 
But since A, = A)”, it follows that 


=1)2- 1)? 
ApAgy ss Apis = Aj t@= eee 


(n—1P"—1 (n—1)?"—1 
ae AGE Yat — Ay n(n—2) ; 


and similarly 
(n—1""—1 


A,A; eve , Pa = Ay n(n—2) Soa 
so that 


(n—1)?"—1) k—-14(n—1)(n—k—1 


(AgAl =. Amos)” *(AGAg Aga) tas n(n=2) 
© (n—1P?™—1) (n—2)m—b) 
= {A, waaay} 
and consequently 


(n—1)2m_—1 | BF 
M,-; 10 Asm = ie J " .M,, in Ap, 
as desired. The second part of the theorem follows readily from 


the first ; for, using again Jacobi’s equality with which we started, 
we have 


M, in Agony, = Abn’ My; in Aon, 

which with two evident substitutions on the right takes the form 
given in the enunciation. 

The interesting cases are where k = 1 and k = n—1. 
of these that is considered in the paper under review. 

We may add that an alternative to the above proof may be ~ 
obtained by using the following lemma: If Ay stand for | ay | 
and A, be the adjugate of A,_1, then the (x, s)" element of Asm is 

(n—1°™—1 
EPA ane 


It is one 
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and the (r, s)" element of Aon4; ts 


SS me 1 ~@—1) 


A,, + Ao : 
For example, the 4™ adjugate of | a,b,c; | is 


Ay| ayb9cz | | ayboc3 | ag| aybee | 


me > 


and the 3" adjugate of | a,b,c,d, | is 
Ay| Qbycgdq|® Ag| aybecgdy|® Ag| aybocgdy|® Ay| a,bgcgdy | 


RADOS, G. (1891). 


[Az adjungalt helyettesitések elméletérél. Math. és Term. tud. 
Ertesito, x. pp. 34-42.] 
[Zur Theorie der adjungierten Substitutionen. Math.-u.-naturw. 
Berichte aus Ungarn, x. pp. 98-107: also in Math. Annalen, 
xlvui. pp. 417-424.] 


As the ‘substitution adjugate to a given substitution’ is that 
whose determinant is a compound of the determinant of the latter, 
it is not unnatural to find in a paper with a title like this an in- 
teresting property of compound determinants. Put in different 
phraseology from the author’s, the theorem is that the latent roots 
of the m” compound of a determinant are the m” products of the 
latent roots of the latter. An old closely-related theorem, so-called 
Francke’s, also comes naturally in for attention, a proof of it being 
given. 


LANDSBERG, G. (1892). 


[Ueber relativ adjungirten Minoren. Celle’s Journ., cix. pp. 225- 
230. ] 


‘In this paper, which in matter is comparable with Van Velzer’s 
of 1883, there are no fresh results, the first of the two rediscovered 
theorems being Muir’s extension of Laplace’s expansion-theorem 
(1879), and the second being Sylvester’s of 1851 on compound 
determinants. The idea of ‘relatively adjugate minors’ comes in 
merely as an aid to the enunciation of the former theorem ; it will 
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be understood when we say that | ab,c,d,e;| and | abo¢e feg7hg| are 
a pair of such minors, and that the justification given is that | d,e; | 
and | fxg7hg|, of which the previous pair are extensionals, are actual 
adjugates (7.e. complementaries) in | de; f¢g7/g|. It is strange, how- 
ever, that the previous pair bear the designation along with the 
words ‘in regard to | a,b,c,|’ of which neither is a minor. 


NETTO, E. (1893). 
[Zwei Determinantensaitze. Acta Math., xvii. pp. 199-204.] 
The first theorem concerns a three-line compound determinant, 
the elements of which are primary minors of an (n—2)-by-n array. 
Elements of this kind being, as we have seen, sufficiently specified 


by their column-numbers, the theorem may conveniently be viewed 
as the extensional of 


| 1245] | 1246] | 1256| 


| 1345| |1346| |1356|]| = 0, 
2345| |2346| | 2356| 


or 

|| 12,45| | 13,46] | 23,56|| = 0, 
—a simple result of the type dealt with in Reiss’ third section. 
Here it is deduced from consideration of a set of simultaneous 


equations, and also by the application of Laplace’s expansion- 
theorem. 


The second theorem is Sylvester’s first of March 1851. 


MUSSO, G. (1893, 1894). 
[Sui determinanti reciproci. Giornale di Mat., xxxi. pp. 201-209 ; 
XXxll. pp. 81-85.] 
Here the second paper, which the writer uses to compare the 


rediscoveries of his first paper with D’Ovidio’s work of 1876-7, is 
the more instructive. 


VAHLEN, K. T. (1893). 
(See under this heading in Chapter I.) 
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METZLER, W. H. (1893). 


[Compound determinants. American Journ. of Math., xvi. pp. 131- 
150.] 


The main part (pp. 132-145) of this longish paper concerns the 
sums of certain sets of k-line minors of the m" compound of a 
determinant ; for example, coaxial minors and minors belonging to 
the same oblong array. In the opening cases the so-called Franke’s 
theorem is used, followed by simple addition: in the others the 
law of extensionals could be employed with good effect. 

Passing to the subject of latent roots, the author then (§ 3) affixes 
—x to each diagonal element of | a,,| and of its compounds, and 
expanding the resulting determinants in descending powers of 2, is 
led to a rediscovery, namely, the probably general truth of Rados’ 
theorem of 1891. 

The remaining three pages concern axisymmetric and other 
special forms. 


MULLER, E. (1894). 


[Anwendung der Grassmann’schen Methoden auf... C'relle’s 
Journ., cxv. pp. 234-253. ] 


The only interest of this for us lies in the fact that geometrical 
results which we have seen Caspary, Pasch, and Hunyady obtain 
by means of determinant theorems are now arrived at in Grass- 
mann’s fashion, the ‘ outer product’ being the moving agent. 


FROBENIUS, G. (1894). 


[Ueber das Tragheitsgesetz der quadratischen Formen. Sttzwngsb. 
... Akad. d. Wiss. (Berlin), pp. 241-256, 407-431 ; or Crelle’s 
Journal, cxiv. pp. 187-230. ] 

Sylvester’s theorem of 1851, as being ‘the basis of his whole 
investigation,’ Frobenius again establishes (§ 1, pp. 242-245) as in 
his paper of 1878. He also points out, as Muir had done in 1881, 
its applicability to Kronecker’s compound determinant of 1869, and 
. thereby establishes the latter’s theorem of that date regarding the 
evanescence of certain minors. 
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JAROCHENKO, 8S. P. (1894). 


[Some theorems in determinants (in Russian language). Mem. 
Univ. . . . (Odessa), Lxi. pp. 593-606. ] 


The main result is an extension of one of Netto’s rediscoveries of 
1893, but is also itself a rediscovery. 


RADOS, G. (1896, 1897). 


[Adjungierte quadratische Formen. Math. u. naturw. Berichte aus 
Ungarn, xiv. pp. 85-91, 116-127; but originally in Magyar, 
Math. és Term. tud. Ertesité, xiv. pp. 26-32. See also Verhandl. 
d. internat. Math.-Kongresses (Ziirich), pp. 163-165.] 

As a binary quadric ‘ adjugate to a given binary quadric’ may 
be defined as that whose discriminant is a compound of the dis- 
criminant of the latter, there is the same room here for an incidental 
property of compound determinants as in the author’s analogous 
paper of 1891. The nearest approach to such, however, is only 
when consideration is given to the special case where a number of 
the latent roots of the discriminant of the original quadric are zeros. 


PASCAL, E. (1896). 


[Sulle varie forme che possono darsi alle relazioni fra i determinanti 
di una matrice rettangolare. Annali di Mat., (2) xxiv. pp. 241- 
253. ] 

The first of the four sections of this paper deals with the relations 
connecting the determinants of an oblong array, written, however, 
without knowledge of any previous work on the subject except 
Vahlen’s paper of rediscoveries. It contains a fresh proof, com- 
parable with Cayley’s of 1843 (Hist., i. pp. 10-11), of what is pro- 
perly called the ‘fundamental identity,’ but not recognised as 
Sylvester’s theorem of 1839 and 1851 *; for example, the vanishing 
of the expression 


| abecg| | dyeefs| — | abeds| | Co f's | or | AyCods | | deaf | 
— | dyeods | | deaf 5} 


* The remark made'above (p. 78, footnote +) regarding Scott's text-book applies 


also to Pascal’s. ‘ 
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is based on the fact that it is an equivalent of 


dy, a, as | def | 

6, bz bs | byeofs | 

CC, Cs | Geof | 

dy ds | dyes fs| |. 
The second section concerns the vanishing 3-line compound deter- 
minant rediscovered by Netto, and gives a companion to it which 
is readily seen to be an extensional of a known result. They are 
here established by using thrice the above-named fundamental 
identity and then eliminating. 

The subject of the third section is compound determinants whose 
elements are formed of columns taken from two given determinants. 
The inclusion of this is not out of keeping with the title of the paper, 
for the said elements may be equally justly viewed as minors of an 
n-by-2n array. The previous writers referred to are Sylvester, 
d’Ovidio, and Picquet. First of all are given the two main theorems 
from Picquet regarding his pair of ‘mixed compound.’ Following 
on these are Bazin’s theorem of 1851, though not recognised as 
such, and Sylvester’s theorem of the same year. Then comes what 
is spoken of as a generalisation of the latter, but is perhaps more 
naturally viewable as the extensional of a case of Picquet’s. It 
concerns a special minor of the ‘ mixed compound,’ and is followed 
by a companion theorem the subject of which is the complementary 
minor in the twin compound. While the former is resolvable of 
course into powers of the two basic determinants, the latter has as 
an additional factor a power of a determinant formed of columns 
from both basic determinants. 

In the fourth section Pascal resumes consideration of Laplace’s 
expansion-theorem which he had dealt with in a previous paper of 
the same year. The two theorems brought forward in that paper 
are now generalised, expansions being given for 


Qu 
re 


ae eae hy Wad oy Cgc Omcrays +++ 5 Om |" 
and 

Maes et Ga gy aye os Od Omaagis = + + 5. Om|s 
where the a’s and 6’s are the numbers of the columns in an 
m-by-(m-+r) array, 7 is the number of factors in each term of 
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: ; pes ae 
the expansions, and every determinant on both sides is of the m* 
order and contains the columns @,, dg, . . . , Gm_r-* 


ARANT, D. (1896). 


[Question 1751. Nouv. Annales de Math., (3) xvi. p. 583; (4) xvii. 
p. 246.] 


The determinant here unsuccessfully drawn attention to is that 
whose elements are the determinants of three 2-by-3 arrays. 


NANSON, E. J. (1897). 
[On determinant notation. Philos. Magazine, xliv. pp. 396-400. ] 
It is here proposed to denote the oblong array 


A, Ue Ain 

a a a =o 1 Seay 

21 22 an by (pq) {P » 4, : : 
. Rg: Sala 2s foarte 

Ami Te) 0980 Amn 


and the proposal is supported by using the notation in stating 
Sylvester’s two theorems of 1851 in regard to compound deter- 
minants, and Schweins’ proposition regarding the equality of two 
aggregates of products of pairs of determinants. For example, the 
simpler of Sylvester’s theorems is put in the form : 


If Ge = (aq) (Da) (p, a 15 2, a OVO m), 
(Gra) ths 
then | Ga a | Ang eae 5 (aq) (Diss) (r, SSS iF ap > n) 
(Crq) (d..) | 


An interesting commentary on this and the other theorems is also 
given. 


METZLER, W. H. (1897). 


[Compound determinants. American Journ. of Math., xx. pp. 253- 
272.] 


The author resumes his study of 1893, relying now mainly on the 
law of complementaries and the law of extensionals. The first nine 


* In connection with the third section see above, p. 205. <—_ 
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pages afford an interesting contrast with Van Velzer’s paper of 
1883, the theorems dealt with being the same. The next five pages 
concern minors of the m*‘” compound that are resolvable or are equal 
to zero, the former including some with two different factors, some 
with three different factors, and some with more than three like 
Muir’s of 1879. The remaining pages (pp. 267-272) are occupied 
with illustrative examples taken from compounds of |a,;|. All 
these examples, however, with the exception of three, are merely 
extensionals of equalities pertaining to a determinant of lower 
degree than |a,,|. The three that primarily concern the 5" order 
are : 


123| |125| [145] |345/] — | 1235) | 1245 ee 
234| |235| |245| |345|[ ~~ | 2345} | 2345) | 2345), 
234| |235| |245| |345/] _ 0 
145| | 235} |245| |345)][ °°” 
145| |234| |235| |245) |345/] _ 0 
135| |145} |2385| |245| |345) |] ” 


and the second of these is pointed out to be one of the fifteen 


234 | | 234 (234 Eq 934| | 234 
125} |135| |145| |235| | 245] | 345 
935| | 235 235 
ee ae EY RE | BAS 
245| | 245 245 
PO isd Rae ee Bede B45 
345 | | 345 4 
15 a) ste Ba 


It might have been added that the third hangs upon five of the same 
fifteen. ‘ 

The notation used throughout the paper is not wanting in pre- 
cision, but is distinctly cumbersome. Its basis is a symbol for the 
je m-ary combination of the integers 1, 2,..., ”, namely, 

(n| m) 


2 


r 
for example, 


(5 | 2) stands for the combination 2, 3, 4. 
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As a comparatively simple instance of its use we may take from 
the first part of the paper the extension of Laplace’s expansion- 
theorem, namely (p. 259), 


Bor $= ‘ 


A. Anim) = 1 Atai mig Anim» 
a Bor 6= s 
(n | m) imi wimg 
Y 


the effective visualizing of which is likely hs be Rain difficult, at 
feast by the ordinary student. 


IGEL, B. (1898). 


[Beweis einiger Determinanten theoreme von Sylvester: Monats- 
hefte f. Math. u. Phys., ix. pp. 47-54.] 


The theorems in question are Sylvester’s of March 1851, already 
repeatedly proved, but here in their connection with the papers of 
Franke, Frobenius and Netto very clearly and profitably commented 
on. (See above, p. 76 and p. 205.) 


STUDNICKA, F. J. (1898). 


[O novém druhu determinanté pfidru%enych. Véstnik Ceské Akad. 
, Vil. pp. 283-291. ] 


The ‘new’ determinants in question are the compounds. No 
fresh property is brought to light. 


STUDNICKA, F. J. (1898, 1899). 
(See under this heading in Chap. I.) 


WHITE, H. 8S. (1899). 


[Two elementary geometrical applications of determinants. Annals 
of Math., (2) i. pp. 103-107.] 


The geometrical theorems are those of Pascal and Desargues 
which we have already seen more than once treated with the help 
of determinants. ‘The author himself refers to Hunyady’s second 
paper of 1879, + 
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MUIR, T. (1899). 
[On the eliminant of a set of general ternary quadrics. Transac. R. 
Soc. Edinburgh, xl. pp. 23-38.] 


There enter here as auxiliaries two results worth noting, namely, 
the fact (p. 32) that the axisymmetric compound determinant 


| @yb293 | | @ybofg| | a bac | 
|@yb293| | 41fo9s| | Aides | | a1 foes | 
| 4ybofs| | @yboe3 | | di fogs| | bicegs | 
|@yboc3| | A focs| | Oicegs| | ficags | 
is the eliminant of 


ae? + by? + 2 + frye + ge = | 


I 
° 


ag? + boy? + C92” + faye + gor 
age? + by? + cx? + fyz + gua = 0 


and (2) the identity (pp. 35-36) 


147 248 Ze agg |187 738| — yng 218 319] be 127 

157 258 ~ ]AT9 289) 287 397| ~ | 328 178 

167 268 369 | | 
where the digits 1, 2, 3,..., 9 indicate the columns of any 3-by-3? 


array. With the latter may be compared identities given under 
Reiss and Scholtz (Hist., ui. p. 186, p. 196). 


CHAPTER VIII. 
RECURRENTS, FROM 1880 TO 1898. 


THE number of writings dealt with here is slightly in excess of the 
number for the preceding period. 


GLASHAN, J. C. (1880). 


[Change of the independent variable. American Journ. of Math., 
il. pp. 190-191.] 


Here wu and v are given functions of z, and it is required to 
find the successive differential coefficients of w with respect to v. 
Denoting 

Low low , ) 
Fl apg age DY Wr? r respectively, 


Glashan finds, for example, 


nee On 
Us Ve v;* 
Ug Ug 204Ve v,° 
Ug Ug  20,03+0,? 30,2U, a 
5 2 
kee (Site Us Us 2(0yVg +03) 3(V1203-+01097) 40,30, 
5 2 9.8 09.4, 90 i 
Oo! Ov Vy VUE VP 6 VzF + OY 


and gives the general result. we 


RECURRENTS (McKENZIE, 1880) 225 


McKENZIE, J. L. (1880): FARKAS, J. (1880). 


[Question 6369. Educ. Times, xxxili. p. 171: Math. from Educ. 
Times, xxxvii. p. 39.]| 
[Die Summe gleichartiger Potenzen von den Wiirzeln einer alge- 
braischen Gleichung als Function der Coefficienten derselben 
Gleichung und umgekehrt. Archiv d. Math. u. Phys., Ixv. 
pp. 433-435.] 
Nothing here is really new (see Hist., iii. p. 209), save in the 
second paper the mode of obtaining the equation connecting the 
s’s and the c’s (Hist., ii. p. 218). 


CESARO, E. (1880). 
[Question 604. Nouv. Corresp. Math., vi. pp. 527-528. ] 
From its manner of statement Cesaro’s theorem looks more 
important than it really is, becoming in fact self-evident when the 
functional symbols are got rid of, and the two complete columns of 
the recurrent are placed side by side. For example, 


ig er ee | igs A Oa 

Ure Uy Ug ee ee a Se ae 

Ce Crib Ca eC ge his) WWesniatend 

det dewidgecdgltdet) Se neee Os + | a. asa, |+ cols, 

on oe ee ae b, by ds 
BG @ 


and, consequently, if the second term in any one of these expansions 
vanishes, the determinant equals a,A, or b;B, or ¢,C, or.... 


MOLLAME, V. (1881). 


[Sulla somma della potenze simili di numeri qualunque in pro- 
gressione aritmetica,.... Atti dell’ Accad. Groema..., (3) 
xv. pp. 261-272. ] 
Putting 
S, = a,*+a*+...+a, where a, = 4,44, 
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Mollame, evidently with an eye on Lucas’ papers of 1876, 1877 
(Hist., iii. pp. 238-239), shows that 
a; — a,” = (m),dSn_y + (1)2*Sm_2 +--+ + (1) md™So 
= (S+d)? —S8,,, say, 


and thence derives 


(541 —@)d"-4 (1), 


(a34,—a,")d"— (2)s 

MAS 23 peers LOT Ec: Tas Wee eget « geeny cata eee ee aa atten ee 
(angi—ay"—)d (mW +. A(m—l),> (m—1), 
(A341 —a") (7) m ce (™m)s (™m)2 


His ‘new expression’ for a Bernoulli’s number is essentially the 
same as one of Glaisher’s (Hvst., i. p. 235). 


PINCHERLE, S. (1881, 1883). 


[Sopra una formula di analisi. Gvornale di Mat., xix. pp. 385-386.] 
[Una formola sui determinanti. Rendic.... Accad. delle Sci... . 
(Bologna), Anno 1882-3, pp. 105-106. ] 


The formula here twice published by Pincherle is a rediscovery, 
having been given in 1876 by Janni and by Glaisher (Hvst., iii. 
pp. 237, 460). 


DAVID, J. M. (1882). 


[Applications de la dérivation d’ Arbogast & la solution de la partition 
des nombres et & d’autres problémes. Journ. (de Liouville) de 
Math., (3) vii. pp. 61-72.] 

The operator D here used in developing 
p(a+a,x+agx?+...) 

according to ascending powers of x, David defines by the recurrence- 

formula 

D¢(a) = ¢7(a)- ak + $'-1(a) pa See + $'-2(a).D a = 
r! (r—1)! “alr2)k SS 

In applying it the paragraphs specially interesting to us are §§ 4, 5, 6, 

where ¢ is the n power. The result obtained is 


(a+a,0-+agr? + ...)" = a® + ¢D(a") + aD? (a") + Gest 
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D*(a™) being expressed by means of a determinant : for example, 


a —a ; 

am qm-5 2d, (m—1)a, —2a : 
p() = Br | 34 (2m—1)ay  (m—2)ay, —3a 
4a, (3m—1)a, (2m—2)a, (m—83)a, —4a 


5a; (4m—l1)a, (3m—2)a, (2m—3)a, (m—A)a, |. 
Two special cases are considered, but the determinants occurring in 
connection therewith are rediscoveries. 


CHERRIMAN, J. B. (1882). 
[Note on application of a special determinant. Proceed. and Transac. 
R. Soc. of Canada, i. (3) pp. 13-14.] 
From the determinants for s, and &, in terms of the coefficients 


of the equation: 
m+ae t+... ta, = 0 


there is here obtained the relation 
— 8, = G&N,_, + 2a,.N,_. +... +74, 
almost formulated by Trudi in 1878. 


SACHSE, A, (1882). 
[Ueber die Darstellung der Bernoulli’schen und Kuler’schen Zahlen 
durch Determinanten. Archiv d. Math. u. Phys., \xviii. 
pp. 427-432.] 
Sachse, adopting Lucas’ procedure in connection with Bernoulli’s 
numbers (Hist., iii. pp. 238-239), obtains a similar expression for 
Euler’s numbers, namely, 


“reals 
Ti | 
fag I 

Sei 

4 aie Fiesa ae 
6! 4! 2! 


He also expresses any one of either set of numbers in terms of 
preceding numbers of the same set. 
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AMANZIO, D. (1883). 


[Di alcune trasformazioni del simbolo d’operazione 
i) iC) 
Steuer ‘x2 
Le ae Ox ve 


e proprieta di alcuni determinanti che derivano da queste 
trasformazioni. Giornale di Mat., xxi. pp. 110-144.] 


There are four determinants here evaluated with much labour, 
but the fourth 


1 
k(k-+1) 53 

1 n—™M 
(E--1) (k4-2) 1-2 De} 

1 n—mM n—m+1 
(k-+2)(&+3) 9-3 1.2 

1 n—mM n—m+1 
(Etm—l(k+m) (m—lym (m—2)(m—) ; 

1 n—™m n—m+1 n—Il 
(k+m)(k+m+1) m(m+1) (m—l)m *"' 122 


includes the three others, the third being the case where k = 1, the 
second the case where m = n—k—1, and the first the case where 
both these specializations are made. Save in the simplest case,— 
where the value is 1/n,—the evaluation is only effected by retaining 
in use a difference-operator, the reason doubtless being that it is 
only in the said case that the constitution of the first column is in 
keeping with the others, as tested by the law of progression in the 
diagonals. The result reached is given in the form 


gw ae k-m- ee) 


ae x—1 


where A“ denotes the operation of taking the k** difference with 


respect to x, 6 the same operation followed by pnblang x equal 
to 0. 
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BRUNO, F. FAA DI (1883): HAGEN, J. (1883): 
MACMAHON, P. A. (1883). 


[Sur le développement des fonctions rationnelles. American Journ. 
of Math., v. pp. 238-240. ] 
[On division of series. American Journ. of Math., v. pp. 236-237.] 


[Note on the development of an algebraic fraction. American 
Journ. of Math., vi. pp. 287-288. ] 
The double result meant to be given by Bruno is that the co- 
efficient of x® in the expansion of 
| (a9-+a,x+a,x?+ ... +a,x")71 


8_} —l . . oe 6.0 © ay ao 
1 S_» S_, —2 . Os 8G =e (— yp 1 ao ay ao 
ae a, pt+l 
en ce Pee ree 


"7p 
Neither right-hand equivalent is really new : both are reached wit 
much trouble: and both are incorrectly stated. The desideratum 
being the coefficient of x? in 


1 ay An \ 
is 2 - p aleph function of the reciprocals of the roots of the equation 
0 


ana +...+a47+a = 0, 
and therefore is 2 - p aleph function of the roots of the equation 
0 


dg" + 0,7" + ...+4, = 0. 
The two forms of expression, the one in terms of the s’s and the 
other in terms of the a’s, are thus known from Brioschi’s paper of 
1857 (Hist., u. pp. 216-217). The second, however, is really the 
simpler, and goes back to Faure (1855). 

Hagen’s result is still more manifestly Faure’s. 

In MacMahon’s note the order of thought is different, the 
development being the second of the above with the coefficients 
in non-determinant as well as determinant form. A note 
appended to it by Franklin leads back to the old way of obtain- 
ing the latter form by equatement of coefficients. 
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LODGE, A. (1883). 


[Note on the coefficients in a transformed equation. Messenger of 
Math., xii. pp. 178-179.] 


By putting « = y+h and ah+a, = 0, the equation 
Qo” + na,a"-! + (n)ae"? +...+4, = 0, 
or (4; Gy, A, +++, a, a hi 1)" = 0, 


is transformed into one having 0 for the coefficient of the second 
term, the result in fact being 


Ay” + nU,y" + (n)Uy"? +...+ U0, = 0 
where Un = (G50 eee eee er 


ay # 
— (a, Dx lage aes Giese) 
Xp 


Lodge considers it worth while to express the latter form of U, as 
a determinant, performing the substitution h = —a,/a) by solving 
for U, the set of equations 


ah” + rah" + (r)ah™? +....+ 7a, ,h +a, = U, 


ah” + a,h'-1 =) 

ah?! + a,h'-? =50) 

ah+a, = 0 

with the result 
Got) (T)o@2 (7)35 TAyp-y Uy 
1 A ay 
U, = (—ay) : Ag ay : 

peng Ma ay 


SYLVESTER, J. J.: FRANKLIN, F. (1883). 
[On Crocchi’s theorem. Johns Hopkins Umiv. Circ., ii. pp. 2, 24.] 


The theorem so called is one of those of 1879 (Hist., iii. PP: 246-7) ; 
but determinants are not used. 


wr 
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MARCHAND, _. (1883): STUDNICKA, F. J. (1884). 


[Note sur la maniére d’écrire (zv-+h)" sous forme de determinant. 
Journ. de Math. Spéc., (2) vii. pp. 248-250.] 
[Uloha 22. Casopis pro péstovani math. a fys., xiii. pp. 149, 279-281.] 
The kind of determinant used in the first paper can, through 
multiplication by h, be made a persymmetric recurrent, the identity 
given being in effect 


cei 
Hee oh 4 Sse Arde 
het he hh s1-. ....| = A@+h)™ 


ha® ha® he h —1 

PR ine ae gee Be 
Studniéka’s result is Pincherle’s rediscovery of 1881. (See 
above, p. 226.) 


JEZEK, 0. (1884). 


[Ueber das formale Bildungsgesetz der Coefficienten des Quotienten 
zweier Potenzreihen. Sitzungsb....Ges. d. Wiss. (Prag), 
pp. 127-144.] 

A useful account (pp. 135-139) of the subject, but with insuf- 
ficient reference to previous workers, for example, Faure (1855), 
Brioschi (1858), Glaisher (1879). It is preceded (pp. 127-134) by 
a reinvestigation of the formulae for the evaluation of the four well- 
known recurrents that connect the simpler symmetric functions ; 
and is followed (pp. 140-144) by three tables giving a limited number 
of the results of such evaluations. 


GLAISHER, J. W. L. (1884). 


[Application of Mobius’s theorem on the reversion of certain series. 
Philos. Magaze, (5) xvii. pp. 518-540. ] 

Eight pages of this (pp. 531-539) are devoted to determinant 
expressions for the sum of the 7" powers of the divisors of an integer, 
the sum of the r* powers of the uneven divisors, and so forth. 
These expressions are even less attractive and less promising than 
those connected with partitions which the same author gave with a 
caution in 1879. 
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CROCCHI, L. (1885). 
[Question 52. Giornale di Mat., xxiii. p. 33.] 


The interesting result here given is that 


—l 
OSE hangs cone =n" — n (n—l)e*" on, (m2) ee 


where o, = 17+ 2?+3°+4...-+ 2”. No proof appears to have 
been elicited. 
It may be well to draw attention to the fact that the determinant 


is essentially positive. 


STUDNICKA, F. J. (1886). 


[O novém neodvislém vyjad¥eni tisel aes a o vilastnostech 
prislus’ného determinantu. Casopis pro pestovant math. a fys. 
xv. pp. 97-102. ] 

[O nejjednodussim odvozenf soutiniteli fady, p¥evratnou hodnotu 
polynomu stupné n-tého ojedné promtnné pfedstavujici. 
Casopis pro pestovant math. a fys., xv. pp. 170-178. ] 

The result in the first paper is Hammond’s of 1875. The second 
paper obtains in the original way the simpler of Bruno’s redis- 
covered results of 1883 and gives easy illustrations. (Hvst., iii. pp. 
232-233 ; 1v. p. 229.) 


DICKSTEIN, 8. (1886). 


[O niektérych wtasnosciach funkcyj alef. Pamietmik Akad... . 
w Krakowie, xii. pp. 35-40.] 


[O twierdzeniu Crocchiego. Pamietmk Akad. ...w Krakowie, xii. 
pp. 41-44. ] 
[Dowé6d dwéch wzordw Wronskiego. Pamietnik Akad....w 


Krakowie, xu. pp. 87-92.] 
The second and third of these notes, like the first, concern the 


aleph functions. Nothing fresh regarding the determinant forms of 
the functions is brought forward. a 


RECURRENTS (GORDON, 1887) 233 


GORDON, A. (1887). 
[Question 9016. Educ. Times, xl. p. 135; or Math. from Educ. 
Times, lix. pp. 78-79.] 
An old result (see above, p. 225). 


MACKENZIE,* J. L. (1887). 
[A theorem in algebra. Proceed. Edinburgh Math. Soc., v. pp. 59-61.] 
In illustrating the solution of a problem in the construction of 

equations, the simple example is given that, if the s,, s:,..., 8, of 
an equation of the n‘" degree be known, the equation is obtained 
by eliminating the a’s from 

ew +a,77 +ang"*27+....+a, = 0 

8 +a == 0 

8. +a,8, +2a, 


| 
° 


In other instances where the conditions are more complex but 
where the resulting determinants are still recurrents evaluation is 
carried out. 


LAISANT, C. A. (1889). 
{Sur un déterminant remarquable. Bull. Soc. Math. de France, xvii. 
pp. 104-107. 
The determinant is Spottiswoode’s of 1853, representing a binary 
quantic (Hist., ii. p. 211). Laisant makes an addition regarding the 
differential-coefficients of the quantic. 


DUPUIS, N. F. (1889). 

[Expression of the general Bernoullian number as a combinational 
determinant. Proceed. and Tr. R. Soc. Canada, vii. (3) pp. 
20-21.] 

The expression is essentially the same as one of Nagelsbach’s of 

1874 (Hist., iii. p. 232), the full equivalence of the two resting on 

the curious fact that the multiplication of 


*Same writer as McKenzie in Hduc. Times. 
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1G) 

3 (5)2 (Se: 
5 (7), (Ta (Ve 
T (Me (Be (Pe 


by 22”-? is effected by changing the first column into 
Pees Oy ay orate 


GUBLER, E. (1890). 


[Ueber eine Determinante, welche bei der Berechnung symmetri- 
scher Funktionen vorkommt. Vverteljahrschrift d. naturf. Ges. 
(Ziirich), xxxv. pp. 79-82.] 


The result here given is 


(m+2), 1 eer eA 
(m+4). (m+4), 1 eee eh Os -f (m+2n)(m+n—1)! 


(m-H6), eb), en Helps See. min} 
the evaluation being reached by repeatedly lowering the grade of 
the determinant and removing a factor. 


DUPORCQ, E. (1890): TETXEIRA, J. P. (1893). 


[Sur la somme des puissances semblables des » premiers nombres. 
Nouv. Annales de Math., (3) 1x. pp. 594-595 ; Perrodico di Mat., 
vi. pp. 97-98.] 
[Sur les nombres Bernoulliens. Jorn. de Sci. Math... . (Lisboa) 
(2) iu. pp. 73-75.] 
The result in the first paper here is 
IP 4Qe 4304 0.) 4 (g—1) 
== (Sa leia ool a ; eons. Adesmatnabh)l 
i Me a O : 
@® 1 (3), (8). . 
w 1 (4); (de (4s 
ee Se TP ee ee eS: 
and obvious use is made of it for the same purpose as that of the 
second paper. In neither case is there any fresh outcome. 
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SCHENDEL, L. (1891). 


[Mathematische Miscellen. Zeitschrift f. Math. u. Phys., xxxvi. 
pp. 302-308. ] 


What is here given is a not very helpful way of stating Faure’s 
result of 1855 regarding the partial quotient of 


Cet ten" .. «6Cyl at" +a" +... 


and a still less helpful way of expressing the remainder. 


GAMBIOLI, D. (1891). 


[Sopra alcune relazioni fra le funzioni simmetriche e sopra par- 
ticolari loro caratteri invariantivi. Giornale di Mat., xxix. 
pp. 41-60.] 

[Sopra lo sviluppo secondo le potenze crescenti di x della frazione 
If(ajt+aje+...+a,0") ove & dy = 1. Giornale di Mat., 
xxx. pp. 35-39.] 

The first paper deals at great length with the relations between 
the three sets of functions, the c’s and the s’s and the alephs; but 
so far at least as the six determinants are concerned gives nothing 
new. The latter remark applies also he the other paper. (See Hist, 
lil. pp. 246-247.) 

The second part of the subject is continued in the same journal, 
vol. xxx., pp. 192-206. 


MARTONE, M. (1891). 
[Le funzioni Alef di Hoéne Wronski. 20 pp. Catanzaro. | 


This is an attempt to construct a theory of a subsection of algebra 
with a view to making better known the merits of Wronski. In 
regard to the related determinants nothing new is brought forward, 
but the pamphlet has the merit of being a clearly-written 
compendium. 

ESCHERICH, G. v. (1892). 


[Bestimmung einer Determinante. Monatshefte f. Math. u. Phys., 
iil. pp. 19-20.] 


The determinant referred to differs from Spottiswoode’s special 
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recurrent of 1853 in having the a’s all different and the y’s all dif- 
ferent : for example, 


a —y, *. : = Aes 
6 fy Ye . by; Xx05 
¢ . Le = =—Ys3 THCY 1Y2h3 
d v3 +dyYo4s- 


SEGAR, H. W. (1892). 


[On the multinomial determinant. Messenger of Math., (2) xxi. 
pp. 177-188.] 


The fundamental theorem here is that if 
(a) + ae +agv2? +...” = (Ap + A,x + Anz? +...)™ 


then 

y etre apim-" | nay —MAg 

é r!m" |2na, (n—m)a, —2may ‘ 
3na, (2n—m)a, (n—22m)a, —3mMAy 


4na, (3n—m)a, (2n—2m)a, (n—3m)a, 
We must note, however, that it is essentially included in David’s 
of 1882, as may be seen on extracting the m” root of both sides of 
the given equality and distributing the divisor m” over the rows, 
one m to each row. On the other hand, it is much more readily 
seen to include David’s, which is got from it by merely putting m 
equal to 1. 

In illustrations and deductions the author is very fertile. From 
the equality 


e2 x4 —n E EK n 
(eee ey) = (14 sr etq 4 sey 


he derives 


(—)"| n n 
2n n+l 2n n—1 
ey Fae Aare a 
3n 2n+1 n+2 3n 2n—1 n—2 
iG a wy iat ai ace 
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with, of course, a companion derived from the equality 
ce fing i Re 6 B; x 
G45+g+---) = 0 setgie are oe 
By means of similar determinants he gives expressions for 
d?” sin ay 
(a ce a 
z=0 
for the first n + 1 terms of 


eXp(@-+a,7+0gr2+ ...), ...., 
and for the zonal and tesseral harmonics. His second section he 
bases on a similar expression for 


d’ 
dar if (@)}" 
and in his third section he deals in like manner with 


 {E(2)X"(a)}. 


REICH, K. (1892). 


[Zur Theorie der quadratischen Reste. Archiv d. Math. u. Phys., 
(2) xi. pp. 176-192] 
Incidentally here there are evaluated several recurrents, the main 
two of which are specially interesting, namely, 
1 —2 
(Sir) ue: 
6); (3); “1 7-6: w) 
(7)s (je (3) 1 —8 ... 
and the one differing from this merely in having no negative ele- 
ments. Calling the former R,, and the latter S,, the author shows 
that 


(2n+1)R, = (4n—3)(4n—1)R,,_,, 
whence R, = (2n+3)(2n+5)....(4n—1): 
and similarly that 
(2n—1)8, = —(4n—5)(4n—3)S8,_1, 
whence Sp = (—1)"-1(2n+1)(2n+3) .... (4n—3). 
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SEGAR, H. W. (1892). 
(See under this heading ue Chap. XIII.) 


SAALSCHUTZ, L. (1892, 1893). 


[Kettenbriiche, Bernoulli’sche Zahlen und Determinanten. Bericht 
... 4. phys.-6kon Ges. (Konigsberg), 1892, pp. 44-47. ] 
[Vorlesungen iiber die Bernoulli’schen Zahlen,.... viil. +208 pp. 
Berlin. ] 


The first of these devotes a page or so to ‘ the formation of deter- 
minants which can be evaluated with the help of Bernoull’s num- 
bers.’ This, however, is really not anything different from what we 
have seen others call ‘ expressing Bernoulli’s numbers by means of 
a determinant.’ As the recurrent which is reached involves a 
variable, a variety of such expressions is available. 

The Lectures include these results, and, of course, much else 
unconnected with determinants. 


CALDARERA, G. (1893). 


[Sviluppo di un determinante particolare ad n variabili. Atti dell’ 
Accad. Gioena . . . (Catania), (4) vu., no. 8, 15 pp.] 


The determinant here is the persymmetric recurrent of Brioschi 
(1858) and Trudi (1862). By the method employed the evaluation 
of the six-line instance occupies two pages. (Hist., ili. pp. 208-209 
and p. 214.) ) 


HAUSSNER, R. (1894). 


[Independente Darstellung der Bernoulli’schen und Euler’schen 
Zahlen durch Determinanten. Zeitschrift f. Math. u. Phys., 
XXx1x. pp. 183-188. ] 


This may be viewed as a determinantal appendix to the author’s | 
lengthy paper * of the previous year on the general theory of Ber- 
noulli’s numbers. The main results, however, which he gives date 
back at least to 1875 (Hammond). 


* Nachrichten... Ges, d. Wiss. (Géttingen), 1893, pp)777-809. 
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VERNIER, P. (1895): JAMET, V. (1898). 
[Question 448. L’Intermédiaire des Math., ii. p. 15; iti. pp. 162- 
163.] 


{Sur la division des polynémes entiers. Annales... Fac. des Sci. 
(Marseilles), vill. pp. 151-161.] 


In neither of these is there anything of fresh interest. The result 
in the first is a determinant expression for (k+.)" and included in 
Pincherle’s rediscovery of 1881 (see above, p. 226). The subject of 
the second is that dealt with by Faure (1885) and his successors, 
to some of whom only a few pages back considerable space has 
been granted. (See above, p. 229.) 


STUDNICKA, F. J. (1897). 
(See under this heading in Chap. VI.) 


MANGEOT, 8. (1897). 


[Sur un mode de développement en série des fonctions algébriques 
explicites. Annales de Ec. Norm., (3) xiv. pp. 247-250.] 


The form of the function here in effect developed is 


{fil@)}™{ fav) }™ . . . {f-(@)}™, 


and as examples there are given 


1 
(a, +e e+eg?+...)7 = jet gpg get 
where 
G, = 2a, A : Dina 5 15 
4a, 3a, 2a 
6a, 5d, 4a, 
(Qn—2)d,-,1 (2n—3)a,. (2n—A)a,-3 .... (m—1)d 
Nn (n—1)a,_4 -~ (N=—2)@y_9 es 5 ay | 
and 


— H H EL 
(aytaztae?+...)h = Jao +7 9rgIF? Hy Sa a +375 8q554 a 
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where 
H, = la, 29 
2d 30, 4g 
303 4d, 5a, 
(n—l1)a,_, ~*~ NQy_» (n+1)a,_3 .... (2n—2)ad 
Ny (n—l)adn-1 (n—2)a,.2 .... la, 


It must be noted that G,, differs markedly in form from that 
obtained by Faure (1855), and that there thus arises a very curious 
equality. 


BOURLET, C. (1897). 


[Sur un déterminant remarquable. Nouv. Annales de Math., (3) xvi. 


pp. 369-373.] 
To include the result 
n'a —nN : 
(n—1)!a, x —(n—1) poicechn 
“| (n—2)!ag. xe  —(n—2)... 
5 be Oe 2G oe do ke = n! (agu"+a,0°1+ ...+a,), 
DN Ono os : : woes, eo 
dpa : : : tee. —U—] 
An : ‘ 3 A oe ia 


and Laisant’s (so-called) of 1889, a generalisation is here made, 
which for the 4 order is 
7) ay Ae as 
—B, Byw-y, yx—6, O24 
—B, Bo&t—Y2 yet—dg Sox 
=, Sst—Vs Ygb—es Ot 


== "| Bry263 | » (Agx a2" + ax +ds). 


CAZZANIGA, T. (1898). 


[Sul calculo di qualche determinante numerico. Giornale di Mat., 
XXXVI. pp. 362-367. ] 

Note is here made that Mangeot’s developments being sometimes 
obtainable otherwise, the values of his determinants in such cases 
may be known: for example, when a,=1/r! his G,, H, are 
1, (—1)"*" respectively. Tow 
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LAISANT, C. A. (1898). 
[Application géométrique d’une proposition d’algébre. Assoc. frane. 
pour V'avancem. des sci. u. pp. 73-76. ] 


The proposition referred to concerns the recurrent 


foo fe : 

2fe= S ia ; fs i ~ eee 
a fie 2) igi J jad pe Sek 
which is independent of x when f(z) is of the same degree as the 
determinant. 


CHAPTER IX. 
WRONSKIANS, FROM 1880 TO 1899. 


CONSIDERABLY increased interest under this heading has to be 
reported, the number of writings being threefold the number for the 
period of the preceding volume. 


CASORATI, F. (1880). 


[I] calcolo delle differenze finite interpretato ed accresciuto di nuovi 
teoreml.... Annals di Mat., (2) x. pp. 10-45, 154-157.) 


The second chapter (pp. 19-22) of this interesting memoir is 
occupied with the subject of linearly-related functions of a complex 
variable, the theorem arrived at being that the necessary and suf- 
ficient condition for yy, Yo; »- +5 Vn being connected by a linear homo- 
geneous relation with ‘ monotropic ’ coefficients is 


ya Ye tae Yn 
Ey, fives | or ea yy 2. 
Hy Sey a cee ee 


As the operator FE is equivalent to 1-+-A, we may put the condition 
also in the form 


oP Yo +s Yn 
Ay, Ay... Ay | _ 9g 
PAN eae PER noni NIST 


which perhaps makes more readily evident the nature of the generali- 
zation effected. In regard to the proof we need only note that the 


DW (a,2° + 30,774 3a,7+a,, 6,278+..., gz? +...) = —18 


; 
‘ 


er 
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less easy part of it,—the deduction of the relation from the vanishing 
of the determinant,—is accomplished by establishing first the case 
where v is 2, and then using Hermite’s condensation-theorem of 1849 
to make any one case dependent on the case before it. 


BURNSIDE, W. 8. anp PANTON, A. W. (1881). 
[The Theory of Equations,... xvi.+387 pp. Dublin.] 


The easily generalizable result on p. 259 may be worth noting 
namely, 

1 -a% 2 —2 

Den Gs Vig WN 
‘|b, by bg by 


Cour tae 1Cy tee, 


MALET, J. C. (1882). 
[Question 7008. Educ. Times, xxxv. p. 105: Math. from Educ. 
Times, xxxvii. pp. 119-120.] 
The result established here is that if 


CY + CoYo, Cag + CaYa 
be the solutions of 


q 


ory hd d?y o 
5 + PY = 0, 52 + QY ear () 
respectively, then 

W (Ys Yo Ya Ys) = (P — Q)? X constant. 


MANSION, P. (1884). 


[Rapport sur la ‘‘ Démonstration élémentaire de la loi supréme de 
Wronski” par C. Lagrange. Bulletin... Acad. roy. de Bel- 
gique, (3) vi. pp. 165-172.] 

The report regarding the demonstration is itself interesting, and 
especially when read along with Cayley’s proof of 1872 (Hist., iii. 
pp. 249-250) ; it is, however, a theorem contained in an appended 
‘Note’ that really calls for record. In effect this is that <f in the 
triangular array 
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Rio byder 203 fo try, 
Yao 2 Ba 
Lye Masti NG 

Ug V3 

V4 


the elements of the first row be mutually independent functions of t, 
and any other element be got by dividing the derivate of the element 
above it in the vmmediately preceding row by the derivate of the first 
element of that row, then each derived element is expressible as the 
quotient of two wronskians of the derivates of elements of the first row. 
By merely performing the requisite operations it is readily found that 
W(e 2) W(x’,uw') Wz’, v’) 
We, y’) Way) We’, 
and supposing that in the same way 
Wz’, y'; u’) 
W (2, ie z')’ 
Mansion shows, as follows, that 

aoe We’, 9’, 25 0) 

Sh Wile syne ee 

For the wronskians that express 7/3, v3 he uses temporarily U, V, R 


2g, Ug, Vg = 


W(2’, OR, v’) 
Wa’, y’, ZY 


U3, Vg = 


and thus has 
: RU’ — UR’ ’ RV’ — VR’ 
(us) = SCC: (v3)' = a 
and consequently by definition 
aie RV’ — VR’ 
Si, RU SURE 
But 
a’ y’ 2! a’ Yy ay a’ y v a y’ 
RY’ ee VR’ = gl” ys git : a” y" gy! fate a” Oe yy : gl” yo 
Die em gilt! giv ae uv we Ce Tai ver a wee 
= / a a! vy’ a! y 
vt Mt git yy’ go” y” 


= Wa’, Ue zy, v') o We’, y’) : aan 
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and similarly 
RU’ — UR’ = W(2’,,y', zu’). W( 2’, y’). 
By division there is thus obtained 
vy = We’, y’, 2, v')JW(e', y', 2, u’) 


as desired. 


STARKOFF, A. (1884). 
[Two formulae in the theory of determinants (in Russian). Annals 
Umv. Kasan., ii. pp. 175-179.] 
The first is the old theorem included in Schweins’ of 1825 


(Hist., i. p. 484) regarding the differentiation of a wronskian; 
and the second which concerns the differentiation of 


W(y; ait) Ym-1> Yn+i)/ W (Y1, ee dae) Ym-1> OPS} 


is also already known, being included in a theorem of Frobenius 
of 1873 (Hist., i. p. 252). 


DICKSTEIN, S. (1888, 1897). 
[Wlasnosci i niektore zastosowania wroriskiandw. Prace math.-fiz., 
1. pp. 5-25.] 
[Propriedades y algunas relaciones’de las wronskianas. Archivo de 
Mat., ti. pp. 102-108, 128-132, 141-145. ] 

What we have here is just such a methodical exposition of the 
main known properties as would suitably fill the place of a chapter 
of a largish text-book of determinants. The second paper is a 
translation of the first. 


PEANO, G. (1889). 
[Sur le déterminant Wronskien. Mathesis, ix. pp. 75-76, 110-112.] 
The subject here is the inaccuracy of the usual form of the theorem 
regarding the vanishing of a Wronskian,—a theorem first referred 
to by us under Puiseux (1851). One of the examples given as 


sufficient disproof is 
W (a2, «mod z). 
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Peano would accept as a substitute the proposition : If 


W(y1, Yar ++ +> Yn) 


vanishes identically, so also does the determinant of the array got by 
giving any n values to the independent variable im yy, Yo, +--+» Yn: 
He is apparently unaware of Christoffel’s enunciation of 1857 (Hvst., 
il. pp. 225-228). 


KONIGSBERGER, L. (1889). 
[Ueber eine Determinantenbeziehung in der Theorie der Differential- 
gleichungen. Crelle’s Jowrn., cv. pp. 170-179.] 


The subject here is the successive differentiation of a Wronskian, 
W(y1; Yor +++» Yni). As the y’s are the same throughout, it suffices 
to specify only the differentiations, W being thus denoted by 


LO; Sie, Se — 1 ae 
We then readily obtain 


oY Seer Gere i, 

2 

ae = | O41, wed, m2. we LE 10) dy Prey the 1, 2 

3 

oe = |0, 1,...,%—-3,n—1,nn+1]+2]0 L...,7—-2,m, n+ 2 


-+ 10, 1,..., n»—1, n+8], 
and foresee with the author what the succeeding differentiations 
will bring, although the statement of the general result may be 
difficult to put concisely. 


DEMOULIN, A. (1889, 1897): NEUBERG, J. (1894). 


[Remarque sur une propriété fondamentale des Wronskiens. 
Mathesvs, ix. p. 136.] 


[Démonstration de la propriété fondamentale des Wronskiens. 
Mathesis, (2) vii. pp. 62-63.] 
[Sut les Wronskiens. Mathesvis, (2) iv. p. 165.] 


These concern an already known property dealt with by Chris- 
toffel and Frobenius. 


\ 
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SEGAR, H. W. (1891). 
[A theorem in determinants. Messenger of Math.,(2) xx. pp. 141-142.] 


The theorem is that if {(t) be a rational integral algebraical expres- 
sion of the n™ degree, then 


tel. t t? 
f(t) f(t) F(t) 
1 t +2 
+ leat Pr: 2 a - 
D3 1 D? af D3 +2 
f(t) f(t) f(t) 


It is reached by investigating the case of Borchardt’s theorem of 
1855 (Hist., 11. pp. 173-175) wheret, =t, =... =t, =t. Wehave 
inserted the necessary sign-factor. 


LAURENT, H. (1888): MARTONE, M. (1891): 
ECHOLS, W. H. (1893). 

[Série de Wronski. Traité d’ Analyse, ii. pp. 352-356. ] 
[I determinanti Wronskiani e la legge suprema. 41 pp. Catanzaro.] 
[Wronski’s expansion. Bull. New York Math. Soc., ii. pp. 178-184.] 

The third writer throws some light on the constitution of the 
coefficients of the expansion and of the determinants involved in 
the same: but the paper has considerable additional interest in 
being a short, sane and fair account of the whole of Wronski’s 
mathematical work. 

Martone’s pamphlet I have not seen. 


TORELLI, G. (1893). 
[Sui determinanti di funzioni. Rendic. del Circolo Mat., vu. 
pp. 75-84.] 
Keeping in view his generalization regarding Jacobians, Torelli 
takes into consideration the corresponding Wronskian 
W(t Weg, s. -' « SUVA), 
but only for the case where the u’s are all powers of a common 
function, and even then only deals with the question of the divisi- 
bility of the Wronskian by a power of the said common function. 
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LECORNU, L. (1894). 


(Sur les déterminants wronskiens. Assoc. Frang. ... (Caen), xxiii. 
pp. 282-285.] 


The author here replies to a criticism made by Peano (Jnter- 
médiaire des Math., i. pp. 12-13, 157-158) on similar lines to those 
above indicated (pp. 245-246), the object being not to refute utterly 
but to minimize. 


GREVY, A. (1894.) 


[Etude sur les équations fonctionnelles. Annales sci. de Ec. Norm. 
Sup., (3) xi. pp. 249-323.] 

As the solutions of functional equations have in form an analogy 
with the solutions of linear differential equations, and the analogy 
continues to persist when the relations between the solutions come 
to be studied, one is prepared for the appearance also of an analogue 
to the Wronskian. On this account a reference to Chap. VI. (pp. 
301-317) of Grévy’s extensive memoir is considered desirable. 


BORTOLOTTI, EK. (1896). 
[Sui determinanti di funzioni nel calcolo alle differenze finite. 
Rendic. ... Accad. dei Lincei, (5) v. (1) pp. 254-261.] 
Being aware of the study of the properties of W(y,, ..-, Yns) 


the author here thinks to take a fresh step by investigating the 
properties of 


| yy Yo oo his Yn 

A Ay, .-- AY, 

Oe ene legen eee 
Ay; pate) 6 ae 3 Ae 


not knowing, apparently, of Casorati’s work of 1880, or that even 
Wronski began with finite differences and was led to differentials 
later. His aim clearly is to discover theorems regarding V corre- 
sponding to those regarding W: indeed Frobenius’ paper of 1873 
on Wronskians is kept steadily before him as a source of suggestion 
and asa model. He thus begins with 


VYY1s YYar + +> YYn) = y Hy. By... Ee ty. Vy, ys vs «5 Yn) 
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where E is the operation 1 + A; passes on to 


PE ees Cee ns Oye gl Pe ee) 
4 _ = ee Ye ee ee ee v,)} 
Be eee AEN ee A) hee HN (Uys 0 ong Ap) 7 
and then deals with the set of functions defined by 
a = 1" VG, + 2-5 Yeas Pas soos Yn)IV(Yrs ++ +s Yn)s 


justifying the application of the name adjunct to the set, and estab- 
lishing results which differ from their analogues merely in having 
V for W. 


PINCHERLE, 8. (1897). 


{Sulla generalizzazione della proprieta del determinante Wron- 
skiano. Atti... Accad. der Lincer... Rendic. (5) vi. (1) 
pp. 301-307.] 


From a study of the proofs of the various known condition- 
theorems regarding linearly-related functions the author here notes 
that in each case the operator prominently involved (d/dz, A, S) 
besides being distributive admits of a common type of multiplica- 
tion-theorem. He thereupon takes advantage of the opening thus 
suggested towards generalization, and succeeds in showing that a 
more general operator than d/dx may be substituted in the original 
theorem regarding the Wronskian, and likewise a more general 
operator than S in Grévy’s theorem. The combined result put in 
one enunciation is to the effect that if any operator O which admits 
of the said form of multiplication-theorem take the place of d/dx 
in the Wronskian, the coefficients in the linear relation have to be 
altered to ‘ coefficients periodic in O.’ 


PEANO, G. (1897): VIVANTI, G. (1898). 


[Sul determinante Wronskiano. Att: ... Accad. dew Lincer... 
Rendic., (5) vi. (1) pp. 413-415; vi. (1) pp. 194-197.] 
After again restating his objection of 1889, Peano substitutes the 
theorem that if for all the values of the independent variable belonging 
to a certain interval the Wronskian vanishes, and no value within the 
said interval causes the cofactors of all the elements of the last row of 
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the Wronskian to vanish, then there exists between the functions a 
homogeneous linear relation with coefficients that are constant and not 
all zero. The proof given is unnecessarily far-fetched and is not 
strictly determinantal. 

The object of Vivanti’s paper is to supply a proof not open to 
this objection. There is also given in it a variant form of the 
theorem. 


BORTOLOTTI, E. (1898). 


[Sulla generalizzazione della proprieta del determinante Wron- 
skiano. Atti... Accad. dei, Lincet... Rendic., (5) vii. (1) 
pp. 45-50.] 


It is here sought to improve on Pincherle’s result of the preceding 
year, and with the help of several preparatory lemmas proof is given 
that ef $1, d2,---, py be analytic functions having a common domain 
of convergence, and O be a functional operation that is distributive and 
uniquely determinate, the necessary and sufficient condition for the 
functions being connected by a linear homogeneous relation with 
coefficients constant with respect to O is 


|$,-O¢,-076,.... O"-19,| = 


STUDNICKA, F. J. (1899). 


[Ueber eine neue Art von Derivations-Determinanten. Monats- 
hefte f. Math. u. Phys., x. pp. 338-342. ] 


This is again a rediscovery, the determinant referred to being 
Sylvester’s persymmetric Wronskian of 1862. Several special 
functions of x are taken in succession as the basic function—the 
(1, 1) element—and evaluation effected. Of these the interesting 
one is «~™, in connection with which the author is led to the result 

PTs Os Cte ae Ce) eee de TE k! att, 


k=1 
where there is put 


a4 for a(a+d)(a+2d)... {a+(k—1)d}. 


The paper seems to be a second edition of the third ae m0 a 
paper published in Czech in 1898 (Véstnik Ceské Akad. . 
pp. 477-493). 


CHAPTER X. 
JACOBIANS, FROM 1880 TO 1899. 


THIs is one of the very few special forms which in the period under 
review received less attention than in the preceding period, the 
number of papers being about a third fewer. 


BRUNO, F. FAA DI (1880). 


[Notes on modern algebra. 3. Sur une propriété du Jacobien. 
American Journ. of Math., iii. pp. 154-163.] 
[Trois notes sur la théorie des formes : 2. Sur le Jacobien des formes 
binaires. Math. Annalen, xvii. pp. (280-288) 283-286. | 


The third note is occupied with a proof of a theorem of Clebsch’s, 
namely, that the square of the Jacobian of two binary quantics 1s a 
homogencous quadratic function of the quantics. In the main the proof 
depends on Euler’s theorems regarding the differentiation of homo- 
geneous functions. The given quantics, u and v, being of the m™ 
and n‘" degrees respectively, we have 


nd ane Pee T Yew TM hay Yay 1 My 
Uz Vy Lee + Yay +x Way + YVyy + Py 
Fieges Ucn Uay 4 ay Ucn Uyy 4? Ugy Uyy 
Vee Vay ae | Uyy Vay  Vyy 
Une U ae ipo tea Ug Uyy 
7 aad +y +y 
Vga Vy Ug Vay Vsy Vy Uz Vy 
4 Uy, Uy ae yo Ugy Ungy 
Vz Vy Vey Vay 


aa ye —ay x |+(m+n—2)J+4+J, 
Ugg Uny Uyy 


Vow Vay Vyy 
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so that the three-line determinant here is equal to (m—1)(n—1)J. 
It only then remains to multiply this determinant by 


gh Daye 
Uyy —Uey Vax 
Vyy 2 gy Vow 


when we obtain for — 2{(m—1)?(n—1)?J? an axisymmetric deter- 
minant having for its first row 

0 m(m—1)u n(n—1)v 
and therefore being of the form desired. 


GILBERT, PH. (1880). 


[Sur une propriété de la fonction de Poisson,.... Comptes Rendus 
. Acad. des Sci. (Paris), xci. pp. 541-544. ] 


All that need be said in regard to this is that for the statement 


of the property in question the use of secondary minors of a Jacobian 
is essential. 


PAIGE, C. LE (1881). 


[Sur le déterminant fonctionnel d’un nombre quelconque de formes 
binaires. Comptes Rendus... Acad. des Sci. (Paris), xcil. 


pp. 688-690: Bull.... Acad. ...de Belgique, (3) 1. pp. 490—- 
499, 461-462. ] 


Le Paige’s subject is the same as Bruno’s, and his method is quite 
similar, but in his hands Clebsch’s theorem is widely generalized.* 
Further, there is the interesting point that when the number of 
quantics is odd the determinant obtained for J? is zero-axial skew, 
and thus can have its root extracted. His two theorems are in effect: 

1. The square of the Jacobian of 2k binary quantics each of 
degree not less than 2k is a homogeneous quadratic function of the 


quantics, the coefficients of the function being sums of products of 
related covariants. 


* Readers specially interested in the algebra of quantics will find extensions by 
d’ Ovidio, Torelli, and Gerbaldi in 
Atti... Accad. .. . Torino, xiv. (1879) pp. 963-972 ; 
Rendic... Accad. ... Napoli, xxv. (1886) pp. 125-134 ; 
Giornale di Mat., xxvii. (1889) pp. 33-39. 
Connected also with the algebra of quantics is a paper by Giordano i in 
Giornale di Mat., xxxv. (1897) pp. 349-353. 
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2. The Jacobian of 2k+-1 binary quantics each of degree not less 
than 2k+-1 is a homogeneous linear function of the quantics, the 
coefficients of the function being sums of products of related covariants. 

By way of proof the second theorem is verified for the case where 
the quantics are 


u= (dp, a, oe ha, yy. 
v == (6, Ss te), 
eS (co; Cy, ++- ha, y)*. 


In regard to this, however, it has to be pointed out that the serious 
work of squaring the multiple 


y? gp NS, De MGs uc eh ep)? Cat cy 
yn (aj, ... $a,y)® (by, --. Say)? oye + cay 
yx? (dz, ... §a,y)® (ba, -.. §x,y)® Cov + Cy 


gs ss NEY). MO g see 2 OT, Yim EO 
of the Jacobian is not at all necessary, as the operation 
vcol, + 3z?ycol, + 3xy?col, + col, 
performed on this determinant changes the first column into 
OF 4, U,- W. 


PASCH, M. (1881). 
[Notiz iiber ternére Formen mit verschwindender Functional- 
determinante. Math. Anndalen, xviii. pp. 93-94.] 


The result here is that if the quantics have no common factor 
and be of the n‘” degree, there exists between them an irreducible 
equation of the »‘" degree where y is a factor of n. 


MUIR, T. (1882). 


[Question 6961. Educ. Times, xxxv.-pp. 25, 104: Math. from Educ. 
Times, xxxvii. pp. 58-59. ] 
Tn accordance with the fact that the Jacobian of the functions 


V,= ay — bz — cu — dr, 
V, = az — ez — fu — gr, 
Vz; = bx + ey —hu — ko, 
Vv, = a+fyt+h — ly, 


V; = dx+gy +kz+lu 


fil 
Fil 


1(%+h,, thy) — fi (x1, 25) So(@+h,, %+hg) — fig(%y- 12) 
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vanishes, it is shown that a relation exists between the functions, 


this being 
Vg fate: 


a b d 
é Ginaks 

k 

l 


= eS 


() 


JACOBI, C. G. J. (1884). 


[Vorlesungen tiber Dynamik. Zweite, revidirte Ausgabe. vuill+ 
300 pp. (Gesammelte Werke, Supplementband.)] 


The thirteenth lecture (pp. 100-106) concerns those properties of 
the Jacobian which are familiar in the special case of the ordinary 
differential-coefficient. 

It must be noted that the first edition appeared in 1866, and that 
the lectures were originally delivered in 1842-3. 


KRAUS, L. (1884). 


[Ueber Functionaldeterminanten. Srtzungsb.... Akad. d. Wiss. 
(Wien), xc. pp. 813-826.] 

The object here is to establish the following theorem and its 
converse: If the Jacobian of two binary quantics be a non-zero con- 
stant, then the independent variables are rational integral functions of 
the quantics. 


PEANO, G. (1884). 


[Calcolo Differenziale, e principii di calcolo integrale : (per Angelo 
Gennocchi), pubblicato con aggiunte dal Dr. Giuseppe Peano. 
xxx +338 pp. Torino.] 


In giving Bertrand’s definition of a Jacobian (Hist., ii. pp. 237-238) 
we carefully left the burden of legitimizing it on the author. Here, 
on p. xxvil. of his Annotazioni, Peano pointedly draws attention to 
its inaccuracy. Taking the simplest case, namely, where the 
quotient to be considered is 
hy 


ky 


ty +hy, T2+hy) —fy(a, &) — fo(@y-+hy, Lo+k) — fo(¥as #2) 


hy 
ky 
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he points out that, if h, were taken equal to h, and k, equal to hy, 
the denominator would be permanently 0, whereas the numerator 
would not in general be so, and that therefore the quotient would 
not then tend to any limit at all. He adds, however, that his 
objection would not hold if the f’s were connected by a linear 
relation with constant coefficients, or were quotients of linear 
functions of the z’s and had a common denominator. 


MANSION, P. (1884). 

[Discours sur les travaux mathématiques de M. Eugéne-Charles 
Catalan : III. Déterminants et intégrales multiples. Mém.... 
Soc. roy. des Sci. (Liége), (2) xii. No. 1, 38 pp.] 

A statement of Catalan’s contributions to the subject, including 

a pronouncement (pp. 10-12) on a question of priority as between 

Catalan and Jacobi (Hist., i. pp. 354-358.) 


STIELTJES, T. J. (1885). 
[Sur une généralisation de la série de Lagrange. Annales de l’Ec. 
_ norm. sup., (3) i. pp. 93-98. ] 
In the present connection this is only interesting because the 
left-hand member of Lagrange’s equality in the form 
SOG = Sigal le) om) 


where X = x + a¢(Z), is extended to 


BURRS Liars.) 
Se Ca arrarmanes 8 


where X (= 2 - ap(K,.Y, Zo. «), Yor wet by (XK, Y, Z, «....), 
Com tex (KR, VY, 4, «. .), ete. 


PEANO, G. (1889). 


[Su d’una proposizione riferentesi ai determinanti jacobiani. 
Giornale di Mat., xxvu. pp. 226-228.] 

Peano resumes here his criticism of Bertrand’s definition; and, 
besides supporting his former contention, offers three substitutes, 
the least geometrical being in effect: If u,, Us, us be, each of them, 
functions of X1, X9, Xz, and the determinant of the increments of the x’s be 
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hetiqech dent 
hi het h,’t’ 
heats byte? h, t” 
where the h’s are fixed quantities, and |h, hy’ h,” | ts not zero, then 
the limit of the ratio of the dependent to the independent determinant 
of increments as t, t’, t” tend to zero 1s the Jacobian 


O(uy, Ug, Ug)/O(X,, Xe, Xs). 


TEIXEIRA, F. G. (1890). 
[Extension d’un théoréme de Jacobi. Monatshefte f. Math. u. 
Phys., i. pp. 481-484.] 


The extension simply but carefully dealt with is included in 
Trzaska’s of 1871 (Hist., i. p. 267). 


PRIME, F. (1892). 
[Sur un théoréme de Jacobi. Mathesis, (2) ui. p. 227.] 


This in only a variant of §18 of the De determinantibus func- 
tronalibus (Hist., i. pp. 391-2). 


TORELLI, G. (1893). 


[Sui determinanti di funzioni. Rendic. del Circolo Mat., vii. 
pp. 75-84. ] 

Torelli carries on Cagorati’s work of 1874. Of his six theorems, 

all attended by corollaries, the first may be viewed as fundamental, 


the others being either direct deductions from it or analogues 
suggested by it. It is that 


J (usr; Ugda, ++ +5 UnUn) 
Uy . ere “0 . =U; 

Us SO 
Un Ss 
= | 0U, OU, On OV, OV Wn 
Ox, OX, 0%, O%, Of, OL, 
OU, Og Un OV, We On 
Ge Chi, Dhn ih, Oba Ody, On 
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where the determinant array is best looked at in quarters, two of 
which are the arrays of 


Mis. ey. a) SLO Uy, oy a 5 ys 
When all the w’s are powers of a common function w, the order falls 
to the (n+-1)", and a factor is separable ; also, further specialization 
leads to a case where the order falls to the n, the determinant 


factor being indeed the Jacobian of the vw’s. 

The first analogue concerns tlie pre-jacobian 

K (gy tin 5 Ue2n), 

where the number of the w’s and of the v’s is now n+1, but the 
independent variables are the same as before. Similar specializa- 
tions are made. 

Like Casorati, Torelli also goes on to the Wronskian. 

We note for ourselves here a curious-looking equality, which for 
the sixth degree is 

A. . -1 


e : : ar % 1 . . r . . ay as a3 ay ae a3 
1% G ay 2 43 
UR © Oa RY Cy Cy Cy Vt Yo Ys I> 
b, b, bs By Be Bs ee Oo da 
ST 7 a bat LENG f 
both members being equal to 
la, Aa, Mas ++ Ma, Nz ol. Va3 
Ib, + AB, mb, + wB, nbs + vB, 
ley +rAy1y Meg + MY, Ns + Vv¥3!- 


JACOBI, C. G. J. (1896). 
[Ueber die Functionaldeterminanten. Herausg. von P. Stackel. 
72 pp. Leipzig.] 
At the close of this translation of the De determinantibus func- 


tionalibus the editor appends 13 pages of useful notes. The volume 
belongs to the same series as that noted on pages 63 and 189 


above. 
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AUTONNE, L. (1897). 


[Sur un certain jacobien. Nouv. Annales de Math., (3) xvi. 
| pp. 376-379. | 
The m functions here are 


(Gy +Qy%1 +... +Ayy%y)| (Gop +491%1+ - - « +on%n)s 
(Gog +Qq)%)+..- +G2nXn)| (499 +401%1 + » 2» Oona), 
(Qz9+Qgi21+..- +A3ntn) | (doo +4o1%1+ «+» tO nF%n)s 


> 


and their Jacobian is found to be 
| o9411422 +» » Ann |] (Goo +4141 + - - - +4on%n)”**. 

In the proof Chio’s condensation-theorem of 1853 (Hvst., 11. p. 80) 

might have been used with effect. 


BERRY, A. (1898): CRAWFORD, L. (1899). 


[On the evaluation of a certain determinant which occurs in the 
mathematical theory of statistics and in that of elliptic geo- 
metry of any number of dimensions. Proceed. Cambridge 
Philos. Soc., x. pp. 2-10.] 

[On the evaluation of a certain determinant. Proceed. Edinburgh 

Math. Soc., xviil. pp. 25-27.] 

The determinant in question is the third in order of generation 
from a unit-axial axisymmetric determinant | 1,,|, the first being 
the adjugate | R,,|, the second |R;,| where Rj = R,/VR,R,, 
and the third the Jacobian 

0(Rie, Ris, Pee R,,-1, 2) 
Oars, 2 oy ay) 

the order of which is $n(n—1). The peculiarity of Crawford’s 

treatment of the case where » is 3 lies in taking for the non-diagonal 

elements cos a, cos b, cos c, where a, b, ¢ are the sides of a spherical 
triangle. Berry seeks the analogue of this in n-dimensional space, 
and attains a solution, the value found for the Jacobian being 


(—1)#r@-, {| rig |2-2/ Ry Reg Ran }tOt, 
The main point of the procedure consists in showing that it is 
equal to 
(Rip, Ris, 7 5StS Rycen-t) . (Tins Ton » a a Vn-1, a) 
A(T, 1135 gti oF) Trashy ; 0(Rin, Tee, we) 9) Brera): 


CHAPTER XI. 
SKEW DETERMINANTS AND PFAFFIANS, FROM 1880 TO 1899. 


THE subject of this chapter, quite unlike that of the preceding, 
shows a great advance in popularity, the number of writings for 
the twenty-year period having quite doubled. It is also worthy 
of note that the number of languages employed in them has more 
than doubled, there being now Italian, Russian, Polish, Czech in 
addition to English, German, French. 


ZAJACZKOWSEI, W. (1880). 


{[O pewnéj wlasnosci pfafiana. Rozpravy... Akad... . Krakowie, 
vill. pp. 67-74.] 
[A theorem relating to Pfaffians. Messenger of Math., x. pp. 36-37.] 


This is the identity given and verified by Tanner in support of 
his asserted theorem of 1878, and is the exact analogue of the 
determinant identity which in 1873-74 Muir called * ‘extension of 
Laplace’s expansion-theorem ’—that is to say, it expresses the 
product of a Pfaffian and one of its own minors as a sum of products 
of pairs of minors. An example in the old notation is 
Mee de tO) 10,0; ino] — = [o, 40,0, 7,0) Ll, 2, B, 0,7, 8] 

eo tr or il 2. 
0395 6,7, 8] (l 4, 
and another in later notation is 


ja bcde|.o=|j kl -|ade|—|ghi|-|b de|+|fgi|-|e de 


5, 
5 


P) 


fght mn hi mn kl kl mn 
jg kl 0 0 Oo ) n 0 
mn 
) 


* Proceed. R. Soc. Edinburgh, viii. p. 23 ; Transac., xxix. pp. 47-51. 
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In Zajaczkowski’s proof the Pfaffian is viewed as the square root of 
a zero-axial skew determinant, Cayley having suggested that such 
a proof would be possible though difficult. 


GUNTHER, §. (1880): LENGAUER,  . (1880). 


[Ueber einen Satz von den symmetralen Determinanten. Blatter 
f. d. bairischen Gymn.-und-Realschulwesen, xvi. pp. 310-814. ] 
[Zum Beweise des Cayley’schen Satzes von den symmetralen Deter- 
minanten. Bldtter..., xvi. pp. 423-424.] 


Both papers concern Cayley’s familiar theorem. By the first writer 
a six-line example is taken and, without altering the diagonal, is 
transformed so as to have zeros in the (2, 4)", (3, 4)", (4, 5), (4, 6)", 
(3, 5), (5, 6)" places and the places conjugate to these, the resulting 
determinant being thus expressible as the product of a pair of 3-line 
determinants which are found to differ at most in sign only. The 
second writer improves on the work of the first, but still further 
improvement is readily seen to be possible. And such is worth 
making, because of the fresh and instructive character of the 
procedure. 


MUIR, T. (1881). 


[On Professor Cayley’s theorem regarding a bordered skew sym- 
metric determinant. Quart. Journ. of Math., xviii. pp. 46-49.] 


Here the subject is for the first time treated independently of 
Jacobi’s ‘umbral’ notation, the variables, in whatever way they 
may be symbolized, being put in full evidence. It is also inci- 
dentally stated that a Pfaffian as thus written can be defined exactly 
after the manner in which a determinant is ordinarily defined, and 
that there thence can be developed a complete theory of the subject 
in perfect analogy with the theory of determinants. 

Start is made with the manifest identity 


| ¢+a b+8 c+ty d+éd e+e =|a be +d € a) a By 6 
fg ee ee fg ha fog ih 
4 k 1 Gaeat ik 
m n mn m 
0 0 


Oks ah So 


SKEW DETERMINANTS (MUIR, 1881) 261 


or say 
F=f+¢4; 

and both sides being squared, the determinant equivalents are sub- 
stituted for F2, f?, 62. Then, the substitute for F2, having a row 
and a column containing binomial elements, is partitioned into four 
determinants, when it is found that one is that substituted for f%, 
one that substituted for ¢?, and that the other two are equal. There 
is thus at once obtained 


a O06 6 @ ¢€)=—le boc gd. elel ge Bu ty. ome 
eas = fF ou BG 1 ha a ee ee Ge eet 
=—8B —f . 9 KU pk al ikl 
—y -J9 - - mn mn mn 
—<é —fy 3K eet oO (6) O\s 
—e —71 —l —n o 


The bordering of the determinant with a row and column having 
zero for their common element indicates no want of generality, as 
the cofactor of the said common element is itself zero. Further, it 
is pointed out that on putting a, 8, y, 6, e= 0, 0, 0, 0, 1, we obtair 


CeO aU We Olea | GD oe db 6 elf gah 

ee Ty Re yf a Ds oie 

L —f qk je Fee ad m|, 
n—-g-—j . ™m m n 

o —h —k —m ) 


which is the so-called second case. In it the one Pfaffian is a primary 
minor of the other, being, indeed, the Pfaffian of which the given 
four-line determinant is the square; and, if the first column of the 
determinant be removed to the last place, the arrays of the two 
Pfaffians are seen to be separated by the line of zeros. 


SYLVESTER, J. J. (1881-1889). 


[Questions 6795, 6826. Educ. Times, xxxiv. pp. 217, 245; Math. 
from Educ. Times, xxxvi. pp. 97-98, 117-118.] 


Proof is here given that the series 


(eed@eeee 1-50 T-5-9C, |. 
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used in Sylvester’s previous paper on the subject is, when summed, 
divisible by 2”, the quotient being the determinant 


— jt 
me © RH 


y Sea oman 
OSS see | OL Oy BBY.« 
Lo 


Also that the greatest common factor of v, and v,4; is 2*, where k 
is the greatest integer in }(n+2). 


MUIR, T. (1881). 


[On new and recently discovered properties of certain symmetric 
determinants. Quart. Journ. of Math., xviii. pp. 166-177.] 


The product of two n-line Pfaffians is here (§ 12) expressed as a 
skew symmetric Pfaffian of the 2n order ; for example, 


| ay a3 a4|-|% %y Wy 


Bs Ba Ys Ya 
Y % 
= 94 AgtX UgtX3 Ggt+X_ ag—T a3—X3 da—Xo 0 
Bst+ys Batys Pa-Ys Bs—Ys 0 F_g—Ag 
Yate Ya—% 0 Y3s—83 L3—a3 


—%a—Ae 
and, conversely, 
|@2 G3 A Gs Me ay 0 = | a,+a, as3+a5, Q4+4; 
bs b, bs bg Oo iaats bstbe by+bs 
C4 C5 0 —be —a Ca+Cs 
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From the latter two deductions are made, namely, A skew sym- 
metric Pfaffian of odd order vanishes, and, A skew symmetric Pfaffian 
of even order is equal to the difference of two squares.* 


MUIR, T. (1881). 
[On skew determinants. Philos. Magazine, (5) xii. pp. 391-394.] 
The main result here is the representation of any determinant as a 
Pfaffian ; for example, 


| abyc, | = | 2(42—b,) 2(43—C) $(@3+¢,) $(a,+b,) a 


3(bg—Ce) $(b3-+¢e) be 3(42+0,) 
C3 2(b5 +€2) $(a3+¢;) 

3(b3—Cy) $(a3—¢) 

3(@_—b,) 


It is obtained from a wider result by the same author giving an 
expression for the product of any two determinants of the n order 
as a determinant of the 2n™ order ft (p. 12 above). From Brioschi’s 
result and the present it is deduced that an axisymmetric Pfaffian 
of the 2n" order is expressible as a Pfaffian of the n” order: and there 
is the further deduction that the product of two axisymmetric Pfaffians 
as expressible as an axisymmetric Pfaffian. 

Centre-skew determinants are then taken up. First it is noted 
as self-evident that a centre-skew determinant of the 2n'" order is 
simply a centro-symmetric determinant with the sign-factor (—1)" 
attached: and it is then proved that when of the (2m+1)” order 


** Order’ as here used implies that 2n-line Pfaffians are of the n*» order: for 
later usage see below, p. 265. 

+ The converse proposition is this time taken for granted; it is given merely 
as an exercise in the author’s text-book of the same date (p. 206, ex. 17). We 
may add the example : 


|@g Gg Gy, Gy ae] = a Og+G, +a, 
i ie Mie As — Ay bs by +b, 
Cy Oy % Q,-a, b,-b5 Cy, I> 
bs; as 
a 


where, be it observed, the matrix of the determinant is the sum of an axisymmetric 
and a zero-axial skew matrix. 
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the determinant is expressible as the product of the central element and 
two m-line determinants, for example, 


Oy Be a3 MN as a a7 

by | Gb) Bp ec by Fe Cogent 

Cy C2 C3 C4 Cs C% Cy 

d, dy, ds 7) —d, —d, —d, 

Cae Cay rg ee ea) Ce Ce As 

—b, by bs —by —by bp —b, 

gematet Fate 4: = Og. SO Ose eas 
Gi = Gy Ao —Ug Usa Os y+d7 dgtdg 3+; | 
b,—b, b,—bg b3;—b; |-w-(—1)® bi +b, b:+0, 63+; | 
Ce - Gy, a Ce, Og C5 Cy+C, Cy+Cg  C3+C5 


From this it follows that An odd-ordered determinant which rs skew 
with respect to a zero-centre vanishes, and that a centre-skew deter- 
minant of odd order rs not altered by making all the elements of the 
nuddle row and middle column zero with the exception of the centre 
element. 


MUIR, T. (1881). 


[A TREATISE ON THE THEORY OF DETERMINANTS, with graduated 
sets of exercises,.... vu+240 pp. London.] 


The fourteen-page chapter here devoted to skew determinants is 
considerably different from the corresponding chapters of previous 
text-books, the reason mainly being that Pfaffians are viewed more 
in the light of independent functions having properties similar to 
those of determinants, and therefore being best treated by the use 
of similar notation and nomenclature. Thus the Pfaffian 


af — be + cd, 
which is equal to 
a bc? (a Oe C 
—a .  d@ €| ig denoted by de 
—c -e -f .|, 


the Pfaffian a.c,—a3b,-+a,b; in the same way or more shortly by 
'| dybsCa ie 
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and the Pfaffian @,.424—d19024-+@44o3 in either of these ways, or still 
more shortly by 

I] ays | 
—all in as close analogy as possible with the notation of deter- 
minants. Rows and columns, however, are not spoken of but 
frame-lines ; for example, the frame-lines of the first of the above- 
written Pfaffians are 


Sessarceswest pease (| Pen | fscemcecse paste eee 1st frame-line 
d i aoeanete (Jeo: iy gna os 


Sante f vam eS ore és 


tl 
esstie > Ave ap 


the Pfaffian of the second degree being thus a four-lune Pfaffian. The 
place of any element is indicated by the numbers of the frame-lines 
passing through it; for example, d in the above occupies the (2, 3)" 
place. The terms minor, adjugate, compound, and others are taken 
over, and analogous notation adopted in connection with them. 
The complementary minor of an element is obtained by deleting the 
frame-lines to which the element belongs; for example, the com- 
plementary minors of ¢ and g in 


ae Ore 
Sg ht 
4 ok A 
m n 
) 
are bf ig day and, |b d, % 
gk k 
m 0 


respectively. Such complementaries are denoted by the corre- 
sponding capital letters, and the adjugate of || a,.,| by 


| Aion |. 
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The recurrent law of formation thus comes to be written (ff being 
the suggested analogue for D or A) 


Lf (41, 2n) = Ayo ffir,2 rae As ff1,3 eek! 


or | yan | == GyeAye + GgAy3 + . 
, i) 
or Lf (G1, 2n) = nyo +a qe 35 


the fundamental relation between determinants -and Pfaffians 
appears as 
| %4,2n oe ae ae I| Dy, 2n ies 
Orr = 
and Cayley’s theorem regarding a primary minor of a zero-axial 
skew determinant takes the form: 


TD a alae, eae then De =f -fna th =k); 
Ap, =0 
but if D = | @yonia(;,,2-2,> then Di = fin he: 
Apyr=0 


Finally, the analogy with determinants 1s again insisted on, instances 
being given where the likeness is complete, and instances where 
more or less divergence in the two enunciations occurs. Among 
the latter, for example, appears the proposition that af two adjacent 
frame-lines of a Pfaffian be transposed and their common element be 
changed in sign, the new Pfaffian differs only in sign from the original. 

At the end of the chapter there is a somewhat lengthy collection 
of exercises involving results like the following : 


B) [a b ©[- (uy-+Me+Ms+ ia) 


d e 

ii 
= | apy bus Cus] + lam, 6 6 | + |a buy ec | + [a b cp, 
de Uing Chg df, € d eps 
i? Fi Sits fis 


(6) The axial term (the term on the perpendicular bisecting the 
hypotenuse) of a Pfaffian is always positive. 


(10) The last frame-line of a Pfaffian may be passed over the 


others to occupy the first place without altering the value 
of the Pfaffian. 
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(12) The cofactor of a,, in ff (a1, .,) is (—1)"##*-ffi,, 5. 
(20) | x a b c 
—A —NyNe nyc Nb 
—b —nco nn et nga 
—c¢ —Nb —Nn a —Nn Nt 
(21) If D,, denote the determinant got from 


= (n,a*—n,b?-+n,c? —nngngx?)?. 


A <i) 40 
a. de 
—b -d . f 
—c —e -—f 


by multiplying the p™ row and the g column by py, 2, M3, a, then 
Dy, + Di + Dy 


= | au, bus Cug|-(|an, 6 Clie by 6) la. bcp, 
d é dus Chg du, d ehte 
f J Shs Sus |) - 


MUIR, T. (1882). 


[On a determinant formed by bordering the product of two deter- 
minants. Messenger of Math., xi. pp. 161-165.] 


As deductions from a general thedrem we here learn that if an 
odd-ordered zero-axial skew determinant be bordered symmetrically 
with 0, X,, Xo, X3,...., and its square be bordered in exactly the 
same way, the latter resulting determinant contains the former as a 
factor; for example, when the given determinant is 


a b Ea 
—a . Sees Ea: 
—b -—e . | Semel 
—c -—f —h . 1 
—d -—g —k —l 


_ the cofactor is ~ 
—le f g|?—|b ¢ d|?—|a c d\?—ja 6b d|*?—|a 6b cP. 
h k h k fg eg ar 
I I l k h 
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Also, if an even-ordered zero-axial skew determinant be bordered sym- 
metrically with 0, X,, Xs; Xg, . - . the resulting determinant contains the 
original skew determinant as a factor ; for example, when the given 


determinant is 


the cofactor is 


—|a, 2s 


d 


Lop Ws 


é 


ts 


me eae 


b 


a ates 

: dame 

—d. f 
ee, 

%|* —|a We 

ty a 


f 


2 eee 
a5. 
d 


The Pfaffians occurring in the two cofactors are conveniently 


viewed as minors got by deleting a frame-line of a quasi-Pfaffian. 


MUIR, T. (1882). 


[Note on the condensation of skew determinants which are partially 
Proceed. London Math. Soc., xii. pp. 161-164.] 


The writer here starts with the skew determinant 


zero-axial. 


Ho Ay ds Ms Gh Ge 
=, ty bs by 6. "6, 
—d, —b, Cy Cea nete 
—, —by -G % d, de 

As, b; Cs Ghee pes mint 
—dg —b, Ce dg es 


having one zero in the diagonal ; changes it into 


Ly Ante 

—As Loh, 
1 | —4  —bstg 
ag — 4 —b,d5, 
—d, —b;d, 
—ag — De, 


AsNe 

bse 

U3A6 
—Cye 
— O56 


maa Cede 


Ade 
byte 
C46 
V4 
—AdsA, 
— Atte 


ot Dasay, 
Opilg ” " U, 
a a 
Calg Cg 
dag ~d, 
UgQg ey 


— gh, 
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and multiplies it by 2, in the form 


1 
: 5 
—f 1. —s 
=e te —As3 
—d, 1. -a 
—€¢ TOs) 
obtaining the equality 
Ty Ugh — 96% —Cgky — Agr, —6h1 
—A, det, AgLy '] Agb3C5 | I] Agbade | I] dadse¢ | 
7 1 : Az Cyt, —I| AgbgCg | Ag%3 I] ascadg| — || ageseg | 
Tyg | —dg gt, —!| dgbdgdg | —!| agcad, | AgX4 I] agdsee | 
—d, gf, —|| Apdseg| —!| ascseg| —!| agdseg | Ags 
—H, ’ 
and thence the desired result 
Gh; beLy Ok; Agx, gk 
— hy Ugh 2 '| Agbs¢ | I dabydg | | aadsee | 
46D, = | —cgt, = —!| aybgee | Wes I] dseqdg | || ascyee | (I) 
—dgt, —|| Agbydg| I] agcqde | AgX4 || agdseg | 
—e4l,  —!| Agbseg| —l| agcseg|  —!| agdseg | Ughs ) 


where the new five-line determinant 1s still skew. 

Next he takes a determinant, D,, with two zeros in the diagonal, 
namely, the determinant got from D, on making 7; =0; and 
using (I) obtains at once for 7,a,*D, a five-line skew determinant 
with a zero in the last place. This is then treated like D,, with 


the result 
UgegXy” MX || Agdzeg| Ag%y!| agbseg | —% || aabseo | 
th —Aghy || Apbse¢ | AglgX Lo, P Q 
Ag, (Cg%y)” | —AgX, || Agbse5 | sali Ugh gX Xs R 
Ag; || Abs e¢ | —Q oars AglglyX_ Js 


where P, Q, R are put temporarily for the compound Pfaffians 
Be eC, Cake | Cte, Cg Ly | Cee ad ghy C gh 
I] agb3eg | '] Gadsee | I| dabadg | !] dabse | I| agcyg| |] a305e¢ | 
'| aseseg| |. | 4445¢6| |, || agdseg| |, 
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whose values are 
1Ag!| bycseg|, 1 4g!| Dyd5eg |, tAg!| Cyd seg |. 


Substitution and simplification give finally 


€gXy || dads | I] agcség| —!| agdseg | 
otha —I| aabsee | Ce%a || Bscs@6| || Oadsee | (II) 
oe —I| ascseg| |] Bgcseg | 6h I] Cyd se | 
—l| aydseg| —!| bgdseg| —!| cydseg | Cg%4 
Similar procedure leads to 
Ly!| agdseg | Ly!| byd se, | L!| egd se | 
2,||a,d;¢,| Ds = | —2,'| bade, | Ly!| Agdse,| || dgbgcqdse,| | (ITT) 
—21|| Cydseg| —l| dgbgcydseg| 5! | Ayd5€e | 
and 
pa || Cydseg| || Aabgcad see | (IV) 
ates —|| AgbsCadseg| La! | Cydseg| |, 


D, and D, needing only to be mentioned. 
Attention is drawn to an interesting bye-product got from (II), 


by putting x, = 7, = 7; = x, = 0 and extracting the square root, 
namely, 


Cg |G, As Ay As a,| = | || aabse¢ | I] asC5@¢ | l| agd seg | 
bs by b5 bg I] bscs@g | || dadsee | 
C4 C5 || cd see | 
d, d, 
& 
— | C, —B, A, 
B, —Ag; 
Ay 2 


where the compound Pfaffian on the right is a minor of the adjugate 
of || a,b,c,d;e,|, and the equality corresponds to Jacobi’s theorem 
regarding such a minor in determinants.* 


* For years after this paper appeared its contents were viewed as entirely new : 
it was only in 1900 when the third part of Cayley’s paper of 1854 came to be inter- 
preted by Muir that the former’s identity was seen to be not essentially different 
from the first case above (Hist., ii. pp. 270-272). 
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MUIR. T. (1885). 


[Question 8059. Hduc. Times, xxxvili. p. 36; lvii. p. 527: Math. 
from Educ. Times, (2) vii. p. 97.] 


The identity established here is 


| ytd, ata Ay+O, ©... Ayton |= 27 ayag.. . don_y+AeMy ... Ayn). 
A,+d3 AztQ, ... Ap+tAon 
Ag+, ... As+Qo, 
Ayn_y + Aon 


From consideration of the construction of the frame-lines Nanson 
infers that the result must be of a certain form, and then from 
consideration of the related zero-axial determinant he evaluates 
the unknowns of the form. 

By splitting the binomials of the first frame-line the Pfaffian may 
be partitioned into two, one of which has a, for a factor ; and taking 
the other, we may in like manner express it as the sum of two, one 
of which has a, for a factor and the other vanishes. 


TORELLI, G. (1886). 
[Quistione 64. Giornale di Mat., xxiv. p. 377.] 

The identity here given is essentially that noted in Scott’s text- 
book (p. 117), and, with the Pfaffian notation, in Muir’s (pp. 206, 
240). It is noteworthy as involving a fresh expression for the 
difference-product of an even number of quantities. It is 

| (a a)?" (y—ag)*"* «(4 — gn)? 
(dg—d,) 4 oe (0g Cy, 


(@an—1 —@an) 
= (—1)i+) . (2n—1), (2n—1)2 .. . (2N—1)p_y+ | Qy°aQ! .. . aR}. 
In the absence of proof, we may point out that it can be derived 
from Zehfuss’ theorem of 1859 (Hvst., ii. p. 190) by taking therein 
the same even number of variables for each set and the sum of 
every two corresponding variables equal to 0. It may be even 
more appropriate, however, to view it as a case of Brioschi’s of 


1855 (Hist., ii. pp. 276-277). 
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MERTENS, F. (1887). 
[Ueber windschiefe Determinanten. Sitzuwngsb. ... Akad. (Wien), 
xevi. II a, pp. 1245-1255.] 


Still another demonstrator of Cayley’s familiar theorem, the aim 
being like Veltmann’s of 1871, namely, to derive it by direct con- 
sideration of the ordinary final development of the determinant 
(Hist., iii. p. 273). 


CATALAN, E. C. (1888). 


[Calculs de déterminants. Mém.... Soc. R. des Scr. (Liége), (2) xv. 
pp. 176-178 ; or Mélanges Math., 11. pp. 176-178.] 


It is not observed here that the determinant 


en Me 
| foe har ee 
eg! awh C 
g : jf: h’ 


can, by mere translation of rows and multiplication by (—1)?, be 
written as zero-axial skew, and therefore is equal to 


(99' +hh' —ff')?. 


FOURET, G. (1889). 


{Sur deux déterminants numériques. Nouv. Annales de Math., 
(3) vil. pp. 82-85.] 
The determinants here are 


1 Os i kame 8 ea SONS) ae ae 
aes id ok S meriaur © | =~ ** Ae ee 
ae ee eee es om on A 4 
hy OO Dy Bia SU IA ES ee a 


Calling them A, and B,, respectively, we already know that when 
m is odd B,, is 0, and we can easily show that when n is even B,, 


is 1. From this it follows that A,, being equal to B,-+-B,_,, is 
1 whatever n may be. 
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DERUYTS, F. (1889). 


[Sur une propriété des déterminants symétriques gauches. Mém. 
... Soc. R. des Sci. (Liége), (2) xvii. No. 2, 6 pp.] 


The property in question is the third of those given by Frobenius 
in 1876 (Hist., iii. pp. 275-277) as corollaries to a theorem regarding 
the vanishing of equigrade minors in a general determinant. An 
essential part of any proof is of course the fact that in such 
determinants, quite apart from other considerations, all the coaxial 
minors of odd order vanish. 


BALL, R. (1890). 


[Note on a determinant in the theory of screws. Proceed. R. Irish 
Acad., (3) i. pp. 375-378. ] 
The results as stated are partly geometrical in form, namely, if 
(r, s) be the angle between the 7 and s‘” screws of reference, then 


1 cos (12) cos (13) .... cos (16) 
cos (21) ] cos (23) ..... cos (26) 


cos (31) cos (32) 1 irene gOS LD) 
cos (61) cos (62) cos (63) .... 1 
and its coaxial minors of the 4** and 5 orders all vanish. 


TORELLI, G. (1891). 


[Appunti sulla teoria delle forme binarie. Annali del R. Ist. Tecn. 
e Naut. (Napoli). Anno 1891, 10 pp.] 


What is effected in the second of Torelli’s two notes is a fresh 
generalization of the old identity 


| a,b, | | ede | — | ayee | | bide | + | tide | | ce | = 0 
by viewing the left-hand member of this as a Pfaffian, namely, 


| !asbe | Jace | | ads | 
| Byeo | | Bye | 
| Cyd | |- 
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The next case concerns the elements of a 2-by-6 array, and to obtain 
it he multiplies together the two derived arrays 


| 2 2 3 3 2 2 ES 
Gos Osa, shy ae Oe lla? —38de’a, 34.0, ay 


b,3 0,205 b,b,? be b,% —3b,7b, 3b,b,? —b,3 


fo fae fe fel Ife 8h BAe he 


the result being 


> 


0 = a 6-line zero-axial skew determinant, 


whence, on extracting the square root, there follows 


| | abs |? ls ctztocl® ae.ti-ta ail Caton? | oak Us 
ree... [iff 
| crfe |* 


When the elements concerned form a 2-by-2r array, the common 
exponent appearing in the elements of the Pfaffian is 2r—3. 


METZLER, W. H. (1893). 


[Compound determinants. American Journ. of Math., xvi. pp. 
131-150.] 


The theorem here established (p. 148) is that All the minors 
of order n—m in an n-line zero-axial skew determinant will vanish 
of for this and each of the higher orders the sum of the coaxial minors 
vanishes. As an immediate consequence it is deduced that every 
zero-axial skew determinant “has a nullity equal to its vacuity.” (See 
below, p. 286.) 


HILL, M. J. M. (1895). 


[A property of skew determinants. Proceed. London Math. Soc., 
xxvl. pp. 341-345.] 

The property in question is that given by Spottiswoode in 1853, 
proposed for proof by Cremona in 1864, and satisfactorily estab- 
lished by Torelli in 1865 (Hist., i. pp. 289-291, 314-315). Hill’s 
proof is of the nature of a verification, and is more direct than 
Torelli’s, though not so concise, 


SN 
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RUSSIAN, ©. (1896-7). 


[Teorya przeksztatcenia Pfaffa. Prace mat.-fiz., viii. pp. 61-98 ; 
ix. pp. 61-102.] 


The preliminary pages devoted to determinants (pp. 69-76) do 
not contain fresh matter relating to Pfaffians. The theorems there 
collected for convenience are merely known results afterwards made 
use of in dealing with the actual subject of the paper,—the Pfaffian 
transformation. 


MUIR, T. (1896). 


[The expression of any bordered skew determinant as a sum of 
products of Pfaffians. Proceed. R. Soc. Edinburgh, xxi. 
pp. 243-359. ] 


The main portion (§1-§10) of this lengthy paper is occupied with 
a thorough investigation of a theorem exemplified by Cayley in 
May 1854 and November 1857, such being needed because the 
two statements of one of the examples do not agree, and because 
on neither occasion is anything in the way of proof advanced. 
Further, for forty years the theorem had been neglected, and 
when the Collected Mathematical Papers came to be published, the 
example in question appeared in a form different from both of the 
originals.* 

A quite general theorem is first established, which in the case of 
the 5‘ order is 


| @,beCxdye;| = | 4, A2 dz My Os + SJ (bo. Ad, As Ay 4s )) 
Was Oo: Da) Dy Peet Cy Ns 
Gi le me. #e. Cp : Airis aaa Os 
And a, Boclg' Cy 2&4 
Ee Crails,, C4 


+ S(bo¢3*| 41 Uy 5 |) + >) (xesdy . 


a as5{) + boCodye50, 
€; &% 


* Cayley’s two papers in question will be found reported on in our second 
volume (pp. 267-272, 278-279), 
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and this, when applied to the bordered skew determinant 
My hy hs hs ha 
ky ™M,  y a a3 
—k, —a, ™s Cr Bs; or Desay, 
She wliagni =p ee eys 
7 Oe i ie 2 LL 
and certain substitutions made, gives the first of Cayley’s identities 
in its correct form, namely, 


Ds =|4, a2 ag|-|™m, hy he hy hg | + S)(me-| ho hs hg|-| ko hy ha)) 


Bi Be ky ky ky kh 8, Be B, Be 
4 Wiles So), hg Yi Yi 
By Be 
v1 
+ Sms. yi lm hs hy )) i Smeg, Tighg) + mymymgmyms. 
Kee hy 
v1 


On putting in this 
h, =a; = B, = y, = 0, m, = i, 


there is obtained the corresponding identity for the case of the 
4‘ order, namely, 


hy hy ~ (lg) =| hy he che |: ky Boe Be 

My ~ Gy Ap ay Ae a, Ay 

—a, mm, B, By By 

—a, —B, M, + M8, | Mm hy hg| + mga. |m, hy hy 
hemes ks 


By | as 
+ mya, |m, hy he | + mymshgky 
he as 
art 
-+- MyMNoky + msm,h,k, + MyMoIM3N4. 
In order to make clear the law of development, all the axial elements 
except the first are’made 1,—a specialization shown to be more 
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apparent than real—the order of the terms in the developments is 
reversed, and another example is added to aid comparison, namely, 


m hy hy hs hy hs = Mm -- (yk, +heko +. OFS J 
—k 1 a “ag og wy + S(a1-|m hy hel) (10t 
f° 1 2 erms) 
i —a, 1 £8, ®B; Bs ees 
—k, —a, et Yarrye ay 
—kg —G, =6s —=yit E-3; 


Be te Ps —¥2 3,545 


ay As ay Ay 
B; By 
+ >U(I & az a3|-+|m hy hy hg h,)) (5 
Bi Bs ky ko ky ky | terms) 
Yi A, Ag Ag 
By Be 
4 nal 
+ | hy he hg hig hig |-| ty hey hey thy he 
GO; Az, Ag Ay ly Gsi a, a, 
By Bs Bs Px, Bs Bs 
Y1 Y2 ¥1 Y2 
On 6; |. 


Here it is important to observe (1) that the 1 and 3" groups of 
Pfaffian products resemble each other, as do also the 2°4 and 4"; 
(2) that in the 1* and 3" groups of Pfaffian products the one Pfaffian 
is a minor of the other,—is, in fact, the cofactor of m in that other ; 
(3) that in the 1 and 3" groups of Pfaffian products the first line 
of the Pfaffian of higher order is got by taking m and an even number 
of h’s; (4) that in the 2"* and 4™ groups of Pfaffian products the 
Pfaffians are of like order, the second Pfaffian differing from the 
first merely in having k’s for h’s; (5) that in the 2" and 4™ groups 
of Pfaffian products the first line of the first Pfaffian is got by 
taking an odd number of h’s. 

A paragraph or two is then devoted to the question of the number 
of distinct terms in such determinants, the more interesting of the 
two formulae obtained being 
(BS), = Sys + (n—1)8,-2 + (n—1) (n—2)8,_3 +... 

+ (n—1) (n—2) ... 3-28, + (n—1)! 


+ S)(lha he hs|-+| kr he &3}) (10 terms) 
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where §,, and (BS),, stand for the number of distinct terms in an 
n-line skew and bordered skew determinant respectively. The 
values of (BS), for n = 3, 4, 5, 6, 7, ... are given as 


6, 22, 101, 546, 3502, 
Incidentally, too, a fresh formula is found for S,, namely, 


3(1+3 3°5(1+3°5 
1+C,2¢+ Cia OE eae 


a Ces a 


3°5-7(1+3-5-7 
Q435-) 


The rest of the paper (§§ 16-19, pp. 356-359) is occupied with a 
new theorem, giving an expansion of the sum of m times a unit- 
axial skew determinant D,, and the bilinear quadric B,, of which D, 
is the discriminant. The first three cases are 


hy he 


™ il ay +- ee aia = m + (hy ky + hyke) — ay | m hy hg 
Ll. a | ke & 
are! soi ke < 
> Oe 
m{ 1 ay ato fa tas BPs 
1 ay a, ky 
ied : By = Gy 1 By ky 
See ela Coe iy ee 
= m + (Ayky+hekythgks) + Sa |m hy he 
a, |> 
mD, + By = m+ 2hyky + S)(aylm hy he|) +mla, ag ag |; 
ky ky B, Be 
vi 1 


and it is shown how with the help of the last of these the next case 
can be established, namely, 


mD, + Bs = m+ Thk, + >a, |m hy hs |) + S\(m| ay @2 a3 |"). 


ky ky By By 
el aA 
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FONTENE, G. (1896): MICHEL, CH. (1896) : 
STUYVAERT, M. (1897). 
[Expression de la quantité p(w,+u.+...+u,) au moyen d’un 
Pfaffien. Annales de l’éc. norm. sup., (3) xiii. pp. 469-487. ] 
[Le déterminant symétrique gauche d’ordre pair. Journ. de Math. 
Spéc., xx. pp. 127-129.] 

[Question 1101. Mathesis, (2) vii. pp. 31, 51; (8) x. pp. 246-252.] 

The first two papers here involve nothing fresh in reference to our 
subject. In the third there is incidentally given the evaluation of 
the 2n-line Pfaffian 


~ 


|x —l 


which is found to equal 


a  aegdl Ot tg gee a pa 


None of the writers interested in the question, however, seems to 

have observed the curious fact that the said Pfaffian is identical 
with the n-line continuant 

fae | 

LL eal 

Linea 


SADUN, ELCIA (1896). 


[Sulla trasformazione d’un prodotto di due somme di n quadrati in 
una somma din quadrati. Periodico di Mat., xiv. pp. 125-189.] 


This is of general interest in connection with a question raised in 
Roberts’ paper of 1879 (Hist., iii. pp. 280-281) ; but there is also 
a section of it (§ 2, pp. 128-131) which is directly relevant to our 
subject in that it points out an oversight of Brioschi’s when using 
his theorem of 1855 (Hist., ii. pp. 276-277) to deal with the case 
- where n is 8. An attempt, too, is made to show how the oversight 
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may be rectified ; but, unfortunately, the determinant proposed, 
namely, 


gi a) her enuiefisvicem sdut eyeceect 
=) —9J —f —eé d C b a 


is itself open to the same objection as Brioschi’s, in that it does not 
satisfy the required conditions. Further, if a multiplier different 
from Brioschi’s had to be used, it would have been simpler to take 
the proposed determinant itself unaltered. When this is done, the 
said determinant is seen to be a skew orthogonant equal to (Za?)4. 


> 


CAZZANIGA, T. (1897). 


[Sopra i determinanti gobbi. Rendic. R. Ist. Lombardo (Milano), 
(2) xxx. pp. 1303-1308.] 


Notwithstanding the title, this paper only concerns one theorem, 
namely, Cayley’s regarding a bordered zero-axial skew determinant. 
It involves no new result, but the exposition given is very clear and 
full. The form of the deduction from it regarding primary minors 
of a zero-axial skew determinant is slightly better than Scheibner’s, 
and agrees exactly with that on p. 200 of Muir’s text-book of 1882, 
namely, If |a,,| be zero-axial skew, and M,, be the minor got by 
deleting the p” row and q™ column, then 


Myo 2 i Pols ply. dagn)> (02, o- gael, Gab pt uklgeai), 
when n rs odd, 
and 


My =o (12, et cn) hs 2). .0)PHl, pls) q—k o+loaym, 
when n is even and p > q. 


When n is even and p <q, we can make use of the fact that 


Mg = —Myp 
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We may note that if the non-umbral notation be employed, the 
Pfaffians in the said deduction are in the first of the two cases got 
from the quasi-Pfaffian of the determinant by deleting the p* and 
q frame-lines separately, and in the second case the one is the 
Pfaffian of the determinant and the other is the minor got from it 
by deleting the p™ and g™ frame-lines separately. Thus when the 
given determinants are 


a b- 6—_ 8 : ER a es 
—a. ae RE —d, . Sa eS 
—h —e-_.°  h 4 —a, —b, PON a 
—c —f —h i] —a, —by -—G . Oemiie 
—d -g -it' -7 .|, —a, —b, —cs —d; + Gg 

—d, —be —Cg —d,g —e, 


and p, ¢ = 2, 3, we have 


Got w= Aare ad) ..| @i.0) 
—b -e h 7 ine AG 
lee hl J H j|, 
pear ca” Fa ae 2 | 
and 
a) a, a; | = —|, Gy A, d, ag|-| a as 
=a, —b; G% CG &% Abe Og De 0, d, dg 
—a, —by, . d, dg Cj Osh ¢, gale 
—a, —b, —d, “pe d, dg 
—a, —b, —d, —é &% 


VIVANTI, G. (1897). 


[Suile trasformazioni infinitesime che lasciano invariata un’ eguazi- 
one Pfaffiana. Rendic. Circolo Mat. (Palermo), xii. pp. 1-20.] 


An interesting section (§ 2, pp. 3-9) is here devoted to the pro- 
perties of zero-axial skew determinants. None of the twelve 
_ properties are really new, and those that take the form of relations 

between Pfaffians lose in width and value by being viewed as ex- 

plicitly connected with determinants. Frobenius’ theorem (Hist., 
iii. p. 276) that the vanishing of a zero-axial skew determinant of even 
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order entails the vanishing of all its primary minors is simply and 
freshly proved for the non-coaxial minors by noting that the square 
root of the vanishing determinant is a factor of each one of them. 


BAKER, H. F. (1897). 


’ [Note on a property of Pfaffians. Proceed. London Math. Soc., xxix. 
pp. 141-142 ; or Amer. Journ. of Math., xx. pp. 360-362. ] 


Of the two theorems here formulated, the first is a rediscovery, 
being included in Lloyd-Tanner’s theorem of 1878. It may be 
viewed as a simple extensional of the identity 
[1234...] = [12].[34...] — [13]. [24...]+[14]-[23...J—...., 
for example, 

[xy] [2y1234] = [xy12} [ey34] — [ayl3] [2y24] + [ay 4] [2y23}. 
It degenerates into the second when all the elements of one of the 
frame-lines of [xy12 .. . 2n] vanish except one: thus, putting 

v4, y4, 14, 24, 34 =0, —1, 0, 0, 0 
in the foregoing, we obtain 
[wy] [*123] = [wyl2j [#3] — [wy13] [22] +- [a1] [ay23]. 
(See Muir’s text-book, p. 205, ex. 2.) 


STUDNICKA, F. J. (1898). 


[Piispévek ke nauce o determinantech symmetralnych neboli pro- 
' timérnych. Véstnik Ceské Akad... ., vii. pp. 235-239.] 

The proof here given of Cayley’s theorem regarding an even- 
ordered zero-axial skew determinant is essentially gradational. For 
example, the theorem being known to hold for the 4 order, the 
determinant of the 6™ order is seen to be 


= {[1,1}[6,6] — [1,6][6,1]} + central 4-line minor 
= {0:0 +[1, 6} + a square, 
where [7, s] stands for the cofactor of the element in the (r,s). 
place. 
The division indicated here is performed, and an expression 
got for the Pfaffian in terms of 3-line and other minors of the 
determinant. 


sss 
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YOUNG, W. H. (1898). 


[On the null-spaces of a one-system. Proceed. London Math. Soc., 
xxx. pp. 33-53.] 


The portion of this (§2, p. 34) devoted to notation gives an 
account of Pfaffians under the designation ‘square brackets.’ 
Thus, the theorem regarding a primary minor of the adjugate 
appears in words thus: “‘ The square brackets of dimensions m—1 
in the b’s are proportional to the square brackets of dimensions 1 in 
the a’s,”’ where the b’s stand for the cofactors of the a’s in the original 
“square bracket.’ The same appears in symbols, thus : 


[34 .... 2m}, = {f12... Qm],}™-? + ay. 


SCARPIS, U. (1899). 


[Una proprieta dei determinanti dedotta dal concetto di sostituzione. 
Giornale di Mat., xxxvii. pp. 73-79.] 


The theorem is Cayley’s regarding a zero-axial skew determinant 
of even order, but the proof does not commend itself. 


RUSSIAN, C. K. (1899). 


[Some theorems on symbolic determinants. (In Russian.) Mem. 
... Univ... . (Odessa), Ixxvil. pp. 323-348. ] 


The symbolic determinants in question are those introduced by 
Tanner in 1878 (Hist., i. pp. 278-280) and used by him two years 
later (Proceed. London Math. Soc., xi. pp. 131-139) in formulating a 
generalization of Pfaff’s problem. The application of the deter- 
minants for this purpose, and especially for the formulation of 
conditions, is what the author is concerned with here and in several 
other papers. We may also note that part of such a paper in the 
next volume is occupied (pp. 417-429) with a useful collection of 
determinant theorems used by him in the course of the investigation. 


CHAPTER XII. 
ORTHOGONANTS AND LATENT ROOTS, FROM 1880 TO 1899. 


THE two determinantal matters that arise out of the study of linear 
transformation (Hist., ili. p. 284) are here left unseparated as in the 
preceding volumes, this course being on the whole the more con- 
venient for all concerned. The number of papers is considerably 
in excess of a half more than it was in the preceding period. 


LAURENT, H. (1880). 


[Sur la reduction des polynomes du second degré homogénes & des 
sommes de carrés. Nouv. Annales de Math., (2) xix. pp. 12-27.] 
A portion of this (pp. 16-22) is occupied with Lagrange’s 

determinantal equation. The treatment, however, is not an 

improvement on Gravelaar’s of 1875. 


| HAZZIDAKIS, J. N. (1880). 
(See under this heading in Chap. IV.) 


SCOTT, R. F. (1880). 


[A Treatise on the Theory of Determinants,.... xi-+251 pp. 
Cambridge.] - 

To Siacci’s fourth theorem of 1872 Scott prefixes (p. 233) a result 
which perhaps is best presented thus: If the Cayleyan orthogonant 
obtained from | ay, | have 1 subtracted from each of its diagonal elements, 
the resulting determinant is equal to 

2" | ain |o 
| Ayn | 


b) 
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where | ay, |) stands for what | a,,| becomes when each of its diagonal 
elements 1s changed to 0. And the mode of proof which we should 
prefer would be to remove 2” from the determinant in question and 
multiply the cofactor columnwise by | a,,|. The fact that | ayn |o 
vanishes when v is odd establishes part of Brioschi’s theorem of 
1854, namely, that every Cayleyan orthogonant of odd order has 1 
for a latent root (Hist., ii. pp. 317-318). 


WALECKI, .. (1882). 


[Equation en s de degré m, et décomposition d’une forme quadratique 
encarrés. Nouv. Annales de Math., (3) i. pp. 401-409, 556-560. | 


An elementary proof given here is worth recording, although no 
part of it is really new. With a little further simplification it is in 
effect as follows. If a be a root which occurs more than once in 
Lagrange’s determinantal equation A(x) =0, then A’(a) must 
vanish. Now, by the differentiation-theorem of determinants, A’ (x) 
is readily found to be the negative sum of the coaxial primary minors 
of A(x), and therefore this sum must vanish when z in it is put 
equal to a. But then another theorem—regarding a two-line co- 
axial minor of the adjugate—shows that on account of the vanishing 
of A(a) all these minors must have the same sign when x equals a. 
The conclusion thus is that they all vanish individually, as was to 
be proved. : 


SYLVESTER, J. J. (1884). 


[Lectures on the principles of universal algebra. American Journ. 
of Math., vi. pp. 270-286; or Coll. Math. Papers, iv. pp. 
208-224. ] 

The subject of these lectures, so far as they are here printed, is 
Cayleyan matrices,—a subject which, as we know, dates back to 
1854 (Hist., ii. pp. 85-87), and to which a special memoir was 
devoted in 1857.* Sylvester appears to have taken up the study 
of such matrices about 1881 ; and in the years 1883, 1884 published 


* Gaytey, A. A memoir on the theory of matrices. Philos. Transac. R. Soc. 
London, exlviii. pp. 17-37; or Coll. Math. Papers, ii. pp. 475-496. The result 
of a first attempt to give a List of Writings on the Theory of Matrices from 1857 
- to 1893 is published in the American Journ. of Math., xx. pp. 225-228. 
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numerous notes on the subject in the Comptes Rendus of the French 
Academy. So far as determinants proper are concerned, there is 
little or nothing to be noted. Of the class of theorems that may 
not unnaturally be attached to either theory, there is one important 
instance (p. 278), which we may state as follows: If the roots of the 
equation 


81, —X Ay2 Ain 
An Ag —X aon ase) 
ani Ane ee ee apn —X 
be py, px - ++» pn, and the Lagrangian determinantal function on the 
left be denoted by L(x), then 
0 0 0 
OS On te sere 
L(p;)- L(ps)- .- -L(pn) = oh oO. Sa 
a 0 Rapes ae Uh 


the multiplication of the L’s being row-by-column. In this connection 
we may note as a matter of terminology that if one of the latent 
roots of | a, | be zero, so that | a,,| = 0, Sylvester speaks of the 
‘content’ (i.e. determinant) of the matrix being vacuous ; and, if 
k of the roots be zeros, the matrix is said to have vacuity k, k being 
thus a sort of index of so-called vacuity. What it amounts to, of 
course, is the vanishing of the last k coefficients in the expansion 
of the determinantal function according to descending powers of 2. 


STIELTJES, T. J. (1884). 
[Un théoréme d’algébre. Acta Math., vi. pp. 319-320.] 


In a letter to Hermite, Stieltjes notes the fact, which he had 
verified, that if | a,b,c | and | a,Boy3| be positive unit orthogonants, 
and the determinant 

aj +a, Agta, ag+ag 

bi +1 be+Be bs+B3 = 0, 

Ci+y¥1 Cotye C3+Y¥s 
then must every primary minor of the latter vanish also. He adds 
that he was inclined to believe that the corresponding statement in 
the case of the fourth order was likewise true, 
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ROUTH, E. J. (1884). 


[On Lagrange’s determinant. Dynamics of a System of Rigid Bodies. 
Part II. pp. 36-41.] 


Routh considers the determinantal equation in the form 


AyC+by  Ayyt+dy .... Ayyt+dy, 
AyyE+D12  Agxt+bop  «. «Gant +d Een) 
Ay, 0 +Dy Aan +D5n anes ES Ann& ban 


and examines its roots in the so-called Salmon manner. Denoting 
the determinant by A,, and the minor of it got by deleting the 
first r rows and first r columns by A,,_,., he proves that the roots of 
each member of the series A,, A,_1, An-2, .... are all real, and that 
the roots of each member separate (or lie between) the roots of the member 
next before it in the series. From this his next proposition readily 
follows, namely, that if A, has m of its roots equal, every primary 
minor of it has r1—1 roots equal to each of these, every secondary minor 
m-—2 roots equal to the same, and so on. He then borders A,, axi- 
symmetrically with the elements 0, ¢,, ¢,, ..., ¢,,; and proves that 
the roots of the new determinant are also all real, and that they separate 
those of the original. Naturally, also, he continues the process of 
bordering, as we have already seen it done in the simpler case where 
the z’s of the determinant are confihed to the diagonal. 

Another possible mode of discussing the subject is indicated in 
the handling of two examples at the close (§ 71). 


MUIR, T. (1884). 


[Note on the determinantal equation connected with the investi- 
gation of the small oscillations of a system about a position of 
equilibrium. Messenger of Math., xiv. pp. 141-143.] 


This deals with the reality of the roots of the equation 
atta b4+8 ctt+y 

br+8 exte fa+g| = 0 

cat+y fatp ka+k 


as predicated by Sylvester’s theorem of 1853 (Hist., 11. p. 314), the 
aim now being to show that the said theorem is a direct. consequence 
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of the original theorem whose foundations were laid by Lagrange. 
This is effected by taking the more general determinant 


aa+a br+8 cx-+yv 
dt+éd exte fxt¢ 
gt-+ny het+O kat+rn 


and axisymmetrically transforming it so as to have no z’s outside 
the diagonal, the result being 


ab OD we. 
ag d 
5 gee hee 
a Y 
G bo~e 
a 1D 
aa a b Le Pe es 2 
d 8 ee rN Ie? 
dé ¢ @ 
Aes ee oe ize Wome 
e 6 4 ee ii eirg haate7, 
G2 6 «Gume dane 
hn h k 
Gata are 
where P and Z stand for 
OMG 
i|o oP ids ia sein 
aa ,| and ja eo 
d¢ 6 € 
Qe Ot MK 


respectively. On putting in this 
AS GRR ALO. ON): and 6; Os Bs Y> dp, 


it is seen that the determinant of the equation with which we started 
has an axisymmetric equivalent of the form desired, save that the 
coefficients of x are in general not 1,—a point of difference, however, 
which is easily cleared away by dividing each element of the row 
and of the column in which one of the said coefficients stands by 
the square root of that coefficient. 


\ 
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BUCHHEIM, A. (1884). 
(See under this heading in Chap. IV.) 


HOPPE, R. (1885). 


[Neue Relationen innerhalb eines Orthogonalcoefficientensystems. 
Archiv d. Math. u. Phys., (2) ii. pp. 413-416.] 
If | a,Gyy3 | be a positive unit orthogonant, the relations referred 
to are typified by the following : 


(B2+ys)* + (y2—Bs)? = (1+a,)*, 

(a,—-8;)(yi—as) = (83+ye2)(1+a,+82+ys), 

=p + (yas)? = rae (1+a,+82+-ys), 

a )? — (yi as)? = 2(y3—Be)(1+a,+B2+ys), 
—B,+y1—43)? = 2(1—a,+-8; +42) (1-+a,+B2+ys); 
aon ai aaaeck ea = (1—a,+82+y3+83+Y2)(1+a,+62+Y5). 
All are readily verifiable, and especially so if taken in the order here 
followed. 
LIPSCHITZ, R. (1886). 


[Untersuchungen ueber die Sunmmen von Quadraten. 148 pp. 
Bonn. | 


At the outset of this, consideration is given to those orthogonants 
that may be obtained from a given positive unit orthogonant by 
changing the signs of an even number of columns. The resulting 
theorem, which is attributed to Hurwitz,* may be formulated thus : 
If the orthogonant | a,, | = 1, and every possible determinant be formed 
from | a,,| by changing an even number of its columns, then among 
these 2°-! determinants there is at least one such that the addition of 
positive umty to every diagonal element of it produces a determinant 
that does not vanish, or, in other words, one that does not have —1 
for a latent root. The proof amounts to showing that if +1 be added 
to each diagonal element of the series of determinants, the sum of 
the resulting series is 2”. 

Hurwitz’ theorem, we may note, concerns a different sum, and 
his mode of proof would be inapplicable here. 


* Crelle’s Journ., xciv. (1882) p. 7. 
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LOBIA, G. (1886). 


[Su una proprieta del determinante di una sostituzione ortogonale. 
Jorn. de Sci. math. e astron., vil. pp. 129-132.] 


What is proposed to be effected here is the extension of Siacci’s 
fourth theorem of 1872 to orthogonants of odd order, a single proof 
being considered sufficient for both orders. The basis of the proof 
is a pair of separate multiplications of one of the primary minors 
in question, M, say, by the determinant, D say, of which it is a 
minor, it being overlooked that for odd orders D vanishes. Addition 
is then found to give, properly enough, 2M,D = —D?. No distinc- 
tion is made between positive and negative orthogonants. 


NETTO, E. (1886). 
[Ueber orthogonale Substitutionen. Acta Math., ix. pp. 295-300.] 

This is an interesting examination of Stieltjes’ suggested theorem 
of 1884. 

It opens with an account of the construction of Cayley’s ortho- 
gonant, and deduces therefrom a corollary which we may formulate 
for ourselves thus: Jf 1 be added to each of the diagonal elements of 
Cayley’s orthogonant as formed from an n-line skew determinant B 
with diagonal elements all equal to w, the determinant so obtained is 
equal to 

2"w"/B, 
and vanishes when, and only when, w vanishes: further, when w 
vanishes, all the minors down to and including those of order 2 vanish, 
and in the case when n is even all the individual elements as well. The 
first portion is a companion to Scott’s corollary of 1880; the second 
follows readily from the expansion of B in descending powers of w, 
there being either before or after the removal of the first power of 
w from numerator and denominator a term in B independent of w. 
Netto then takes the two orthogonal substitutions 


% = bay, + DyxYo a gatiabte scl. 9) A 
Ex = Bay + Bis +--+ + BinYns 
and deriving from the second, 


yy, = Burs = Box€2 cmt t Bux&n 
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substitutes accordingly in the first and obtains 


t = YB» - & + UaBa “E+... +DbaBu > En- 


The determinant of this is manifestly an orthogonant on account 
of Ya? and Y€é* being each equal to Yy?, and is by its mode of forma- 
tion equal to the product of the two given orthogonants. This 
being noted, €, is added to both sides so that the determinant 
becomes altered by the addition of 1 to each diagonal element, and 
according to an assumption of Netto’s may be taken as an equi- 
valent for the determinant of 


Ly, + &; = (bu +Bu) Ys. + (by +B) TE sre (in + Bin) Yn: 


If so, and if the product-orthogonant can be viewed as a Cayleyan 
orthogonant, the corollary with which we started can be applied 
and a pertinent result at once reached. The second assumption, 
however, is more serious than the first, and is pointedly referred to 
by Netto himself. Further, he states that Kronecker drew his 
attention to the wider fact that Cayley’s could not be a perfectly 
general representation, as the orthogonant got from a Cayley’s 
orthogonant by changing the signs of an even number of rows 
was manifestly not included in Cayley’s formula. Thereupon he 
worked out on the wider basis a substitute for Stieltjes’ proposed 
theorem. 5 

We note for ourselves that, | a,b,c, | and | a,S,y; | being the given 
orthogonants, we have only to multiply | a,+-a, 6,+8, ¢,+y3| by 
1 in the form | a,b,c, | or | a, Sey; | to see that it is equal to 


Yaa+l a8 Lay |; 
Yba YbB+1 Yy 
ca xcB Yey+l1 


so that the above-mentioned assumption is justified ;* and con- 
sequently if the perfect generality of Cayley’s representation were 
granted, Netto’s introductory corollary would end the matter. In 
the second place it must be noted that, since the w of Netto’s first 
theorem has with Cayley the value 1, it follows that Cayley’s ortho- 


*In the language of Cayleyan matrices the theorem is that the determinant of 
the sum of two orthogonal matrices is equal to the determinant of the sum of their product 
and unity. 
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gonant cannot have —1 for a latent root, and therefore that ortho- 
gonants having —1 for a latent root cannot be represented by 
Cayley’s formula. 


TARLETON, A. (1887). 


[On a new method of obtaining the conditions fulfilled when the 
harmonic determinant has equal roots. Proceed. R. Irish 
Acad., (3) 1. pp. 10-15.] 

If A, =0 be Lagrange’s determinantal equation and A,_, be 
the determinant got from A, by deleting the first r rows and the 
first r columns, then the theorem here finally proved is that if the 
equation have m roots equal, the primary minors of A,, Ay_1,.--, 


A,-m+2 all vanish. The proof is essentially the same as Walecki’s 
of 1882. (See above, p. 285.) 


VOSS, A. (1887). 


[Ueber bilinearen Formen. Nachrichten... Ges. d. Wiss. (Got- 
tingen), 1887, pp. 424-433.] 


Unexpectedly a half of this paper (§ 2) is concerned with the 
establishment of Stieltjes’ orthogonant theorem of 1884.* The 
proof given is neither direct nor simple, and therefore loses in value : 
but, as not unseldom happens in such cases, the theorem (Hist., iii. 
p. 301) on which it is made to rest is in itself of very considerable 
interest, its subject being the bordering of an orthogonant with its 
diagonal elements augmented. For the case where the orthogonant 
is of the 4™ order, | w,,;osw33044| Say, and the border is 3-line 
deep, it is 


14+ pi W12 0313 Oy, &% OF 
21 Wo2+ Pa Wes Wea Ag bg 
31 32 W33-+ P3 Wsa Assos 3 
ay @4o Was Waa tt pa My Og 
wy oe) v3 U4 
YW Y2 ¥3 Ya 
at 2) @3 &q 


*Tt turns up also in anotherJpaper of Voss’ on bilinear forms in Abhandl.... 
Akad, d, Wiss. (Minchen), xvii. 2, p. 261, ey 


NK 
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(—1)?(pipepsps)— © p17 + py @23P2P1 ®31P3P1 @4PsP1 = 5 by 
W12P1P2 W22P2"+p2z W32P3P2 W4oPsp2 Mz dg 


@13P1P3  23P2P3_ 333° +P; WasPap3 3.03 
@14P1P4 = M24 P2P4 MsaP3P, gaa’ +pa A Og 
Ln a Ls fo Sea eb 
41 Y2 ¥3 Ya Sya Syp 
ee Dax oe a Seat ee 


where 
= —1 —1 tt = 
Sra = %0,p1—1 + Leepe + LeAgpg 1 + Legg pat. 


No proof is given, but it is not difficult to see that multiplication 
of the left-hand member by | 1,334, |, followed by certain 
operations on rows and columns, will produce the right-hand 
member. 

The case of special interest is that in which each of the p’s is 1, 
for then the first 4-line minor on the right-hand side is the con- 
jugate of the corresponding minor on the other side, and the last 
3-line minor on the right-hand side is the product of the two border- 
ing arrays. It is this case that Voss makes use of, the additional 
condition introduced for his purpose being that all the 2-line minors 
of the first 4-lie minor simultaneously vanish. As the determinant 
involving the 8’s is then independent of them, the actually-used 
specialized form of the theorem ‘s If all the 2-line minors of the 
first 4-line minor of 


+1 Wy2 13 My4 a by & 
M21 @oo+1 Wo Wo4 &, be Cy 
31 Msg 33 +1 W34 az bz Cy 
41 Wa2 45 waatl ay by cy 
Xy Xp Sl gy 4 
Wa Ye Y3 Ya 
Zy Ze Zs Z4 


vanish, the determinant is only altered in sign by changing the first 
4-line minor into its conjugate. A separate and simple proof of 
this would have been a helpful addition to the paper.* 


* As regards the seeming predilection for bordered determinants, see below 
in Chap. XXI. under Stickelberger (1878) and Voss (1889). 
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MARCHAND, _. (1888). 


[Discussion de l’équation en s. Nouv. Annales de Math., (3) vi. 
pp. 431-435.] 
The object here is to prove the converse of the known theorem 
regarding the vanishing of minors which follows on the existence 
of m equal roots in Lagrange’s determinantal equation. 


RAHUSEN, A. E. (1888). 
[Sur quelques propriétés des déterminants, appliquées 4 une question 
de géométre 4 n dimensions. Annales de I’Ecole Polyt. (Delft), 
iv. pp. 104-139.] 

Unexpectedly there is found here (pp. 110-121) a contribution 
to orthogonants which has some special interest because of its 
mode of approach to the subject. The introductory theorems may 
be combined in one enunciation as follows: Jf | a,,| and | b,, | be 
such that the product of any two rows of the one 1s equal to the product 
of the corresponding two rows of the other, then (1) 

| An | = = | bial; 
(2) the critical minors * of 


(Az Dy).. Ae aba) | 
are of even or odd order according as the sign prefixed to | b,,| 2s 
+ or —; and (3) the complementaries of the critical minors * of 
. fae Dane Ann + Dan | . 
are of similar order in sumilar circumstances. The proof of (2) is 
not as simple as could be wished, and the proof of (3) is naturally 


on the same lines. It is then pointed out that if we specialize by 
taking for | 6, | the determinant of unit matrix, 


1 


n> 


*The author uses Rouché’s form of expression, which may be instructively 
varied by saying that the rank of the determinant in (2) and the nullity of the 
determinant in (3) are even or odd, etc. 
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the conditions connecting | a,, |, | b,,| become the conditions for 
the orthogonance of | a,,, |, and the theorems (2), (3) take the form : 
If | aim | be an orthogonant, the critical minors of 


| ay,;—1 Ajo 443 
ae; Ag —1 a3 
a3; aso 33 —1 


and the complementaries of the critical minors of 


ay tl Aye ays 
ey Azo tl Aes 


a3] As. Agg +] 
are of even or odd order according as | ay, | 1s positive or negative. 


LIPSCHITZ, R. (1890). 


[Beitrage zu der Theorie der gleichzeitigen Transformation van 
zwei quadratischen oder bilinearen Formen. Sitzungsb.... 
Akad. d. Wiss. (Berlin), pp. 485-523. ] 


Use is here made (pp. 496-497) of a peculiar linear substitution, 
the determinant of which is an axisymmetric orthogonant, and it 
is noted that the application of the substitution twice in succession 
has the effect of the ‘ identical ’ substitution. 

A skew determinant with univarial diagonal also comes up for 
consideration (pp. 508, etc.), but without any fresh result, Hove- 
stadt’s dissertation (Bonn, 1873) being referred to and his proof 
regarding the roots reproduced. 


KRONECKER,-L. (1890). 


[Ueber orthogonale Systeme. Sitzwngsb. .. . Akad. d. Wass. (Berlin), 
pp. 525-541, 602-607, 691-699, 873-884, 1063-1080; or 
Werke, ui. (1) pp. 371-459. ] 

Influenced by Lipschitz’ paper, and especially by the part dealing 
with an axisymmetric orthogonal substitution, Kronecker at once 
set for himself the problem of finding all substitutions of this par- 
ticular kind. ~In effect the first form of his result is that ¢f | cy | 
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be any orthogonant with real elements, then all axisymmetric ortho- 
gonants with real elements are obtained by taking 


f=m g=n 
demer — >) Cenex 
f=2 g=m+1 


for the (h,k)™ element. In its second form the result in effect is 
that if any orthogonal substitution be performed on 

yi t+ yi ts. e+ ym — Ym = Yaa — > >= op 
then the discriminant of the resulting quadric 1s an axisymmetric 
orthogonant. He corroborates Lipschitz in the latter’s conclusion 
that the number of independent elements on which such an orthogonant 
depends 1s m (n—m). 

In passing it is worth while to note for ourselves that the ortho- 
gonant given by either of these forms of statement is nothing more 
nor less than the result of multiplying | ¢,, | columnwise by | ¢j, | 
with its last n—m rows altered in sign, being consequently in value 
equal to (—1)"-™- | ¢, |?. A third form of statement, simpler than 
either of the others, is thus possible : and there is the further advan- 
' tage associated with it that the orthogonal character of the new 
determinant follows at once from the theorem regarding the product 
of two orthogonants. 

A section (pp. 603-607) is devoted to a re-examination and 
restatement of Cayley’s construction-theorem, the result, when 
restricted to real elements, being in effect that the theorem gives 
only those orthogonants that have not —1 for a latent root. At the 
close of the section there is appended the readily-made deduction 
that none of Cayley’s orthogonants can be axisymmetric; and this 
leads the author to a lengthened investigation (pp. 691-698, 873- 
875), the main result of which is to establish the fact that Cayley’s 
orthogonant can be made to approximate to an axisymmetric 
orthogonant, the latter being reached on proceeding to a limit. 

Of the remaining sections the only one that directly concerns us 
is the twelfth (pp. 1063-1068), the opening pages of which serve to 
show not only that the deficiency in Cayley’s orthogonant is unim- 
portant in essence, but that it can be easily made good. We are 
then led on to the interesting result that what one such orthogonant 
cannot give can be obtained by simply multiplying two of them together. 
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BRISSE, C. (1890). 


[Nouvelle méthode de discussion de l’équation ens. Nowv. Annales 
de Math., (3) ix. pp. 367-372.] 


The interest here is more in connection with the quadric of which 
Lagrange’s determinant is the discriminant than with the deter- 
minant itself: and, at any rate, there is nothing fresh regarding 
the latter. 


TABER, H. (1891): METZLER, W. H. (1892). 


[On certain properties of symmetric, skew symmetric, and orthogonal 
matrices. Proceed. London Math. Soc., xxii. pp. 449-469.] 
[On certain properties of symmetric, skew symmetric, and ortho- 

gonal matrices. American Journ. of Math., xv. pp. 274-282.] 


Both these papers employ the terminology and notation of 
Cayleyan matrices: after all, however, the properties dealt with 
are properties of determinants, and as such we shall formulate 
them. The first three may be combined in the one statement that 
If a determinant have k latent roots each equal to €, and L(x) be the 
corresponding latent function, then when the determinant 1s axisym- 
metric, orthogonant or zero-axial skew, the nullity-index of L() as k. 
The fourth property, namely, that the non-vanishing latent roots of 
a zero-axial skew determinant are pure imaginaries is a deduction 
made by Clebsch in 1861 from a theorem of Hermite’s (Hist., i. 
pp. 449-450) : and the companion property, namely, that the non- 
vanishing latent roots of an orthogonant have unity for their modulus 
dates even farther back, having been established by Brioschi in 
1854 (Hist., u. pp. 317-318). 

The latter part of the second paper (pp. 278-282) concerns ortho- 
gonants that have both +1 and —1 for latent roots. First, the 
assertion is made that such an orthogonant is not included in 
Cayley’s, and then it is sought to show how the want may be sup- 
plied. The result reached is simply that Cayley’s three-line ortho- 
gonant will include the special form in question if the signs of its 
second and third rows be altered. The requisite specialization, in 
fact, consists in putting the (2,3) element of the basic determinant 
equal to 0. 
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RADOS, G. (1891). 


[Zur Theorie der orthogonalen Substitutionen. Math. vu. naturw. 
Berichte aus Ungarn, x. pp. 95-97 ; but originally in Magyar, 
Math. és Term. tud. Ertésité, x. pp. 16-18.] 


The theorem here formally stated and proved is in effect that the 
compounds of an orthogonant are themselves orthogonants. The proof 
is direct and simple, any product of two rows of the compound being 
shown to be suitably 1 or 0 by using the theorem for the multi- 
plication of two oblong arrays.* 


PRYM, F. (1892). 


[Ueber orthogonale, involutorische und orthogonal-involutorische 
Substitutionen. Abhandl. d. k. Ges. d. Wiss. (Gottingen), 
XXXVill. 42 pp.] 

The part of this dealing with orthogonal substitution (pp. 3-11) 
is restricted to the consideration of Cayley’s orthogonant, the use- 
fulness of which it seeks to extend. The procedure is based on the 
fact that an orthogonant remains an orthogonant when any number 
of its rows are changed in sign,—that is to say, when the rows in 
order are multiplied by v,, v2, ..., Up, and 

On = Ue = ee = U2 = 1; 

and the result is in effect that if | w,, | be Cayley’s orthogonant, 

every one so derived from it is subject to the condition 


Oy +2 @y2 313 
W21 Woo+Ve Wo3 =e 0 


31 W392 33 +3 


When the v’s are all positive, the condition agrees with that already 
found. 

‘Involutory ’ substitution comes naturally to be considered along 
with orthogonal substitution because of an analogy between the 
two. Thus, while an orthogonal substitution and its reverse are 


*It is curious to note the neglect suffered by this paper. Twenty years after 
its double publication it was unknown in responsible quarters. (See below, 
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so far alike as to be conjugate, an involutory substitution and its 
reverse are identical ; or, again, while in an orthogonant 


TOW, + TOW, = Cece ® 
A * | 1 when-h. = 4; 
in an ‘involutant ’ e 
0 when h + k, 
gs ie {1 when h = k. 


Keeping this analogy steadily before him, the author succeeds in 
finding for Cayley’s rule of construction an exact counterpart in 
the case of the new determinant. Indeed, his working of the two 
rules differs only in regard to the basic determinant, which in 
Cayley’s is wnit-axial skew and in the counterpart is wnit-axial 
axisymmetric with a zero in the (h,k)™ place when v,=v,. Thus, 
the order being the third and 1, = 1, v, = —1, v3 = —1, the basic 
determinant and its adjugate are 


Litarls 1 —a =£8 
Wd ll 33 —a 1-£? af 
ES FC ene: Paar leas 32 

and the involutant 

kee De 26 
ip B ‘ B 

Qa -2(82—1 —2a/3 

B Be te B 

28 —2a8 2 (a?—1) 

B B iia 


where B stands for 1—a?—?. Following on this is a detailed con- 
sideration of cases, the greater portion of the paper (pp. 16-38) being 
so occupied. : 

Lastly, substitutions that are both orthogonal and involutory are 
taken up and shortly discussed (pp. 38-42). The determinant of 
such substitutions is readily seen to be axisymmetric: its most 
general expression is nevertheless far from simple, the statement of 
the theorem, which deals with the mode of constructing it, occupy- 
ing a full page and a half. (Cf. Lipschitz and Kronecker above, 
- pp. 295-296.) 
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IGEL, B. (1892). 


[Zur Theorie der Determinanten. Monatshefte f. Math. u. Phys., 
il. pp. 55-68. ] 
The second section (pp. 60-64) of this paper concerns the deter- 


minant . 
Ay1—Fy, Ne Ns —by, . . —bs; 
Qe, Mpg —Dy, ag : —bs, : : —bs; 
Q3) 32 A3g—D yy . . —bey : . —bs, 
—by. . » Ay — bon Aye As —bsp 
—by» : Az, Aeg—Do9 ng : —bs3o 
—bip M31 Az, A3g Da» : : —bso 
—bys : . —bes : . Qy;—b33 Aye 13 
—bys . : —bo3 . Az, Uy2—b33 Mag 
—by; . . —bes M31 Az, A33—Dg3 |, 


or D say, which may be recognized as Sylvester’s and Cayley’s 
eliminant of the nine linear equations combined in the single matrical 
equation 

(44, Aye Ag $ (yy yy Tyg) = (yy Vy ys ¥ Dy dy dys ) 
py Taq Xag|| Dg Dye bes 
bs bye bss . 
(See below in Chap. XXII.) On the assumption that D = 0 and 
that the cofactors of the elements of its first row are equal to the 
cofactors of the elements of its first column, the train of reasoning 
followed is considered sufficient to establish “ the orthogonal char- 
acter of the x’s and—what is the same thing—of the primary minors 
of D.” 


No reference is made to D being the eliminant of the two La- 
grangian cubics 


Qe1 Ae Ag Loy Log Vg 


G31 Az gg U1 U3 V3 %31 L39 X33 


Ay % M2 Ay = 0 = |b,—« bi. bis 
Ae} Aea—LX Ag boy bop —a# bog 
3) A309 A33 —& bs, bs Dog vols 


indeed it is clear that, whether Igel knew of Sylvester’s work of 


1884 on matrices or not, any connection of it with his own had not 
entered his mind. aes 


= 
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SCHOUTE, P. H. (1892). 


[Question 11731. Educ. Times, xlv. p. 489; Ixiii. p. 380: Math. 
from Educ. Times, (2) xix. pp. 52-54.) 


The proposition here is a mere variant of Brioschi’s (Hist., ii 
pp. 317-318), to the effect that the real latent roots of an orthogonant 
must be either 1 or —1. Denoting by f(x) the orthogonant with 
each of its diagonal elements diminished by z, the solver (Muir) 
forms the equation 


f(z) -f(—2) = 0, 


whose roots are squares of the roots of the given equation, and 
finding that the product-determinant is skew with 1—z? in each 
place of the diagonal, he is able to show that for even orders there 
are no real roots at all and for odd orders only one real root whose 
square is l. 

The possible loss of generality in using a Cayleyan orthogonant, 
as Brioschi does, is referred to in our account of Netto’s paper 
of 1886. (See above, pp. 290-292.) 


BANG, A. 8. ,(1893). 


[Om en Trediegradsligning. Nyt Tidss. f. Math., iv. B, pp. 57-60 ; 
ix. B, pp. 94-96. ] 


The result here given is that the roots of the equation 


{ fg gb 
are all real if big = cdh and — B —, ce: h wre im sign,—a generaliza- 
tion of the case where the aaron is axisymmetric. Another 
curious deduction that may be made from his fundamental equality 
is that A three-line axisymmetric determinant 1s expressible in terms 
of its non-diagonal elements and their complementary minors. 
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TABER, H. (1893, 1894). 


[On orthogonal substitution. Papers published by American Math. 
Soc., 1. pp. 395-400. } 

[On orthogonal substitutions that can be expressed as a function of 
a single alternate (or skew symmetric) linear substitution. 
American Journ. of Math., xvi. pp. 123-130.] 

[On orthogonal substitutions. Bull. New-York Math. Soc., ii. 

pp. 251-259. ] 


These are again papers that employ only the algebra of Cayleyan 
matrices and that nevertheless deal with a subject viewable as 
purely determinantal. As before, therefore, appropriate note must 
be taken of them. They start with a recognition of the short- 
comings of Cayley’s orthogonant, stating now definitely that it 
fails in but one respect, namely, the inability to represent an ortho- 
gonant having —1 for a latent root. The most interesting point 
connected with the results is the part played in them by the square 
of the defaulting orthogonant itself. Dividing orthogonants into 
those that are the square of an orthogonant and those that are 
not, the author succeeds in assigning to the first class (1) all 2-line 
and 3-line positive-unit orthogonants, (2) all n-line positive-unit 
orthogonants with real elements, (3) Cayley’s orthogonant, (4) all 
positive-unit orthogonants that are axisymmetric: and his most 
noteworthy theorem is that all those thus assigned are representable 
by the square of Cayley’s orthogonant. The other properties of 
orthogonants of this class, and properties of orthogonants of the 
second class, are given In a summary at the end (pp. 258-9) of the 
last of the three papers. 


METZLER, W. H. (1893). 


[Compound determinants. American Journ. of Math., xvi. pp. 
131-150.] 

At the close of this paper (pp. 149-150) there are under the 
heading ‘ Matrices ’ two theorems on orthogonants. They are both, | 
however, rediscoveries, the one being Rados’ of 1891 and the other 
Siacci’s second theorem of 1872; but the fresh point of view is 
interesting. (Hist., iv. p. 298; iii. p. 292.) 
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NETTO, E. (1894). 
{Zur Theorie der orthogonalen Determinanten. Acta Math., xix. 
pp. 105-114.] 

Netto here resumes the subject of his paper of 1886, and, having 
first shown that when | ¢,, |, or O say, is an orthogonant, the deter- 
minant 

Cutl cp 


Coy Co +1 , or Q say, 


includes and is included in Stieltjes’ determinant, proceeds to prove 
that when O = +1 the vanishing of Q entails the vanishing of all its 
primary minors. To this end he shows by ordinary multiplication 
that whether O is positive or negative unity, 


Q.9 = Q — Qe; 
perhas i {oxo = Qn, 
the second of which recalls Siacci’s fourth theorem of 1872, and is 
proof that when Q vanishes, any coaxial minor, Q,,, vanishes also. : 
For the case where the minor is non-coaxial, Q,,, he takes the general 


identit 
eed WO = GO > O05. 


and knowing that Q,, and Q,, have Q for a factor, he sees that 
—QrQax; 7. O (Q,n)?, 18 in the same condition. He then passes to 
the establishment of a companion theorem, namely, that when 
O = —1, Q necessarily vanishes, and, if in addition the primary 
manors of Q vanish, the secondary minors must vanish also. In like 
manner he indicates briefly that when O = +1 the vamshing of Q 
and its secondary minors entails the vanishing of the tertiary minors : 
and from the three results thus reached he confidently draws the 
conclusion that According as O is +1 or —1 the first set of minors 
of Q that do not wholly vanish must be of the order n—2m or n—2m—1. 


TABER, H. (1896). 


us a two-fold generalization of Stieltjes’ theorem. Proceed. London 
Math. Soc., xxvii. pp. 613-621.] 

There are here given four theorems having a close family likeness, 

the third of them being that referred to in the title. The first may 
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be formulated thus: If —1 be added to each of the diagonal elements 
of an odd power of a positive unit orthogonant, and the resulting deter- 
minant be such that its minors of the order 2k are all zero, then its 
minors of the order 2k—1 are all zero also: and where in this 

—1, positive, 2k, 2k — 1, 
appear, the others have respectively 

—1, negative, 2k +1, 2k, 

+1, positive, 2k, 2k + 1, 

+1, negative, 2k—1, 2k. 
The proofs are mainly dependent on the fact that an odd power of 
a zero-axial skew determinant is a determinant of the same kind, 
and the fact that when in a zero-axial skew determinant all the 
minors of order 2k vanish, so also must all the minors of order 2k—1. 
Combining the third and fourth theorems and taking the case where 
the odd power is the first we have a result reached by Voss in 1877, 
namely, If | a,, | be an orthogonant, and the minors of order n—r in 


aytl Aye 
Ao) Ag+] 


are all zero but not all those of order n—r—1, then r is odd or even 
according as | a,, | equals +lor —1. Itis pointed out, however, that, 
notwithstanding an assertion of Voss’, the like combination and 
specialization of the other two theorems hold only when 1 is even. 


MUIR, T. (1896, 1897). 

[On Lagrange’s determinantal equation. Philos. Magazine, xiii. 

pp. 220-226. ] 

[On Sylvester’s proof of the reality of the roots of Lagrange’s 
determinantal equation. American Journ. of Math., xix. 
pp. 312-318.] 

Working with quaternions Tait arrived anew at Bang’s result of 

1893, finding* that “the roots of 


* Tart, P.G. On the linear and vector function. Proceed. Roy. Soc. Edinburgh, 
xxi, pp. 160-164, 310-312, 


\ 
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A—z b c 
d E-c« f\)=0 
9g h I-¢ 
are always all real, provided the single condition 
cdh = bfg 


be satisfied.” Muir’s investigation is a consequence of this, his 
mode of procedure being to multiply the rows of the given general 
determinant in order by m,, wy, ... and the columns in order by 
My’; Mg’, -.-, and then ascertain the conditions necessary for 
axisymmetry in the resulting new form of the determinant. The 
theorem reached is: The n° equation 


11 —x 12 13 
AA 22—x 23 
31 32 33 —x 


will have all its roots real of in the case of every pair h, k of the indices 
2, 3,.-., n we have 
th. hk.kl = hl.kh. 1k, 


and Ihehl = +. 
These conditions, it is incidentally shown, ensure that in the case of 
every triad of the indices'1, 2,..., we shall have 
Ih hk. kl = hl. kh. lk, 
and hk kh = +. 


The second paper establishes the same result by means of Syl- 
vester’s method of 1852 (Hvst., u. pp. 310-311): and thereafter 
draws attention to properties of the determinant | 11.22....nn|, 
whose elements are so conditioned. 


PASCAL, E. (1897). 


[I Determinanti:.... vili+330 pp. Milano.] 


Pascal extends (pp. 204-227) Brioschi’s theorem regarding the 
latent roots of an orthogonant to the case where the value of the 
orthogonant is —1, showing that when the order is odd the solitary 
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real root is —1, and when the order is even there are two real roots 
+1, —1. He also gives corresponding extensions of Siacci’s third 
and fourth theorems, and provides a companion to Siacci’s second, 
namely, If to each element of an orthogonant of value +1 there be added 
the corresponding element of an orthogonant of value —1, the deter- 
minant so formed vanishes. 

These minor advances, too, it must be noted, are accompanied 
by better and shorter proofs, of the kind used by Netto and exem- 
plified by us under Siacci. (Hvst., ui. pp. 291-294.) 


ELFRINKHOF, L. VAN (1897). 


[Eene eigenschap van de orthogonale substitutie van de vierde 
orde. Handel. Nederlandsch Natwur-en-Geneesk. Congress 
(Delft), pp. 237-240. ] 


The first point of interest here is that Cayley’s four-line ortho- 
gonant remains an orthogonant when an additional variable is taken 
and inserted in all places necessary for making the elements homo- 
geneous. If w be taken for the said variable, this means (Hist., ii. 

p. 306) that the determinant 
2 2 2 62 . 
(eared 2(f0 +aw+ bh —-cg) 2(g0+ bw +cf-ah) 2(h0+cew+ag—-bf) 
2(—f0 — aw + bh — cq) 2(-—cé — hw +g — ab) 2(b6+ qu +hf-ca) 


a? — U2 +c? + w? 
paige PEs) 2(-aé - fw+gh —be) 


nee 
cpg ie) 


2(-gh-bw+ef-ah) 2(cO+hw-+ fg - ab) 
Q(-h0-cewtag-bf) 2(-b0-gw+hf-ca) 2 (a0-+.fo+.gh—be) ( <n) 
after each of its elements has been divided by A is a positive unit 
orthogonant 
if wl = af+bg+ch, 
and A =@486+ c+? +f? + 9? 4+ h? + 62, 


1.€. =| a a b ec| = @. 
ae, w —h g 
bi Re sre ey: 
—¢ 9 f 4 


The truth of the extension the author seems to consider self-evident, 
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The next and main point of interest is that the orthogonant in 
the extended form as just given is resolvable into 


w—9 —a—f —b-—g -—c—h w+0 f—a g—b h-—c 
RE ae, thn | del Soe s/s SoefAranenlt 
atf w-— —ce—h bg a—f w+ c—h g—b 
JA AY vA VA AR Oy Gara 
b+g c+th w—0 «—a-f; |b—g h—c; o+6 a— 
as Cl ae eee Bas ee en 
cth —b-g atf w—é c-h b—-g f—a w+@ 
iene OR ATA A AL Als 


and, what is still more interesting, that each of the two new deter- 
minants is itself a positive unit orthogonant. These facts are 
readily verifiable by applying the multiplication-theorem and the 
definition of an orthogonant. It may be noted, too, that the two 
factors are almost quite alike in form, both belonging to the type 
of four-line orthogonant which is skew and has only four distinct 
elements (Hist., ii. pp. 287-288). The result thus reached is con- 
sequently seen to be that Cayley’s four-line orthogonant (or, if we 
please, the extended form of the same) is resolvable into two four- 
line orthogonants of Souillart’s type. 

The author’s introduction of the additional variable w, as appears 
from our above modification of his pfocedure, is not at all necessary 
for the establishment of his result. The same is true of the set of 
substitutions which he makes for a, b, c, w, f, g, h, 9. 


JAHNKE, E. (1897, 1910). 


[Ueber einen Zusammenhang zwischen den Elementen orthogonaler 
Neuner und Sechzehner systeme. Crelle’s Journ., cxviil. 
pp. 224-233 ; Intermédiaire des Math., v. p. 224; xvii. p. 198.] 


A partial rediscovery of Rados’ theorem of 1891 is here drawn 
attention to. The main subject of the paper is a development of 
results reached by F. Caspary in his studies on the theta-functions.* 
The nature of the connection referred to in the title is formulated 
in two theorems. 


* In particular see Comptes rendus .., (Paris), civ. (1887), pp. 490-493, 
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RADOS, G. (1898). 


[Ueber die Bedingungsgleichungen zwischen den Coefficienten der 
orthogonalen Substitutionen. Math. u. naturw. Berichte aus 
Ungarn, xvi. pp. 236-240: originally in Math. és Termesz. 
Ertesité, xvi. pp. 123-127.] 


The object here is to establish the consistency and independence 
of the set of equations in question. The former property, con- 
sistency, is held to be vouched for by the known existence of any 
particular solution of the set, for example, the solution whose deter- 
minant has the matrix unity. To prove the other property, mutual 
independence, use is made of the theorem that if $1, go, ..-, dn be 
functions of X1, Xo, +++, Xn4r the $’s will be mutually independent of 
the Jacobian-like array (Hist., iti. p. 260) 


ects iat 
OUP MORE aOR, Be 
Opn Opn Opn 
WOXiyr OXa  & Wale Ose 


be non-evanescent. Thus, if the order be the 3" and the conditioning 
equations consequently be 

7 + w2" + 37 = 

11021 + 1222 + 13823 = 

11031 1 @12%32 + ©3033 = 

Wei” + Weg” + 93 = 

21031 + Wo2%32 + Wo3W33 = 

31" a5 39” =r 33” = 


the array to be tested is 


- Or coco 


201; 2012 2045 

W91 Wo Wo93 11 @Myo = 73 

Net ai Boo Pa lie : ; : ®11 -@i2' ig 
2Wo1 205 295 


31 W309 33 W21 Wo W253 


2w31 2w32 2033 ’ 


and what we have to show is that all its six-line determinants do 
not vanish, Clearly this will be done if we can show that the sum 
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of the squares of the said determinants does not vanish, and this 

again if we can show that the so-called square of the array does 

not vanish. Now the square of the array is readily seen to be 

—_ 
2 


5 ahs oes os eter ers 


bt 


4 
consequently the desired end is reached. 


METZLER, W. H. (1898). 


[On the roots of a determinantal equation. American Journ. of 
Math., xxi. pp. 367-368. ] 


The theorem established here is a companion to Muir’s of 1896-97, 


being in effect that the latent roots of | 11.22. ... -nn| are all pure 
imaginary if in the case of every pair h, k of the indices 2, 3,...,n 
we have 
lh-hk-kl = —hl.kh.-1k, 
lh-hl = —, 
and Dae ea 0, 


q 


ELLIOTT, E. B. (1899). 


[A simple proof of the reality of the roots of discriminating deter- 
minant equations, and of kindred facts. Quart. Journ. of Math., 
Xxxi. pp. 233-240. ] 


Such an equation as Lagrange’s determinantal equation is here 
recommended to be viewed in its character as a test for a set of 
linear equations being consistent. In the second case considered, - 
namely, that dealt with by Routh in 1884, it is found in this way 
that the equation can only be satisfied by an imaginary value of x 
when either (1) it is an identity satisfied by all values, or (2) the 
quadrics of which | a,, | and | 6,, | are the discriminants can assume 
both signs for real values of the variables. With this may be 
compared Cayley’s result of 1846 (Hist., u. pp. 112-113). Two 
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other cases treated in the same fashion are brought forward for the 
first time. If we denote the matrix of Routh’s case by 
) 
| Gan | 
| a,, | and | b,, | being axisymmetric, then the matrices of the third 
and fourth cases are 


+2}, | 


ey 


( 
Pai | na | Sin 1b 
erage pea | Chat 
| Qn | | Cun |; 
where | ¢,, | is zero-axial skew. In the third case it is shown that, 
provided the quadric of which | a1, | 1s the discriminant be always > 0 
or always <0 for real values of its variables, the roots are all pure 
imaginaries when n is even, and are pure wmaginaries accompanied 
by one or more zeros when n is odd. In the fourth case the result 


is similar, provided the quadric cannot change sign for real values 
of its variables. 


BIBLIOGRAPHICAL NOTE. 


As in the preceding volume (pp. 306-308) we append the titles 
of writings that are wholly or mainly applicational, that is to say, 
which deal with the subject of orthogonal transformation without 
giving any special attention to the determinant forms made use of : 


1880. GUNDELFINGER, S. Ueber die Transformation einer quadra- 
tischen Form in eine Summe von Quadraten. Crelle’s 
Journ., xcl. pp. 221-237. 


1880. Laurent, H. Sur la réduction des polynomes du second 
degré homogénes & des sommes de carrés. Nouv. Annales 
de Math., (2) xix. pp. 12-27. 


1882. WaLECKI, . Equation en S‘de degré m et décomposition 
d’une forme quadratique en carrés. Nouv. Annales de 
Math., (3) 1. pp. 401-409, 556-560. 


1884. KouLer, . Sur la décomposition des polynomes homo- 
génes du second degré en somme de carrés. Journ. de 
math. spéc., vill. pp. 185-189, 209-214. 


\ 


1886. 


1888. 


1889. 


1890. 


1891. 


1894, 


1895. 


1896. 
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Benoit, . Note sur lu décomposition d’une forme quadra- 
tique & m variables en une somme de m—n carrés. Nouv. 
Annales de Math., (3) v. pp. 30-36. 


Srupniéka, F. J. Neue Transformation einer homogenen 
quadratischen Form von n Variabeln in die Summe von 
n Quadraten. Sitzwngsb.... Ges. d. Wiss. (Prag), 1888, 
pp. 256-265. 


Syivester, J. J. A new proof that a general quadric may 
be reduced to its canonical form by means of a real ortho- 
gonal substitution. Messenger of Math., (2) xix. pp. 1-5. 


Lipscuitz, R. Beitrage zu der Theorie der gleichseitigen 
Transformation von zwei quadratischen oder bilinearen 
Formen. Sitzungsb.... Akad. d. Wiss. (Berlin), 1890, 
pp. 485-523. 


HumsBert,G. Sur la transformation d’une forme quadratique 
de n variables en une somme de carrés au moyen d’une 
substitution orthogonale. Journ. de Math. spéc., (3) v. 
pp. 73-76. 


Fropentus, G. Ueber das Tragheitsgesetz der quadratischen 
Formen. Sitzwngsb.... Akad. d. Wiss. (Berlin), 1894, 
pp. 241-256, 407-431 : or Crelle’s Journ., cxiv. pp. 187-230. 


Taser, H. On those orthogonal substitutions that can be 
generated by the repetition of an infinitesimal orthogonal 
substitution. Proceed. London Math. Soc., xxvi. pp. 364— 
376. 


Kneser, A. Bemerkungen zu der ausnahmlosen Auflésung 
des Problems, eine quadratischen Form.... Archiv d. 
Math. u. Phys., (2) xv. pp. 225-231. 


CHAPTER XIII. 
PERSYMMETRIC DETERMINANTS, FROM 1881 TO 1899. 


THE work done on persymmetric determinants, which for the pre- 
ceding twenty-year period had shown a falling off, again gives 
evidence of growth, the number of writings here reported on being 
at least a half more than for the period 1860-1879. 


HEUN, K. (1881): KRONECKER, L. (1881): 
HEUN, K. (1881). 


[Neue Darstellung der Kugelfunctionen und der verwandten Func- 


tionen durch Determinanten. Nachrichten... Ges. d. Wiss. 
(Gottingen), pp. 104-119.] 
[Auszug aus einem Briefe... Nachrichten... Ges. d. Wiss. 


(Gottingen), 1881, pp. 271-279 ; or Werke, ii. pp. 103-112.] 
[Die Kugelfunctionen und Lamé’schen Functionen als Determin- 
anten. Dissert. 32 pp. Gdéttingen.] 

The earlier part of the dissertation is an orderly exposition of 
known results. The two forms of determinant considered are those 
used by Sylvester in 1851 (Hist., ii. pp. 334-335), namely, 


a0 —Ay Ol 03 aon Onl —An4y 
AnX —A As% —A 5 ne 6 a r—a 
gv — Ag 3 4 m+ n+2) or P., say, 
Un % Any 1 AnyyX—Anyg + +++  AanyiL—Agn 
and 
Oi Oe An 
Go a, as Ani 


n+19 
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the sign-factor connecting them being (—1)". First there is estab- 
lished the linear homogeneous relation which connects P,, Pass 
P,,-2, and which in substance is due to Jacobi (Crelle’s Journ., xv. 
p: 123). With Heun it takes the form 


—_ 2 
Y = ee fea}? "7 = Pac a 0, 
where A, —B and a, —§ are the coefficients of the two highest 
- powers of z in P, and P,_, respectively. The proof consists in 
dividing the descending series for P, by that for P,_, and then 
suitably transforming the remainder: it suffers from the unattrac- 
tiveness of the latter part. After such a trinomial recurrence- 
formula the natural step is to a continued fraction, F say, of the 
form 


whose n‘" convergent has the denominator P,,. The corresponding 
- numerator Q,,, we are told, is 


(it, heey Gn 

ay A - Onan 

a; De a3 An+2 

Any An An+y ae, Aen 
1 x hie ero atl 


and each of the equations 


as is readily seen from the recurrence-formula, has all its roots real 
and different. 

After drawing attention to the known instances, besides Jacobi’s, 
of the natural occurrence of P,,(z), the first step is taken, doubtless 
‘under Heine’s guidance, to bring it into touch with Lamé’s functions, 
the specialization consisting in connecting the a’s by a recurrence- 


formula 
tr = Nr,14r-1 + Ar2%r-2g +... + Ar,p%r_ps 
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and so allowing the fraction F to be continued infinitely and to be 
represented by the series 


a, , G2 , a3 
Se ant a ede 


It is then shown that such a formula is satisfied by integrals of the 
type 
| & tet *Oz 


Sav W(2) 
where W(z) = 2(2—G) @—-&) - - - (@<&) ; 
and that then 


aie oz $2 Oz ee ad 
af @—JF@ * of. woe ee eEaee On 


The final step of importance is the formulating (p. 19) of the dif- 
ferential equation of the second order which P,,(x) must satisfy in 
order to coalesce with Lamé’s functions. From this the passage is 
readily made (p. 22) to spherical harmonics (‘ Kugelfunctionen ’) 
and related functions, a few examples being given where the integrals 
representing the a’s are easily evaluated. Thus Laplace’s function 
of the (2n) degree in x, which Glaisher had expressed as a recurrent 
in 1876, is found equal to 


2 i Ly2-_ 1 1ly2 1 
ee SS. eam 60a 5 mare 
1Ly2 1 1y2 1 ly2 1 D9. 
by?@—2 ty?—-L ta?—2t mee ey porn 0 0 
Pel Ye ei 2 ; -3 == y 
dg? Ig? 1? 1-3-5... (4n—1) 


n 


where C is the persymmetric determinant of the n™ order whose 


elements are 
ileal 1 


i 3” 5? Oo OOS yeaa 


In his previous shorter communication Heun had already expressed 
the n ‘ Kugelfunction ’ as an arithmetic multiple of 


8 
el 
Pele 

8 
olH 


_ 

~ 
8 

al 
8 


n? 
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also its differential-coefficients in similar fashion, and, as might be 


expected, 
cos 0 4  4c080 
cos9 ft 1:3 
cos 20 = Be Pee FSi sg ergs Labi ee CR BTS 
s 4cos0 
} cos 0 = Peer 
tae ahr 


Kronecker’s letter, suggested by Heun’s communication, tells the 
story of his own acquaintance with persymmetric determinants, 
emphasizing and illustrating the fact of their persistent connection 
with the problem of finding three integral functions 


F(z) of degree wu, (zx) of degree y—n’, W(x) of degree », 
so that with two given integral functions 
Fi (x) of degree n, f,(x) of degreen—n’ (<n) 
there may exist the relation 


F(z) = f,(x) -¥(z) —fi(a) - B(z) 


and u+ty<n. 


KAPTEYN, W. (1881). 


[Note sur une classe de fonctions symétriques. Archiv d. Math. u. 
Phys., \xvii. pp, 102-104. ] 


Involved in this is a result reached by Muir about the same date, 


namely, 

M4 My gee Oy | = (4 ee. » +p1"714,) 
Ua, G Gy. .- 66 Any (a tata tes" igs gee "ha, * 
Wag Pa agape Deerera,& ; 
Ate cats. _ cesillch erase arkeark a rr me n— ie Fy 
Wie Udy UGgis tare 40; 
where p,, ps... are the n* roots of U. With Muir * it takes the 
form 


(—1)##4+1) P(U, cU, dU, eU, a, b, c, d, e) = C(a, bp, cp*, dp’, ep’), 


* Text-book (1881), p. 194, ex. 38. Here also are found the equality 
PG) —Gp5 Gg — Ags 10 + 4p, — 04 Ay — Ay, «+ « 5 Img —Up,-9) 
= P(dg—Ag, Gy —Agy «+ + 9 Gyn — Uyy Ay —Agy os 0) Um-1 — Gn)s 


and the evaluation of P (a,,... , @g,-1) when a, = r™+cey7""1+ ... 46, 
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and is established with the greatest ease by multiplying the columns 
on the right-hand side by p4, p%, p?, p, 1 respectively and then dividing 
the rows in similar fashion. He recalls the previously familiar cases 
where U = 1 and U = —1. 


CHRYSTAL, G. (1881). 


[On a special class of Sturmians. Transac. R. Soc. Edinburgh, xxx. 
pp. 161-165.] 


Chrystal’s result is avowedly a slight extension of Joachimsthal’s 
of 1854 (Hist., ii. pp. 169-171). It is that ifs, stand for 


a,> +a ?+...+ 4,7, 


and 
Le Rr rae ee 
Xo Se. Seria ee Sal 

Sax) for (= 1)" |? Bias Specs > eee Spek 

x" Spin Sptn+1 mee Sie Sp+on-1 ? 

1.e. for 

ByPag? as. By? Clays Boy «os 9 By) - (K—O;) (ean Oe eee 
then §,(x), Sp_1(X), - - - » Sy(x), So(x) form a Sturmean serves. In his 


definition of a Sturmian series he includes, besides the requirement 
that the member preceding and the member following a vanishing 
member shall have opposite signs, the further requirement that the 
first two members shall have opposite signs when the first is about 
to vanish. To show that S,(z), ..., So(«) satisfies the former 
requirement he puts S,,(z) in its purely persymmetric form, and uses 


a property which accompanies such a transformation, the fuller 
theorem being 


Leta: “ea aR. | byob b= 7b ee, 
b, b, bs b, eee b,;—axb, b,—ab, b,—xb,4 ee 
bah Deck Ox Div bs b,—xb,; 6,—xby b,—ab, ... 


b be be bite 


and the aes r-line coaxial minor on the left is equal to the Hast (t—l)-line 
coaxial minor on the right. 
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KRONECKER, L. (1881). 


[Zur Theorie der Elimination einer Variabeln aus zwei algebraischen 
Gleichungen. Monatsb.... Akad. d. Wiss. (Berlin), pp. 535- 
600; or Werke, i. pp. 115-192. Abstract in Bull. des Sci. 
Math., (2) x. (2) pp. 47-58.] 

From a general theorem, which we have already quoted, Kronecker 
makes the deduction (pp. 559-560) : If in the array 


Co Cy Cte 2 Cy_-y i Ae 
Gq O see Cy fin finy 
Cy Chi a ae Con-4 ian ao Ona) 


where each column after the nu" is an aggregate of multiples of the first 
n columns, there be one m-line minor that does not vanish, while the 
minors of higher order all vanish, then no linear relation can exist 
between the first m rows nor between the first m columns of the given 
array. From this it at once follows that the first m-line minor of 
all, namely, the persymmetric determinant P(c), ¢, ..-, Cems); 
cannot vanish; and as a consequence it must either be the 
non-vanishing minor mentioned in the data or another so far 
like it. The finding of m for any given set of c’s is thus 
facilitated. 

It is next shown that if m still denote the nullity-index of the 
first n columns of the array 


Co Cy oe o Gy oy Cn 
Cy Cy oe B Cn Cn4+1 
Cn Cn441 see Cony Con 


the c’s are characterized (1) by being the subject of a recurrence- 
formula of order * m but not of lower order, (2) by the property 
that each column of the array can be expressed as a linear function 


* When a series of at least 2m quantities is such that every member of it is 
expressible as one and the same linear function of the m members immediately 
preceding, it is said by Kronecker to be subject to a linear recurrence-formula of 
the m* order. The slightly different English usage is followed in Hist., iii. pp. 318-9, 
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of the first m columns but not of the first m—1 columns, (3) by the 
conditions 


lomel Ghittsies 
Plc, Sc eon Oe ae Cmit +++ | =<, 
Cm Cmt1 +++ Cam  Comti 
and (4) by the conditions 
P (C9361, «= +> Coma) 0, 
Plog GSE es Gee) ean PB (esr Corse) a ee 
Following the persymmetric determinant P(¢9, cy, ..~, Com—s) 
there naturally come the two others, 
BO Cysill5 Cry 0G, Cos 2 25 ACen Cana) 
Pweg C7, RE ea, ss. 5 Wao Coma): 


Calling these C,,, D,,, Kronecker defines them by the identity 


U C Sayed Cr. 

Co Colm Cy. as tole gee On, Saale, 

C} CE 05: Freie Te Coats = UDn. —Cnm ; 
j Cm-1 Cm—1% —Cm Cores XLCom—2 —Com—1 


and then by resolving into factors the two-line minor whose elements 
are those at the corners of the adjugate of —C,,, he readily obtains 


6 pa B Pasar We {P(e Cy, +++, Coma) kas 
Next, he transforms the determinant UD,, —C,, into 


Carney Reel esr eia B) 

Cpe he iat hs —CytxU 

Cre Cs wees Cmgq  —C1—Cot ta?U 

Can € sie Cm —Cme — .. «gu La U 
m. m+1 Pigs? 0 2m—-1 m—1 m—2 en) 0 > 


and putting 

U = .cgr* ices? 1 DEdans, 
formulates in two ways the necessary and sufficient conditions for 
the determinant vanishing identically, and therefore for the existence 
of the equality 


Cn = Dy + (cot + ea +... ad. infy, 
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Since C,,/D,, is independent of Com, Com41; +++» it is clear that the 
conditions must at least involve material for the determination of 
these coefficients in terms of C9, ¢,, . . - » Com—1: 

The last result which specially concerns us is now reached (§ 10, 
p. 568), namely, Jf f(x) be of lower degree than g(x), and 


ee Bek) 40, XE ....- ’ 


the necessary and sufficient conditions for {(x) and g(x) having a 
common factor of the (a—m)" degree is the vanishing of the first n—m 
determinants of the array 


Co Cy eae Cy C41 
Cy Cg e+ Cmir Cmte 
Cm Cmyi +--+ Com Com41 ++ 9 
with the additional condition 
> 
P (€5, Cy, a? “ei ong. Camo) = 0 


if the said common factor is to be the highest. 


MUIR, T. (1881). 
[On a property of persymmetric determinants. Messenger of Math., 
xl. pp. 65-67. ] 
What is given here is a generalization and fresh proof of Hankel’s 
theorem. The determinant 


a, As a3 lee ete ry An 

A, ag A, ee Oy ed 
a, 4 as cee e Anio 
Ay On+1 On+2 sees Agn-y 


is multiplied by 1 in the form 


I 

m 1 

m? 2m ] 

ms 3m? 3m 

m1 (n—1),m"-?(n—1)m"-* 1 
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and the product obtained, | V,, | say, by the same, the result being 
denoted by E,,. By reason of this, 


Ey, = my + (r—1) mg + (rT) gm” eg +. -- 
a m™{msta, + (s—1) ms a, + (s—l)em* a, +...} 
+ (r—1) ym? {ms1a, + (s—1)m**a, + (s—l)gm*Fa, + ...} 
+ (r—l)gm*8{msta, + (s—1)ym>*a,4 + (s—l1)em* Fa, +...) 
= mrt, + {(s—1), + (r—1):}mr8ay 
ot {(s—])2 4s) GD (r—1).}m"***a, 


Sie 
= mq, + (r+s—2),mt+s-8a, + (r+s—2)m7s—4a, +... 
mae (a,, Qe; a3, ep rey he: Ym +1)ts-2, 


It therefore foliows that the element E,, does not alter for values 
of r and s whose sum remains constant, that is to say, | E,, | 
is persymmetric. We consequently have the theorem: The 
persymmetric determinant of a, a, ...,5 An, tw equal to the 
persymmetric determinant of 

ay, (a, 420m, 1), (a, a, as}m, 1)?,..., (ay, de,.-.  Agn_a $m, 1)??-%, 


The case where m is —1 is that at first referred to. 


MUIR, T. (1885). 


[Question 8016. Educ. Times, xxxviii. p. 69, p. 209: Math. from 
Educ. Times, xhii. p. 103.) 


The equality here intimated is 


1 42a = 4Xab 3[$2ab —3 (ab+cd) | 
goa 32ab  fXabe| = -[$Zab—}(ac+bd)] 
42ab 42abe abcd ‘[g2ab —3 (ad +be)]. 


The proof elicited is merely a verification, and does not help 
towards ascertaining whether there exists a corresponding equality 
for the case of a four-line determinant with six variables and 
resolvable into four cubic factors. 
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WARD, P. C. (1885): MUIR, T. (1886). 


[On the rationalization of an bi Len = 0. Messenger of Math., xv. 
pp. 42-44.] 
[Questions 8380, 8459. Educ. Times, xxxviil. p. 411; xxxix. p. 71: 
Math. from Educ. Times, xvii. p. 107.] 
[Question 8408. Educ. Times, xxxix. p. 34.] 

In substance Ward’s procedure is to remove one of the left-hand 
terms to the right-hand side, raise both sides to the n™ power, and 
then dialytically eliminate the radicals. For example, when 7 is 3, 
we put 

at aie io ee a 
which by cubing gives us 


at+b+e4 sa (2) + 2a (2)! eu: 
whence (a+b+c) (+ 3a eo 30 -—— (), 


and (a+b-+e) (2S 3b + 3b Bs = 0; 


so that on eliminating (b/a) ¢ (b/a)? we have 


\a+b+e 3a 3a 
3b a+b+te 3a =2.0), 
3b 3b a+bte 


Similarly when n is 4 there is found 


a+b—e 4a 6a 4a, 
4b a+b—c 4a 6a 0. 
6b 4b a+b—e 4a 
4b 6b 4b a+b—c 


The determinant thus obtained may be viewed as the eliminant of 


a (“2-+1)" —(—1)"c = 0 } 


a == bfa 


and as being related to the circulant. Hence its resolvability into 
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linear factors, which however we know of otherwise,* it being, for 
the fifth order, a case of 


P(Bh, yh, oh, eh, a, B, Y 6; €) 


‘hence also the use to which it can be put in the solution of equations. 
The final expansion must be symmetrical with respect to a, }, ¢ ; 
and there thus arise pairs of equivalent determinants. 
Muir’s pair is of a different kind, namely, 


a+b—c 4a 6a 4a Ddate deh ceene 
4b a+b—c 4a 6a ah) > ule sient 
6b 4b tah er da |e ie Fe = ee 
4b 6b 4b a+b—c ; —4 %, 


where >, = a+b+e, Y, = abtbe+ca, Y= abe. No proof 
of it, other than an unsuggestive verification, was ever brought 


forward. 
SCHRADER, W. (1887). 
(See under this heading in Chap. XXII.) 


SEGAR, H. W. (1892). 
[Question 11462. Hduc. Times, xlv. p. 153.] 


Here we have the interesting proposition that af we multiply the 
elements of the last row of the persymmetric determinant 


1! 2! 3! Oren n! 
ney atin, {an SI 
n! (n+l)! (n+2)! ...: (2n—1)! 
by n, n+I1,n+2,..., 2In—1 respectively, the determinant is thereby 


multiplred by n?+n—1. 

In default of a proof we may remark that as a first proposition 
of the kind it would be better to make the row-multipliers 1, 2, 
3,..., ”, aS the multiplier of the determinant would then be n2, 
and to obtain Segar’s result we should only have to add the original 


* See above under Kapteyn, W., pp. 315-316, 
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determinant with its last row multiplied by n—1. As a further 
hint we may point out that the value of the original determinant is 

A 2t Sha eoeml MN QI3t olny 
a result which is readily got by removing the factors 1!, 2!, 3!,.. 


from the rows and the factors 1, 1!, 2!, 3!,... from the columns, 
and so leaving the well-known unit determinant 


Ve, , Sake 
lo, oa 
1 4 10 20 


SCHOUTE, P. H. (1892): ESCHERICH, G. v. (1892). 
[Calcul d’un déterminant. Journ. de Math. Spéc., (4) i. pp. 54-56.] 


[Bestimmung einer Determinante. Monatshefte f. Math. u. Phys., 
iu. pp. 19-20.] 


Already dealt with by Scott in 1879 (Hist., iii. p. 325). 


SEGAR, H. W. (1892). 
[The deduction of certain determmants from others of indeterminate 
form. Messenger of Math., xxii. pp. 57-67. ] 


As arithmetical examples of a very general theorem in alternants 
Segar gives 


1 t! 
(r—1)! sr! ~ 
1 2 1 
ie Ed 4+n—1 
(3! (Hl a = Gece? 
1 3 3 iL 
(r—3)! (r—2)! (r—1)! 7! 


I 


P(L1, 21,3! +. )po = nll@—IH 


Tet sheet a nh(n—T) lh 
(Fr 21” a (2n)!! 


The second of these we have just proved independently. 
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BRUNN, H. (1892). 


[Ein Satz iiber orthosymmetrische und verwandte Determinanten 
aus den fundamentalen symmetrischen Functionen. Zevt- 
schrift f. Math. u. Phys., xxxviil. pp. 291-297.] 


Brunn’s theorem is to the effect that af the simple symmetric 


Junctions of a,b, c,. . . be denoted by D1, Xo, . . . , then any determinant 
| Dos pa as 
| De De Le 


yy Lev Dew o> ete) i@ 
. . . . . . > 


in which the suffices diminish from right to left and from top to bottom 


1s necessarily positive, so long as a, b, .. . are positive. Much pains 
is taken with the proof. For each >, >, say, there is substituted 
Ln =P 2-1 5) 


where >’ differs from > in referring to the elements with a left out, 
and the determinant expanded in ascending powers of a. Thus, 
the simple persymmetric determinant 


Sh Goh Sy Sab 
SSS BS 
|} 2» 2s Ly Ds 
)2, Ly Dy BW 


Lp Ole le Gly De le ee 
23 +X, Dy tad, 2,’ +ad, Le +ad,’ 
Ze tad Lyi +aXy Ly’ +ads' Zs +a! 
2, +a Ze +az, Zs +az,’ LZ,’ +a,’ 


x 2, Ys Bi +a|Xs 2D, B 2B |+a*?|Z, Ly Dd,’ 
Zs 2% Ys Ye De Ly Ls Ze Ze' Ds’ Zs’ 
Ze Ls Ly Ds Zy Xy Dy’ Ds. Ze’ Dy 
21 eas | eT ASD SOY ee oY 
+ a8)’ Dy) Dg Dy Poet De Dehede: 

Dg gt 2p Dy ie De 

Dy 2a ag eee 2 pean 

Tavis Ghd, Ly Qaied De’ 
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Here, because of the simplicity of the example, there is only one 
determinant attached to each power of a, but even these are no 
longer all persymmetric, agreeing merely in having each of them a 
diminishing series of suffixes from right to left and from top to 
bottom. It is clear, however, that if they can be proved positive, 
the whole will be positive. We are then directed to treat each one 
of them in the same fashion as the original and to continue there- 
after the like process, with the assurance that ultimately we shall 
have no determinants but those with zero or unit elements, and 
that these elements will be so distributed that the value of each 
such final determinant will be 0 or 1. 

It is well to recall that note has already been taken of simple 
special cases where the final expansion is definitely known; for 
example, the persymmetric recurrent 

Ya Lab abe abed 
Li. 26....2ab- dabe 
as Tory! Ya Lab 

ee j 1 La 


} 


which is equal to 
Yat + Yah + Yarbe + Ya?b? + abcd 
or Wronski’s function &, (Hzst., 1. pp. 216-217). 


q 


FROBENIUS, G. (1894). 


(Ueber das Tragheitsgesetz der quadratischen Formen. Sitzwngsb. 
. Akad. d. Wiss. (Berlin), pp. 241-256, 407-431 ; or Crelle’s 
Journ., exiv. pp. 187—230.] 

In the sections of this which concern quadrics whose discriminant 
is persymmetric, the most interesting portion from the point of 
view of determinants is that in which is established Jacobi’s recur- 
rence-formula above referred to under Heun * (1881). The proof, 
which has the merit of being the first that is purely determinantal, 
consists essentially in noting the two known relations 

aP,, — BP,_, —A& = 0, 
Ae Plas ag = 0; 

* Frobenius does not mention Heun but refers to Hattendorf, whose name in 

this connection we have omitted to give (see Hist., iii. p. 325). 
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and eliminating the two primary minors €, ¢ by means of the new 


relation 
E = € = 0P a: 


_ A generalization is also effected, the P’s in the new formula being 
no longer consecutive. 


NETTO, E. (1895). 
[Zur Theorie der Resultanten. Crelle’s Journ., exvi. pp. 33-49. ] 


The title of this rather important paper is not particularly suit- 
able. Only the first of the four fresh theorems contained in it has 
any bearing on the subject of the resultant of two binary quantics. 
The others, though seeming to concern a particular persymmetric 
determinant, are really not so restricted, but deal with properties 
of persymmetric determinants in general. 

The first theorem, with a necessary sign-factor inserted, is that 
Uf Cg; Cy, Co, . . . be defined by the identical equation 


DX Ug oe De ae oe is mi 
Ak ie gt Seen ee 


then the persymmetric determinant 


( —])antm+) 
Po, C1, Ce; ++ + > Com) = Pe AC, is oes ie me 
0 

a ay Aon -1 
A Ayn -2 
. . . eee Ana 

by b, Ds CCU War be, 
by b, ‘., 6 cer ©. boys, 

Da 


More than one proof is referred to, but probably the simplest and 


most natural consists in expressing the b’s on the right in terms of 
the a’s and c’s, namely, 


Bo = Algo, 5, = Aly + AyCy, by = Agly + G40, + lp, .... 


and then making the evidently possible simplifications— 
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The second theorem is in effect that if ts denote the determinant 
got from the persymmetric m-by-(m+2) array 


a, ag 


a4 


ay 
as 


a3 a4 
ag as 
a, ag 
AES 


by deleting the r® and s" columns, then the adjugate of the (m-+1)-line 
persymmetric determinant 


12 
13 
14 
15 


16 


P (ayy Mp, Ag sid <5) Be) 

13 14 15 
14493-15424 16425 
15+24 16425434 26435 
16425 26435 36445 

26 36 46 


56 |. 


The adjugate by definition is evidently simpler than this, each of 
its elements being a single four-line determinant ; but the author 
justly considers the result to be nevertheless notable, because of its 
curious external resemblance to Bezout’s condensed eliminant of 


6a +-¢n% "4+... +4, = 7 
ba" bot Fore b, = 0), 
namely, in the case where n is 6, 

| 24s | | 240s | | a4, | | 4405 | | aybg | 
| ay; | | aby |+| debs | | ays |+| Gaz | | abe |+|42b5| | dade | 
| a,b, | | abs | +] ab, | | abe |+] G2b5|+| Gaba] | Gobg|+| @sb5| | agbg | 
| a,b; | | abe |+| a2bs | | Gb, | +] a3 | | @3bg|+| @ab5| | aad, | 
| abe | | dab¢ | | a3b¢ | | agbg | | abe | 


The nature of the proof will be understood from the fact that part 
of it consists in showing that the central element of the adjugate 

By Og Ms, 1% 

My Gs GeO! Te Tepe 

Ug hig Gz) Os 

a5 % Gs As 
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—an equality belonging to a type which we have seen studied at 
intervals since 1880. 

The third theorem concerns the same array as the second, and, 
like the second, is an instance of what may almost be called ‘ mimicry 
of form.’ It is that 

ab.yé —ay-Bd+aéd-By = 0, 
where a, 8, y, 6 are column-numbers in order of magnitude. 

The fourth theorem concerns the vanishing of a persymmetric 
determinant, but it had for many years been known to hold for a 
determinant of a more general type (Hvst., i. p. 113). 

The last two pages of the paper proper are devoted to a purely 
determinantal proof of the persymmetry of Bezout’s eliminant ; 
and this is followed by two interesting postscripts, one establishing 
the recurrence-formula of Jacobi’s persymmetric determinant, and 
the other connected with the highest-common-factor of two binary 
quantics. The proof in the former postscript depends on equating 
Laplace-expansions of two forms of a determinant, and in respect 
of neatness and brevity is preferable to that of Frobenius of the 
year before (see p. 325 above). 


LEVY, L. (1895). 


[Questions 1686, 1687. Nouv. Annales de Math., (3) xv. pp. 33*-34* ; 
(4) xvu. pp. 238-9. ] 
It is here recalled that the equation 


Nyn (a, —])n 
i) _ ee 0 
is equivalent to 
eh iweb ie 
2 3 n+] 
1 1 l! i! 
2 3 4 eD) 
Ls vs Lydia inal gees 
3 4 5 n+3 : 
1 1 il 1 
n nil 12) “3a Oy 


1 x a?) OOaEe a 
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and proof is sought of a more general result, namely, where the 
differential-coefficient is the (2n—k)", the last row of the deter- 
minant is 

A ae eee 
and the elements of the persymmetric array are 


| 1 
(n—k-+1) (n—k+2) ...(2n—2k1)’ (m—h+2)(n—k+3) ... Qn—Wh+2) °°” 


NETTO, E. (1896). 


[Zur Theorie der Resultanten. Crelle’s Journ., cxvii. pp. 57-71.] 


Almost the whole of this so-called appendix to the author’s paper 
of the preceding year is occupied with a single theorem, namely, 
If in the u™ member of the series 


Can Cell Se 
0 1 
Gy <1 C; Cy Cy X 
Cc, "= 2 
Pee. <P ‘Oy Ga ter 
1 | 2 2 aes 
7) Cz a 


Cyt Cpe kG 


the cofactor of the highest power of x do not vanish, and the next member 
with the like property be the v™ (v> u+1), then the intermediate 
members all vanish identically eacept the last of them, and this differs 
from the p™ merely by a multiplier independent of x. 

As the vanishing to be established is independent of any value 
of x, it is clear that the theorem is really one concerning the minors 
of a persymmetric array. 


CAZZANIGA, T. (1897). 
[Relazioni fra i minori di un determinante di Hankel. Rendic.... 
R. Ist. Lombardo (Milano), (2) xxxi. pp. 610-614.] 


The theorem here established is that In any persymmetric deter- 
minant the minor obtained by deleting the 1” and x rows and 1* and 
s™ columns is equal to the sum of two other secondary minors of the 
determinant, namely, the minor obtained by deleting the 1* and (r+-1)” 
rows and the 1* and (s—1)" columns, and the minor obtained by 
deleting the 1* and 2" rows and (s—1)" and x” columns. The 
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author, having obtained the case where r = s =3 from Pascal, 
reached his generalization by using an equality of Netto’s. 
We may note that a convenient notation for the theorem here is 


lore eee ee ee 
clase ashe oe loeren 
the minor complementary to 
oe Dene thue Ba 
Pr GW % «+ + oy Li Daur oa 


NANSON, E. J. (1898). 
[Questions 13957, 14108. Educ. Times, li. p. 389; li. p. 93.] 


The first result here is that af the persymmetric determinants 
P(a,, 23, &3), P(ay, ae, Ag, 2g, As), ---, P(ay, de, ---, Sop) VENISH, 
then ay, a, ..., Any, are in equirational progression. In default of 
a proof we may point out that if the assertion hold true when n 
is 8,—in other words, if a, = ra, = r°a, = 7°a,,—then the vanish- 
ing of 


@, Gy dy Gs, 

Gg Gg A 4; 

As, Gs Oz Oe 

Oh Mig ge 

implies that 
—a,(a,—r*a,) = 0. 

The second result concerns the vanishing of minors of 
Ud PPh rt Ce 


under the same conditions. 


STUDNICKA, F. J. (1898). 


[Nové poutky a nékterych determinantech zvlaXtnich. V&stnik 
Ceské Akad. ..., vii. pp. 477-493.] 


The second part of this (pp. 486-488) deals lightly with the per- 
symmetric determinant whose elements are 


a™, (a+1)™, ..., (a+2n—2)™, 
a case of one of Hankel’s (Hvst., ii. p. 314). cs 
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BAUR, L. (1898). 


[Ueber die verschiedenen Wurzeln einer algebraischen Gleichung 
und der Ordnungen. Math. Annalen, lii. pp. 113-119.] 

This paper, which gives no really new property of persymmetric 
determinants, is noted because of its exceptionally full information 
regarding the usefulness of 

P(59, Sy, + +65 Son—2) 
in dealing with questions concerning the character of the roots of 
an equation of the n‘® degree—the number of different roots, the 
equation of these roots, their multiplicities, the number of complex 
root-pairs, and so forth (Hzst., u. pp. 162-164, 330-331, etc.). 


MUIR, T. (1899). 
[Note on a persymmetric eliminant. Proceed. R. Soc. Hdinburgh, 
xxii. pp. 543-546.] 
Schoute having used 


as an equation resulting from the elimination of the p’s and )’s from 
the set of five equations 

So = Pry? + Pero? 

8) = pry + Podz? 


Sg = PrrAx* + por! 
Muir generalizes the result, and shows in two ways that there is 
superfluous provision for the evanescence of the determinant ; the 
three-line instance, for example, being equal to 


Ey dol, Pi Pa 
Ay As - | - | PirAr = Pore 
eee. vere Pir Pord? 


STUDNICKA, F. J. (1899). 
(See under this heading in Chap. IX.) 


CHAPTER XIV. 
BIGRADIENTS, FROM 1877 TO 1899. 


THE number of writings to be reported on here is practically the 
same as for the preceding twenty-year period. 


VENTEJOL, . (1877): BIEHLER, C. (1880). 


(Sur la transformation du déterminant de M. Sylvester en celui de 
Cauchy. Nouv. Annales de Math., (2) xix. pp. 110-115: 
Ventéjol’s reply, pp. 188-192.] 


The existence of Ventéjol’s lithographed note on the subject is 
here brought to light through a reference to it by Biehler and a 
consequent letter of reclamation by Ventéjol himself. Ventéjol 
takes the case of the equations 


Og ge a 0; bgt es oO, = 0, 
and Biehler the case of 

age™ +... +4, = 0, bg? 4-2. by = 0: 
Neither of them makes reference to Trudi (1862). 


PAIGE, C. LE (1880). 


[Sur Pélimination. Comptes rendus ... Acad. des Sct. (Paris), xc. 
pp. 1210-1212.] 


The subject here is essentially the same as that of Mansion’s 
paper of 1879. The procedure, however, is different, the multi- 
plication of Sylvester’s eliminant by itself being made to give the 
square of Bezout’s. Thus, multiplying 


\ 
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Qs ay A, Ag 
er ay as as 


columnwise by 


—a, —d, —Q, —Ms 
a3 a, a Qs 
Oe —~Ae —O, Uy |, 
he obtains 

| dob | | aq) | | a9), | 

| @b3| | Gob3|+| @1b2| | abe | 

| debs | | abs | | abs | . F 
| ap | | dbo | | abo | 
| 3b, | | Gb, |+| agb| | Arby | 
| abe | | a5, | | @gbq | |. 


Similarly he shows that the central secondary minor of Sylvester’s 
eliminant, as above written, is equal to a primary minor of the 


other. 
It is not unimportant for us to note that as a consequence of 


Le Paige’s process we have 
Apr? + a,x? + Ast + A, 


Bezout’s eliminant o | boxe? + ba? + byw + 6, 


dy, D6 . Ob; —a 
SN Ug Cie, po Oge | 2 Os) Us =e | Og 
|@g —G, a, b, —b, bg bs —b, db, —a ag —4s | 
@, —t, a3 bg —bg Bj || | bp —d, bo —a a ay 
= ag? azar “by bet | b, —by . 2g oO; 
(ian oe Be Ose Og be i CER PATS Sea, 


the second product, however, being only a variant of the first. 
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FARKAS, J. (1880). 
[Question 600. Nouv. Corresp. Math., vi. p. 526.] 


The determinant here to be considered is 


gator Ay ght) Weide gt vax 
A, A,+Apy a3 uz a5 U 

A, AgtA, +A as Gg A, 

Ag AtG, AstA, AgtA ay 

Ay AstAg AgtA, A,tA, Ay 

A, Ag+, +43 As Cm ty = i 
Ag As aM a3 C21 a 


A, Ag as, My Gy Gy A, 


5) 


whose six-line central array is seen to be the sum of the two arrays 


fg Gy A As WM a, My 

Ogi Oy. Ognu@e Or ame Gi 

ie = Or Cea ee, calc > 2a, ap 

as Ag Gs Qe Gj 

Giger ay eod gk ers G, lg Oe. Oy. Ay 
TPIRROILR hse, (RRR. fs. @g. Gy Us Gs @, Gy, 


and the property set for proof is the divisibility * of the given 
determinant by the detcrminant of the difference of the two said 
arrays. 

In the absence of a proof we ourselves may point out that by 
adding to the first column the sum of all the others we can remove 
the factor 

Mg +A, +A +... 447; 


that then by diminishing each row, beginning with the last, by the 
row immediately preceding we can replace the determinant by one 
of the 7” order; and that in the third place by increasing each 
column, beginning with the first, by the sum of all that follow it 
we reach a determinant whose array is the difference of two tri- 
angular arrays, namely, 


*The quotient is also sought, and a generalisation of the result. 
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Qy—a, —A, —ds —&% —@; —d, —d, 
@;—A, Aj—Aa; —% —d; —A —Q, 
Gz—Ag, M,—Ag Aya, —Ag —A, 

dg—Q, G,—As, A,—Ag Ay—A, 

Q4—Q, Ag—Ag A,—A, a, Ay 

Ads—Ag G—A, az Ay a, Bo 

g—Qy a; a a3 Ay a, A 


Treating this now in a closely resembling fashion of three steps we 
can remove the factor 

hy by SU 5 Oa Ole 
and obtain the six-line cofactor sought. 

It is worth noting that by putting a, =a, = 0 we obtain the 
next lower case of the theorem, and similarly in general: also that 
the determinant may be viewed as a quasi-eliminant (dialytic) of 
the equations 

ag’ +aa°+...+a@ =0 \ 


gitm ee gii-m 


FARKAS, J. (1881). 
[Question 3. Mathesis, i. pp. 12-13 ; viii. pp. 195-202.] 
The theorem here set for proof and generalization is that the 
equation of the binary products of the roots of the equation 
a -+ bx + cx? + dx? = 0 
is, when the squares are admitted, 


yr a 5 te Rs 
és . —! 
y —1 : 
a te 0 ‘it i . 
el se d 
NPE Care | 
and, when they are not, vs 
Ae ae | 
Z 1 
Sel § ==) 
a er a 
la bite ad 
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The proofs given are little better than verifications, and are con- 
sequently not instructive as to the origin of the determinants or to 
the legitimacy of the origin. The six-line determinant is a kind of 
dialytic eliminant of 
G-ba-+ oad, = 0 
Ue ae } 


the first three equations used being 
YP E> =O of? 2 = 05, Yat = 94s 
and no explanation is attempted as to why this should include 


among the roots of the resulting equation the binary products 
other than the squares. 


CROCCHI, L. (1882.) 


[Sopra la corrispondenza tra i coefficienti di un’ equazione algebrica 
e le funzioni simmetriche complete. Grornale di Mat., xx. 
pp. 301-320. ] 


Crocchi here develops at considerable length the subject of his 
paper of 1879; but so far as determinants are concerned there is 
only one fresh result, namely, an expression for the square of the 
difference-product in terms of aleph functions, in analogy of course 
with an expression in terms of the simple combinatory symmetric 
functions. Unfortunately, both expressions seem to be incorrect, 
a mischance which in the case of the latter is unexpected, because of 
a correct form having been given by Brioschi in 1854 and taken over 
by Baltzer in 1857. The former, too, which is new, is obtained 
exactly as Brioschi obtained the other (Hvst., ii. pp. 346-347), 
namely, from the persymmetric determinant of the s’s. In the case 
where the number of variables is 4, the squared difference-product 


degra 
Leenks 
2: aoe. loka j : ; 
= Pipe bist ai) S21 D4, VNR OSE BSE YS, Moss 
So S1 Se S83 Sq 
So 8; Sp S83 Sy S85 
SoS, Sg Sg Sq Sg 8g |, 
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and the 7-line determinant here, after we perform the operations 
col, + &, cole + &, col, +... +, col,, ’ 
col, + NX, col; +...+&; col,, 


col, + &, col,, 
and use the equalities (Hist., ii. p. 217) 


Sg + NiSs + NeSy +... + No5o = 10Nz, 
85 ae Nisa + Battie = N58o = 9N;, 


S$ +%s, = 5N,, 
becomes 

5 ; X, &; X, X; Ne 
| + 1 Nez NM, ONL. RN, X; 
| Ag uN Nag SNa ag 
| 4 5N, 6%, 7%; 
2) 2 BN TENOR, ER, 
2 4) BN, 6M, TN, BN, ON 
(4 BR, 6N, 7X, 8X, ON; 108, |. 


The last row of this can evidently be changed into 

N, 28, 38; 4X, SN; GON, 
and the order reduced to the 6", which being done, the determinant 
is found to be different from Crocchi’s in the latter having for its 


last row 
BN ORG MeO Ry ae ay LON, 


REUSCHLE, C. (1884). 
[Zur Resultantenbildung. Zeitschrift f. Math. u. Phys., xxx. 
pp. 106-110, 304.] 
The subject here is again the two determinant forms of eliminant, 
and the transformation of the one into the other. Save for special 
clearness it is not noteworthy. 
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GORDAN, P. (1885). 
[Vorlesungen iiber Invariantentheorie. xi+201 pp. Leipzig.] 


_ In dealing with the subject of the resultant of two binary quantics 
(pp. 131-166), the form on which Gordan relies is the bigradient. 
For some reason Euler’s product of differences is not made available 
until later. From the point of view of determinants this is a matter 
of considerable interest, as the establishment of each property of 
the resultant is thereby made the solution of a problem in deter- 
minants. On this account we note that the properties are 


Res (f, 9) = Res{ a"g 6) ee. G)}. 


Res{ f (Ax), g (Az) } = Am. Res (f, 9), 
Res (f+gh, g) = Res(f, 9), 
Res{ f(x+u), g(a@+u)} = Res(f, 9), 
Res (f, gh) Res (f, g) - Res (f, h). 
In these f is of the m™ degree and g of the n™, m being > n; and 
in the third the degree of gh < the degree of f. The last property is 
illustrated by the case where 
f = ar? + ax? + agx + as, 
g = be+be 4+5,, 
h = cot +4, 
and where therefore the equality to be proved is 


I 


I 


Xs ay, Ae as 
XM ay As a3 
21) ay dg a3 


boo Dyeg tbo, bag +byc bot . 
| Ogee ByCot bot, — bo¢y 4-0,¢, bec, é 
Uocs Bieg thee, beg +b,c, bec, 


TO Ocak ae yg G, Ag ay 
» Gy Oy Ay? Ge ie i 
Bengt tapes eee 
Be op) Opies ia 
by they ants 


BIGRADIENTS (GORDAN, 1885) 339 


The proof is somewhat far-fetched and lengthy, being dependent on 
the viewing of the bigradient eliminant as a Jacobian, and the 
transformation of 


O(z*f,'af, f, x*gh, axgh, gh) . t o(xfh, fh, f, x*gh, xgh, gh) 
Oe wo, 2-2") Oth, 2h, ah, cheng) 


In connection therewith it may be noted as a curious fact that the 
six-line determinant involved is readily found to be the product of 
two 5-by-7 arrays. 


HEAL, W. E. (1886). 


[Expression of the coefficients of Sturm’s functions as determinants. 
Annals of Math., u. pp. 85-89.] 


Previous papers dealing more comprehensively with the same 
subject might have been referred to, for example, Heilermann’s of 
1852. 


POMEY, E. (1888). 


[Sur le plus grand commun diviseur de deux polynémes entiers. 
Nouv. Annales de Math., (3) vii. pp. 66-90, 407-427. ] 


In the first paper here the subject is treated with surprising 
fullness, there being carefully enunciated and proved four lemmas 
and four theorems in which use is made of the bigradient, and the 
corresponding four lemmas and four theorems depending on the use 
of the Bezout-Cauchy eliminant. Even this, however, is not con- 
sidered to be sufficient, for the second paper covers exactly the 
same ground, being meant apparently as an amended edition of the 
first. 


LORIA, G. (1888). 
[Zur Eliminationstheorie. Zevztschrift f. Math. u. Phys., xxxiil. 
pp. 357-358. ] 

The author properly draws attention to the usefulness of Syl- 
vester’s dialytic eliminant when certain coefficients of the original 
equations are functions of y and there is a question as to the degree 
in y of the resultant. 
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TYLER, H. W. (1891). 


[Beziehungen zwischen der Sylvester’schen und der Bézout’schen 
Determinante. Svtzwngsb. d. phys.-med. Soc. (Erlangen), xxiii. 
pp. 33-128: also separately as an Erlangen Dissert., 96 pp. 
Miinchen. ] 

It is only the last two chapters (pp. 93-125) of this that directly 
discuss the relations referred to in the title: the other three are 
little more than a fresh and clear exposition of those parts of the 
theory of determinants that are required in the discussion. Thus, 
the first (pp. 33-56) is a chapter on linear equations: the second 
(pp. 56-68) deals with the resultant of two binary n‘™*: and the 
third (pp. 68-92) with a close examination of the arrays of the two 
forms of the said resultant. To these chapters belong 21 of the 26 
results formally enunciated in the dissertation. Probably the most 
interesting (no. xvii. p. 75) is one which we have seen foreshadowed 
under Le Paige (1880), and is to the effect that Bezout’s eliminant 
as expressible as the result of multiplying any n consecutive columns 
of Sylvester's eliminant by a transformation of the other n columns, 
the multiplication being of course column-by-column. For example, 
when » is 3 and the columns chosen are the 1*, 2"¢, 3", we have 


a dy | b, by bs | 
Ay ay b b 
0 i | ber | aby | lay be | | ads | 
; 3 : ; 
b, by ee | a ae al | Gb | | aobs | + | ayb2 | | abs | 
ee a 3 | 
bo by | |; —Q@ —@s | Agbs | | yb | ab, | J 
bo | | Us | 


Here and elsewhere, we may note, the author would have profited by 


using the umbral notation: thus, Sylvester’s eliminant being denoted 


123456 | : : ' 
by 193456 ° the product just obtained and its three fellows * are 


* Strictly speaking, the fourth is only a variant of the first. If it be considered 
different, then there are two others, namely, 
eal 465132 | 


156 "| 934 
123456 | | 546213 
126 345 ; 


the number being either » or 2n, and not n+1. 
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| 123456 | 654321 | 


123 456 
123456 | | 465132 
234 156 ; 
123456 | | 546213 
345 "| 126 ; 
123456 | | 654321. 
456 123 ; 
where change of signs in a row is indicated by an overhead —. By 


this means also the law of formation of the products could have 
been readily formulated. 

Of the three results in the fourth chapter the first part of the less 
familiar is to the effect that only 2n—1 primary minors of Bezout’s 
elinanant are different, and to each one of them can be found an equal 
among the secondary minors of Sylvester's eliminant: the converse 
part is not so general. As for the fifth chapter, the relations given 
in it, namely, between the secondary minors of Bezout’s deter- 
minant and the quaternary minors of Sylvester’s, are in themselves 
much less simple, and therefore require lengthier statement than, 
unfortunately, we are able to give here. 


q 


BIERMANN, 0. (1891); HASKELL, M. W. (1892). 
[Ueber die Resultante ganzer Functionen. Monatshefie f. Math., 
li. pp. 143-146. ] 

[Note on resultants. Bull. New-York Math, Soc., i. pp. 223-224. ] 
These both deal with Gordan’s equality of 1885, 


Res (f+gh, 9) = Res (f, 9): 
The first, as the result of determinantal transformations, scrupu- 
lously prefixes to the right-hand member the factor 
(—1)2(@+a-™) "i ip Bik de oe 
where q is the degree of h, m <n, and by is the coefficient of a” in g. 
The second insists on the removal of Gordan’s restriction regarding 
the degree of gh. 
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WAELSCH, E. (1891). 


[Ein Satz iiber die Resultante algebraischer Gleichungen und seine 
geometrische Anwendung. Monatshefte f. Math. u. Phys., ui. 
pp. 421-428] 


The resultant in question is that of two binary quantics, and the 
theorem regarding it concerns the determinants of the two-row 
array of its first differential-coefficients with respect to the co- 
efficients of the quantics, namely, that each of these determinants 
contains the resultant as a factor. This known theorem * (Salmon’s 
Modern Higher Algebra of 1866, pp. 76-77) it is sought to amplify 
by showing how to calculate expeditiously the cofactors, but the 
author’s interest in the geometrical side of the matter makes his 
success less than it might have been; the subject seems well worth 
further study. 


MANSION, P. (1893). 
[Sur ’éliminant de deux équations algébriques. Awnales ... Soc. 
Sc. (Bruxelles), xvii. 1° partie, pp. 5-8.] 

Still another mode of transforming Sylvester’s bigradient into 
Kuler’s product of differences (Hvst., 11. pp. 369-370, 374-375), the 
others specially referred to by the author being Bruno’s (1859, p. 27) 
and Gordan’s (1885, p. 179). 


* According to Salmon we know from Richelot’s theorem (Hist., iii. p. 328) that 
when R = 0, 
BO up oR = ORS OR _ OR , OR 
Cap Odp-x Obj Obgee:. — <O0g Oban. 
and consequently that 
OR OR OR ‘ OR and OR . OR OR OR 


Ody Qay~* ia Odp-k Oa, Ody Obe-% i OGp-x i Ob, 
It thus follows that 


OR OR OR OR oe OR OR OR OR 


Odp Cat-* ~ Oap-z Ody Ody Obg-%  Odp-n Ob, 
both contain R as a factor. He adds that in the former case the cofactor is 
OR OR 


OdpOGq-k Odp-%Oy” 


but that in the latter the corresponding statement does not hold.— 
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GORDAN, P. (1893, 1894). 
[Ueber die Sylvester’sche Resultante. Verhandl. d. Ges. deutscher 
Naturf. u. Aerze, ii. 1, p. 4.] 
[Ueber die Resultante. Math. Annalen, xlv. pp. 405-409.] 


The first of these notes concerns the familiar resultant 
(a, b, C, d)s 


(P, % 7 $)s 
of two binary cubics: the second is more important, the subject 
being the Laplace expansion of 

(G5,- 055 9ay), 
(bo, By,» + > On)m 
in terms of the n-line minors of the a-array and the m-line minors 
of the b-array, and the object being to facilitate the evaluation on 
the lines originally followed by Cayley (Hist., ii. pp. 366-8). 


TAYLOR, W. W. (1895): MUIR, T. (1896). 
[Evaluation of a certain dialytic determinant. Proceed. London 
Math. Soc., xxvii. pp. 60-66. ] 

[On the eliminant of f(z) = 0, f(1/z) =0. Proceed. R. Soc. Edin- 
burgh, xxi. pp. 360-368. ] 
Both of these papers concern the factors of the dialytic eliminant 
of such a pair of equations as 


az’ +ba5+...+ 9 

gx? + f+... a = 0). 
The first author removes the linear factors at the outset, and then 
by a rather lengthy procedure transforms the resulting ten-line 
determinant into 


| 
° 


2 


a b Cc d e-g 
a b c-g d-—f 

a—g b-—f c-—e 

—g -f a-e b-—d 

—g -f -e -—d a-e 


The second author points out that the given eliminant being 
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centro-symmetric resolves itself into two six-line determinants at 
once, namely, 


aia a Rei 5 e f+g Eee Cee e. fg 
a bc. dg et] oe c d—g ef 
. a b+g ctf d+e ee ot be Cp ee ae 
. g atf b+e ct+d PRODIGY CS Gg o b—e c—d 

. g f e a4d b-+e . —g —f —e a-—d b—e 

g fie, d ¢ a+b |, g —f —e ’ e a—b]; 


that a+b+c+...+g is removable as a factor from the one, and 
a—b+c—...+g from the other; and that the cofactor in each is 
readily transformable into the same five-line determinant 
a b c d e-g 
a 6b c-g d-f 
a—g bf e 
—g -—f a-—e b 
g —f c d a 
which thus appears squared in the final result. 

Muir, however, proceeds further. First he draws attention to the 
fact that the second six-line determinant is the same function of 
a, —b, c, —d, e, —f, g as the first is of a, b, ¢, d, e, f,g: and that 
therefore the resolvability of the second is included in that of the 
first. Also, the actual fact of resolvability is considered so curious 
as to deserve separate formulation, namely, 2f ++ be used to indicate 
addition in the case of arrays, then 


> 


ab GPa) *er tt a: 

a bic id ee eS dame | 

ant be tetstd voor fils 

a Ebi + pCi mer d 

a” b . gf “eigd™ow 

a e De @i oe. b 
abcde -g 
A ak haem Se ee 
= (a-+b-be-+. . 5a): BaP Die ea ete 
a b -g -f -e -d 
a “py tht—beed. <6 
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and it holds for any number of letters, a simple example being 
abcd 


.e 
ee ae 1 exe ie oie minal 6 
Ant os a (a+b+c+d+e),.ab + . -e-d 
‘ Se 5 @ -e-d -c |. 


The existence of similar results is then enquired into; and it is 
found that if we denote the kind of determinant which appears on 
the right in these examples by the functional symbol y, we have a 
fresh series of identities exemplified by 


[a,b cd St wdc, Wd 
mua Db ¢ ieabeniilia bei, F , 1 
; ee ed ecb et ees aa) exe 
a ee ow At 
and another series exemplified by 
2b cde shen | 
20.0 6 ae Ll Me, 
obc##. . dec b| = —ed(at+b+c+d)- xo, 
vo Me at As, Ca) a0 
Oey Se: i. ¢.b—0 
where x, or x (abcd) stands for i 
a b . —-d 
+ a 
a -d -¢ 


NETTO, E. (1896). 
[Zur Theorie der Resultanten. Crelle’s Journ., exvil. pp. 57-71.] 


The last four pages here are occupied with the theorem that 
If S be the bigradient eliminant of two binary quantics, Sg denote 
the minor obtained from S by deleting the a row and B” column, 
_ then 

SauSpr — SapSeo 
as divisible by S so long as u-+-v = p+o. The proof opens with the 
- case where 
(r= a ey Sah io eae; 
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and consists in constructing a single determinant equal to the differ- 
ence in question, and then so transforming it as to put in evidence 
the desired factor. In the next place this first result is gradually 
widened with the help of the known case where p, ¢ =v, uw: but 
the process is considerably lengthened by the necessity which it 
involves of establishing the irresolvability of S. At the close the 
bearing of the theorem on Salmon’s mentioned above (p. 342) 
is briefly dealt with. 


GOURSAT, E. (1896-1897). 


Legons sur I'Integration des Equations aux dérivées partielles du 
8 q p 
second order & deux variables indépendantes. 1. p. 25; U. 
p. 298. Paris.] 


Incidentally there here appear two evaluated bigradients involving 
differentials. As, however, they represent results which are per- 
fectly true independently of all differentiation, we shall state them 
quite differently. In the notation of Hist., ii. pp. 330-331, they 


are 


(a, b, ¢), (a, b, ¢), |" 
(x7, ratty, ...,y")e (x, yo |; 
(a, Ag, +s, Gr)» (a, Ae; D Gy), 5 
(x, 2xry, Ga (x, Y)r ; 
for example, when r is 3, 
| a b Cc 
a b Cc , TRON i imate ome be 
5 G b BW Ya heed) 
| eo ecacyewrsege Sie ey); 
x3 ony say? ¥? 
a b Cc 
2 
Ns pit 2 an Ouwe 
x? Qey y? By J 
oe ey igs dare 


No proof is given; but if the determinants be viewed. as eliminants 
a way 1s at once seen to be open. 5 
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ROE, E. D. (1898). 


[Die Entwickelung der Sylvester’schen Determinante nach Normal- 
Form. Dissert.(?) vi+52 pp. Leipzig.] 

This is a simple study of the final expansion of a,bigradient, the 
classification and properties of its terms, and all possible aids towards 
the calculation of it in any individual case. Although as an ex- 
position it is clear and conspicuously full, probably its real value 
hes in giving at the end the final expansion of the eliminant R, ,, 
when the coefficients of the given equations are 


G0; —a, Ug, — 3, M4, ath 
bee Oe, Dee Uae by. 


The terms are arranged in five groups, the basis of classification 
being connected with the two pairs of coefficients 


5 


Gy Wes Gt MOG 


To the 5‘" group belong those terms which contain both of both 
pairs,—terms of so-called ‘ normal-form’: to the 2" and 3™ groups 
belong those containing both of one pair and one of the other pair : 
to the 1* those containing only one of each and being ‘ completely 
reducible’: and to the 4 those containing only one of each and 
not ‘completely reducible.’ All thé groups except the 5™ consist 
of terms reducible to terms of determinants of lower order, so that 
‘normal’ is evidently meant to be equivalent to ‘ irreducible’ ; 
indeed the writer himself opposes ‘normal’ to ‘ reducible ’ speaking, 
elsewhere than in the title, of the development as being “ according 
to normal and reducible forms.” 


STUDNICKA, F. J. (1898). 


[Objasneéni Borchardtovy poutky o jakosti ko¥eni rovnic alge- 
braickych. Casopis pro péstovant math. a fys., xxvil. pp. 
237-246. ] 

This is a simple exposition of the use of a Sturmian series. Noth- 
ing fresh occurs in connection with the determinants employed 
(Hist., ii. pp. 330-331, 346-347). As usual with Studnicka the 
illustrative examples make the paper specially helpful to students. 
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VAN VLECK, E. B. (1899). 

[On the determination of a series of Sturm’s functions by the calcu- 
lation of asingle determinant. Annals of Math., (2) i. pp. 1-13.] 
What falls to be noted here is an expeditious way of arriving at 

the set of Sturmian remainders when the two originating functions 

PA Ade) ssa AS te bot” +.6,0°4 +. 

have arithmetical coefficients. The process consists in the so-called 

transformation of the dialytic eliminant 


Ay A, A 
boa bab 
Ap 
b, 


so as to have nothing but zeros on the left of the diagonal, the first 
row being utilized along with the second to produce the new second, 
the new second along with the third to produce the new third, and 
so on. It is then affirmed that the even rows in the resulting 
determinant furnish the coefficients of the successive Sturmian 
remainders. When the second function is the derivate of the first, 
the process commences of course with the alteration of the third 
row; for example, the function being 
ete —at—e+o?—v4+ Il, 
the altered determinant is 


le le-SIse=] 1 +1 1 : an Ast ee 
6 5 —4 —3 2 —1 
1 —2 -—3 4 —5 6 
17 14 —27 32 —37 
= Oy | -ae 6 —8 IT 
44 —114 120 —7 


In thus finding the Sturmian remainders 


17a4 + 14x03 — 274? + 32a — 37, 
— 44¢3 + 1140? — 120x a5 hes 


the author rightly claims sone aeeia saving of labour.— 
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We should prefer, however, to free the matter from connection 
with the dialytic eliminant, substituting the proposition: If from 
the given pair of rows of arithmetical coefficients a third row be formed 
whose values are |agb,|, |agb2|, ..., |agb,| next a fourth row 
formed similarly from the second and third, and so on, then the elements 
of the (2r+1)™ row are the coefficients of the x” Sturmian remainder. 
It would perhaps be still better to substitute a theorem in pure 


bigradients, affirming that the elements of the 4%, 5%, . . . rows are 
as By ar ae a, aga. gy 
be b. ve bP OR: 71h, 2b, 
b, bs bs 5) b, be by 5) b, bs b; r) 
ay; a, aya; Cpe (Pees 1 gaa Oe 
Dale “ta, as ss Oy) Ona ae ar 
5 Py ay he po, > bs  D; 
by The byw, |; b, by bg bs |, 


This would have applications to other subjects than Sturmian 
remainders. 
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Lirotu, J. Kurze Ableitung der Bedingungen, dass zwei 
algebraische Gleichungen mehrere Wurzeln gemein haben. . 
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CHAPTER XV. 
HESSIANS, FROM 1880 TO 1897. 


HERE, as in the associated case of Jacobians, there is no increase of 
progress to report, the number of writings to be dealt with having 
fallen off by a third, exactly as in that case. 


SCOTT, R. F. (1880). 


[A Treatise on the Theory of Determinants.... xi+251 pp. 
Cambridge. | 


There are here recorded three examples of evaluated Hessians. 
First, it is fully shown (p. 148) that if 


ag? Ee. AE ey hy? ee" Es Oe 
and o =4("7?+...+ 2,7), then 
2 eae 
Hu) -S86"(¢=2,7)\(o—757) ee (o—2,2){ 14 oper : 
Next, it is noted (p. 231) that if w,, w., ..., uv, be linear functions 
OL Vn Ver a a Cen 
plana Ol Mare cuss atk mu 
H (log uty... Un) = (—1) {oe ae eS) (tbste « ta the deos 
and that if 


Un, = (e+y+z)" + (w—y—z)" + (—a+y—2)" + (a+y—2)", 


then, save for an arithmetical factor, 


H(v,) = Vn (04+ y4-+24—202y? —2y22? —22%ran—2, 
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BAUER, G. (1883). 

[Die Hesse’sche Determinante der Hesse’schen Flache einer Flache 
dritter Ordnung. Denkschr.... Akad. d. Wiss. (Miinchen), 
xiv. (3), pp. 77-90.] 

There is here extended to surfaces a theorem of Hesse’s regarding 

a cubic curve, and what we have to note is the property of H {H (ug) } 

analogous to that given in Hesse’s original paper of 1844 (Hist., 

iu. p. 377). 

VOSS, A. (1887). 
[Zur Theorie der Hesse’sche Determinante. Math. Annalen, xxx. 
pp. 418-424.] 
Here, as in Bauer’s paper of 1883, the subject is the Hessian of 
the Hessian: and notwithstanding the title the interest is even 
more markedly geometrical. 


GERBALDI, F. (1889): SCHOUTE, P. H. (1889). 
[Un teorema sull’ Hessiana d’una forma binaria. Rendic. del Circolo 
Mat. (Palermo), ii. pp. 22-26.] 
[Sur un théoréme relatif 4 l’Hessienne d’une forme binaire. Rendic. 
del Circolo Mat. (Palermo), in. pp. 160-164. ] 

The main theorem here we have already given under Sylvester’s 
name (1879): but Gerbaldi adds that if the Hessian have only 
imaginary roots and assume only positive values, then the roots of 
the quantic are also all imaginary.* 


McMAHON, J. (1889): FRANKLIN, F. (1890). 


[On the expression of the Hessian of a binary quantic in terms of 
the roots. Annals of Math., v. pp. 17-18.] 
[On the Hessian of a product of linear functions. Annals of Math., 
v. pp. 103-105.] 
The result stated and proved in the first of these papers might 
have been viewed as already known (see, for example, Hvst., 


* Another paper on an already known result in the Theory of Quantics is 
Grrpatpr, F. Sull’ Hessiano del prodotto di due forme ternarie. Rendic, 


del Circolo Mat. (Palermo), iii. pp. 60--66. 
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iii. p. 371). Franklin’s generalization is of a different degree of 
importance, being that 


H(uytty.... 6 Up) = (—1)* +1 . (n—I) - (Uys Un)2>> {| Oyx| + Une - ++ Un}? 


where Up = Ap Ty + ApeTe +... + Apt. 


PASCH, M. (1890). 
[Ueber bilineare Formen ... Math. Annalen, xxxviil. pp. 24-49.] 


Incidentally, and not by a determinantal transformation, there is 
here (p. 41) reached the fact that the Hessian of | a,bsc3 | with respect 
to the elements is —2| a,b,c, |?. The author also notes (pp. 46-47) 
the less important fact that the Hessian of a three-line axisym- 
metric determinant A is —16A?, quoting in connection therewith 
the name of A. Breuer (1888), and not the names of Sylvester (1841) 
and Cayley (1856) (Hust., i. p. 244; 11. pp. 143-144). 


MUIR, T. (1898). 


[Question 11814. Hdue. Times, xlvi. p. 87: Math. from Educ. 
Times, (2) xiv. pp. 38-39.] 


A simple identity connected with the Hessian of a binary cubic. 


PAINLEVE, P. (1894). 


[Note sur une identité entre certains déterminants. Bull. Soc. 
Math. de France, xxii. pp. 116-119.] 


The theorem here concerns two determinants got by performing 
two different sets of operations on a homogeneous function of 
L, Ly, Ly, .+., Ly Of the m™™ degree. The first operation consists 
in forming the Hessian and then putting in itz =1. The second 
consists in putting x = 1 in the given function at the outset and 


forming with the resulting function ¢ the n-line determinant whose 
(7, s) element is 


oP WR eee 


Te OL /Ony. trail) Op Oke 


The ratio of the former result to the latter is 


(mep)”"Y(m—I). 
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NANSON, E. J. (1895). 


[Hessian of an implicit function. Messenger of Math., xxv. pp- 
137-138. ] 


The result here established is that of p(u, x,, Xx, ..., Xa) 0; 
the Hessian of u with respect to the x’s is 


(—1)"41 
ee foo Po ---- Pon Po 
Pio Pu CN Ces RC Pin pi 
no Pn1 DE ONS: Pon Pn 
Ripg DU eae Gj, mel A 
where the suffixes 0, 1, 2,..., n denote differentiation with respect to 
U, Xj, Xo, .--, X, respectively, and where therefore the determinant 


is the bordered Hessian of ¢. 

We note for ourselves that, when ¢ is a homogeneous integral 
function, Brioschi’s theorem regarding the bordered Hessian (Hist., 
li. pp. 396-397) applies, and gives an interesting corollary.* 


REUSCHLE, C. (1897). 


[Konstituententheorie, eine neue, principielle und _ genetische 
Methode zur Invariantentheorie. Verhandl. d. internat. math. 
Kongresses (Ziirich), pp. 122-140.] 

‘Konstituenten’ are entities that arise in connection with any 
quantic by differentiation: thus, « being a quantic of the m* 
degree in 2%, %,..., its Ah ‘primary constituent,’ its (h, k)™ 
‘secondary constituent,’ and so forth, are 

1 Ou 1 Ou 
m om,’ m(m—1) Ca,dm,’ 9" °° 

respectively. As is not unnatural, the determinant with the 

secondary constituents for elements comes to the surface in the 

course of work, and some space is given to the consideration of 


its adjugate. 


* Immediately following on this paper in the Messenger Nanson has another 
dealing with the change of independent variables in the Hessian, 


CHAPTER XVI. 
CIRCULANTS, FROM 1880 TO 1899. 


THE period under review shows a marked increase in the study of 
circulants, the number of writings being almost double the number 
for the preceding period. The segregation of those on ‘block’ 
circulants, which was tentatively introduced in Vol. III., is here 
definitely adopted. 


SCOTT, R. F. (1880). 


[Note on a determinant theorem of Mr. Glaisher’s. Quart. Journ. 
of Math., xvii. pp. 129-132.] 


Taking C(a, b, c, d, e, f) as an example of an even-ordered cir- 
culant, and performing the operations 


col, + col,, col, + col;, col; + colg, 
tows — row; TOW, — TOW, row; — rOWs, 
Scott finds it equal to 


atd b+e c4f a—d b—e c—f | 

ct+f atd b+te|:|f—c a—d b-—e 

b+e ctf a+d e—b f-—c a-—d\. 
The form of the second factor leads him to draw attention to what 
he calls a cyclically skew determinant, namely, 


ay Ay Osis «ats BAG 
—Any, ay Go 6s Ay 
Any —an, Qj +++ One 


—Ay, —Az3 —Ay e165 & Ay > — 
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of which an equivalent is 


a (a, +30, +dgw,2-+. . baywo,"), 


r=1 
where w, is any root of the equation 
Co =): 


His theorem is thus to the effect that @ circulant of the (2m) order 
as expressible as the product of a circulant and a skew circulant each 
of the m order; and he gives an alternative proof of it dependent 
on the ordinary factorial expressions for the determinants in question. 
It is noted also that on account of the relation between the roots of 


the equations 
gentl it J — Q, inst =f), 


the circulant of 
Ay, — ag, Ag, — Aq, » ++ 5 —~ Aon, Fenty 
as equal to the skew circulant of 


41, G2, Ag, Aq, - ++ > Agn Agni; 
or, say, to 
Vv 
C (a, Ge, +++, (on 4a)+ 


GLAISHER, J. W. L. (1880). 


[On some algebraical expressions which are unaltered by certain 
substitutions. Messenger of Math., x. pp. 60-63.] 


In effect the main result of the paper is that if s stands for 


G@, +A -+...-4; 
then 


C(s—a,, S—dp,..., 8—G,) = (—1)"(n—1) C(qy, ay, .. . , ay), 
and consequently that 
C(s—a,, S—dg, .«. , S—Gn) iy C(aq, Ge, «+» » Gn) 

(s—a,) + (s—a,) +... + (S—a@,) 

_a simple example of the latter being 
|1 e+a a+b 1 
ih sb enecteay (1)? |. 2b 
| l a+b b-+e 1 
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or, in non-determinant notation, 
(b+)? + (c--a)? + (a+b)? — (e+a) (a+b) — (a+b) (b+c) — (b+) (c+4) 
) =@+0+e—be —ca —ab. 
The result of making one or two other readily suggested substitutions 
fOr js Gas 2 4) Gy UN ClOjs te dh, Csaalso Noted. 


WEIHRAUCH, K. (1880). 
[Ueber doppelt-orthosymmetrische Determinanten. Zeztschrift f. 
Math. u. Phys., xxvi. pp. 64-70.] 


Weihrauch establishes Spottiswoode’s property by using Fiirs- 
tenau’s theorem of 1879; that is to say, he multiplies each element 
in the (7, s) place by w’~*, where w is any one of the n™ roots of 
unity, and then takes the sum of the rows. 

More interesting is the fresh proposition that the circulant of 
@y, ag, -.., an, 2S equal to the sum of the coefficients of the equation 
whose roots are the n powers of the roots of the equation 


apxo) age ag ee a, 0! 
By way of proof it is noted that in the case where n is 4 we have 
C(a, b, ¢, d) 
= (a+ ba, +6, + dw,*)(at bey + cw,” + Cory’) (a + dws + ews? + dws%) (a + bw, + cw? + dw,3), 
so that, if , ¢, ¢ be the roots of the equation 
ax? + bz? + cr +d = 0, 


there results 


C(a, b, c, d) 
= a(1—w,¢,) (1 —,f) (1 —w, §) 
: a(1 —we6,) (1 — wes) (1 —w63) 
- &(1—w36y) (1 —ws 62) (1 — ws) 
-a(l —waG,) (1 —wats) (1 —w46s) 


= at: (1 —w, 61) (1 wes) (1 —w364) (1 —wa§) 
aie —w 6s) et —w69) (1 —ws6s) (1 —wats) 
H( —w, fs) (1 —w63) (1 —w63) (1—wyés) 

= ai—6)0—C)d—G; 


as desired. A more general result is: The sum of the coefficients of 
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the equation whose roots are the q' powers of the roots of the equation 
Sx” + ax? * +. et a= 0 
as 
Cag ag Bog t .-. 5, BA Bgy + Bogti tere 5 Bet Age t Boge tb cee > ceeds 
Instead of this, however, Weihrauch in effect proposes to sub- 
stitute a wider proposition, namely, that the equation whose roots are 
the 4" powers of the roots of the equation ax? + bx? + cx +d =0is 


an Det, a 
Oily A TAY. 

eS Pier ay by 
d- ay.-by “cy 


_ the previous result being thence obtained on putting y=1. To 
establish this y? is substituted for x in the given equation, and 
rationalization is effected in Cayley’s manner of 1852 (Hist., ii. 
pp. 124-126), the full set of equations being 


ays +byt +eyttd =0 
ay +byt + eyt+dyt = x 
ay-ytt+by + cyt +dyt = 0 
ayy + by-yt + cy +dy* = 0 

and the eliminands y%, yi, y?. * 

It is also noted that the same procedure is effective when the 
roots of the new equation are to be the p powers of the roots of 
the given equation. Thus, p being 3, we substitute y3 for z, and 
multiply twice by 3, the set of equations now being 

ay +byi +eyi+d =0 

ay-ys+by +-cy8 + dyt = 0 

ay -y8 + by-y8 + cy +dy4 = 0 
and the desired equation 

b c d+ay 
—| c¢ dt+ay by |= 0. 
dtay by cy 

Here, it may be remarked, the sum of the coefficients is still a 
circulant, namely, C(d-+-a, 6, c). 


C{l, 
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WEIHRAUCH, K. (1880). 
[Werth einiger doppelt-orthosymmetrischer Determinanten. Zezt- 
schrift f. Math. u. Phys., xxvi. pp. 132-133. ] 


Three of the four results are Scott’s of the year 1878, and the 
remaining one, namely, 


336 Fn = ee ee 3)" — (n-+1)"}, 


resembles Scott’s third. 


CLARIANA Y RICART, L. (1880). 


[Aplicacion de las determinantes 4 la resolucion de las ecuaciones 
de cuarto grado. Crdénica cientifica ... (Barcelona), ui. pp. 
425-429. | 

The determinant used is the 4-line circulant, the author thus 


forestalling by a year or two the proposal of Muir and others (see 
below, p. 370). 


SCHAPIRA, H. (1881). 


[Elements of a Theory of general Cofunctions, and their Applica- 
tions. (In Russian.) Vol. [. (1) i. 228 pp. Odessa. ]* 


The first chapter (pp. 109-124) of the second section of this book 
is devoted to an account of circulants in general; and in it there 
is one fresh result that falls to be noted, namely, Jf a, B, y, ... be 
the lunear factors of the n-line circulant C(a, b, ¢, . . .), then 


CGN 8 nice) De 


The reason for including such a chapter lies in the fact that in the 
investigation of ‘ cofunctions ’ circulants are found to be of special 
utility : the whole of the second chapter, indeed (pp. 125-144), is 
occupied with showing how symmetrical functions of cofunctions 
can be represented as circulants. The properties of other deter- 
minants, such as Jacobians and alternants, are also utilized. 


* This is but the first portion of an elaborately planned work, which failed to 
materialize according to the original design. A second instalment (viii +224 pp.) 
of the first volume did not appear until 1892. ef 
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SCOTT, R. F. (1881). 
[Mathematical notes. Messenger of Math., x. pp. 142-149.] 
There is here established (pp. 148-149) the curious theorem 


= So ees 5 x) On, Ley a ee a) = 
recalling a previous theorem of his (Hist., iu. p. 380). Also it is 
noted that the determinant got by bordering C (2, 2, ..., %n) 
symmetrically with 0, 1, 1, ..., 1 is equal to 
WAG 0a, 2.2 -L,) 


Ly + Gy t~ i. +O, 


MUIR, T. (1881). 


[On new and recently discovered properties of certain symmetric 
determinants. Quart. Journ. of Math., xvii. pp. 166-177.] 


To start with, Glaisher’s theorem regarding a circulant of the 
(2n)™ order is shown to be readily obtained by multiplying together 
two slightly altered forms of the circulant. The first form is got 
by advancing the odd-numbered rows in order to the first n places, 
and then altering the signs in the even-numbered columns, the 


result being ‘ 
a —b c —d e -f 
e —f a —b c —d 
hae c +d e -—f a —b 
(—1)!@+08 (a, b, ¢, d, é, f) == f Ts er ae. 
d —e f -—a b —c 
b —-c d —-e f —a}. 


The second form is got from the first, by deleting the negative signs, 
reversing the order of the rows and then the order of the columns, 
the result being 


Capita, 620. 
eS 
Cid Ch oO nZG, of 

—1)!8-13, C(a d Z|? 
( 1) C(a, b, C, need) b a ri e d C 
Op Neb Fu Ee 
7 werd Lon 06 
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From these two results by multiplication there is obtained 


Pee -Q 
LO 2B >a-R 
(—1)°{C(a, 6, 6, 4,67)" =, R-Q@ RB 
| Pe he 
| Ore Dome 
Lceteosaabents eat Oe 


and therefore 
C(a, b, C, d, é, f) — C(P, Q, R), 
where 


P=@—Of +ce—d + ec —fb = a? + Ice — d? — 20f, 
Q = ae—bd +c? —db+ea —f? = ce + 2ca — f? — 2Qdb, 
R = ac—0® +ca—df +e — fd = e + 2ac — b? — Ofd. 


In the second place, Scott’s theorem regarding a circulant of the 
(2n)" order is shown to be immediately deducible from Zehfuss’ 
theorem of 1862, the reason being that by reversing the order of 
the last ~ rows, and thereafter the order of the last n columns, the 
circulant becomes centrosymmetric. For example, 


Ge Oo Ge feo 
tact 0, 6. Or 
C@bodef) =/o4 2 Ge 
Cr “GUC haD eee), 
dele c bee 

at+d b+te c+f a--d b—e c—f 

= |ctf atd b+te|:-|f—c a—d b—e 

bt+e ctf a+d e—b f-—c a-—d 


= C(a+d, b+e, c+f) . C’(a—d, b—e, c—f). 


It is next found that when n is odd there is no difficulty in deducing 
Glaisher’s theorem from Scott’s. We have only to change the 
columns of C(a+d, .b+e, c+f) into rows, alter the signs of the 
second row and second column of C’(a—d, b—e, c—f), and then 
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perform row-by-row multiplication, there being a series of identities 
like 

(a+d, c+f, b+ef{a—d, e—b, c—f) = a? + 2ce — d? — 20f 
to be relied on. 

Lastly, attention is drawn to the fact that there is a second way 
of expressing a circulant of the (4n+2)" order as a circulant of the 
(2n+1) order, namely, by resolving it in accordance with Scott’s 
theorem, substituting for the skew circulant an ordinary circulant, 
and then performing row-by-row multiplication. For example, 


atf bte ctd a—f e—b cd 
C(a, b, 6, de, f) = \e4+d atf: b+e|-le—d a—f e—b 
b+e c+d af e—b c—d a-f|, 
fh we NN 
ae L M 
iN Ti le 


where 
L=@+4+é+4+2—-8—-—@?—f? = Sa? — SL, say, 
M = Yae — Sbd + Sab — Sad, 
N = Lae — Sbd — Lab + Sad, 
the > implying summation of the terms got by changing 
& €, 6 Into 2; CH, 


and 


6,0, f “tuto d, f, 0D. 


MUIR, T. (1881). 
[On the resolution of a certain determinant into quadratic factors. 
Messenger of Math., xi. pp. 105-108. } 
The theorem here established is that the determinant whose every 
element is the sum of the corresponding elements of the circulants 
Cine eat Cb) bs, 5. - 5 Da) 
as divisible by 
(a, +wa, +. . .+"~1a,) (a, +w lag +. . .+w7"*"1a,) 
— (b;+wb,+. . .+-@"~"b,) (by toby +. . .+@"*"b,), 


w being one of the imaginary nu roots of wnity. 
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When » is 5 the determinant in question is* 


a,+b, degtb, a3tb3 adytb, 5+; 
Astb, a+bs adatby ag+bs a+b, 
Qytbs as;+b, a+b; ad.tb, a3+b, 
ds+b, dy+bs as+b, a+b, a2+05 
dy+bs d3tb, agtby ds+bg a,+by |, 


and may be viewed as the eliminant of a set of linear homogeneous 
equations in 2%, %, %3,%4,%,. Using the multipliers w°, w, w?, w, w4 
with these equations and performing addition, we obtain 


ay +w-ldo+ arene +w~*as ay +wvs +t, +w rs + wit, 
b, +wbs+ 5a 0 +4); Ly +wt, +wxs +w°t,+wir;’ 
and therefore, on putting w—! for w, 
Aj+odgt... twits 0 + ws +w°Xy+wXy + wy 
b, tw de | eer e | w ‘bs a Ly +wr, +x, +wt, +r; : 


from which two equalities there results by multiplication 


a;t+wld,t+...+w4a; +o +... +wids _ 1 
bjtwbo+...+04b; 6,+07b,+...+0 4b; 
This being independent of the ’s furnishes a factor of the eliminant, 
and the factor thus reached is seen to be the quadratic factor specified 
in the enunciation of the theorem. 


Note is taken that when 7 is odd there is the linear factor 
@, + gt oe eee ene 


and that when n is even there is in addition to this the factor 


Ay —A+...—Q,+6b,—-b+...—4,. 


Further, the multiplications indicated in the quadratic factor are 
actually performed, and w made to disappear through substitutions 
like 2 cos 2a for w+}. 


*The determinant may be described otherwise, and perhaps better, as having 
its array equal to the sum of two circulant arrays one of which is symmetric with 
respect to the secondary diagonal and the other with respect to the primary 
diagonal. a a 
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MUIR, T. (1881). 


[On circulants of odd order. Quart. Journ. of Math., xviii. 
pp. 261-265. ] 


The main theorem here established is that the cofactor of 


@y + ay +... + Anti 
tm O(a, ag... . , Ami) 18 expressible as a symmetric determinant of 
the n order whose distinct elements are the 4n'(n+1) differences of the 
cyclic sums 
Daye; Daye aha, PS Daas: 
Calling these cyclic sums A,, A,, A,, Ay, in the case where n is 3, 


and multiplying C(a,, a2, ... , ) by itself in the form obtained by 
diminishing each row by the immediately preceding row, we find 


(C;)? = Ay A, A; Ay A, As A, 
fine Ree eh Ag Ave Aly ahi tn ap WA Ae Aral 
area AL AL ACA ALAS ee 
a ON ea PAD A Ay A AS A A AD 
| A AN A Ae ge Ar At ADA hy Abe 
AoA, Pe Ae AA Ne A AA. pee A 
a Sy ey, a ; Ao NaN Ae Ae Aa A oA 


Here the increasing of the first column by all the others shows that 
A, +2A,+2A,+2A,, 4.€. (a,+4,+... +0)? 
is a factor, and the full result takes the form 


(C,)? = (a,+a,+... +az)* d= 3 Y eee 6 0 | 


if for shortness’ sake we write 


a, B, Y for A, — A, Ay — A,, AAs — Ay. 
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Multiplying this new determinant by 
| es EE Wg oy BS | ay: 


WAAR Ne aba [Baebes ae ee ae 
ate Shs eer bea Lae 
ee fect bat! 
1 lieueae Sa 
me Ll oi 
in succession we obtain 
(C,)? = (Ea)2} a B aetoe Wi 

Bo GB py yk = 

yo Bey, =a ; 

Y Bia p y 
aE, ¥. Ba@tBry Bry 
see ay Se A ep ee 

and thence 


as desired. 

The latter part of the proof is seen to turn on the transformability 
of a certain six-line persymmetric determinant into the square of a 
three-line axisymmetric determinant, and this property is stated to 
hold for a persymmetric determinant of the (2n)* order whose 
distinct elements are 


= Agy ties 5 — Gy, YO, Osis) i Gye eee: See ae OE eas 


the elements of the n-line axisymmetric determinant being of the 
form 


Dy + Una +. 6. + Onrg-1- 


TORELLI, G. (1882). 
[Sui determinanti circolanti.  Rendic.... Accad. delle Sci. Fis. 
e Mat. (Napoli), pp. 3-11.] 


This paper, following avowedly on those of Glaisher and Scott 
and Muir, contains important generalizations. 
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The first theorem is to the effect that any circulant of the (rs) 
order is expressible as a circulant of the s order, and each of the 
elements of the latter is an aggregate of r-line minors, r-! in number, 
of the former. Torelli’s proof, which is the natural extension of 
Glaisher’s, is stated in perfectly general terms. We shall, for the 
sake of greater clearness, apply it only to the case where rs = 15, 
the elements of the circulant being 

Gis Wegye oo pay: 
The fifteenth roots of 1 are the three third roots of each of the five 
fifth roots of 1, so that if y,, y2, y3 be the third roots of 1 and 
€}, €,---, €5 the fifth roots of 1, the fifteenth roots of 1 may be 
represented by 


yer; 261, ye? 5 1623, Y2€2', Vses° 3 sel eu yes", oes" Y36s°> 
and the first of the fifteen linear factors of the given circulant by 
a + ds (y16;3) ae dg (y1618)? a dy (yr61*)? Tras T A15(yie1*)**. 

But this, by attending to the powers of y,e)* and rearranging 
accordingly is equal to 
(Gy +gey + 7€1? +4 9€1? +44 3614) + (4g +G5€1 +. - «+04 461') yer 

+ (dg +Age,+. . +ay5¢;)y12e13, 
and as the second and third factots differ from it merely in having 
Yo Y3 respectively for y,, the product of the three is the circulant 


G,+dye, +... (dg +a;¢,+. . Jey? (dg-+Gge,+. . Jee 
(a3 +age, +, . Jey? @,+4,€,+. os (4, +d5e,+. . ‘Je,® 
(dg +as5e,+. . Je? (a3+-dge,+. . Jes a, +Age, +. ae ) 


which, by multiplying the rows in order by e,', e,3, €,°, and there- 
after dividing the columns in order by the same, becomes 

a,+,6,+... Aag+ds5é;+... Az+Agey +. - - 

(4, +dge,+. . ey A, +A4€,+. od A, +5€,+. Aa) 

(dg t+ase,+. . -)ey (Ag+Ogeyt. . -)ey %+gey+... 
Performing the multiplications by ¢,, we see this to be equal to 
ay +a4¢€, +. . .+4,3¢,4 a> +a;5€,+. . -+a,46,4 as +age,-+.- . -+4,5€,4 
Ay5 +A3€, +. . +d, 0€4 a, +a,e,+. . . +3614 Ag +As5€, +. . +4,4€;4 
Ay4 +e, +, . +464 Qy5 +A3€, +. . .+A,0€,4 QA, +@4e,+. . -+4a,5¢,4 
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‘and therefore to be expressible as a sum of 5° determinants with 
monomial elements which can be grouped so as to take the form 

iz + Qe; -}- Re,” -+ ner a tes; 
where each of the coefficients of the powers of e, is a sum of 5%-? 
such determinants. It is next observed that the fourth, fifth, sixth 


linear factors of the given circulant differ from the first, second, 
third merely in having e, in place of e,: their product therefore is 


P + Qe, + Re” + Se? + Te,*: 
and hence finally the product of the five triads is equal to 
C(P, Q, R, 8, T), 


as predicated. Here r is 3 and s is 5. 
Had we written the first linear factor of the given circulant in 
the form 


ay + Me (evy1°) ic ds (eyy4*)? net Goa dys (eyy1*)*4, 
we should have changed it at the outset into 
(Q,+dgy1 +411") + (G2t+Ory1 +dpy1Jerys® “ps + = > (Og-Gi973 +Osyeryt, 


and so have obtained for the product of the first five linear factors 
the circulant 


C { (Q,+4¢y1+ Ayr) » (A_+Aqy1+ Aysx2) yx" pete (As +O971 +0571") yi*} . 


This by multiplication of rows and division of columns we should 
have changed into 


Ay +Ogy, +Oyy1? Ue +OyyitGpeyy ..- At+Qoyitasy1” 
Aystasyi toy? % +Ogyitdny ..- Utd y,+eyy,? 
Ay tAgyy + ¥1?  5+45¥1 +017 --- Agtdg yi tdsyy 
AygtAsyi tg Yi" Ag tGayi tg yy? ---  Agt+Oq Yi t+Aey1" 
Aye tAeyi ty 1" yg t+syitdg yi” - +. +46 yitanyi’ |, 


from which we should have passed on to the form 
X + Yy, + Zy,?. 


Thereupon we should have seen the product of the next five linear 
factors to be 


X + Yy.+Zy,?, 
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and the product of the last five to be 
X + Yy3 + Lys? ; 
and therefore the product of the whole to be 
OX, Y,.2). 
Here ¢ is 5 and s is 3. 

From this transformation of a circulant of composite order into 
one of lower order Torelli proceeds to deduce a circulant factor of 
the original. Thus, having reached C(P, Q, R, S, T) as an equivalent 
of the fifteen-line circulant, we know that 

PeEQ + RAS + T 
must be a factor of it, and, looking back at the three-line determinant 
whence P, Q, . . . originated, we see that their sum equals 
C(ay+a4+. .. +043, Gg+ds+. ..+Ay4, A3t+ag+. . . +45), 
which is the factor desired. In like manner from the existence of 
the form C(X, Y, Z) there is obtained the factor 
Cla, +g +01, bgt, +Oyo, -. - 5 As t+Oy9+445). 
The same result is established by operating directly on the original 
circulant ; and this procedure has the advantage of giving at the 
same time a convenient expressiou for the cofactor. Thus, by per- 
forming on C(a,, dz, ... , 45) the operations 
row, + row, + row, + LOW, + TOW 3 
row, +row;+.. 
TOW, 4 TOWg +...» 
and writing 
9 6 for @+O,+..., +O +..<, Agtagt..., 


we obtain 


Lannie nun Shon 
Gerke cap GEE 
as sol caw s 


Qy3 G4 M5 A Ay Ay My As Ae Gz Ag Ay Ag 1 Ape 


= MOM 
run, 3 
MM Zs 
Sz MM 
mr OM x 
ys Mn 
SZ mY, 
Ka Cary SS 
Mm Zn, 


A, Gz GM As Ag Aq Ag Ag Ayn Ay, AQ Ag Ag As Ay 
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By column-subtraction twelve corresponding elements in the first 
three rows can then be made 0, and the determinant resolved into 
two; for example, if we choose the last twelve elements there is 
obtained 


C(E, 0, f) + | ay —Gy3 G2 —Gyq Ag—Gy5 My—, ..- Myg—Ay 
Ay5—Ayq Ay —Gyg Ay—Ayg Ag—Ayn +++ M1 —A% 
Aya — 41 A5—AyQ A —Ayg Ag—Ayg +--+ UQ—A7 
As —As OT —aAzg An —a, Ag —as 448 Ay —13 . 


Since 3 is prime to 5, the pair of circulant factors can themselves 

have no factor in common save @,+4,-++. . .+4@,;, and therefore 
(4, +de+. . .+445) C(a,, da, . - - 5 As) 

must be divisible by the product of the said pair. As an expres- 
sion for the resulting quotient, which must be of the eighth 
degree in the original elements, Torelli obtains a determinant of the 
eighth order. He also extends the reasoning to a circulant having its 
order-number resolvable into more than two mutually prime integers : 
and finally makes application (§§ 8, 9) of his results to generalize 
Stern’s cofactor theorem of 1871 and a theorem of Kummer’s of 
1851 on complex numbers. 

It will suffice to add that throughout his paper Torelli makes 
due reference to the corresponding results regarding skew circulants 
(‘“‘ gobbi circolanti ”’). 


MUIR, T. (1882). 


[A proposed general method for the solutions of equations. Proceed. 
Philos. Soc. Glasgow, xiil. p. 616.] 


The property proposed to be utilized is the resolvability of 
C(a, a, 6, c, ...) imto linear factors and the consequent solubility 


of the equation 
C(t,.0) Oe e) aa 0; 


The paper was withheld from the printer, as it was found that 
Cayley had in effect already applied the process to a specialized 
quintic in the Quart, Journ. of Math., xviii. pp, 154-167. A. Legoux’ 


a 
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paper, ‘Sur une application d’un déterminant,’ which appeared later 
in 1882 (Quart. Journ. of Math., xix. pp. 41-43) concerns the same 
proposal.* 


BHUT, A. B. (1882). 


[Question 7072. Educ. Times, xxxv. p. 155: Math. from Educ. 
Times, xl. p. 48.] 


The problem is to find z, y, z, wu from the equations 


ae de y 2. u t Uk egy 
Pe Flat ee oh eye ee Oa ae) 
CAN NE “ue y SA neh) 


and it is not observed that this is the same as to express 2, y, 2, U 
in terms of their complementary minors in C (z, y, z, u). Calling 
these when signed X, Y, Z, U, we have from the theorem regarding 
a minor of the adjugate 


Le Ne 


| ee ee 7, 
bX ENG cecil Ried 3 
| 
Pee eth 5 oe Saigo BY 
ie ee am 
and therefore 
Xx YZ Kary fy et 
if =X XZ 
peas IE Xe Vole 
Zz UtCOXx TO XY. 
W etZseucls DiGi 


The corresponding set of equations in the case of three unknowns 
is much older: one appearance was in a Cambridge ‘ tripos ’ paper 
of 1860. 


CESARO, E. (1883): NEUBERG, J. (1883). 


[Question 245. Mathesis, iu. pp. 118-119; vi. pp. 60-62. ] 
[Question 273. Mathesis, ii. p. 192; vil. p. 215; x. pp. 117-119.] 

These concern special circulants which have already been fully 
dealt with. 


*The still earlier paper noted above on p. 360 came to light at a much later 
date. 
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FORSYTH, A. R. (1884). 


[On certain symmetric products involving prime roots of unity. 
Messenger of Math., xiv. pp. 40-56.] 


Forsyth begins in effect by equating two forms of the eliminant of 


“ot — pal 4 pot? — .,. = (t—a,)(e—ay) ... (v—a,) = of 
a’ —1 = (x—w,)(t¥—w2) ... (c—w,) = OJ, 

obtaining naturally 
I (e*—p,e"-2-+...) = (—1)"+). (1—a,9)(1—a,') ... (1—a,"), 


and when s = 3 
C(c,,7,.v) = (L—a,*) (1—a,§)..... (l—a;), 


where 
Cre Le Pacts Peg el by ae 
T= SD) see Dam Paya ghana 
US 9 Polen sais fea hae eee 


Three paragraphs (pp. 43-46) are then devoted to the evaluation 
of circulants. The procedure adopted is essentially the same as 
Minozzi’s of 1878. As illustrative examples of its effectiveness the 
five-line and seven-line circulants are taken, the result in the former 
case agreeing with Glaisher’s, and in the latter being new. 


MUIR, T. (1884). 


[Note on the final expansion of circulants. Messenger of Math., 
xiv. pp. 169-175.] 


The mode of expansion referred to is that used by Minozzi and 
Forsyth, the main object being to correct, if necessary, the latter’s 
expansion of C(ao, a, @, . . . Ge), or, say, C(O, 1, 2, 3, 4, 5, 6). It 
is first pointed out that the procedure is considerably shortened by 
using an additional property, namely, that when 

Aavabatasasasa? 
as a term of the expansion, then also is 
Aajahatapavacay 
a term, where m,n, p, 4, r, 8 are numbers less than 7, and such that 


m, 2m, 3m, 4m, 5m, 6m = m, n, p, q, r, 8 (mod. 7). 
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Thus, having got the term —27a,3a,2a,a, in the expansion of 

C(0, 1, 2, 3, 4, 5, 6), 
we operate on the suffixes 1, 2, 3 by multiplying in succession by 
the numbers 2, 3, 4, 5,6 and casting out the sevens, the result being 
the new sets of suffixes 2, 4,6; 3,6,2; 4,1,5; 5,3,1; 6,5,4: 
and so finally the complete set of terms 

— 27g? (0 1?Ag3 +g? yg +03°Ag by +042 U5 +05", +O g2A5(t,). 

The “ reason of the rule ” is that 


C (0, 1, 2,3, 4, 5, 6) = C(0, 2, 4, 6/1, 3, 5), 
= C (0, 3, 6, 2, 5, 1, 4), 
= C(0, 4, 1, 5, 2, 6, 3), 
= © (0, 5, 3, 1, 6, 4, 2), 
== ((0, 6, 5, 4, 3, 2, 1); 


as we can show either by transposition of rows and columns, or 
by considering the circulant in its form as a product of seven linear 
factors and using the fact that, if » be one of the imaginary seventh 
roots of unity, w, w*, w*, w®, w® are the others. 

A caution is then given that two terms having apparently the same 
form have not necessarily the same coefficient ; and as an illustration 
it is shown that in Forsyth’s expression half of the terms with the 
coefficient 35 should have the coefficient —14, and that the coefficient 
of his final term should be changed from —448 to —105, the whole 
expansion then being ' 

Da, 
— TLag?(44dg +4205 + Ait,) 
+ TLag*(a,2a;+4_7a,+047a, +047d, +057d4 +A67A2) 
+14 Yag*(a,d244+A345%¢) 
or Sag ay2a4? +4345? +-3°d4’) 
—21 Daya, 2atts 1Ay"AyMe +g2ghy 4 4470,d5 +057d34, +6705) 
+14 Da,?(a, "ig? +97a5” +0304") 
fT Lg? (Ay bys + Ag gA gs +AU g,A,) 
— T2dg(a7497a 4? +457Ag"a5”) 
+35 Daig2(a,2 gy 1 g2A 4403 +A37A90501) 
— 14 Dag?( a, 224 40g +4970, ,A5 +0576 514) 


— 105 9A, Ag 4A5e 5 
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or, with the help of the fresh property, in the still more condensed 


form 
6 


= 

I 

lor 
s 

Il 


M 


7 5 S84 
(a, os Ty +p +6 te Ty + byt dy ep os 


I 
Qo 
x 

ll 
a 


Pi 
where every suffix greater than 6 is to be made less than 7 by sub- 
~ tracting a multiple of 7 from it and duplicates are to be neglected. 

An entirely different mode of saving labour in the computation 
rests on the fact that all the terms which contain an element in the 
first power can be got by evaluating a zero-axial determinant of the 
next lower order. For example, since every term of 


C(aq, 41, A, As, Qs) 


is of this kind except da,5, we evaluate 


Dla Ay Fy. Oy! 
Cnty arnt Es 
Ca uilbgn Bo es 
|G, dy My , 


and thus finding the cofactor of dy to be 

— 5 (a,Patg +934 +4330, +047g) + 5 (ay?aq? +4715?) — 5 ggg, 
we obtain the full expansion 

Ya)? — Da? (@y44+4@3) + BDa,? (4173091) — Sag AyGgit,. 
In the case of the seven-line continuant the saving is almost quite 


as great, since in addition to Ya,’ the term 143.a,2a,2a42 is the only 
one that does not involve a first power of an element. 


STUDNICKA, F. J. (1884). 


[O ¥eseni rovnic t¥etiho a &tortého stupné pomoci determinanta 
cyklickych. Casopis pro péstovént math. a fys., xiii. pp. 225-233. ] 
The subject is the same as that of Muir’s paper of 1882, the cubic 

and quartic being taken as examples. 


WARD, .P. C. (1885): MUIR, T. (1886). 
(See under this heading in Chap. XIII.) 
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MUIR, TT. (1885). 


[Detached theorems on circulants. Trans. Roy. Soc. Edin., xxxii. 
pp. 639-643. ] 


The first of the theorems is that if in a circulant the element in 
the place (p, q) be by the nature of the circulant the same as the element 
in the place (r,s), the complementary minor of the former element is 
to that of the latter as (—1)**:(—1)?*4. But more than this is 
intended to be brought out, namely, that by cyclical transposition 
of rows and columns the element in the place (r,s) may be made 
to take the place (p,q) and the determinant be in outward form 
exactly the same as before. The second theorem is Stern’s of 1871, 
although not so credited. The mode of establishing it is to alter 
the first column of C(a, b, c, d, e) so as to make it possible to remove 
a+bw+cw?+dw*?+ew* as a factor, and leave 


la; ©, @, w* 


for the elements of the column. The third theorem is that af the 
linear factors of a circulant, say of the fifth order, be a,B,y,..., 
and the complementary minors of the elements of the first row be 
A, —B, C, —..., then 


C(aBysd, aBye, aBde, ayde, Byde) = S5°ABCDE. 
This is proved by using the preceding theorem five times over in 


the form 
A+oE +o?D + w°C + w1B By6e, 
A+o°H +0!D +oC +w0°B = ydea, 


I 


and thence obtaining the linear factors of 
C(aByd, aBye, ade, ayde, Byde) 
‘5A, 5B, 5C, 5D, 55. 
The fourth theorem is that <f the elements of the first row of a cur- 


in the form 


culant of the n order be multiplied by wo", wo", ..., w respectively, 
the elements of the second row by w"~', w"~*, ..., w, w" respectively, the 
elements of the third row by w>~*®, w~*, ..., w, @", w"' respectwely, 


and so on, where w is any n“ root of unity, the circulant is unaltered 
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in value. Here for proof we have only to multiply the rows in 
order by °, w!, w?, w?, w', and then divide the columns by 
w®, w*, w, w2, w. The fifth theorem concerns skew circulants, being 
the analogue of the same author’s theorem of 1881 regarding 
ordinary circulants. 

In order to throw light on the law of the coefficients of the final 
expansion of C(a, b, c, d, e), the determinant 


aa bB cy dé ee 
eB ay bd ce da 
| dy e6 de ba c@ 
Conde “eu a9 by 
be ca dB ey_ad 
is framed by attaching to each element of C(a, 0, ¢, d, e) the 
corresponding element of (—1)***+1C(a, 8, y, 6, «). This, which 
degenerates into the ordinary five-line circulant on putting 


= Da Oo do Cha) nO) esa 5 yee 
is found to be equal to 
Sas. aByde — Sarbe . Laryd + Sarb?d « TarBy? 
soe -abede — Dare . Saeed ae Ya2Bs Saree? 


where all the coefficients of the ordinary circulant except the last 
are in a manner “ sifted ”’ into their unit constituents. 


— l0abcde - aByée, 


SCHRADER, W. (1887): SPORER, B. (1887). 
[Beitrage zur Theorie der Determinanten. vi+156 pp. Halle-a-S.] 
[Einiges iiber gewisse Determinanten. Math.-naturw. Mitt. (Tiib- 
ingen), li. pp. 106-107.] 


In the section on circulants (pp. 87-94) Schrader gives one fresh 
evaluation, namely, 


C(1, 2a, 8a2,..., na") = ih are (=nar-) 


where we may note that the evident factor on the left, 


1 + 2a + 3a? + 7... + nat, 
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and the evident factor on the right, 
na"*t — (n+l)a"+1 
mf eae 2 
are equivalents. 
It is the well-known case of this where a is 1 that the other writer 
deals with. 


ROBINSON, L. W. (1889): THYAGARAGATYAR, V. R. (1899). 
[Question 10254. Educ. Times, xlii. p. 332: Math. from Educ. 
Times, liv. p. 54.] 

[Question 14240. Educ. Times, li. p. 270: Math. from Educ. 

Times, \xxiii. p. 56.] 
Already known results. 


ROGERS, L. J. (1891). 
[Question 10992. Educ. Times, xliv. p. 199.] 


This concerns the first primary minor of C(a, b, c, ...) when 
a+b+c+...=0, the problem being to resolve the said minor into 
linear factors. No solution ever appeared. Probably the proposer 
had in his mind special circulants of the form 


C(a—b, b—c, c—d, d—a), 
the first primary minor of which is + 


a—b b—c c—d ; : ‘ : 
d—6¢ a—b ‘b—c | and.) = 

ale, ; CaO nD 
oe age cae [one i 


so that its factors are factors of C(a, b, c, d). 


RAVUT,  . (1894). 


[Résolution des équations des deuxiéme, troisiéme, et quatriéme 
degrés en prenant pour point de départ l’équation identique 
de Cayley sur les matrices. Assoc. Frang.... (Caen), xxi. 


pp. 285-294. ] 


The method reached from the starting-point mentioned is essen- 
tially that referred to above under Muir (1882). 
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WOODALL, H. J. (1894). 


[Question 12426. Hduc. Times, xlvii. p. 305: Math. from Educ. 
Times, \xiii. pp. 35-36. ] 


The real point of interest here concerns the product of two cir- 
culants. If the circulants be zero-axial, the ordinary multiplication- 
theorem, though of course producing a circulant, does not produce 
one that is zero-axial ; so that, strictly speaking, the product is in 
this case not of the same form as its factors. It is shown, however, 
that what is not true of the zero-axial circulant is true of the 
zero-axial circulant divided by the sum of its elements. Thus, by 
row-multiplication 


a b CY ax —+-by ba ay 
DO We hy ere el en ay ax +by bx 
a b x Y bc ay ax +by |, 


and consequently, on removing the factors a+b, x+y, (a+b) (x+y) 
from the three determinants respectively, we have 

Joe Ey ab a aie 1 1 1 
BOING tis Oh Oy aa by bx 

GO: zy bx ay  ax+tby |, 


where, by diminishing in the determinant on the right the second 
and third rows by az-+-by times the first, there results 


1 1 1 
ay —ax—by : bx —ax—by 
bx—ax—by ay—ax—by 


In other words, 
(a? —ab +6?) (x? —ay+y?) = P? — PQ + Q2, 
if P, Q be taken equal to bx —ax—by, ay —ax—by respectively. 


MUIR, T. (1896). 


[On the resolution of circulants into rational factors. Proc. Roy. 
Soc. Edin., xxi. pp. 369-382. ] 


Viewing the circulant C(a,, dg, ..., @,) as the eliminant of the 


\ 
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equations 
a," 4+ aga 2 44s aa) } 
Ge RN ee Y) > 


the author concludes that corresponding to every rational factor of 
x"—] there must be a rational factor of the circulant ; and his object 
is to determine such factors and to present them, when found, in 
the most convenient forms. The means employed for the purpose 
is dialytic elimination. 
Thus, to begin with, Catalan’s factor corresponding to 
(e"—1)(a—1) 
is obtained by deducing from the equations 
; ax*+-ba? +-cz?+dxz-+e = 0 
r+tatae?tao+l 0 } 
the cubic ' 
(b—a) «8 +-(c—a) uv + (d—a) x +- (e—a) = 0, 
thence by cyclical substitution three other equations, and finally 


I 


p= yi, ha, GSH 


yal) (hae Gal We 
d—c e—c a-—c b-—c 
e—d a-—d b—d c—d\, 


which being inherently persymmetric* is more conveniently written 
P(b—c, c—d, d—e, e--a, a—b, b—c, c—d). 
The process is then extended to find the factor corresponding to 
(a —1)/(a®—1) 5 

in other words, to find the cofactor of 
(a, +-G,+ . . . +m) (41 —Ag+03—... —Gem) In C(a,, Gg, .. «5 Com). 
Thus, in the case where 2m = 8, from the equation : 

ax’? + baS + ca +det+ePtfer+tgrth =0 
the seventh and sixth powers of x are removed with the help of the 
other equation 

e+oate+l = 0, 


* The operations required for the transformation are 
col,—col,, col,~col;, cols—col,; 
and in the case of the determinant on next page 


col,—col,, col,—col,, colj—col;, col,—col,. 
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the result being 
(c—a) a5 + (d—b) a4 + (e—a) x* + (f—b) a? + (g—a)x + (h—b) = 0, 


whence by cyclical substitution and elimination we obtain 


c—a d—b e—a f—b g—a h—b 
d—b e—c f—b g-—c h—b a-—e 
e—c f—d g-—c h—d a—c b-—d 
f-d g-e h—d a-—e b-—d c—e 
g—e h-f a-—e b-f c-e d— 
|a—f a—g b-f cg d—f e-g], 


which, again, can be expressed persymmetrically, namely, 
P(c—e, d—f, e—g, f—h, g—a, h—b, a—c, b—d, c—e, d—f, e—9). 
In the next place, the factor of C(a,, da, A, A4, 45, 4g) corresponding 


to the factor z?+2-+1 of 26—1 is obtained. We simply, as before, 
remove in order from the equation 


a,0° + agx* + aga’ + ax? +a,4 +a, = 0, 


with the help of the equation 


v+etl = 0, 
the fifth, fourth, third, second powers of x, with the result 
(@5—@4-+@2—Q,) & + (@g—A,+03—A,) = 0, 


whence the eliminant 
As — Ag +Ag—A, Mg —A, +3 —Ay 
Ag—A,+Ag—A, G,—As+Q,—A, |, 
which, as before, can be expressed persymmetrically. 

Proceeding in this way, the prime factors of the circulants up to 
and inclnding that of the tenth order are calculated, and are tabu- 
lated for reference. By reason of the persymmetry and the notation 
for it, the table occupies only one page ; and it is pointed out how 
it might have been made still shorter by using the fact that when 
once the first element of any of the persymmetric determinants is 
obtained, the others follow at once in cyclical procession. For 
example, if we desire to have the factor of C(a,, da, . . . , @9) Corre- — 
sponding to the factor vt+23+a2+a-+1 of z1°—1, and know from 
the table that the first element of it is a7—ag-+a,—a3, we have the 
whole of it immediately, namely, 


— 
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GQ, —~Agt+A,—As Ag — tg + A3— Ay Ay — Ag t+ Gy— Gy Ayg— Ay + As— Ag 
Gg — Ag +M3— Ay Ay — Aygt Uy- My Ayg— Ay + A53— Ag Gy — Agt Ag— Ay 
Gg — Ag+ Ay— As Ayg- Ay +Us— Ag A, — Gg + Ag— Az hg — Agt Aq— Ag 
Ayg— 4 +A;—Gg A, — A, +Ag—A, A, —A3g +A,—Ag As — Ayt Ag— Ay. 


The process is seen to be general, and to consist in deducing from 
the equation of higher degree, by means of the other equation, an 
equation of lower degree than the latter, and in then using cyclical 
substitution and elimination. 

The next part of the paper, however, makes it clear that the 
same results can be obtained, when known, by operating on the 
circulants themselves in accordance with the laws of determinants. 
Thus, from the eight-line circulant it is shown how to remove the 
second linear factor after the first, and how then to resolve the 
remaining six-line determinant into the two previously found per- 
symmetric determinants of the second and fourth orders respectively. 

Finally, the results are applied to the special case of circulants 
whose elements, when the first is left aside, read forward the same 
as backward: and it is shown that, when from such circulants the 
rational linear factor or factors are removed, the remaining factor 
is a complete square. This is possible from the fact that the per- 
symmetric cofactors above obtained are then zero-axial and skew. 
Thus it js found that 

C(a,, de, As, Ass Ay, Ig, Gp) 
== (@,+2ag+2a3-+2d4) | dg,—Ay Ag—A3 G,—A, A,—G, dg—Ay 
d3—A, Wg—Ag ,—A, ,—A, 
iz—G, A,—As3 A,—Ay 
z—A_ AO 


and that 
C(a,, Ay, U3, Ay, U5, A, U3, As) 
= (4, +2a,+2a3+2a, +45) (4, —2.-+2a3 —2a4 + Gs) 
-|dg—Q, G@—A, a,—dz : Az —Gs, |” 
dz—A, My—A, A, —A3 
Qz—Q, A,—A, M;—Gz 
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Further, it is shown that such circulants being centrosymmetric 
can be resolved into factors in quite a different way, the repeated 
factor now appearing not as a Pfaffian but as a determinant; so 
that by the equatement of the two resolutions we obtain equality 
_ between the two determinants 


ay —Aaz As Ay as —ay, a, —Az Qs ama a3 —as, 
As UN ay —aAy, As —Aaz3 Qs —, a, —as hg 
sg ea Os 5 Age's dg—s 4a — Gy ~ Ay Og 


and the above-given Pfaffians respectively. 


ANDRE, D. (1896). 


[Théoréme nouveau de reversibilité algébrique. Bull. Soc. Math. 
de France, xxiv. pp. 136-139: Intermédiaire des Math., i. 

pp. 214-217] 
The theorem here accurately stated and carefully established may 
very conveniently be put in much smaller compass, namely, If any 


two circulanis, C(x;', Xs; ..- 5 Xp); C(¥a, Yas - 2 > Ya) Ue -80 veumen 
that 

iA Oe TOS 
then also a - 

XY ny Xo = mm Xn 

elem oe 


To prove it we have only to denote the common ratio of the first 
set by 1/r, insert rX,, rX,,... for y,, yz, ... in C(yy, Yo, ~~. Yn)s 
and use Jacobi’s theorem regarding a primary minor of the adjugate. 


BICKMORE, C. E. (1898). 


[Question 13748. Educ. Times, li. p. 40: Math. from Educ. Times, 
lxix. p. 85.] 


The result here recorded is that the skew circulant of the fourth 
order, C’(a, y, z, w), whose final expansion is 


wh + y* + 24 + wh 2 (x%2+-yw?) + 4(a2yw —yPzx — wy -+-wxe), 
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is expressible in each of the forms 
a+6%, c+ 2d, 6? —2f?, 
where a, b, c, d, e, f are definite quadratic functions of 2, y, z, wv, 


namely, 
w+ 2yw—2, y? — 2zr — w, 


e—yt2—w?, sy —yz+2w +wz, 
P+y+e2t+w%, cy + yz + ew — we. 
This is reached by taking the four linear factors 
a+ fy + C2 + Ow, w+ Sy — Oa + fe, 
a — cy + Gz — Bw, 2 — Sy — M2 — ow 
of the circulant and multiplying them in the three different ways 
as a pair of pairs. For example, the product of the first and second 


factors being 
x? — y® + 2% — yw? + (€4+6) (ry—yez+zw+v2), 
and the product of the third and fourth being 
a? — y? + 2 — w® — (C46) (xy —yz+2w+w2), 
the product of the four is got in the form 
(a? —y? +2? —w?)? + 2 (xy —ye+zw+w2e)?. 


We note for ourselves that by the multiplication-theorem we obtain 


x y , ae i ee i 
—w 2 / Saas 2 Uma i alae a 
SAur Sint be Myall ssi faery of 
—yY —2 —we PEL» SEP 
as 
pet. 5 4 
= j i e OF =o (2? —2f?)? ; 
ay ee 
also 
A ORG Oe eT uy —w & .—d —d 
—w L£ Y 2 BAe ioe in Masta. ad 
2g —wau y| |—% w 4 —y| d ec —d 
—y —2 —we|'|—-y % —w —2 4.400 =|, 
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1.6. 
C’ (x, y, 2, W) -(—1)?C" (a, ¥, 2,20) = (2+42d*)? ; 
and - 
CY eae Le W=2-y deeheier® 
= eae aye ie ine A tule go 
—2 —w © y 2 y—@—w| |b . —a. 
Ja eae oe YE. W =z RE on aD 
v.€. 


C’ (a, ¥, z, w)(— 1)? CG, y, 2, w) = (a?-£0*)*. 


FONTENE, G. (1898). 


[Sur un systéme remarquable de n relations entre deux systémes 
de n quantités. Nouv. Annales de Math., (3) xvii. pp. 317-328. ] 


The interest here lies in the fact that a set of homogeneous linear 
equations in 21, 2, ..., %, whose determinant is C(a,, ds, . . . , Gn) 
is also viewable as a set in aj, @, ..., @, Whose determinant is 
C(x, %,..., %,). The close and full study made of the set does 
not, however, lead to the evolution of any fresh property of 
circulants. 


STUDNICKA, F. J. (1899): NEUBERG, J. (1899). 


[Beitrag zur Theorie der cyclischen Determinanten. Monatshefte 
fiir Math. u. Phys., x. pp. 193-197. ] 


[Question 1241. Mathesis, (2) ix. p. 240; x. pp. 100-101.] 


The results of the first paper here are Roberts’ of 1859 and Baehr’s 
of 1860; that of the second is Painvin’s of 1858. 

Studnitka also evaluates the skew circulant which is twin to 
Baehr’s, and thus arrives at a case of Scott’s theorem of 1880 
regarding any odd-ordered skew circulant. His paper seems to 
be a second edition of the first part of one published in Czech in 
1898 (Véstntk Ceské Akad. ..., vii. pp. 477-493).* In a miscel- 
laneous paper in the latter serial for 1899 he gives (pp. 199-201) 
the theorem that the circulant whose elements are the coefficients of 
(a +b)" 2s 2” or 0 according as n is odd or even. 


* The title is ‘‘ Nové pousky o nékter¥ch determinantech zvlaStnich.” 


Se 
\ 
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BLOCK CIRCULANTS, FROM 1881 TO 1898. 


MUIR, T. (1881). 


[On new and recently discovered properties of certain symmetric 
determinants. Quart. Journ. of Math., xviii. pp. 166-177.] 


Fresh light is here (§ 6) thrown on Puchta’s determinant of 1877 
by pointing out that it is centrosymmetric and breaks up into two 
determinants that are centrosymmetric, that each of these breaks 
up in the same way, and so on: the linear factors of the deter- 
minant are thus got with the greatest readiness. Further, it is 
shown that the same determinant includes as a special case Brioschi’s 
of 1853 (Hist., ii. pp. 183-136). 

To be noted also is the reference (§ 9) to the determinant 


a0 @° fe a 
i OO bf .e 
EY OC ee a ay 7 
Woe On Oe 
Lf ee ab 
eVd fbn" 6-1; 


which may be viewed as formed by cyclically permuting the arrays 
of the circulants C(a, b, c), C(f, e, d). On reversing the order of 
the last three rows and the last three columns, we find it to be 
centrosymmetric and resolvable into 


C(a+f, b+e, c+d).C(a—f, b—e, c—d). 


PUCHTA, A. (1881). 


[Ein neuer Satz aus der Theorie der Determinanten. Denkschr.... 
Akad. d. Wiss. (Wien), xliv. pp. 277-282. ] 


Puchta here extends his own work of 1877 (Hist., iii. pp. 388-389). 
He is uninfluenced by and apparently quite unaware of what Noether 
had done in 1879, proceeding leisurely as before from one case of 
his so-called new theorem to another, and doing this without any 
reference to elimination. The theorem itself he leaves unformulated, 
and indeed insufficiently described. In all probability, however, 


386 HISTORY OF THE THEORY OF DETERMINANTS 


what he has in his mind is identical with the generalization given 
in Noether’s second paper. 

His first example is a nine-line determinant stated to be in illus- 
tration of the case where the order-number is the square of a prime. 
The elements composing every row being 


a, b, C, d, é, bs 9; h, 1, 


he begins by constructing the circulant arrays 


G>-.bi.€ Oech ind ot 
€ somo ii dane ts, Geuk 
DB scan, enn, <0) hag 


he then cyclically permutes these, and finally brings the whole nine 
arrays together so as to form a single determinant, the result being 


& OC OG ea] Gow ea 4 
CIO) fC e) 4 16k 
SG: Mac Tee a tes a ee, 
GjARS Ye abe, “Oe e 
tg Re Ce Os Oe siey Gere 
MAG af bch omen 
C6 of Gh el OOS 
ef CLEC Ct gam fire BM © 
C7) aS haa Gave ood 


We may for convenience call it a block circulant, and denote it by 
C(abe, def, ghr). 


The linear factors of it Puchta obtains by taking the coefficients of 
a, b, c in the linear factors of C(a, b, c), namely, 


Ted ys 
| PD vepi 
Ley, 


(where of course y is a primitive third-root of unity), and multiplying 
each element of this array, L say, by the array itself, thus reaching 
Lahey eat 
L yL y*L 
Lol LE: 
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This is understood to stand for the nine-by-nine array 


‘sh TN gh A as Da an Paes 
SP omulsas, GHihyie ee hel hey Aad 
ayy A ey Lay iy 
deeds LS tuys yeni. ety any? wat 
datgpin ys Ppltats lod xy itticy 
Ly: apogee skal y2 Sheps al 
PACE A Sy ety Soh Pty 
Sane ey ey, ye hy 
Da ee i) ee 


each row of which when multiplied by 
OU 6° Caf ag he 4 


gives one of the linear factors desired. 
His next step is to the case where the number of triads of elements 
is five: in other words, to the block circulant 


C(abe, def, ghi, jkl, mno). 
Here the only difference is that L is used to multiply each element of 


ea 1 
dog et wer . 
YD & Ane je 
Vy @e & 
Il e& Se -& «, 


—the array which corresponds to L in the case of the five-line 
circulant. In connection herewith there is noted as a result of 
transposition of columns the interesting property 
C(abe, def, ght, jkl, mno) 
= C(adgjm, behkn, cfilo). 
In the third place he states that the order-number of the deter- 
minant may be even, the example taken being 
C(abe, def), 
where to obtain the factors, L is used to multiply each element of 


the array 
1 il 


—1. 
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The mode of proof relied on throughout is verificatory, any par- 
ticular linear function of a, b, c, ... obtained in accordance with 
directions being shown to be a factor of the determinant by 
increasing the fresh column by suitably chosen multiples of the 
other columns. 

' The paper closes with the remark that it is easy to see how the 
property dealt with may be extended to determinants of order 
mnfoy ... having m*n®py . . . linear factors. 

For ourselves we note that Noether’s is just such an extension 
as is here referred to, and that Puchta’s three cases are in our 
notation (Hist., ui. p. 392) the eliminants of 

0 
i, 


((1, @, 2)(1, y, y*) Ya, b, ¢ d, ef, g, h, 2) 


x3 = y — 
(1, 2, 2)(1, y, y%, 9°, y*)h a, bree npn oi TO } 
ees tye 
(1, @, 2°) (1, 9) Ja, 6, ¢, d, ef) = 0 \ 
peg) gle | 


Further, it is necessary for us to give a warning that the arrays 
requiring to be permuted towards the formation of Puchta’s deter- 
minants are not always to be permuted cyclically. For example, 
besides the ‘ block circulant’ of 


a b c a eof gh 
ba d c¢ f e hg 
there is included in the generalization Puchta’s eight-line deter- 


minant of 1877, which is composed of the same arrays differently 
permuted. The former is the eliminant of 


((1, aw) (Lye, y>) ha, Dx lnd 657; 9, h) 0 } 
gt = yt = ] 


and has four of its linear factors involving / —1: whereas the latter 
is the eliminant of 


((1, a) (I, y) (1, z) te, b, C, d, Gry, 9; h) 0 
i eas 


I 


I 


and has all its factors rational. 
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HAMMOND, J. (1882). 
[Solution of question 5244. Math. from Educ. Times, xxxvii. p. 75.] 


The point worth noting here is that if A, B, C, D be the elements 
of the adjugate of 
b 


; on A say, 


AQo 8 
an a2 Qe 


a 
d 
C 


ears & 


then 
A+B+C+D = (a+b—c—d) (a—b+ce—d) (a—b—c+d) 
= A + (a+b+c-+d), 
A+B-—C—D = A = (a+b—c—d), 
A—B+C—D = A + (a—b+c—4d), 
A—B—C+D = A ~ (a—b—c-+d). 


HAMMOND, J. (1882). 


[Question 7114. Educ. Times, xxxv. p. 202: Math. from Educ. 
Times, xxxvill. pp. 98-99.] 
This concerns the determinant 
Ow baccwa 
bade 
@ EA 
d.c=b a 
originally spoken of as ‘ biaxisymmetric,’ but better viewed as the 
circulant of two two-line circulant arrays. The full result obtained is 
that 2f p, q, x, s be the linear factors of the determinant, and P, Q, R, S$ 
the corresponding factors of its adjugate, then 
P = qrs, Q = prs, R = pqs, S = paqr, 


RS 
and Pp? = oe ; q’ See 


These are made to rest ultimately on the fact that 
aA+bB+cC+dD = pgqrs 
bA+aB+dC+cD = 
cA+dB+aC+bD 
dA--eB -bC-aDl= 0/3 


| 
=a) 


C (a, eq, #3) = (L,+%_+2Xs) (%, + pL, + pas) (4, +p7X_+ prs) 
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for it is thereby shown that on the multiplication of any one of 
, Y, 7, 8 by the corresponding one of P, Q, R, 8, both being in their 
quadrinomial form, the product reduces to aA+bB-+cC+dD. 


PAIGE, C. LE (1884). 
[Sur ’équation du quatriéme degré. Casopis pro pestovént math. a 
Sys., Xiv. pp. 26-28. ] 
The solubility of 


eeaoe 
R 8 oO 
I 
° 


ao me 8 
SESE SS 


is here used in the same way as the solubility of C(z, a, b, c) = 0 
by others: and the next determinant of the same special type,— 
Puchta’s of 1881,—is noted as if for the first time, and its nine linear 
factors given. 


DEDEKIND, R. (1886). 
[Sctzungsb. .. . Ges. d. Wiss. (Berlin), 1897, p. 1007.] 


Frobenius, quoting a private communication of Dedekind’s, gives 
here by implication the factorization of a circulant of two three-line 
circulant arrays similar to that dealt with by Muir in 1881. Using 
p for a primitive third root of 1, so that 


and 


C (a4, 5, Xe) = (%e-+H%5 +p) (%q+p%5+pHXe) (Xq+pX; +p) 


and denoting the matrices 


(2, 
Le 
Ts 
Ly 
Ls 
Xs 


by 


= UyVoqb3, Say, 


tz % % % %) (1 —1 1 1) (w+, 

Li fe Fy et | Nd Wns pia teh » Uy—?,. 

Yq L, Le Ty Us lL =1 p Sept Us Vp 

Pelle ee raegnws, geal eye Us Us ‘ 
Le Wy Lo LX, Zz Re torr ton Ug Vg 
Ly Us Vy Fests), al wal p” p , Ug V3 
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he points out that 
0 Fie HB 


from which of course it follows that the determinant of X,—that 
is, the block circulant,—is equal to 
(uy +24) (Uy 21) (Ugg —V Qs). 


To this we add that by interchanging the 4'" and 5 rows and 
the 2"¢ and 3" columns the determinant is made centrosymmetric 
and resolves at once into 


Lyte L2t%s %y+T L{—Xe %y2—-X5 Xe—Ly 
LetL, Ugt%e +X5|*|Xa—Ly T3—Xe X—T; 
U3t%, X1+%, L+X, Vp Ais Ayia Ai 


as in the other case referred to. 


GEGENBAUR, L. (1888). 


[Ueber Determinanten. Sitzungsb.... Akad. d. Wiss. (Wien), 
xevil. Il a, pp. 154-163.] 

The fundamental theorem here is—though not so stated—that 
the circulant of two general n-line arrays is resolvable into the product 
of two n-line determinants ; for example, when n is 3 and the two 
given arrays are those of | a,b,c; |,*| a,8s73|, we have 


Ga, Gz Ay A, a3 
b, bs 8, Bz Bs 


Co C3 Yi Ye Y¥3 
Op Ag A, Ag A 


YRS Oey OLBNGG . 
By way of proof it suffices to perform the operations 


TOW,+TroW,, TOW,+FOW;, LToOw;-+ToWs 


followed by 


col,—col,, col;—col,, colg—colg, 


and this is in effect what the author does. Note, however, should 


have been taken that the determinant is inherently centrosym- 


a,+a, A,g+A a3 +3 A,—A, A,—d,g Az—az 
= b+; b,+82 b,+83 ; b,—f, b,—Bs He 8. 
Bo Bs 6 bs bs AtTY1 CotY¥2 CstYa C—Y1 Co—Y2 C3—Ys|- 
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metric, this being made evident by reversing the order of the last 
three rows and thereafter the order of the last three columns. 

If a companion determinant of the same construction be taken 
and the circulant of their two arrays formed, the theorem may be 
repeatedly applied, and the said circulant thereby resolved into the 

- product of 22 determinants of the n™ order. From the general 
result obtained by continuing in this way the similar theorems of 
Puchta, Voigt, and Gegenbaur himself are shown to be deducible. 


JANISCH, E. (1890). 


[Bemerkungen zum Rationalmachen der Nenner. Archiv d. Math. 
u. Phys., (2) x. pp. 420-440. ] 
The first fraction considered here is of the type 
a + BV a + yy + bs/ay 
a+ bVa + ey + d/ay — 


Rationalization is taken to mean that the fraction can be trans- 
formed into 


P + Qa + Rvy + Svay, 

where P, Q, R, S are rational: and as such a transformation implies 
that 

aP + baQ +cyR + dayS =a 

bP +aQ +dyR+ cy = 8B 

cP+deQ+aR +08 =y 

dP+cQ +bR +aS =6/, 
it is clear that P, Q, R, S are determinable as required. In the 
more complicated case which the author deals with he actually 
solves the set of eight equations, taking note of the axisymmetry 
of the determinant of the set and establishing the relations exist- 
ing between its primary minors. Curiously enough he does not 
mention that the determinant is the denominator resulting from 
rationalization. 


A fraction involving cube roots is treated in similar fashion, the 
roots being 


Va, Vy, J 2%, Jay, Jy, slay, sJoy?, 2/a2y, 
and the outcome quite analogous. 
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BURNSIDE, W. (1893). 


[On a property of certain determinants. Messenger of Math., 
(2) xxii. pp. 112-114.] 

Though the property here noted is not essentially new, the fresh 
point of view makes the treatment of it interesting. In Burnside’s 
own words it is: If in a determinant of n rows the successive rows 
proceed from the first by permutations which form an Abelian group 
of order n (including identity), the determinant is expressible as the 
product of n linear factors. A clearly worded proof is given with 
the requisite elementary explanation regarding cyclical and Abelian 
groups. The illustrative example chosen is the 9-line circulant of 
three circulant arrays, that is to say, the first of those brought 
forward by Puchta in 1881. Denoting 


a+b+e a+by+cy? a+by?+cy Pp * pap? 
dt+e+f dteytfy? dtey*+fy by Q Q’ Q’ 
gthtt gthytty? gthy'+ty R RFR R’ 


the result given is 
C(abe, def, gm) = (P+Q+R)(P+Qy+Ry’)(P+Qy?+Ry) 
(P+ Q’ +R) (B'+Q'y+B’y’) (P+ Q'y?+B’y) 
F (P”+Q”+R”’)(P’ + Q’y +R" y?)(P”+Q’y?+R’y), 


in substantial agreement of course with Puchta’s. 


PASCAL, E. (1897). 
[I Determinanti: .... vui+330 pp. Milano.] 


In dealing with Puchta’s determinant of order 2” it is noted that 
each minor of order 2”—1 differs at most only in sign from its com- 
plementary. 


SCHULZE, E. (1897, 1899). 


[Eine Determinantenformel. Zewtschr. f. Math. u. Phys., xiii. 
pp. 313-322. ] 

[Eine Determinantenformel. Zeuschr. f. Math. u. Phys., xliv. 
pp. 167-175.] 

The problem here solved is the generalizing of Spottiswoode’s 

property of the simple circulant. The solution originates in so far 
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specializing the units €, é,... , &, of a system of complex numbers 
as. to make the product of any two a linear function of them all, 
namely, 


€,:@, = Gye, + Core, +. .- + Crir€n 
€, + Cy = Cyye, + Corot, +... + Crizen 


nee = Cyne: + Comes +. -- + Crmen 


and the result itself is that The n-line determinant,* whose (r, s)™ 


element is 
t Crea + Crago +--+ + Crns®n 
as equal to 
(e;%a, +eMay+... +e, a,)(e,%a, +e)%a.+. ..+e,%a,)... (e{Ma,+...+e, "a, 
where ey), e,,..., ex are the n values of e, to be obtained from 
the equation 
| Cy — Ce Cire se Coke 
Cort Coys Cea ee Corn = 46 
Cant Cae SD Cova 


The author is himself conscious that the determinant is of “ ziemlich 
komplizierten Bau,” and by painstaking selection of simple and 
fitting values for the C’s provides four or five examples with rational 
elements, one of the determinants being equal to 
(@,+@_+ . . « +Gam)™ (@;—A2+3—Ay+ . . . —Gem)™, 

and another being Puchta’s of 1877. 

The second paper is on the same subject as the first, but adds 
little of any consequence, even the examples being mainly confined 


to special cases of the simple circulant already dealt with by Scott, 
Schrader, and others. 


MUIR, T. (1898). 


[The relations between the coaxial minors of a determinant of the 
fourth order. Tvransac. R. Soc. Edinburgh, xxxix. pp. 323-339. ] 


In the third part of this paper (§§ 12-16) the first subject is the - 
rationalization of the equation 


a +ha/be +k/ca +l/ab = 0, 


* Mentioned by Weierstrass in the Géttinger Nachrichten for 1884, p. 397. 
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the result obtained being 


a  halbc kca IJab p. (D based 
hJ/bc x IWab kNca hoc « lb ke 
Pee Sa Als cee | 
lJ/ab kca hVbe x lab ka hb «x 


Viewed as a case of this and derived either from 

cos(a+8+y) — cosacos@cosy + ZeosasnBsny = 0 
or from 

cos(a+6+y¥) -+ 2cosacos 8 cosy+Z cosacos(8+y) = 0 


is the relation between cos (a ++), cos a, cos 8, cos y, namely, 


cos(a+8+-7)+2cosacos B cosy cos a cos B cos Y 
cosa+2cosB cosycos{a+B+¥) cos(a+B+y7) cos y cos B ma 
cos 8 +2 cos y cosa cos(a+ 8+) cos y cos(a+B+~) cos a 

cos y + 2 cos a cos B cos(a +B +7) cos B Cos a cos(a+ B+) 


This leads to consideration of the relations between 


sin(a+8+y¥), sina, sin B, sin y, 

cos(a+), cosa, cos B, 

sin(a+), sina, sin §, 
and the rationalization of 
a + b/ay + enaz + dV aw + e/yz + frlyw +920 +hWNayzw = 0 
in three forms. It also suggests the expression of the relation 

costz + cos-ly + cos-1z + cos tw = 0 
in purely algebraical form, namely, 
x 2 w+2ayz 

w z+2yxw 
x yt2zwx 
y «+2wzy 


ss 


s 


y 
z 
Ww 


XR 


or 
Lat — 2da*y? + Bayzw + 4(Vax*y?2*—Laryzw) = 0. 


CHAPTER XVII. 
CONTINUANTS, FROM 1881 TO 1899. 


THE progress made in the study of continuants is unabated, but at 
the same time shows no acceleration, the number of writings, 
though large, being not in excess of the number for the preceding’ 
period. 


MUIR, T. (1881). 


[On some transformations connecting general determinants with 
continuants. Transac. R. Soc. Edinburgh, xxx. pp. 5-12.] 


Although the transformation here brought to notice is of some 
considerable importance, it is ultimately dependent merely on the 
appropriate use of a very simple proposition, namely, that any 
element of a determinant may be made 0 by multiplying its column 
(and thereby of course the determinant) by another element belonging 
to the same row, and then subtracting from the altered column the other 
column multiplied by the given element: for example, 


A A, az, dy Abs as @, |b3| ay 
| 5 
by b, 63) = |6, 6yb; 63) + 63 = by : bs | + Gan 
| C, Cg Cg Cy Cbg Cg C, |b3| cg 


With this in mind it is readily seen that 


| @d9| |@ed3| a3 ay | d,Cxd5| | ded5| a3 Oy 
| byds| | bods | bs by F | by Cod | | bods | bs by 
|abecad| = |Cydy| |Cydg| Cy Cy aa ag | cod | Cz Cg = al Oat 


the three-line determinants making their appearance in virtue of : 
the identity 

| tazp| | @p2y | 
| Ya%p | | Y pr, | 


= 2p| Ta pry |. 
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By proceeding in the same way on the other side of the diagonal 
there is obtained the desired result, namely, 


| Ay Coly | | Apts | 
pe a toe 
i) — | 1 72"3 23 2°3 to 
| axbacads| |cods| | aecp| | aabaca} | [axbs| |aads| | ads]. 


- | ded3| | Gods | 
The corresponding result is then given for the case of the fifth order, 


namely, | QyCodge4| | Aydge | : 
| dy Codge | | dodge, | | @ab3@q | 
| Cozy | | AeCz@q| | Aad3Cy | 
| dg zeq| | Aabady le AgbgCads | 
f ‘ bse, | | GebaCaes | 
Ae Pa | dobseq 2930425 
| arbacsdees | | @ab3Cq| | Gebze4| | Ayhze,| | Codse, | 


and a rule for writing it out in any case. A slightly more general 
result is also noted, and is exemplified in 


| Cody | | MyAods | 
| bycydg | | mybed,| | MyAgbs | 
| MyCod3 | | MAC; tas Mydgd3Cz | 


| mAs |__| Mytobsda | 
| M44b3| | MzGed3| | myCods | : 


(2) | b¢sd,| = 
In the next place, by using on these identities the law of com- 
plementaries there are obtained the correlative identities 
by | byc4 | : 
Oi | AyCq| | eda | 
|a,b4| | Orda] dy 


| biG, | Cy |, 


| 445, | | beg | | ed, | = 


Sr 


5 | byes | 


ds |a¢5| | cds | 
| 1b5| | O.¢5| [eds | | des | = ‘| abs) | Ods| | des | 
[b,e5| | ees] 
. leds| a], 
| myba | | Brea | 
| myay| |ayer| [edy| - 


I 


Mg| ab, | | by¢a| | Crd | | aba] | Ody] dy 


[ Bye, | ca 3 
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and by using on the first of them (1) the law of extensible minors, 
an alternative expression for | a,b,c,d,e; | is got, namely, 


| QyCod3@5 | | Aod9es | 
| bycgdges | | badges | | aabses | 
| Codes | |; @2C3e; | | dabzcaes | 


| Aad 3e5 | | dbadyez | 
| agbse; | | Agdges | | Codes | 


To bring transformations of this kind into connection with con- 
tinued fractions it is necessary that one of the new continuants be 
a principal minor of another. By altering the lettering in (2) with 
an eye on (1’), such a pair is obtained, and division then gives the 


result 
| @yCodsey| | Aodseg | 
| ByCodgey | | Dodgeq | | God3@s | 
| Codsey | | G2C3@q | | Qab3Cg | 
| Gads@q| | debsdg| | aabgcads | 
| abo¢sd4e, | | Godse, | a | daby@q |__| Aadacaes | 


| bodg@q| | Gab3eq | 


| boca yes | as 
| Cosy | | AeCg@q| | Aed3Cq | 
| dodsq| | Gebgd,| | Aqbscyd; | 
| @ab3@q| | Aebscaes | 


whence, by Sylvester’s fundamental theorem regarding the appli- 
cation of continuants, there comes 
| aybocsdaes |_| Cost | 
| bac aes | 


| dgb3@y | | Colley | 
| badsts | ¥ | dgbse, | | Ah xe,| 


= | aendse, ies 


AopCz€ = 
| a20s¢e | | dgbyd,| — Laabstads| | aabses | 


| GybgCxes | : 


the corresponding identity for the next lower order being 


| bss | | ods | | ods | | dycods | 
| Oycsd, | | abs |_| Cods | 
hoe |e eats 203 
| Pads | | Gab5C4| | Gods | 


| gba | 


= | a,¢,d5 | — 


| ACs | ie 


\ 
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and the complementary 


Jabs] | eds | | aybs | 
EES | oe] — eee 
1 |b,d,| — | dyes | | byes | F 
ec 
ie jegehics 11 Grd | 
1 
The rest of the paper gives in condensed form a second series of 
results analogous to the foregoing. Of these we have room for only 


one, namely, that corresponding to (1’) above, 


Y% XY 
2 Yo . 
| Qybetsdafs| =|- 2 Ys Uy ~ | + y| dgbg| | Agbgcy | « By | dyes | | byegeds |, 
2g Ys % 
4 Ys 
where 
% = a, m4 = b, 
Ly = | Abs |, % = | dice |, 
Ly = 6, | dab30y |, % = Ap | dyCods |, 
Ly = | dyCq| | dabgcqds |, @ = | dabs| | dycdsf, |, 
and 
4¥, = UN, 
Y2 = ba, ; 
Ys = A, | bic | —ag | dice |, 


Ys = | ebz| | byCxdq | — | Ggbg| | dy cods |, 
Ys = | GpbsC, | | bycods fs | — | Qabses | | bCodsf al 


CHRYSTAL, G. (1881). 


[Note on Mr. Muir’s transformation of a determinant into a con- 
tinuant. Transac. R. Soc. Edinburgh, xxx. pp. 13-14.] 


Chrystal’s interest in Muir’s paper led him to reinvestigate the 
subject, his method being to start with a general set of linear homo- 
geneous equations and obtain the requisite alternative form of 
eliminant to give rise to the fundamental identity. Succeeding in 
this, he indicates how a generalization may be effected, 
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KLUG, L. (1881). 


[Die Entwickelung des Euler’schen Algorithmus. Archiv d. Math. 
u. Phys., \xvii. pp. 337-342. ] 


A simple inquiry into the types of terms in the final develop- 
ment: determinants not used. 


JADANZA, N. (1882, 1884). 


[Sopra un determinante gobbo che si presenta nello studio dei 
cannochiali. Atti... Accad.... di Torino, xvii. pp. 714-723. ] 


[Teorica dei cannochiali,.... 182 pp. Torino.] 


The determinant in question is the continuant, and makes its 
appearance here in the same connection as it did with Casorati in 
1872. 


MUIR, T. (1883). 


[Question 7344. Hduc. Times, xxxvi. pp. 131, 200: Math. from 
Educ. Times, xl. p. 26.] 


The identity here established is that exemplified by 
K(a—1, a, a,a+1) = aK(a, a, a). 


MUIR, T. (1883). 


[On the general equation of differences of the second order. Philos. 
Magazine, (5) xvii. pp. 115-118.] 


The equation in question being 


Ug = Aye + by -2Ua—2, 
Cayley had recently * expressed u, in the form 
Au, + Bug, 


and stated more or less arbitrarily a rule for writing out the values 


*Caytgy, A. On the general equation of differences of the second order. 
Quart. Journ. of Math., xiv. pp. 23-25 ; or Collected Math. Papers, x. pp. 47-49. 


a 
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of A and B. This rule Muir here justifies, showing that A and B 
are continuants, for example, 


_— ba bs b, b, by b b, 
ss ag K(,, Q, As Gs J + bK(, My oak ue 


5 


He then takes the more general equation 


Ug = Ay Uy = by oty2 — Cy_25 
and deduces 


ri bie On Doan; Dyas iD 
oe K(,, GM 43 A, a4) a6 K(,, "ay ae ‘Jt 
SDD DyA\D 
7 aK (4, MN “dg A oo in “ty 8 
a CCR a 


illustrating the result by appropriately applying it to an equation 
connected with another special form of determinant. 


WOLSTENHOLME, J. (1884): MUIR, T. (1884). 


[Questions 7574, 7607. Educ. Times, xxxvii. pp. 28, 59, 188; 
l. p. 194: Math. from Educ. Times, xli. pp. 112-113; xlhi. 
pp. 95-96. ] 


The net result here is 8 
a 6 
cab | = (a 2¢bejbeos 71 fa— 4 Qe 
EL LL] mle 2etaibens Ea aeons 5] 
4 nT 
ie _ {a—2(64 cos 


the determinant being shown from its recurrence-formula to be the 
coefficient of y” in the expansion of (1—ay-+bcy’)-1. It is alter- 
native to a result obtained in 1878 (Hist., ii. pp. 420-421). Both 
forms of course make evident that the determinant is really a 
function of only two variables. 

The condensation of the same continuant we shall refer to pre- 
sently. 
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MUIR, T. (1884). 


[Note on the condensation of a special continuant. 
burgh Math. Soc., u. pp. 16-18.] 


The note opens with the statement and proof of two lemmas. 
' The one is the identity exemplified by 


Kee fates nee ee ee (a+2)K(, speed ae 


The other is to the effect that the determinant whose elements are 
all zeros except those in the main diagonal and in the two diagonals 
drawn through the places (1, 3), (3, 1) parallel to the main diagonal 
as expressible as the product of two continuants ; and that the quotient 
of two such determinants is, like the quotient of two continuants, ex- 
pressible as a continued fraction. For example, 


Proceed. Edin- 


ay . Cy 
Qs . Co 
a 
b, as Cyt ix ania’ Be Cy 
Oy Gg Cg 
3 5 5 
be eas oP A by a |, 
b a 5 lq 
4 6 te 
bs ay 
and consequently also 
[a4 . 
MP MAY eb. et uae, 
iri 5a C3 b 
1° Gg Cy b, My Cy 
Oe Bic. G4 Cy b ; 
a de> 
3 5 : 
Hee ae oie 
by Ag 


so that by division we find the quotient of the seven-line by the 
six-line determinant equal to 


a GY ‘ 
Cc 
Or "Usa aes beat 
Oy Use 3 
by ds Cy b 
3 as ) 


CONTINUANTS (MUIR, 1884) 403 


and therefore equal to 


Then denoting by F (6, z,¢; 2n+-1) the continuant of the (2n+1)™ 
order having «’s for the elements of the main diagonal, b’s for those 
of the upper minor diagonal, and c’s for those of the lower, we 
multiply it by its equivalent F(—c, «, —b; 2n+1), and thus 
obtain for its square a determinant of the type dealt with in the 
second lemma, the result being that after application of that lemma 
and its fellow the square root can be extracted, and we have 

F(b, z,c; 2n+1) = F(b?, x?—2be, c?; n). 
By a similar process it is found that 
F(b, x,c; 2n) = F(b?, x?—2be, c? ; n) 
+ bcF (b?, x? —2be, c?; n—1). 
The cases of these equalities in which b = c = 1 are due to Wolsten- 
holme (Educ. Times, xxxvii. p. 28).* 


* The opportunity may here be suitably taken to point out that the similar 
equality given by Giinther (Hist., iii. p. 407) is readily established as follows : 


@: 0 ae ? Se, oe Deeg > etree 
Ags 998) ik Len ne Sebel A 
—l 2 Gee eee wom a ae, 
=f MASE Mowe. Gal tt bh 2ac=b, 11 
SA alias ald nia de tam ieea! 
-1 1 as ie | 
= |+b, —b,b, - 
: : bp : 
-1 6,+%+6b, «w+, —bsb, 
; ; : : : by : 
-1 -1 b,+z+b, aw+b, 0; 
: 5 1 
= (-6,)(-8) | e+, — byb, : 
| —1 b,+"+6, — bsb, 
-l bg t+u+bs ’ 


all that remains being the division of both sides by b,b,. The case where the order 
is the (2n)t» need not be separately considered, either case being deducible from 
the other on putting the last b of the latter equal to 0. 
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MUIR, T. (1885). 


[On bipartite functions. Transac. R. Soc. Edinburgh, xxxu. pp. 
461-482. | 

These functions we have already spoken of in reporting their 

- fundamental connection with the multiplication-theorem of deter- 

minants. We have now to note that they include continuants as 

a special case, and that, as they consist of terms that are all essen- 

tially positive, it would seem more natural to classify continuants 
under them than under determinants : for example, 


Pratt = pqrs + pqd + pes + brs + bd, 
q bir 1 
Le 
s d p b 
—l q c 
"a —l yr ad 
—l s 


We may add that it is on this account that we have suggested the 
resuscitation of Sylvester’s word ‘cumulant’ to take the place of 
‘bipartite ’ as used in the memoir under review. 


STUDNICKA, F. J. (1886). 


[Eine neue Anwendung der Kettenbruchdeterminanten. Sitzwngsb. 
... Ges. d. Wass. (Prag), 1886, pp. 1-6.] 


The result here is 


cos n@ = | cos @ 1 
1 2 cos 0 1 
1 © 2:cos'8 * 1 


- [ns 
obtained, curiously enough, from applying in connection with the 
equation «?+-ax-+b = 0 Brioschi’s recurrent expression of 1854 for 
the sum of the n'" powers of the roots of an equation. It is of 
course much simpler to use 

cos(n+1) 6 — 2cos@-cosn@ — cos(n—1)@ = 0 

, 48 a recurrence-formula, and simpler still to go back to Wolsten- 

holme’s result of 1874. 


\ 
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STUDNICKA, F. J. (1886). 


[O nekih vlastitostih determinanta veriZnika. Rad jugoslavenske 
akad. ... u Zagrebu, \xxviii. pp. 105-115.] 


In essence this consists of notes originating in the observation 
that the coefficients in the expansion of (aj)+-a,v+. . .-+a,x")-1 are 
continuants when 7 is 2, and a similar OSS in regard to 
another recurrent (Hist., ii. pp. 211-212). 


GEGENBAUR, L. (1888). 


[Ueber die Functionen C,,”(x). Sitzwngsb. .. . Akad. d. Wiss. (Wien), 
xevii. Abth. II a, pp. 259-270.] 


The function referred to being the well-known coefficient of a” 
in the expansion of (1—2ar+-a?)~”, it suffices to recall, as the author 
does, the related results given above under Wolstenholme (1874, 
1884), and to record the new equality * 

(n+v—1)! 
le SIV! 
where F is the continuant whose diagonal elements are all cosz, 
whose bordering elements on the one side are all 1, and on the other 
1 Dit La (n—1) (2v-+-n—2) 
2(v+1)’? 2(v+1)(v+2)? °° °°? 4(v+n—2)(v+n—1)’ 


C (Gear) = 2” 


MUIR, T. (1889). 


[On a rapidly converging series for the extraction of the square 
root. Proceed. R. Soc. Edinburgh, xvii. pp. 14-18.] 


The theorem here established by using properties of simple 
continuants is that if 


1 ia. 
vN © les cme fa, fA. c, 
then 
i] eae Rn Sen Oe Poon tt 
pee A oe. t Tigl;  Dhghkz — SPligh hgh, 


* This, however, should have been noted under the year 1877, when the author 
published a paper under the same title as the above (Sttzwngsb., lxxv. pp. 891-905). 
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where 
Kus lel Ogi. ecetiGe) 
kh, = hah, oak feta) 
Kg = K(ay; . «5 Gz, 2A, 4, -- +5 Ue, A), 


+ 
t 


laisse ae BATRA Re OAe Me eenak), 


For example, since 


4300 = 17+ 


we have 


a | 
10/3 = 17 ae : 


~~ 782702 782702 x7300802 °° 
17 . 320508 075688 772935 2744634 ..., 


giving V3 correct to the twenty-sixth fractional place. 


GAMBIOLI, D. (1889); .. . (1890). 
[Sulle frazioni continue. Rendic. . .. Accad. delle Sci. di Bologna, 
anno 1889, pp. 33-55.] 
[Question 230. American Math. Monthly, xii. (1905) p. 134.] 


Although continuants are used throughout Gambioli’s paper, 
nothing fresh is noted regarding them. 

The result given under the other head is merely a case of the 
persymmetric continuant whose repeated elements are x, x?+1, 2, 
and whose value for the n“ order is 


(a2"+21) ~ (#1), 


NOVARESE, H. (1890): CESARO, E. (1892). 
[Question 680. Mathesis, x. p. 72; (2) i. pp. 24-25.] 
[Remarques sur un continuant. Mathesis, (2) ii. pp. 5-12.) 


The originating proposition here is that ¢f a), a,,..., a, be all 


positive, and Xi, AZ,..., Aj-1 be none of them greater than 1, the 
contunuant 
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Agta, —Ayay 
—) a ay +a, —AgAo > 
—Aedg O.+8, .... ; » ‘or Dy say, 


Ay 1 Fay 


ws necessarily positive. It is readily seen to hold for the first two 
cases, and indeed that D, > a,D,. It is then noted that 


D, = (4,-1+4,)D,_1 —A¥-1441Dy_ 
= ,D,_1 + O_4(Dy_ay — AF-14-1D,_,), 
from which it follows that if D,_, > a,_,D,_,, we must also have 
D> apps; 


The full requirements of a gradational proof are thus to hand. 
Cesaro’s treatment is not so purely determinantal. Observing 
that D,, is axisymmetric, he views it as the discriminant of a quadric, 
namely, the quadric 
Oh y® + Ay (11? +22 —2A,2,Lq) + Aa (XQ? +3? —DWyWos) +.» » + Ann”, 
in which the cofactor of every a being not less than the square of 
the difference of two x’s is positive. The quadric as a whole is thus 
essentially positive, and therefore also is its discriminant. The rest 
of the paper is in keeping with the title, the points taken up being 
such as would seem natural in connection with any continuant,— 
its ‘ value,’ transformations of it, its adjugate, interesting particular 
cases, generalizations, the related continued fraction, the conver- 
gence of the latter, and so on. Of the results obtained we may 
note (1) that the value of the continuant * 


Ay +A i | 
—aAy, ay +4 —A, 
—a, Ao +d 


n 


* This suggests continuant forms for Ferrers’ determinants of 1855 (Hist., ii. 
pp. 141-142), namely, 
a -ay “ Set 1l+a, -a 
—Q, +a, —-G ... - 4+, — 
—az A, + a3 cove ° — a, A, +a 


* ins 
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1s 


1 i) 1 LNs 
WAydeg.-. a,( | eal t vine. eke +=); 


de 4% Ge 
(2) that the sum of its signed primary minors is 


UplyAg ... On(oy+4oe+9o3+ ... +o); 


where : 
1 1 1 
aa elt a UYU41 AsAn+9 Paper eae nnn, 
and (3) that therefore 
L+a)+0, L—Ay cy SEU PHO. 2 
L—O, t+, +d BW Oo BO 


4 —Ap 4 0 +5 +4 eee ee 
. . . . . . . . n 

1 
ay 


= ApA1As . * a,{ = 4+— +4 e +eo..4 ” + 2(o,+40.+... +nto,)| 
Bp as Qn 


Also (4) that if the non-zero elements in the arrays 


lt wis wi@iste a ener ‘ OC penois 
Osi & 2h OAVsay Me bod wee bo5 
As) Aso e eeee OF bss 


be all positive, a, standing for the sum of the h™ row of the former 
and £, for the sum of the h™ column of the latter, and if a similar 
array of c’s be such as to satisfy the condition 


Crs < Us OS 
then the determinant 


G16, - CGetey> Cys +63) 
Cra +Cy; Ag +Be Co3 +Cg9 
CygtCs1 Cogt+Cz2 ag+3 


is essentially positive: to which there is added the enlightening 
remark that to construct such a determinant we have only to take 


a sum of positive multiples of essentially positive quadrics and 
form the discriminant. 
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MUIR, T. (1892). 
[Note ona theorem regarding a series of convergents to the roots 
of a number. Proceed. R. Soc. Edinburgh, xix. pp. 15-19.] 
This is an investigation of Sang’s theorem* that the ratio of the 
rational portion of the expansion of (/n-+1)" to the coefficient of 
/n in the remaining portion is an approximation to /n. In the 
course of it proof is given that the numerators and denominators 
of the ratios are continuants of the forms 


1 n—l : : pi Bl 2 n—l : 
Sal a | Sh WO rin oa —f 2 wn-1 


respectively, these when of the r*" order being equal to 


era ie ne (lyn 
2 j 2,/n ; 


and the convergents obtained being those of 


n—l 


7 


1 


ie ee 


an already well-known continued fraction for J/n. 


MOLLAME, V. (1892). 


[Sviluppo di una determinante e relazioni notevole che ne derivano. 
Rivista di Mat., ui. pp. 47-53. ] 

The evaluation of K(a,-! a,1... 1, a) here given is not essen- 
tially different from what had already been repeatedly reached. 
By specializing in Scott’s result of 1879, for example, the value 
obtained is 

{a-+va®—4}"#! — {a—Ja?—4} 4 
Qn+,/q2—4 $ 


* Sang, H. On the extension of Brounker’s method to the comparison of several 
magnitudes. Proceed. R. Soc. Edinburgh, xviii. 
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whereas Mollame gives 
we —]n/4—g?2)r41 
cofactor of /—1 in even 
They both lead to 


A{(n+l)ar + (n+1)ga"-a2—4) + (n-+1)0"(a?—4)® 


a 


SEGAR, H. W. (1893). 
[On the roots of certain continuants. Messenger of Math., (2) xxi. 
pp. 171-181.] 
By multiplying the 7" row and the 7 column by a,, Segar’s first 


deduction from the familiar proposition is that if the b’s and a’s 
be real and the determinant be axisymmetric, the equation 


by +a,"r bis by3 
boy Do» +a9?r bog S/() 
bsy bse bss tas’A . 
has all its roots real, and therefore also the equation 
bya +a,’ byoA by3A 


bs bgoA bsg ste a,” 


His next step is that in the case of a continuant we need not insist 
on b,,74, and 6,,;,, being equal but merely of the same sign ; thus, 


this condition being fulfilled, the equation 


by? o Bode a,” (by2bo1)#A 
CP), ee Gaon (Diabe1)*A ay” (boabss)*A 
Use. Ug; he : (Basbsa)*r a3” 


has all its roots real ; and the equation 
a,” ByoA 
boy ag” ag 


bsp a,” 
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has all its roots real and positive. On the other hand, if 0,.,,, 
differ in sign from 6,,,, the roots of the last equation are all 
real and negative. 

It is then pointed out that if any one of the determinants under 
consideration become of infinite order but remain convergent for 
all finite values of X, it must have an infinite number of roots that 
are all real; and this result being reached, the next six pages are 
devoted to the discussion of the character of the roots of a variety 
of important functions. 

At the close the original subject is reverted to, and we learn that 
in exactly the same way we can show that if the products 0,35, 


boybgo, . . . . be real and of like sign, the equation 
| ay” 3 bys 
Sen, axe Vea 
Dey a3 bss : 
bis 1 AG Dug aati) 
bss as 
Deas ae” 


has all its latent roots real, and of the same sign as the said products. 
Not only so, but the determinant which has 7 cross-rows of zeros 
between the a’s and the b’s has the same properties. 


PEIRCE, B. O. (1893). 


[Question 11930. duc. Times, xlvi. pp. 232-233: or Math. from 
Educ. Times, |x. pp. 49-50. ] 


The algebraical equality which is at the basis of the result here is 
Pius = &K,, 
where K,, is the continuant 
(~+2h,—” 7+2kh,-2" o+2k, ....) 


and [,, is got from K, by changing the first and last x+2h into 
z+k. This, however, is the same as Muir’s first lemma of 1884, 
as is seen on putting in the latter 


b= —k and u = 2+2k. 
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PALMSTR@M, A. (1897). 


[Sur une généralisation de l’équation de Lamé. Bergens Museums 
Aarbog for 1897, no. x1. 9 pp.] 

As might be expected from the title, the matter of interest to us 
here is a determinant resolvable into linear factors. In form it is 
a recurrent with one diagonal more than a continuant, the principal 
diagonal being 

5 Ee ok eo (n+1 in number), 
the adjacent diagonal on the one side 
(2n+t,—2) 8, 2(2n+t,—3)B, 3(2n+t,—4)6, ..... 
and the two diagonals on the other side 
n(3n-+t, —3) 8, (n—1)(8n+t,—6) B, (n—2)(8n+#,—9) 8B, ..... 
2n(n—1) 8, 2(n—1)(n—2) B, 2(n—2)(n—3)B, ..... 
The method employed to obtain the factors of the result is addition 
of multiples of columns, the first operation being 
col, + (n), col, + (n), cols +.... 
and the removed factor 
B + {2n? + (t;—-2)n} 8. 

We note for ourselves that by certain slight modifications of 
notation much apparent complication can be done away with: 
for example, the writing of « for B/@ and reversal of the order of 
the rows followed by reversal of the order of the columns give 


z l.a 2 (1-2) 
2(a+1) & 2(a+3) | = (e+2a-+44) (x—2) (w—2a—2), 
1(a+2) x 
L Lidija (1s 2) 


3(a+2) av 2(a+3) 2(2.3) 
2(a+3) a 3(a-+6) 
1(a-+4) L 


= (%-+3a-+12)(x%-+a)(a—a —6)(a—3a 


CALDARERA, F. (1897). 
[Sull’ equazioni lineari ricorrenti trimomie. Giornale di Mat., 
XXXV. pp. 333-348. ] 


The continuant K(},~*b,-*b, . . .) is here considered, but nothing 
fresh is brought to light. 
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We may also note that the already familiar case where a = — 1 
and 6 = 2 cos z is dealt with in the Periodico di Matematica for the 
same year (xii. p. 196). 


CANDIOTI, M. R. (1898): BICKMORE, ©. E. (1898) : 
CHRISTIE, R. W. D. (1899). 


[Fracciones continuas. Anales ... Soc. Cient. Argentina, xlvi. 
pp. 149-158. ] 


[Question 14040. Educ. Times, li. p. 472.] 


[Question 14131. Educ. Times, lii. p. 94: Math. from Educ. Times, 
Ixxui. p. 71.] 


The first ‘question’ here gives properties of the continuant 
K(a, a, a, ...), two of them being included in Smith’s of 1854 
(Hist., i. p. 425) : the second in reality, if not in appearance, con- 
cerns the same simple function. 

Candioti’s paper is merely an introductory exposition in which 
continuants are used from the outset. 


BORINI, B. (1899). 
{1 Continuanti. 117 pp. 4°. Forli. 1900.] 

This monograph, large in page, type and margin, gives a clearly 
written account of the theory and application of continuants. It 
forms indeed, in the author’s own words, ‘ una specie di trattato,’ 
the material being freely taken over from the original sources. 

It consists of an historical introduction and seven chapters. The 
subjects of the latter are determinants of finite and of infinite order 
(pp. 7-18, 19-29) ; continuants (pp. 31-44) ; connection between 
continuants and continued fractions (pp. 45-66); periodic con- 
tinued fractions (pp. 67-73) ; connection of series and continued 
fractions (pp. 75-95); generalization of the continued fraction 
algorithm (pp. 97-117). 

So far as continuants are concerned there is nothing fresh to 

report. 


CHAPTER XVIII. 
MULTILINEANTS, FROM 1883 TO 1895. 


ALTHOUGH we have found it expedient to make the period here 
four years shorter than in the other cases, the number of writings 
reported on is nevertheless three times the corresponding number 
in the preceding volume. The remarkable increase of interest thus 
evidenced will be seen to be almost entirely due to the new departure 
made in Hill’s paper of 1877. 


PINCHERLE, 8. (1883). 


[Sui sistemi di funzioni analitiche e le serie formate coi medesimi. 
Annali di Mat., (2) xii. pp. 11-41, 107-137.] 
The theory of so-called ‘ associated groups ’ dealt with in §§ 19-21 
of the first paper here is closely connected with our subject. It 
really concerns a special set of linear equations infinite in number 
and connecting an infinite number of unknowns, the word ‘ gruppo ’ 
being used for an oblong array, and the use of ‘ associato ’ being in 
effect similar to that of Bellavitis (Hist., 1. p. 95). 


APPELL, P. (1884). 


[Sur une méthode élémentaire pour obtenir les développements en 
série trigonométrique des fonctions elliptiques. Bull. Soc. 
Math. de France, xiii. pp. 13-18.] 


The method in question is that which is primarily applicable when 
we have available for the determination of the infinity of coefficients 
a like infinity of equations connecting them linearly ; and it consists 
in taking only the first m equations, deleting therefrom all the terms 
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whose coefficients are higher than the m*®, solving the set as thus 
curtailed, and finally putting m equal to o in the results. In the 
case dealt with by Appell the curtailed set of equations is of the 
type 
A, = A, Pimms Ani = ! 
A,cosa, + A,cosa, +... +Ajyj4)COSGm,; = COSA | 
A, cos ef, oe cos se +... +A 41008 2am, = cos 2r | 


“- COS May 1 A, COS May 8 ~ + Ams1 COS MOn4, = COSMA 
of which the solution is 


___ (Cos X —CoS ag) (COS X —COS az) . . . (COS A—COS Ayn 41) 
* “~ (cos'a;—COS ay) (COS a, —COS ay) . . . (COS A —COS Am 41) 


ieee 


and the final outcome of the process is identical with the expansion 
as previously known : to the extent, therefore, of this one case the 


process is justified. 


POINCARE, H. (1884). 
[Remarques sur l’emploi de la méthode précédente. Bull. Soc. 
Math. de France, xiii. pp. 19-27.] 

Poincaré raises the question of the legitimacy of the general 
process exemplified in Appell’s paper. He first sets for considera- 
tion the infinite set of equations 

aX, +a.X, +...+a,X, +.... = 0 
Gomy 1 Og Ag ee Og oy | 
Gs, -a,X,+...+4,7X, +....-= 


= il 
Se 


where the a’s are in ascending order of magnitude with the limit « . 
By finding the residues of an appropriately constructed function he 
obtains the solution 
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already long familiar in the case where n is finite. It is at once 

belittled, however, as not being unique, another solution being 

clearly got by multiplying by a; the value of X, just found, another 

by using the multiplier a2, and so on. Next he takes up the infinite 
set whose array of coefficients is 


Ao, Apo oe ee Aon 
ayy A129 oe ee Ain 
Qo, Ago oe ee Aon 


and arrives at the like final result. He then takes a set which, if 
we bear in mind the cosine’s exponential value, is seen to have a 
closer resemblance to Appell’s, namely, the set 


p=e2 
2. $a.X_, +a7,X_, + aX +aeX, + aX,4+... = o} 


p=0 
and deals with it in similar fashion. Finally, he applies what he 
has obtained to Appell’s actual problem, and while obtaining the 
same solution as Appell, directs attention to an infinity of other 
solutions and to the fact that, unlike Appell’s, the expansions corre- 
sponding to the latter are not convergent. 


POINCARE, H. (1886). 


[Sur les déterminants d’ordre infini. Bull. Soc. Math. de France, 
xiv. pp. 77-90.] 

Having read Hill’s paper of 1877 and been recalled by it to his 
own ‘remarks’ of 1884, Poincaré resumes the subject. First of all 
he devotes considerable space (pp. 77-82) to the elucidation of a 
point formerly left obscure. He then attacks directly the question 
of the convergence of a determinant of infinite order, opening with 
two lemmas regarding ordinary determinants, namely : 

Any n-line determinant is less in absolute value than the product of 
the sums got by adding the absolute values of the elements of each row : 
in symbols, say, 

Dao 


If a certain number of elements of the determinant be replaced by 
zeros, D,,, I, thereby becoming D,’, IIy’, then II,’ < II, and the diminu- 
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tion II, —II,’ ts in absolute value greater than the difference of D,, 
and D,’. 

The former lemma is made to depend on Grassmann and Cauchy’s 
actual product expression for a determinant (Hist., ii. pp. 43-45, 
77-78). The theorems established on convergence are : 

(a) Any unit-axial multilineant will converge if the sum of its 
non-diagonal elements converges absolutely. 

This is proved for multilineants of the form | a,,d9.... Gan +++ +| 
and separately for those of the form 


Pir a eg Ae 9 Pia eat se a o's 


(6) If a convergent multilineant have the elements of a line replaced 
by quantities all less in absolute value than a certain positive number, 
uw will still be convergent. 

As an illustrative example he naturally takes Hill’s 


6; 0, 05 O04 


oe ia pda OA 
6; i 6, 6, 03 
6,2 A A —2 0-7 
ra ey eee 
@,—02 9,—08 9,—0% 6,08 
‘asa amen) 
0,2 0)—22 Oyr-3? 9, 2 


0, 0; 0, 0, 
0, —4? 0, —4? 0, —4 0, —42 


’ 


pointing out in effect that the sum of the non-diagonal elements is 
resolvable into the product of two infinite series both of which are 
convergent. 


KOCH, H. v. (1890). 

[Om upplésningen af ett system linedra likheter mellan ett oandligt 
antal obekanta. Ofversigt ... Akad. Forhandl. (Stockholm), 
xlvil. pp. 109-129.] 

Koch’s position on taking up the subject was different from that 
of preceding writers, as he had first made himself familiar with 
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previous work. In an introductory page he describes briefly what 

had already been done by Hill, Appell, and Poincaré. Strangely 

enough, however, his mode of attack is less reminiscent of these 

writers than of Kétteritzsch (Hist., ili. pp. 426-427), whose name 
he does not mention. 

' His first section, corresponding in a way to Kétteritzsch’s third, 

is summed up in the proposition that the infinite set of equations 


O11 Xb Bye Xs ee es Bip kn es OU 
Qo; X1 - Age Xo — S)ce1 te: -L- Bon Xn — foo po SS Us 
yy Xy + Apo Xe +--. + AmXn +--+. = Up 


> 


where | a,,| vanishes for no value of n from 1 to «, is equivalent to 
the set 


Biya Bie ke oe Dia kee oh ee 
Boax.er os eek, oo ee 
Dk, sn ae 
Sees Dio mnt ie 
where 
By, = ay, By = |and,|, By = | anadge... ayn |; 
V, a= Uy, Vs og | ay, Up i V5 ay | ayy 2+ Ay—1,y-1 Uy, i. 


There is also appended the more general result in which the first 
p equations of the original set are retained in the derived set because 
of the fact that it is only for n> p that |a,,| is known not to 
vanish. 

In § 2 (pp. 114-117) he first seeks to find an expression for the 
difference between the value of any one of the x’s in the set 


rn 


Oply > Orso - se 4 Oy Ly = uy} 


r=1 
and the value of the same x obtained from the set 


v=n+1 
UpyLy TP Apgy ss»  App%y + Gr ntitny = uy} 
r=l 


NS 
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Solving for a, in the n-line set and calling its value (%»)n» he has 
of course 


(t= [an ++ + Opa, papain, pia + - Ann | 
ae Qin é 


and substituting in the numerator here the equivalents of the w’s 
given by the other set, he sees that these lengthy elements of the 
p™ column are reducible to binomials, namely, to 


yp (Lp) nea + A, n41(Tn4)n41 


Aen (Xp)n41 + 2, nat (n41)n41 


and that therefore the numerator becomes 


| Qyp, | - (%p)n4a + (—1)"* | 4s, naa | n+1, p)* (Ln+i)n+1> 


where | @;,n41|(n41,p) Stands for the minor of |a,,,,,| got by 
deleting the (n+1)™ row and the p™ column. The result desired 
thus is 


a 
(Lp) n a (2p) n41 = (—1)"” Jes, na lina, py 1, aa (n+l, P) nage . 
n 


By repeated use of it, followed by addition, there is readily deduced 
the more important result 


q 


a a 
pan | 1, p+1 | p41. p Ce Pe = | 1,942 | p+2,P ( 


| A1p | Oy, p41 | “psabose a ae 


(tp)n = (Xp)p 


which for p = 1 becomes 


s Gy, Uy 
| yop + + + + Onn | cepa | aor Us | 21209 | + | @114o0%s | 
| 41499 - ~~» Ann | ayy ay," lars | dys | : | ay | 


This last recalls previous equalities of a similar character (Hist., 1. 
p-. 40; ul. pp. 51, 115), and we thus get to see that the result in all 
its generality was originally formulated by Schweins in 1825 (Hist., i. 
pp. 173-174). Examination of the two other results of the section 
has a like outcome, one of them indeed being but a disguised case 
of the foregoing, and the other the kind of ‘extensional’ which 
began to be formulated by Desnanot in 1819. 
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In §3 (pp. 118-121) consideration of the infinite set of equations 
is resumed, the basis of treatment being found in the peculiar form 
of solution * just obtained for an n-line set, namely, 

(%)n = Wu — Vie + Wis —- ++ + eI 
(X2)n = Wroe —2Mros + +. + (—]) en 
(23)n = Wa3 +e ua a, 


Ay anise Ar_i, ale 


| Arr |») : 
Paper : | Qyy | 


The result reached and formulated is essentially as follows: If the 


serves 
Wop a Wp, ptt ae Wo, p+2 Say siete 
be convergent for all positive integral values of p, the limits being 


Shs Ba ornnor 


* To avoid any chance of vagueness as to the character of this solution the case 
where 7 is 4 may be stated. The equations being 


A, X+Ay +a2+aw = a) 


where Vo. = 


d,x+d.y+dyz+dww = dy 
the solution is 


eye eee | abo | | dubs | - | a1b2¢o| Ts | dgbgCq | * | @yb,C54%9 | 
ay Ay - | Ay. | | ab. | - | ayb2¢ | | @ybo¢3| + | abacgdq| ” 

y= [abo] | yb | + | 21200 | | ab 04 | + | Arba¢sd | 
| ab, | | a,b. | + | @yb2¢5 | | @b2¢5 || a,bycgd,| ” 

°. Be | ayb2Co | BS | ayb3Cq | - | a bgCgdo | 
| A465 | | Ayb9¢5 | i] ay bocod, | 4 

| Aboud | 
w= eles Mae Ay 

| @yboCad, | 


While noting the difference in form of the values of the unknowns, it must not 
be overlooked that any one of them can be put into the same form as each of the 
three others: for example, the value of x can by successive condensations be 
changed into 


| dob. | r | dbs | + | dab4Cp | | dodgy | + | Ab, C5dp | 
| ab. | | 4b. | ° | ayb2¢¢ | | @yb,¢5| *| @yb.cadq| ’ 
| aabsCo | G | @gbgcq | + | @ybgcgdo| 
| @4bs¢5 | | @yb9e3| + lfaybacgdy| ” 
| ayboCad, | 
| ayb,cgd,| ” 


and the value of w by successive dilatations into the form of the value of a. 


\ 
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then 
Xy; Xo; X3, oe == oh gs E35 . 
will be a solution of the infinite set of equations 
To 
Oy X + AygXo ei ris + ay, nXn a oh MS ae ue} 
rs1 


provided that, any positive quantity 6 having been fixed on, it is possible 
to find a set of positive integers 


4 v 
RUNGE: w/a) 1s Gseases pall 


such that for every index v the inequality 


[) Ca cea: a 0 Sey) 
Uy Oy +--+ Gym S1,msr --- Gm]. 
i aw ae coe | An | <6 
Ea kee, er oer ree ae eee: 
holds good when 


m>m and n> n’. 
In regard to this it is only worth noting that the quotient in it 
which is to be <4 is readily seen to be merely another form of 
Up { a,1(24)n tayo (X-)p si oo +E Cmn)n}: 


The question of the uniqueness of the solution is next considered 
(pp. 121-124), and then the author following Poincaré strikes off in 
search of another with the help of the Theory of Functions.* 


KOCH, H. v. (1890, 1892). 
[Bidrag till teorin for odndliga determinanter. Ofversigt ... Vet.- 
Akad. Forhandl., xlvii. pp. 411-431.] 
[Sur les déterminants infinis, et.... Acta Math., xvi. pp. 217- 
2 lien 

In these papers, the second of which may be viewed as an enlarged 
edition of the first, Koch takes Poincaré as his guide, and is con- 
sequently on surer ground than before. 


* In the same year (1890) Koch has a paper in the Ofversigt (xlvii. pp. 225-236, 
499-525) and another in the Acta Math. (xv. pp. 53-63), but their subject is the 
application of multilineants to the theory of linear differential equations. The 
second of the two papers is quite a close translation of the first part of the first. 
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The determinant considered is in Hill’s form 


| A_m,—m ONE A_1,-1%99%%1- - + Anm i 


that is to say, a determinant extending in four directions with the 
growth of m, having a central element a9 which it is convenient to 
call the ‘ origin,’ and being of the (2m-+1)™ order although appro- 
priately enough denoted by D,,. In regard to convergency the 
definition used is that D,, is convergent if for every positive quantity 
6 there corresponds a positive integer n' such that the difference between 
D,4p and D,, is less than 8 for every value of n greater than n’ and 
for any values of the positive integer p: and if such a number n’ does 
not exist D, is not convergent. The initial and fundamental theorem 
is a widening of Poincaré’s first theorem, namely, The multilineant 
| Aw,» +++ Aq9-+- a,,,,| 18 convergent if both the product of the 
diagonal elements and the sum of the non-diagonal elements be absolutely 
convergent. It is then shown that for convergent multilineants of 
this type 2t 7s immaterval which diagonal element rs taken as the origin, 
that Poincaré’s second theorem holds and will still hold when the 
change made in one line is made in any finite number of lines. Also, 
that certain of the elementary theorems regarding determinants of 
finite order hold good: namely, those concerning the effect of 
interchanging two rows or two columns, of transposing rows and 
thereafter transposing columns so as to have the diagonal elements 
still in the diagonal, and of increasing a line by multiples of parallel 
lines : the theorem regarding partition when the elements of a line 
are polynomials: the multiplication-theorem: Jacobi’s theorem 
regarding a minor of the adjugate: and a case of the extension of 
Laplace’s expansion-theorem as arrived at by Muir in 1873 (Hist., 
iii. pp. 79-80) and by others. Along with these are discussed 
(pp. 224-228) permissible developments of the multilineant, the 
fundamental one being 


a a = 
00 01 Bo ana Gone ei a 
eer eal Po? Gg, 4 og Aq, | + - “ 2 ye 
1,-1 1,0 %,1 a 
M,-1 Aq Ay nS 
My-1 Aoq Ag, Ago—l 
or, say, 


Va chy Vavstro™ accttven babes aecnens 
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where manifestly the first two terms have the sum | a9q,, |, the 
first three terms the sum |@_,,1499@,,|, the first four terms 
the sum |@_;,1499%,1%,.2|, and the first 2m+1 terms the 
sum 

ene ee eatin ey cen yo e. . Da. 
The second is the double series 


>) 21 Vm: ko 


the third the development originally meant to be indicated by the 
old notation 


Spee i EE ane Bae AG AS 5 


the fourth, fifth and sixth the various developments got from 
Laplace’s expansion-theorem, the seventh the development accord- 
ing to elements of a chosen row and a chosen column, and the eighth 


238; yp a | yy Laq list Sy | py Qyg rr | 


wherep>q>r>. 


BROWN, E. W. (1892, 1894): POINCARE, H. (1893): 
TISSERAND, F. (1894). 
[The elliptic inequalities in the lunar theory. American Journ. of 
Math., xv. pp. 244-263. ] 
[Investigations in the lunar theory. American Journ of Math., xvii. 
pp. 318-358. ] 


[Les méthodes nouvelles de la Mécanique Céleste. ii. §§ 185-187, 
pp. 260-275. ] 
[Traité de Mécanique Céleste. il. pp. 18-26.] 

Section III. (pp. 254-258) of the first paper here and Section V. 
(pp. 331-334) of the second are closely connected with Hill’s work 
of 1877, the two companion determinants arrived at in Hill’s manner 
being interesting for comparison with the original. 

The other writings also deal with Hill’s work, but are of course 
mainly expositional. 
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ROBERTS, E. H. (1894). 
[Note on infinite determinants. Ainals of Math., x. pp. 35-49.] 


The author here, though familiar with Koch’s paper of 1892, 
proceeds on his own lines. With him a multilineant is viewed as 
. a series of an infinite number of terms, each of which is a product 
of an infinite number of factors. As ‘a consequence the question of 
the order of the terms and the question of the order of the factors 
in a term cannot be left out of consideration. The convention is 
adopted that the order of the elements in a term shall be that of 
the rows to which they belong. The difficulty of choosing a com- 
panion convention in regard to the order of the terms leads to 
attention being concentrated on multilineants in which the order 
of the terms is immaterial. Such multilineants are said to be 
‘absolutely convergent,’ and it is immediately concluded that their 
values are independent of the choice of a diagonal and an origin. 
It is then shown that to an absolutely convergent multilineant as 
thus defined, Poincaré’s second theorem applies; also certain of 
the familiar theorems regarding n-line determinants, namely, the 
theorem regarding the interchange of two parallel lines, the theorem 
regarding the multiplication of a line, and the theorem regarding 
partition when the elements of a line are polynomials. The corre- 
sponding theorems in the case of ‘ semi-convergent ’ multilineants 
are given along with these as corollaries. All this leads up to a 
section (pp. 46-49) on actual ‘tests for convergency ’ with which 
the paper closes. The summary of it is that three conditions are 
necessary, namely, (a) that each term be convergent, (3) that each 
term contain only a finite number of negative elements whose 
absolute value=1, (y) that after a certain term is reached every 
subsequent term must either have an evanescent factor or an 
infinite number of factors each less than 1. These conditions, 
however, as is properly pointed out, are not sufficient, so that the 
reader has a natural feeling of not having been carried far. 


KOCH, H. v. (1895). 


[Sur la convergence des déterminants d’ordre infini et des fractions 


continues. Comptes Rendus... Acad. des Sci. (Paris), exx. 
pp. 144-147.] 


= 
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[Quelques théorémes concernant la théorie générale des fractions 
continues. Ofversigt... Akad. Férhandl. (Stockholm), li. 
pp. 101-112.] 


The second paper here is merely an extension of the first. In the 
present connection its only result of interest is the first of three 
lemmas regarding the multilineant 


Es Fr 
B, 1 a, 


Bz 1 a3 


namely, that for convergence it 1s necessary and sufficient that the sum 
of the absolute values of the products a,B,, 4,85, ... . be convergent. 


CHAPTER XIX. 
N-DIMENSIONAL DETERMINANTS, FROM 1880 TO 1900. 


In accordance with the action taken and explained in the preceding 
volume, the present chapter is reduced to a purely bibliographical 
list. The number of titles is two-thirds more than for the preceding 
period. 


1880. EscnEricn, G. v. Die Determinanten hoheren Ranges und 
ihre Verwendung zur Bildung von Invarianten. Denkschr. 
_.. Akad. d. Wiss: (Wien) : math.-nat. Cl., xlui. (2) pp. 1-12. 


1880. Zasaczkowsk1, W. Theory of determinants with p suffixes 
(in Polish). Pamietmk... Akad... . Krakowie, vi. pp. 1-31. 


1880. GecenBauR, L. Ueber Determinanten hdheren Ranges. 
Denkschr. Akad. d. Wiss (Wien): math.-nat. Cl., xlii. (2) 
pp. 17-32. 

1881. Scorr, R. F. On some forms of cubic determinants. Pro- 
ceed. London Math. Soc., xiii. pp. 33-42. 


1882. GecenBAUR, L. Zur Theorie der Determinanten hédheren 
Ranges. Denkschr.... Akad. d. Wiss. (Wien) : math.-nat. 
Cl., xlvi. (2) pp. 291-298. 


1884, GecENBAUR, L. Ueber Determinanten héheren Ranges. 
Denkschr. .. . Akad. d. Wiss. (Wien) : math.-nat. Cl., xlix. 
(2) pp. 225-230. 

1885. GEGENBAUR, L. Zur Theorie der Determinanten hdheren 


Ranges. Denkschr. ... Akad. d. Wiss. (Wien) : math.-nat. 
CL. 1. pp. 145-152. 


1885. ScHENDEL, L. Die r-stufige Determinante n‘" Grades. 
Zeitschrift f. Math. u. Phys., xxxii. pp. 185-187. 
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1888. GEGENBAUR, L. Ueber windschiefe Determinanten hdheren 
Ranges. Denkschr.. .. Akad. d. Wiss. (Wien) : math.-nat. 
Cl., lv. pp. 39-48. 

1890. SzUrs, N. v. On cubic determinants (in Magyar). Math. és 
term. tud. értésité (Budapest), viii. pp. 220-237; or Math. 
u. naturw. Berichte aus Ungarn, viii. pp. 199-217. 

1890. GecenBAuR, L. LEinige Sitze iiber Determinanten héheren 
Ranges. Denkschr.... Akad. d. Wiss. (Wien) : math.-nat. 
CL, Ivu. pp. 735-752. 

1892. GeGENBAUR, L. Ueber einige arithmetische Determinanten 
hoheren Ranges.  Svtzuwngsb.... Akad. d. Wiss. (Wien), 
ci. (II 4) pp. 425-484. 

1892. GecrenBAuR, L. Ueber den gréssten gemeinsamen Theiler. 
Siizungsb. ... Akad. d. Wiss. (Wien), ci. (II 4) pp. 1143- 
1221. 

1892. CaMPBELL, J. E. Notes on determinants. Proceed. London 
Math. Soc., xxiv. pp. 67-79. 

1893. GecenBauR, L. Einige mathematische Theoreme. Svtz- 
ungsb. ... Akad. d. Wiss. (Wien), cil. (II 4) pp. 549-564. 

1895. Szits,N.v. Zur Theorie der Determinanten héheren Ranges. 
Zeitschrift f. Math. u. Phys., xl. pp. 113-117. 

1898. Cazzanica, T. Précis d’une ‘théorie élémentaire des déter- 
minants cubiques d’ordre infini. Math. Annalen, lii. 
pp. 272-288. 

1898. Wartscu, E. Ueber eine geometrische Behandlungsweise 
der Elemente der Determinantentheorie. Monatshefte f. 
Math. u. Phys., ix. pp. 207-214. 

1900. Hepricx, E. R. On three-dimensional determinants. Annals 
of Math., (2) i. pp. 49-67. 

Of the numerous text-books published during the period, Scott’s 
(1880) and Pascal’s (1897) are the only ones that follow the example 
of Giinther in the preceding period (see above, pp. 78-79, 94). 


CHAPTER XX. 
BORDERED DETERMINANTS, UP TO 1900. 


In the introduction to the former chapter on this branch of our 
subject reference should have been made to the notice of Binet’s 
bordered determinant of 1811 (Hist., i. pp. 70-71), and to the fuller 
account of Cayley’s memoir of 1843 (Hst., 1. pp. 18-20). The 
first of the two sections of the latter memoir (pp 64-75) may be 
said to be wholly concerned with a bordered determinant, namely, 
the special bilinear function 


se) pee 
UY] b, bs bs 


n+l 
viewed in connection with its linear transformation. His opening 
and main result is that the discriminant, which prior to trans- 


formation is seen to be the adjugate of | a,b,c, ...|, A say, is after 
transformation 
| Baleobe sae wA sil oq ote eenrsles 
the Jinear substitutions used being 
c= hye’ + hey + hg’ +... E = pl’ + pon’ + psf’ +. 
y = kyo’ + key + hse! +. « n= HE + gon’ +936 +. 
aa ba + hy ise ie Sand beelt ait 


We may “be have aa this ae of statement, the ee 
theorem for the general bilinear is easily anticipated. 


LINDELOF, L. (1880). 
(See under this heading in Chap. I.) 
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BURNSIDE, W. S. anp PANTON, A. W. (1881). 
[The Theory of Equations,.... xvi+387 pp. Dublin.] 


It is noted (pp. 258, 259) that the product of an even-ordered 
binary quantic by the corresponding persymmetric determinant 
(1.e. the * catalecticant ’) can be expressed by bordering the latter ; 


for example, 
abe F : E g 
(ax*+4baty+...+ey!).|b ¢ dl = — ‘ : 
c¢ de gee 
ficn of 


where 
& = ax? + 2bay + cy, » = bx? +2cry + dy*, ..... 
If, however, we write the quantic in the form 


Pe Nay Gy" 

asd sia 
b~” 1c.) Gi 2ay 
Cn Bi ONG, 


the equality is seen to be included in one of Cayley’s of 1848 (Hist., 
ii. pp. 116-117, 341). 


KRETKOWSKI, W. (1881). 


[O przeksztatceniach pewnych wielomianéw jednorodnych drugiego 
stopnia. Panuetmk Akad. ...w Krakowve, vii. pp. 69-73.] 

What is perhaps worth noting here is the natural extension made 
from a quadric to a bilinear in the case of the two following theorems 
(Hist., ii. pp. 95-96) : (1) The determinant got by bordering the dis- 
criominant of a quadric by the first differential-coefficients of the quadric 
is equal to 4 times the negative product of the quadric and its discruma- 
nant, (2) the determinant got by bordering the adjugate of the dis- 
criminant of a quadric by the independent variables is equal to the 
negative product of the quadric by the (n—2)” power of the dascriminant, 
n being the number of variables. For example, taking the bilinear 


“ZY 

—_dom_— or U sa 
Gy A, dz| &’ ue 
b, bg 3} » 


Cy 2b Csi ¢ 
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we now have 


| aybec3|-u = —| @, Gy gy Ou/OE 

b, 6b, 6, Ou/dn : 

Gi lg hy OUT 

Ou Ou Ou 

Flared” ese 

and 
| abocg|*?-u = —|A, A, Ag 

B, B, Bs » 
C, GC, Os ¢ 
a. fae ee es 


In regard to proofs nothing need be added to what we have already 
said. 
MUIR, T. (1882). 
[On a determinant formed by bordering the product of two deter- 
minants. Messenger of Math., xi. pp. 161-165.] 

The theorem here established is, when stated for the third order, 
that if the row-by-row product of | ayb.c3| and | a,Byy3| be bordered * 
by 0, ao, Oo, Co and 0, ay, Bo, Yo as row and column respectively, the 
resulting determinant with — prefixed 1s equal to 

| apbye2|-| aoBry2| + | aobscs|-| @Grys| + | aobscs|-| aoSeys|- 
As for the proof it may suffice to say that it starts with replacing 
the 0 of the new row and column by —1 and making at the same 
time a suitable subtraction. There is a certain advantage in writing 
the result in the form 

| QM G A, As Gg Ny as: WAS 
bo 6, by 63 )|+|]Bo Bi Bz Bs |} — | @ybz¢s|-| a,Beys |- 
COE aS 2h me ue ee Oh e PA) 


* It should have been noted that the same procedure is applicable with a similar 
effect in the case where it is the product of two oblong arrays that is bordered. 
Thus, starting with the determinant which is got by multiplying 
@, Gy Gy ay 
by 6, bg by Pi Bz Bs Ba 
Cie Cage Ca ap VAY TEP NE 
we should have reached a sum of sia products instead of three, the additional 
three being 

| tobrea | |¢08r¥a] + | QobsCa| |toBxva| + | dobsce | | ABsve |: 


\ 


@, A, Ag My 
and 
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MUIR, T. (1885). 
[On bipartite functions. Transac. R. Soc. Edinburgh, xxxii. pp. 
461-482. ] 

What has to be noted here is the theorem (p. 475) that the product 
of a so-called bipartite of degree-order (3, n) by the (n—2)" power of 
the determinant of its square array is expressible as a bordered deter- 
minant of the (n+-1)" order: for example, when n is 4, we have 

G, A, Ay % 


ST ela ah so ela om a oboe oe 
b,c; ide@, | 9; di by CO, Dy E 
a a 9 B, CQ, D, E, 
Gite lot he aed ah 
Keg ho, lg Gan 


The theorem is said to hold when the degree-order is (m, n) and the 
determinant taken is any one of the square arrays of the bipartite. 


SCHRADER, W. (1887). 
[Beitrage zur Theorie der Determinanten. vi+156 pp. Halle.] 
In his section on null determinants (pp. 75-80) Schrader gives a 


theorem regarding | a,b.c,....| when the cofactor of its last 
element vanishes; for example, when n is 4 and | a,b,c,| = 0, he has 
| Bycods | | A ¢e43|  ___| a bod | ; 
| by¢s | | 44C¢ | | 45. | 


It would be better, however, to view this apart from | a,b.csd, |, 
portion of which it does not concern, and to class it as a property 
of an (n+1)-by-n array having one of its n-line determinants equal 
to 0; or, better still, to say simply that zf | a,b.c,;| = 0, then 

| bicox3| | aCoXs|_ _—_| a bos | 


| byes | | aCe | | abs | 
whatever X,, Xz, X, may be, the reason of course being the propor- 
tionality of the rows of | A,B,C; |. 


KUHNE, H. (1892). 


- [Beitrige zur Lehre von der n-fachen Mannigfaltigkeit. Archi d. 
- Math. u. Phys., (2) xi. pp. 353-407. ] 
Extensive use is here made of. determinants, those in the first 


432 HISTORY OF THE THEORY OF DETERMINANTS 


three sections (pp. 354-376) being unit-bordered and originating as 
the cofactor of b in 

A,—b G.—b a,3—b 

Qo =o Qo =p) Qo =D 

M@s3—b G3,—b d3,—b 


No fresh property is referred to. 


ARNALDI, M. (1896). 


[Sui determinanti orlati, e sullo sviluppo di un determinanti per 
determinanti orlati. Giornale di Mat., xxxiv. pp. 209-214.] 


The first theorem here concerns the determinant 


fu £10 CES Sa 

fame gy) elo len, 
NW Seine Nir Ay, A192 ee 8 Ain 9 or B Say. 
Noy +++ Nor Gq, Agg «++ Asn 
Miio-++ "nr ni U2 +++ nn 


It may be conveniently enunciated as follows: Jf M be any r-line 
minor of the € array, N any r-line minor of the n array, and P the 
manor of | a,| got by deleting the columns and rows of | a,,| that 
are continuations of the columns of M and the rows of N, then 


B = >)(—1)"teMNP, 


where o +s the sum of the numbers of the columns taken from the € array 
and the numbers of the rows taken from the n array to form M and N. 
The proof is simply a double application of Laplace’s expansion- 
theorem. 

The second theorem is one less likely to be expected, and is more 


interesting. It concerns the determinant, D say, got from B by 
substituting the array 


| 
| 
t 
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for the array of zeros, and consequently it concerns any determinant 
whatever. It may be shortly described as giving an expression for 
D in terms of the minors of | 6,,| and minors of B. As formulated 
by the author in symbols it is a little unwieldy, and the gain in 
clearness is not quite in proportion to the increase in bulk. It 
simply affirms that D is equal to an aggregate of products, the first 


factor of which is any minor of | 6,.|, from the order r to the order 0, 


and the second factor that minor of B which is got by deleting the rows 
and columns of B that are occupied in D by the first factor, the first 
term of the aggregate being thus |6,|-|ay,| and the last 1-B. 
It is reached somewhat artificially but effectively by changing each 
element 6), into 6,,+0 and each element ny into O-++n,, and then 
expanding Das a sum of 2" determinants with monomial elements. 
For example, when 1 is 3 and r is 2, the five-line D 


Og Ue Git fi bra fis 
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M2 %y Ayn Us N12 4%, Ayo As M1 %1 Ne 
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BONOLIS, A. (1896). 
(See under this heading in Chap. I.) 


NANSON, E. J. (1898). 
[On partial compounds. Messenger of Math., xxviii. pp. 17-19.] 


Here we have a wide generalization of Muir’s theorem (1882) on 
the bordering of a product-determinant, the border, for one thing, 
being no longer restricted to a single line. The more important 
part of the result is in effect as follows: If the row-by-row product 
of the first k columns of two m-by-n arrays A, B be bordered by the 
remaining columns, the determinant of the result is equal to the sum 
of the terms in the expansion of AB which involve all the bordering 
elements. The mode of proof and the theorem itself will be readily 
understood from considering the case where m, n, k = 3, 6,4. The 
arrays being 


Oi) Gee ann (Ue Gs Gsteas tle 
B17 05° tas Use = ANd. Gem tae nese 
Ci ee A Gees cg YE Yeas Ye: 
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CHAPTER XXI. 


DETERMINANTS HAVING INVARIANT FACTORS, 
FROM 1851 TO 1900. 


THE first recognition of the importance of the factors here referred 
to dates from 1851, and was due to Sylvester: but the methodical 
study of them under a special name came only after a considerable 
interval. The different varieties of determinant that fall to be 
dealt with will appear as we proceed ; but it may be said generally 
that a determinant having invariant-factors is one whose elements 
are such that every set of its minors may legitimately be expected 
to have a highest-common-factor, and that the invariant-factors 
are factors selected from the determinant’s ordinary factors in 
accordance with specified conditions in order to be of use for a 
definite purpose. Thus, while the determinant 


¢ 


Nee BN 4 
2 2WA—uw 4A 
20 3. 38N—n |, 


which is equal to 
(A +)?(8A —p), 


is viewed in elementary algebra as having the six factors 
1, Atm, (Atm), 8A—w, (Atm) (8A—w), (A+m)?(8A—p), 
and is also there spoken of as having the linear factors 
Ape, Atm 8i—p, 
we are now face to face with the group 


(A+p)(8A—mM), Ap, 
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the members of which are called in English—in accordance with 
one usage at least, and the other usage is analogous—the invariant- 
factors of the determinant. The name is not altogether commend- 
able, as there are other factors to which it might appropriately be 
given: it is preferable, however, to a translation of the German 
_ word ‘ Elementartheiler.’ The fact of the group being singled out 
for use in the application of certain criteria suggests that the name 
‘critical factors’ would be fairly suitable, and that at any rate in 
the final adjustment of nomenclature the word ‘ critical’ might be 
used where a second adjective is wanted to promote clearness. 


SYLVESTER, J. J. (1851). 


[An enumeration of the contacts of lines and surfaces of the second 
order. Philos. Magazine, (4) i. pp. 119-140; or Collected Math. 
Papers, i. pp. 219-240.] * 

Sylvester’s mode of attacking his geometrical problem involves 
the consideration of LI(U+AV), the so-called determinant of 

U-+AV, where 


U = av? + by? +2 + 2a’yz + 2b’za + 2c'xy, 
V = az? + By? + y2 + 2a’yz + 28'2x + Qy'axy; 
—that is to say, the discriminant 
ator c+y'r b'+6'r 
e+y'A b6+BrA a’+a’r 
b'+ BX ata’ ct+yr 
His words are that ““U-+AV will be the function, the properties of 
whose complete determinant and of the minor systems of deter- 


minants belonging to it will serve to specify the nature of the con- 
tact.” In the three pages of introduction, from which these words 


* This is the last of a series of four papers touching more or less on the same 
subject. The three others are : 


On the intersections, contacts, .... C. and D. Math. Journ., v. (1850) 
pp. 262-282 ; 

On anew class of theorems .... Philos. Magazine, xxxvii. (1850) pp. 213-218. 

Additions to the Articles.... Philos. Magazine, xxxvii. (1850) pp. 363-370. 


The four are numbered’ 22, 24, 25, 36 in the Collected Math. Papers, i. 
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are taken, he gives very little account of the theory on which his 
procedure depends: this has to be gathered in considerable part 
from the sixteen pages devoted to the critical examination of the 
various cases which he skilfully succeeds in bringing to light. There 
are indeed only two results actually formulated. The first is the 
property of invariance, namely, that “if all the minors of any 
order of LJ(U+AV) have a factor \+e in common, this factor 
will continue common to the same system of minors when U and 
V are simultaneously transformed” by a linear substitution per- 
formed on their variables. The other is that “if any factor K* 
enter into all the 7" minors of W,* and if K* be the highest power 
of K common to all the (r+1)™ minors, then K*-‘ will be a common 
factor to all the (r—1)" minors.” By the 7 minors Sylvester 
means the minors having n—r rows: his corollary, when we follow 
the other usage, is If the k-line minors have a common factor p*, the 
(k+h)-line minors contain at lowest the factor p®+)+, In a footnote 
he points to the natural extension of the theory from quadric to 
bilinear functions (the latter called by him ‘ binary’), giving the 
instance where the twin sets of variables are x, y, z and wv’, y’, 2’, 
and the determinant is | ab’c’ |. 

Through using the requisite factors for purposes of classification 
in ordinary geometry, he is led to think of the corresponding problem 
of enumeration for higher dimensions, and to give the number of 
cases when the determinant is of the 5, 6", 7, 8 orders. 


CAYLEY, A. (1854). 


[Recherches sur les matrices dont les termes sont des fonctions 
linéaires d’une seule indeterminée. Crelle’s Journ., |. pp. 313- 
317; or Collected Math. Papers, i. pp. 216—220.] 

Cayley avowedly continues a particular part of the work of 
Sylvester. His n-line determinant (or square matrix) is any one 
whose elements are all linear functions of one and the same variable, T 
and thus differs from Sylvester’s only in not being restricted to 


_ * More properly O(W), W being any quadratic function. 


+ Or, any one whose array is a sum of multiples of two arrays,—a bimatricant, 
afterwards occurring in a quite different connection (see below p. 492). 
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axisymmetry. In the first place he seeks to find out, in the case 
of such a determinant having (A —a)* for a factor, the highest power 
of \—a that may be a factor of all the (n—1)-line minors, the highest 
power that may be a factor of all the (n—2)-line minors, and so on. 
The result, in effect already reached by Sylvester, is that every three 
consecutive exponents a, 8, y of the series of such powers is subject 
to the condition a—26+y=20; or, as Cayley puts it, that the 
series of exponents has not only its first differences non-negative 
but its second differences also. From knowing this and that a=n, 
it is not difficult to find by trial, as doubtless Sylvester did, the 
various different ways in which the factors of a determinant may 
be distributed. Cayley, however, methodizes the work, gives the 
generating function from which can be found the number of different 
possible cases for any particular value of n, and devises a symbolical 
label for representing briefly the facts in each case. Thus, n being 
4, the number of possible cases is found to be 12, in agreement with 
Sylvester, and one of the 12 labels is 


i ped ek 
- 


> 


the first row of which indicates that the determinant contains 
(A —a)8, that its three-line minors all contain (A —a)*, and its two- 
line minors all contain (A—a)!: and the second row to indicate that 
the determinant contains the factor (\ —b)! while none of its minors 


does. Sylvester’s numbers for the cases where n is greater than 
4 receive slight corrections. 


SYLVESTER, J. J. (1854). 


[Note on the “ Enumeration of the contacts of lines and surfaces 
of the second order.” Philos. Magazine, (4) vii. pp. 331-334 ; 
or Collected Math. Papers, ii. pp. 30-33.] 


A further advance, suggested by Cayley’s paper, is here made in 
the denumeration problem, the first eleven numbers of cases being 
given, namely, 


1, 3, 6, 14, 27, 58, 111, 228, 424, 817, 1527. 


\ 
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SMITH, H. J. 8. (1861).* 


[On systems of linear indeterminate equations and congruences. 
Philos. Transac. R. Soc. London, cli. pp. 293-326; or Coll. 
Math. Papers, i. pp. 367-406.] 


The equations here dealt with have integers for their coefficients, 
and the solutions are wanted in integers ; naturally, therefore, the 
special form of determinant or oblong array which occurs is that 
having only integers for elements. Although almost the whole of 
the memoir is of more or less interest to us (Hist., iii. pp. 5, 83-84), 
the sections which concern our present special heading are §§ 12-16. 
A beginning is made with the theorem that If a rectangular array 
be pre-multiplied by a unit determinant, the highest-common-factor of 
any column of minors is the same in the product as in the given array. 
A kind of companion theorem to this is next given, namely, that 
If a determinant be post-multiplied by a rectangular array whose 
primary minors are mutually prime, the highest-common-factor of any 
row of minors is the same in the product as in the given deternunant. 
Then by a combination of the pair there is deduced the important 
result that In any n-line determinant of integers the numbers 
Vi» Vn-v - +--+» Vz, which represent the highest-common-factors of all 
the minors of order n, n—1,...,1 respectively, will remain un- 
changed when the determinant is pre-multiplied by any unit-determanant 
and post-multiplied by any n-row rectangular array whose primary 
manors are mutually prime. The theorems of §§13, 14 form a 
similar set of three, their subject being possible transformations 
of a determinant of integers through the multiplication of it by 
unit-determinants. The first of them is that Any determinant of 


*In view of what has already been said (Hist., iii. pp. 5, 11) on this paper and 
another of Smith’s, it is just worth noting by way of correction in regard to 
notation that in it (p. 297) he writes a set of equations in the form 

iH, + Ai2%gt+...+ rite} 
p= We PG yee OF 
i k=n 
or even (p. 298) in the form > det. =0; 
k=l 
and a determinant (p. 302) in the form 
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integers can through post-multiplication by a wnit-determinant be 
transformed into 


My Tye Tyg +++ Tin 
Me Tog +++ Ton 
Mg +++ Ten 

Bn |> 


where the y’s are positive, the r’s not negative, and each » vs greater 
than any x in the same row with it. The companion theorem is 
obtained by substituting in this ‘pre-’ for ‘post-’ and ‘column’ 
for ‘row’: and the important deduced result is that If | a,,|, be @ 
determinant of integers, and Vy, Vn_1,..., Vy the highest-common- 
factors of its successive sets of minors, then two unit-determinants 
U’, U" can be found such that 
(See ln = Ut VaIVe ee ee 
Vio Vi-2 
V,/1 
Involved in the proof of this is a property of the V’s, namely, that 
V,/Vs-1 os divisible by V5_,/Vs-2: 
and, in a short paragraph immediately following, it is shown that 
the same holds good for the V’s of an oblong array. Of like inci- 
dental character is the theorem that If in any rectangular array each 
s-line minor be divided by the highest-common-factor of its own (s—1)- 
line manors, the highest-common-factor of all the.quotients thus obtained 
as VJV,.—a theorem which, he says, will bear the extension 
corresponding to the substitution herein of s—k for s—l. The 
unextended theorem practically defines V,/V,_, as a_highest- 
common-factor ; and, viewing it in this light, he draws the con- 
clusion that If a matrix be contained in another, not only is V, in 
the case of the former dwuisible by the corresponding highest-common- 
factor in the case of the latter, but also V/V, is divisible by the 
corresponding quotient. In conclusion, using p* to stand for ‘ the 
highest power of a prime p contained in all the s-line minors of an 
array, he gives as an alternative to one of the later results: Jf all 
the primary minors of a particular s-line minor be divisible by p*-*™, 
the latter minor is, divisible by p'**™. 
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WEIERSTRASS, K. (1868). 


[Zur Theorie der bilinearen und quadratischen Formen. Monatsb. 
... Akad. d. Wiss. (Berlin), Jahrg. 1868, pp. 310-338; or 
Math. Werke, ii. pp. 19-44.] 


With Weierstrass we find ourselves brought back to the view- 
point of Sylvester (1851), the subject-matter now being a family 
of loci, pP+qQ, of which the parent forms P, Q are both bilinears 
IN 2%, ..., Zz and y;,..., Yn. At the outset a page (p. 111) is 
devoted to explaining his use of the term elementary-divisor 
(‘ Elementartheiler ’). In condensed form what he says is that 
If ap+bq be any linear factor of [P, Q] the determinant of pP+qQ, 
and (ap+bq)’« be the highest power of ap-+-bq contained in all the 
(n—k)-line minors of [P, Q], then 


(ap+bq)"—4, (ap+bq)h-», 


are called ‘ elementary-dwisors’ of [P, Q], it having been previously 
proved that 
Le ty ke 


and ast | iY ail yee ae 1) 


The property of invariance, imperfectly stated by Sylvester, is 
then carefully formulated and proved (pp. 312-313), the enunciation 
being in effect that If bilinear forms P, Q be changed by a pair of 
linear substitutions of non-zero determinant into P’, Q’, then the 
determinants of pP+qQ, pP’+qQ’ agree in thew elementary diwisors. 
The converse theorem is next taken up, namely, that If the deter- 
minant of a family of bilinears pP+qQ agree in their elementary- 
divisors with the determinant of the family pP’+qQ’, then a pair of 
linear substitutions can be found which will simultaneously transform 
P into P’ and Q into Q’. The proof of it is very much more trouble- 
some than the other, more than half of the whole paper being 
occupied directly or indirectly with the discussion of it. In the 
first place an auxiliary transformation of P and Q has to be brought 
about, the most prominent peculiarity of which is that the new 
companion-like expressions obtained for P and Q involve entities 
connected with the determinant of pP-+qQ,—indeed, the expres- 
sions are fully determinable as soon as the ‘elementary divisors’ 
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of the said determinant are known. To the establishment and 
elucidation of this transformation all the second section (pp. 314- 
324) is devoted,—a fact that alone tends to suggest something of 
special difficulty or complexity in the process. When it has been 
accomplished, however, the application of the result to achieve the 
desired proof is comparatively easy, and along with related matters, 
such as the change of P, Q into the forms 


GV a Ve GER et 


is fully dealt with in §§ 3, 4 (pp. 325-331). The remaining section 
(pp. 332-338) is given up to the consideration of the analogous 
theorems which hold when P and Q, instead of being bilinears, are 
quadrics. 


SMITH, H. J. 8. (1878). 


[On the arithmetical invariants of a rectangular matrix of which 
the constituents are integral numbers. Proceed. London Math. 
Soc., iv. pp. 236-240; or Coll. Math. Papers, i. pp. 67--71.] 


This is a short but not unimportant continuation of the writer’s 
paper of 1861, the invariants referred to being the V’s of that 
paper,—that is to say, V, is the highest-common-factor of the 
s-line minors of the given rectangular array of integers. Restating 
one of the last theorems of his former paper, namely, that defining 
V,/V;-1 a8 a highest-common-factor, he thence makes the deduction 
that Any s-line minor, which is not divisible by a higher power of a 
prime p than V, is, contains at least one primary minor which is not 
divisible by a higher power of p than V,_, 1s. This he also extends 
a little, while shortening the enunciation into Any minor which is 
not divisible in excess by p? contains at least one primary minor which 
as not divisible in excess by p%. He then supplies to each of these 
three theorems a companion, or, as he terms it, a ‘ reciprocal ’ 
theorem, introducing for the purpose the use of major as the counter 
term to minor,—that is to say, so that B being a minor of A, A is 
a major of B. Of the new three the basic theorem is that If each’ 
(s—1)-line minor be divided by the highest-common-factor of its own 
first majors, the highest-common-factor of all the fractions thus obtained 
is V,_1/V,: in other words, V,/V.-, is the lowest-common-multiple 
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of the denominators of the fractions. The second of the two others 
is that Any minor which is not divisible in excess by p* is contained 
an at least one first major which is not divisible in excess by p°. When 
the given array is square, the adjugate array can be taken into 
consideration, and there thus originates a self-reciprocal theorem, 
which in its final extended form is that In any determinant of integers 
the haighest-common-factor of the (s—k)-line minors pertaining to a 
gwen s-line minor is identical with the highest-common-factor of the 
(s+k)-line majors pertaining to the same minor, so far as factors 
prime to the determinant are concerned. The same final extension, 
namely, from | to k, is given also to the basic theorems of the two 
sets of three above. 


SMITH, H. J. S. (1873). 


[On systems of linear congruences. Proceed. London Math. Soc., 
iv. pp. 241-249 ; or Collected Math. Papers, ii. pp. 71-80.] 


Here (pp. 244-245) is dealt with a theorem which belongs in 
strictness to the subject of the foregoing paper, namely, If in an 
m-by-n array of integers (n=n) Qn, Qu-1, .-..- be the haghest- 
common-factors of the various sets of minors, and q,, qs-1,. ~~. those 
of an s-by-n array forming part of the former, then Q,/Q,-, 1s divisible 
by q;/qs-,- It is also worth noting that at the close (§ 11) he gives 
a proof that his important transformation-theorem of 1861 has, as 
he says, “an infinite number of solutions,’—in other words, that 
_ U’, U" in it admit of endless variety. 


STICKELBERGER, L. (1878). 


[Ueber Schaaren von bilinearen und quadratischen Formen. 
Crelle’s Journ., Ixxxvi. pp. 20-43.] 


Seeing that Stickelberger in the study of his subject had read 
Darboux as well as Weierstrass and Kronecker, we are not unpre- 
pared to find him resort to the bordering of the discriminant in 
dealing with the different sets of its minors (Hist., iii. p. 440; p. 301 
note *). Unfortunately, this does not lead to conciseness in the 
statement of results. Of the few theorems that directly concern 
us, the fundamental one (p. 33) is in effect as follows: The dis- 
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criminant of the family of bilinears XA—B being non-zero and denoted 
by | ci, |, or W say, and 


Cy oe Sin Na Cy eee Cry Va ae 
Cnr Cyn = Vni Cn Can niles ng teteismameme 
Uy Un ’ Uy Uin 
| Ug) U2n 3 
be denoted by 
Wii ; Ware Pere) 


of each of the W’s up to and including W4.-1) be not divisible by a 
higher power of X—c than are the coefficients of the bilinear form got 
from the said W by substituting the variables £,,..., €, for the last 
row of ws and ny, ..., mm for the last column of v’s, then W 4, is not 
divisible by a higher power of \—c than are all the (n—yv)-line minors 
of W. The proof, it has to be noted, is dependent on the change 
of A\A—B into Weierstrass’ ‘reduced’ form. What we are finally 
led up to is the following (pp. 38-39): The discriminant of the 
family of bilinears XA—B being non-zero and denoted by W, and 

IW). Wi gaiWosmcaaa Wot 
being such that each w is a primary minor of the one immediately 
preceding it, and contains no higher power of \—c than any other of 
the set of promary minors to which rt belongs, then w, contains X—c 
in no higher power than any other (n—v)-line minor of W. 


FROBENIUS, G. (1878). 


[Theorie der linearen Formen mit ganzen Coefficienten. Crelle’s 
Journ., \xxxvi. pp. 146-208.] 


The title of this extensive paper at once recalls Smith’s of 1861 ; 
but, as the writer had been led to the investigation by the study 
of a problem of bilinear forms, it is not unnatural to find that a 
goodly portion of his space is occupied with the latter. This being 
the case, we note with interest that he is acquainted with practically 
all the papers which we have dealt with up to this point. 

So far as our special subject is concerned, he opens (p. 148) quite 
in the style of Smith, namely, with the highest-common-factors of 
the various sets of minors of a determinant of integers | a |,. 
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Smith’s quotients of invariants, V,/V,_,, he deals with under the 
symbol E,; but, using Weierstrass’ word, he calls E, the s*" ‘ele- 
mentary-divisor.’ It must be noted, too, that the determinant is 
not limited to being non-zero, but is taken of non-zero rank r: we 
are also given to understand in passing that the elements, instead 
of being taken as integers, might have been taken as ‘integral 
functions of a parameter.’ But the greatest difference of all is 
that | d.g|, is not studied directly by itself: its every element dag 
is at once attached to a product of variables z,yg, and thereafter 
the determinant appears merely as the discriminant of a bilinear 
form. The transformation of bilinears is then dealt with, par- 
ticularly the reduction to the form 


yxy, + hoteye +... +h Yy: 

and it is only when p. 159 is reached that we arrive at elementary 
theorems like the divisibility of V, by V,_, and of E, by E,_,. 
Following on this comes a section (§ 6) headed ‘Simple * and 
Compound Elementary-Divisors,’ opening with a theorem stated 
in Cayley’s manner, namely, that The exponents which any particular 
prime bears in V,, Vy_1,.... form a series whose first and second 
differences are non-negative ; but containing on next page an equally 
familiar theorem stated quite differently, namely, If Yaagxayg be in 
any way by unimodular substitutions transformed into Lhyx,yy, the 
number of pairs of variables in the latteris r, and the b’s form a system 
of compound elementary-divisors of LaagXayg. Here it will even be 
observed that it is the form, not the determinant, that is credited 
with the elementary-divisors. 

Most of the remaining sections (pp. 165-208) are concerned with 
linear equations and congruences. 


FROBENIUS, G. (1879). 
[Theorie der linearen Formen mit ganzen Coefficienten. Crelle’s 
Journ., xxxvill. pp. 96-116. ] 


This is a continuation of the paper just reported on. The section 
_ which most directly concerns us is the last (pp. 113-116). It opens 


* The power to which any single prime is raised in any elementary-divisor is 
. called a ‘ simple elementary-divisor,’ 
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with what is called an extension of a theorem of Smith’s, namely, 
In order that a bilinear form B may be linearly transformable from 
another A it is necessary and sufficient that B does not exceed A in — 
non-zero rank and that any invariant-factor of B be divisible by the 
corresponding invariant-factor of A. A more important theorem, 
however, is his own, being only foreshadowed by Smith, namely, 
The highest-common-factor of the s-line minors of ABC . . . is divisible 
by the product of the highest-common-factors of the s-line minors of 
A, B, C,...; and the s invariant-factor of ABC . . . as the lowest- 
common-multiple of the s invariant-factors of A, B, C,.... This 
immediately leads up to Smith’s theorem about V,/V,_, being 
itself a highest-common-factor, and thence to its author’s deduction 
from it which Frobenius here puts in the form—IJf an s-line minor 
of A contains a prime in no higher power than do the other s-line 
minors, then among the r-line minors of the said minor there is one 
that contains the said prime in no higher power than do all the r-line 
minors of A—pointing out also that from it there readily follows 
Stickelberger’s theorem of the year before. 


VOSS, A. (1889). 


[Ueber einen Satz aus der Theorie der Determinanten. Sztzwngsb. 
... Akad. d. Wiss. (Miinchen), xix. pp. 329-339.] 


The theorem in question is Stickelberger’s first, paraphrased by 
us above, the writer’s merit being that besides improving it he 
establishes it, as seems natural, on a purely determinantal basis. 
Although he shortens the writing of the bordered determinants by 
using Salmon’s notation (Hist., ui. pp. 484-435, 437), the proof 
occupies much space. 


SAUVAGE, L. (1891, 1893). 


[Théorie des diviseurs élémentaires et applications. Ann. del’Ec, 
norm. sup., (3) vill. pp. 285-340. ] 


[Compléments 4 la théorie des diviseurs élémentaires. Ann. de: 
Ec. norm. sup., (3) x. pp. 9-42.] 


Valuable mainly, but not exclusively, as an exposition and a 
continuation of the work of Weierstrass and of Darboux. 
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FROBENIUS, G. (1894). 


[Ueber die Elementartheiler der Determinanten. Sitzungsb. ... 
Akad. d. Wiss. (Berlin), 1894, pp. 31-44.] 


Hitherto Frobenius’ contributions to the theory of invariant- 
factors have appeared in memoirs dealing directly or indirectly with 
bilmear forms. Now he devotes to it alone a paper of a dozen 
pages, there being no reference to bilinears save in the historical 
introduction ; and, what is more important, no mixing up of the 
technicalities of the two subjects. 

At the outset he notes a possible further extension in the nature 
of the elements, which may now, without calling for any serious 
change of treatment, be integral magnitudes belonging to one and 
the same domain of rationality. Incidentally he gives ‘ elementary- 
invariant’ as an alternative for Weierstrass’ ‘ elementary-divisor.’ 
Smith’s term ‘major’ is adopted, being translated into ‘ Super- 
determinante’; and for Smith’s ‘not divisible in excess (by 7p)’ 
and his own still longer expression he substitutes ‘ regular (in regard 
to p) —a convenient change leading to considerable shortening in 
the formulation of theorems. Of the ten theorems enunciated and 
established, the first to be noted is the fourth, namely, The product, 
M.M,, of any s-line minor and any t-line minor is divisible by the 
product of the highest-common-factor, of all the (t—u)-line minors of 
M, and the highest-common-factor of all the (s+u)-line majors of M,, 
t being >s and uy>t—s. The fifth theorem is an easy deduction 
from the first and second, namely, If a minor M and one of its manors 
N be both regular, there exists a regular minor which is a minor of M 
and a major of N. In the next section (§ 2), after showing that by 
mere transposition of rows and of columns a determinant may be so 
changed as to have the first of each of its sets of minors regular, he 
takes up the case where the basic determinant is axisymmetric. 
Here his first established result is that If in an axisymmetric deter- 
minant the first p-line minor be regular, and none of its coaxial primary 
majors be regular, then the first (p+2)-line minor is regular. From 
this he is led to the theorem that By mere transposition of rows and 
of columns an axisymmetric determinant may be changed into another 
such that if its first p-line minor be non-regular, then both the first 
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(p—1)-line minor and the first (p+1)-line minor are regular, and 
€o41 = e,. A simple corollary to this but entitled ‘Theorem Mil 
is that If in an axisymmetric determinant transformed as in the pre- 
ceding €541 > @e, then the first c-line minor is regular. As a con- 
sequence of these it easily follows that we can have the first r-lune 
minor always regular. The theorems of the next section (§3) we 
have already had under notice, two being due to Smith and one 
to Frobenius himself. As the two former, however, are now stated 
in regard to a single prime factor p, a second enunciation of them 
is not uncalled for. In their new form they are: 1°. If an s-line 
minor M be divided by the highest-common-factor of its primary minors, 
the quotient contains p in the power K, at least ; and, of M is regular, 
un that power exactly. 2°. If the highest-common-factor of the primary 
majors of an (s—1)-line minor N be divided by N, the numerator of 
the reduced quotient contains p in the power KH, at most; and, uf N 
as regular, in that power exactly. The next section (§ 4) is devoted to a 
determinantal equality which is quite independent of the subject 
of invariant-factors, being concerned simply with the summation 
of a peculiar inflated aggregate of products of pairs of determinants. 
In this all the first factors of the products are minors of any fixed 
rectangular array of |a,,|, every minor of every order, even the 
0", being taken ; the second factor is in every case the cofactor of 
the first in | @,|; the sign prefixed to any product is + or — 
according as the first factor of the product is of even or odd order ; 
and the sum of the whole is the determinant got from | a,,| by 
making all the elements of the fixed array zeros.* The contents 
of the last section are two additional demonstrations, one of 
Theorem IX. by Frobenius himself and one suggested by Hensel 
of Theorem IV. 


HENSEL, K. (1894). 


[Ueber regulare Determinanten, und die aus ihnen abgeleiteten 
Systeme. Crelle’s Journ., cxiv. pp. 25-30.] 

Without extending the usage of ‘ regular,’ Hensel’s interesting 

result is that If a given minor be equal to the highest-common-factor 


* In Frobenius’ statement, which involves a considerable number of symbols, 
there is a dangerous misprint of r for s in the third line, 
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of its set, then the highest-common-factors of its own sets of minors 
and majors in ascending order are equal to V,, Vo,..., Va respec- 
twely. He also deduces and formulates the analogous theorem 
where the equality, instead of being absolute, is limited to the 
highest power of a prime factor; and having his eye, like Stickel- 
berger and Frobenius, on the difficulty in Weierstrass’ memoir, 
ends up with the now familiar double theorem—Any minor that is 
regular has at least one primary minor and one primary major that 
are similarly regular. 


HENSEL, K. (1894). 


[Ueber die Elementartheiler componirter Systeme. Crelle’s Journ., 
exiv. pp. 109-115.] 


The theorem here set for proof and attributed to Frobenius (but 
note the latter’s view above) is that The necessary and sufficient 
condition that one given matrix may be a multiple of another 1s that 
each invariant-factor of the former be a multiple of the corresponding 
invariant-factor of the latter. It may be worth noting that a proof 
is incidentally given (p. 113) also of the first theorem of Frobenius’ 
collection, Hensel’s special merit lying in the care bestowed on his 
demonstrations. 


SAUVAGE, L. (1895). 


[Note sur le équations en ) de la géométrie. Nouv. Annales de 
Math., (3) xiv. pp. 369-385. | 


The last eight pages of this contain an elementary sketch of 
invariant-factors and their applications as conceived by Weierstrass. 


PINCHERLE, 8. (1897). 


[Mémoire sur le calcul fonctionnel distributif. Math. Annalen, xlix. 
pp. 325-381. ] 


This comprehensive memoir contains a chapter (§§ 29-40) bearing 
the heading “ Variétés invariantes pour une opération donnée,” and 
dealing with matter closely connected with invariant-factors. The 
latter subject, however, is only referred to in a footnote, where 
further the author merely says that the reader will see for himself 
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how naturally and easily the new theory leads to the concept of 
“‘ Weierstrass’ elementary-divisors.” * 


MUTH, P. (1899). 


[Theorie und Anwendung der Elementartheiler. xvi+236 pp. 
Leipzig. | 

This, the first text-book on invariant-factors, is almost as extensive 
as the last edition of Baltzer’s similar work dealing with the whole 
subject of determinants. By far the greater portion of it is occupied 
with the ‘applications,’ the subject of bilinear forms naturally 
receiving most attention. Almost from the very start, indeed, the 
latter subject is seriously entered on, the second chapter or section 
(§ 2, pp. 20-42) being devoted to the so-called ‘ symbolical’ treat- 
ment of these forms, that is to say, to Cayleyan matrices. 

The first chapter (pp. 1-19) contains an exposition of the theory 
alone. The four opening pages present it from the purely Weier- 
strassian standpoint, the determinants being of the type con- 
sidered by Sylvester in his first foreshadowings of the subject. 
Attention is then transferred to determinants suitable for treatment 
in Smith’s manner, that is to say, determinants whose elements are 
integers or integral functions of one and the same set of variables ; 
and to these the rest of the chapter is givenup. In the third chapter 
(§ 3, pp. 43-57) the subjects considered are determinants having 
integers for elements and bilinears having integers for coefficients ; 
in the fourth (§ 4, pp. 58-63) the said elements and coefficients are 
integral functions of one and the same variable; and in the fifth 
(§ 5, pp. 63-69) they are binary quantics of one and the same degree. 
The: remaining thirteen chapters deal almost entirely with the 
so-called applications, that is to say, with the discussion of subjects 
whose treatment is facilitated by the use of invariant-factors in the 
specification of conditions and in divers other ways. 

As far as the theory is concerned, there is little of fresh interest 
to point to. The material is brought together in an order con- 


* The memoir being intended, doubtless, to spread a knowledge of the author’s 
‘calculus’ is to a considerable extent a re-exposition of results communicated to 
the academies of Bologna, Turin and Rome in 1875, 1876, 
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sidered suitable for purposes of exposition and demonstration ; the 
proofs are in parts expanded and in general made easier reading ; 
and there is a conscientious supply of notes to indicate the sources. 
Under these heads the author has done good service. 


BIBLIOGRAPHICAL NOTE. 


From what precedes it will readily be understood that in addition 
to the papers here reported on there are others which may possibly 
prove helpful, although directly dealing only with subjects to which 
invariant-factors are merely auxiliary. The titles of about thirty 
of these are herewith added : it will be seen that by far the greater 
number concern bilinear and quadratic forms. A few which 
do not use invariant-factors have been included for the sake of 
continuity. 


1858. Weterstrass, K. Ueber ein die homogenen Function 
zweiten Grades betreffendes Theorem... Monatsb.... 
Akad. d. Wiss. (Berlin), 1858, pp. 207-220; or Math. 
Werke, i. pp. 233-246. 

1868. Kronecker, L. Ueber Schaaren quadratischer Formen. 
Monatsb. ... Akad. d. Wiss. (Berlin), 1868, pp. 339-346 ; 
or Werke, i. pp. 165-174. 


1873. Jorpan, C. Sur les polynémes bilinéaires. Comptes Rendus 
... Acad. des Sci. (Paris), xxvii. pp. 1487-1491. 

1874. Kronecker, L. Ueber Schaaren von quadratischen und 
bilinearen Formen. Monatsb.... Akad. d. Wiss. (Berlin), 
1874, pp. 59-76, 149-156, 206-232 ; or Werke, i. pp. 351- 
372, 373-381, 382-399, 400-403, 404-413. Also, Comptes 
Rendus. . . Acad. des Sci. (Paris), Ixxvi. pp. 1181-1182. 

1874. Jorpan, C. Mémoire sur les formes bilinéaires. Journ. (de 
Itouville) de Math., (2) xix. pp. 35-54. 

1874. DarBoux, G. Mémoire sur la théorie algébrique des formes 
quadratiques. Journ. (de Liouville) de Math., (2) xix. 
pp. 347-396. 

1874, Jorpan, C. Mémoire sur la réduction et la transformation 
des systémes quadratiques. Journ. (de Liouville) de Math., 
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1874. 


1887. 
1887. 


1889. 
1889. 
1889. 


1889. 


1890. 
1890. 


1890. 


1891. 


1895. 


HISTORY OF THE THEORY OF DETERMINANTS 


(2) xix. pp. 397-422. Also, Comptes Rendus . . . Acad. des 
Sct. (Paris), lxxviii. pp. 614-617, 1763-1766. 


Kronecker, L. Ueber die congruenten Transformationen 
der bilinearen Formen.  Monatsb.... Akad. d. Wiss. 
(Berlin), 1874, pp. 397-447; or Werke, i. pp. 423-483. 


Maurer, L. Zur Theorie der linearen Substitutionen. 
Dissert. 26 pp. Strassburg. 


Voss, A. Ueber bilineare Formen. G6ttinger Nachrichten, 
1887, pp. 424-433. 


Wevyr, E. O theorii forem bilinearnych. 111 pp. V Praze. 
German translation in Monatshefte f. Math. u. Phys., i. 
(1890) pp. 163-236. 


Voss, A. Ueber die conjugirte Transformation einer bi- 
linearen Form in sich selbst. Svtzungsb. .. . Akad. d. Wiss. 
(Miinchen), xix. pp. 175-211. 


Voss, A. Ueber die mit einer bilinearen Form vertauschbaren 
bilinearen Formen. Sztzwngsb.... Akad. d. Wiss. (Miin- 
chen), xix. pp. 283-300. 


CossERAT, E. Sur les formes bilinéaires. Annales... 
Faculté des Scr. (Toulouse), ii. mM. pp. 1-12. 


Voss, A. Ueber die cogredienten Transformationen einer 
bilinearen Form in sich selbst. Abhandl.... Akad. d. 
Wiss. (Miinchen), xvii,. pp. 235-356. 


Fropentus, G. Theorie der biquadratischen Formen. 
Crelle’s Journ., evi. pp. 125-188. 


Kronecker, L. Algebraische Reduktion der Schaaren 
quadratischen Formen.  Siutzwngsb.... Akad. d. Wiss. 


(Berlin), 1890, pp. 1225-1237, 1375-1388 ; 1891, pp. 9-17, 
33-44. 


Netto, E. Zur Theorie der linearen Substitutionen. Acta 
Math., xvii. pp. 265-280. 


Cato, B. Dimostrazione algebrica del teorema di Weier- 
strass sulle forme bilineare. Annali di Mat., (2) xxiii. 
pp. 159-179. 


1895. 


1895. 


1896. 


1896. 


1897. 


1898. 


1899. 


1899. 
1900. 


1900. 


1900. 
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Taser, H. Note on the automorphic linear transformation 
of a bilinear form. American Acad. Proceed., xxxi. pp. 
181-193. 


LanpsBerc, G. Ueber Fundamentalsysteme und bilineare 
Formen. Crelle’s Journ., exvi. pp. 331-349. 


Taser, H. On the group of real linear transformations 
whose invariant is an alternate bilinear form. American 
Acad. Proceed., xxxi. pp. 336-337. 


Taser, H. Notes on the theory of bilinear forms. Bull. 
American Math. Soc., (2) ii. pp. 156-164. 


Murr, T. A reinvestigation of the problem of the automorphic 
linear transformation of a bipartite quadric. American 
Journ. of Math., xx. pp. 215-228. 


Lorwy, A. Ueber die Characteristik einer reellen quadra- 
tischen Form von nicht verschwindender Determinante. 
Math. Annalen, lu. pp. 588-592. 


BurnsipE, W. On the reduction of a linear substitution to 
its canonical form. Proceed. London Math. Soc., xxx. 
pp. 180-194. 


Baker, H. F. Note to the foregoing paper, pp. 195-198. 


Bromwicu, T. J. I’a. Canonical reduction of linear sub- 
stitutions and bilinear forms, with a dynamical application. 
Proceed. London Math. Soc., xxxii. pp. 79-118. 


Bromwicu, T. J. ’'a. Note on Weierstrass’ reduction of a 
family of bilinear forms. Proceed. London Math. Soc., 
xxx. pp. 158-163. 

Bromwicy, T. J. ’'a. On-a canonical reduction of bilinear 


forms, with special consideration of congruent reductions. 
Proceed. London Math. Soc., xxxii. pp. 321-352. 


CHAPTER XXII. 
THE LESS COMMON SPECIAL FORMS, FROM 1880 TO 1899. 


THE number of writings dealing with those special determinant 
forms that are not included in the preceding chapters is strikingly 
great, being approximately double the corresponding number for 
the preceding twenty-year period, even when allowance is made for 
the fact that the special forms of Chapters XX. and XXI. of Vol. III. 
are not so segregated in the present volume. 


BRUNO, F. FAA DI (1880). 


[Notes on modern algebra. American Journ. of Math., iti. pp. 
154-165. ] 

[Trois notes sur la théorie des formes. 3. Théoréme général sur les 
déterminants fonctionnels. Math. Annalen, xviii. pp. (280- 
288) 286-288. ] 

The second note of the first paper, which is reproduced as the 
third note of the second paper, concerns a theorem which we may 
formulate thus: If | a,, | and the operator w be such that 

ars = @ (Ay, 5-1) and (Ayn) = 0, 

then w|a,| = 0. It has to be noted, however, that in the proof 

which he indicates Bruno makes a further assumption regarding w, 

namely, that the application of it to a determinant produces a sum 

of n determinants exactly like differentiation in Jacobi’s theorem. 

His first example is 

cy2 wy+yz+ze xety+z 
yate = ye+att+ty y+tz+t 
ate =—zt-+ta-+axz z2t+t+a 
try tx+ay+yt t+a+y 


or A say, 


a | 
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where w is ka = ota o +. = ap and where therefore by the theorem 


oA 
ds =6 
Another theorem is then used to deduce from this that A is the 
difference-product of x, y, z, t,—a result readily seen otherwise 
(Hist., i. pp. 141-142). The second example is Schlafli’s (m-+1)- 
line determinant equal to (pq’—p’g)#™("+)). Here, however, evalu- 


ation is not reached without utilizing four different operators, the 
determinant being formable by operating with 


i) o) 
‘— + q’— on the first column, 
Pp Sp q 3g 


or ze ee sccest S 
or q Sp +q Sp . first row, 
or ae ee oo) last oP) 


The procedure, too, is lengthy. Finally, the theorem is used to 
show that a solution of the equation 
oD OD. 20D) 

is . 

(logz)? logx 1 
D = | (logy)? logy 1 

(logz)? logz 1}, 
since the determinant 1s ag as sey by means of the operator 


ae Vay + a; 


MERINO, M. (1881): SCOTT, R. F. (1881). 
[Sobre una propriedad de las determinantes de tercer grado. Cronica 
Cienttfica . . . (Barcelona), iv. pp. 133-187. ] 
[Mathematical notes. Messenger of Math., x. pp. 142-149.] 
The first paper here deals mainly with certain exercises in Dostor’s 
text-book, the tone being in general captious. 


a) 


+ 
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The theorems dealt with in Scott’s third note (pp. 145-146) 
concern determinants whose elements are covariants of two sets of 
binary quantics, the same covariant for each element. At the close 
of the paper there is also given without proof and without reference 
to his note of 1879 on double alternants, the equality 


+ 
(1 —Ys)~* (@2—Ys)* « - » (La—Yn)*| = JBL BUR Seite for n odd 
= 0 for 7 even, 
where the z’s are the roots of «’—1 = 0 and the y’s are the roots 
of y7+1 =0.* 
CASORATI, F. (1881). 


[Osservazioni sul modi comunemente usati nella trattazione di 
parecchie questioni fondamentali dell’ analisi infinitesimale. 
Attu... Accad. dei Inncer: (3) Transunti, v. pp. 216-217.] 


The result established here is that the necessary and suflicient 
condition for the vanishing of the determinant 


c,°F, (x) cp* F(a) ee 6° H,,(z) 
¢,°1F, (7@+1) 3°" s(t); ‘ods Sac gieie Waal) 
ett F (at+n—1) oft 4F,(@+n—1) .... ¢,*"1F, (2t+n—1) 


is the vanishing identically of one of the functions F, these being 
rational and integral and the c’s all different. The mode of proof 
is gradational, the theorem used in passing from one case to the 
next being Hermite’s condensation-theorem of 1849 (Hist., ii. 
p. 46). 


CATALAN, E. C. (1881). 


[Une application des déterminants. Mélanges math., ii. pp. 356— 
359 ; or Mém. .. . de Lrége, (2) xiii. pp. 356-359. ] 
The application, which concerns products of sums of squares, 


depends on being able to find a determinant whose square has 
zeros in all its non-diagonal places. 


* This result regarding a permanent is the first for the period under review, and 
for convenience the others on the same subject are brought together in its neigh- 
bourhood (see pp. 457-460). 
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GRAM, J. P. (1881). 


[Ueber die Entwickelung reeller Functionen in Reihen, mittelst der 
Methode der kleinsten Quadrate. Crelle’s Journ., xciv. 
pp. 41-73.] 
Note is merely taken of this paper * as containing the fore- 
shadowings of the special determinant known much later as the 
Gramaan. 


LEVY, L. (1881). 


[Sur la possibilité de l’équilibre électrique. Comptes Rendus ... 
Acad. des Sci. (Paris), xciii. pp. 706-708. ] 

The examination of the problem in question leads to a special set 
of linear equations, the consideration of which brings the author to 
announce that If the non-diagonal elements of a determinant be all 
positive, and each diagonal. element be negative and exceed in absolute 
value the sum of the absolute values of the other elements of the row to 
which it belongs, the determinant cannot be equal to 0. The mode of 
proof is gradational. 


MUIR, T. (1882). 
[On a class of permanent symmetric functions. Proceed. R. Soc. 
Edinburgh, xi..pp. 409-418. ] 

The symmetric functions in question are those whose terms are 
formed from a square array of elements in the same way as the 
terms of a determinant, save that they are all taken with a positive 
sign. The name ‘ permanent ’ is adopted for them, and the notation 


+ + 
a A, Az a 


+ 
b, 6, 63), shortened into | a,b,c; |. 
Cr ees 
. . . . . . + Re . 
As an initial fact it is pointed out that | a,b,c, | is equal to 


(At +t. +4303) (by21 + 5¢9 +bg%g) (C21 +Cyt2 C323) 


* What may be called a first edition of it appeared in 1879 with the title : 
Om Raekkeadviklinger, bestemte ved Hjaelp af de mindste kvadraters Methode. 
Dissert. 122 pp. Kjgbenhavn. 
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if tyig¢3 == 1 and 1,, @p, 73 be symbols subject to the laws of ordinary 
algebra, except that 7,7 = 2,” = 7, = 0; also, that it is almost the 


same thing to say that live is the coefficient of xyz in the 
expansion of 
(a,x +agy +432) (ba +bay +552) (6.x + egy +€32). 

Properties resembling properties of determinants are then referred 
to, and exemplified by cases of the analogue of Laplace’s expansion- 
theorem ; for example, 

a + a + + + 

| aydsCedy.|.. = @, | Datod, Wt aalibyesds |-a- aes 

+ ++ + + ++ 4+ 
= | ,b.|+| cdg] + | bs |-| Coda] + .--- 

Next are established three theorems of a different type. The first 
is that The product of two determinants of the n order ws expressible 
as an aggregate of n! permanents of the same order; the second is 
a rediscovery of Horner’s theorem of 1865; and the third is that 
The product of a permanent and a determinant both of the n order 
is expressible as an aggregate of n! determinants of the same order, 
for example, 


+ 

| 
Ga, 3| |% % Wz AyL1 Ag%, AzX3 AX, Ugh, AgzX3 
bs Os|*l4, Ye Ys| = Diy, Oeuf, bays | — | yz, De%q dg2q 
Cy Cg % 2% 2&3 C12, Co®@y Cay CY, CoYo C3Y3 
BY TY UY AY1 AY2 AsY3 
—-"| Byt,  By%_ bsg] + | bz, dg2q dg Zy 
Cian Cserane ss {Cy + Cag, Calg 
D2, Ooty Aghs G42, Aly AsZy 
+ | By, dye, b3x3| — | diy, bays days 
Yi Co Ca¥ C)%, Cohlg Cy 


This last is viewed as the most important, and is illustrated by 
applications in the theory of alternants. Cayley’s simple instance 
of 1857 being recalled, it is shown that If any determinant of the 
third order with non-zero elements vanishes identically, the product of 
the permanent and determinant whose elements are the reciprocals of 
the elements of the said determinant is equal to the determinant whose 


ca 
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elements are the squares of those reciprocals. Finally, as a curious 
example for evaluation there is given 

~ ~ 
1.1.27, 2.2.20 NN 27 


COS 2. cos 


9 ee 
chee TO | m+1 


which is known otherwise to be equal to —1 for odd values of n. 


MUIR, T. (1897). 


[A relation between permanents and determinants. Proceed. R. Soc. 
Edinburgh, xxii. pp. 134-136.] 


The relation in question is, in the case of the fourth order, 
Ef cain 
| aye, | — DA | by¢xd4| + >; |@b2| | cd | 


+ + + + 
; a >; | ab2C5| +d, + |A,bec3d,| = 9, 
where the > is taken to mean ‘sum of all products of coaxial minors 
like’ ; for example, 
D label lexde 
denotes the sum of six products, the first factors of which are 


+ + + 
p 


SE ae a ae ae ee 
|aybg!, | ayCg |a,d,|, | bocs |, [body |, | cada, 


and the second factors 


bGdlale upabals, eons ce 
The verification in any particular case is effected on noting that the 
vanishing of the coefficients of a,, d2, a3, ... 18 entailed by the 


previous case. 


FERBER, F. (1899). 

[Sur un symbole analogue aux déterminants. Bulletin . . . Soc. 
math. de France, xxvii. pp. 285-288. ] 

What is here brought forward as a fresh object of study with a 


fresh name and a fresh notation is the class of permanents that 
have arrays like those of alternants. The fundamental result of 
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course is that such a permanent, if its rows be all different and its 
columns all different, represents a simple symmetric function, but 
that if it have A columns * identical it represents a multiple of a 
symmetric function by h! Its suitability for the representation of 
(a+b+c+...)™ and of the aleph functions is pointed out ; also a 
further application when the elements composing a term are 
restricted to be written in the order of the rows to which they 
belong. 


VOIGT, W. (1882). 


[Allgemeine Formeln fiir die Bestimmung der Elasticitatscon- 
stanten... Wvredemann’s Annalen d. Phys. u. Chem., (2) 
Xvl. pp. 273-321, 398-416.] 


Here in dealing with a question in physics the author is faced 
(p. 314) with a determinant whose array is composed of n? arrays 
of the type t 

a b 
—b a, 


and whose value is ascertained to be the sum of two squares; for 
example, when n is 2, 


Gap cd! 
=—b a —d batts sc nel oe a lea 
Cf) adit Crug Sisk eC RUS AY eae 
—f e-h g 


* The author might have noted that when h rows are alike A! is still a factor, 
but the function is no longer necessarily symmetric. A hint at such a case as 


+ + 
Gh Gh GF 


= 2 (a*b? + 2a%b) 


OO 2 
might also have been given. 


a : | Coe 
+ In the original the typical array is wee | . Another helpful change is to 


denote a minor of the array 
ab6bed 
Oe je eh le 
by the numbers of its columns, so that the result takes the form 


(13 — 24)? + (14 4+23)2. 
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MUIR, T. (1882): GENESE, R. W. (1882). 


[Questions 7217, 7218. Educ. Times, xxxv. p. 313; or Math. from 
Educ. Times, xxxix. pp. 106-107.] 


The first result here is 


20 pee Be “i oe 
wee. 
y 2 2 
YR oe a YiY2 wes 
eg aes oer 


a 3 
2 YY Wye, YrretYyor, Were} | yea 
| : Dies | Bla toky Ler, 
ly ©. Qe, GyYotaey, rss | 
The determinant in the second is more general in that it has for its 
fifth column 1, m, n, 2p, 2q, 2r, the cofactors of which are evaluated 
and found each of them to contain the factor | zy,2, |. 


|Z 


8 


SCOTT, R. F. (1882). 
[Notes on determinants. Messenger of Math., xu. pp. 105-118.] 
The determinant considered in the first two paragraphs here is 
Ly a,+B, a,+f, 
a,+P, ae) a2+Bs 
a3+8, o3+6, , 2 
which, by raising it to the (n+2) order, is shown to be equal to 
il II I il 
a —B, —Be —B; 
Le; 2-4 =p; , ; 
1 —a, ; Lem yer OF 
1 : 


L3—A3—B5 oe 
7 ¢ . . . . 


The fact is then used that this is equal to the quotient of the first 
two-line minor of its adjugate by its own last n-line minor, the final 


result reached being 
| an+Br (a, —ax) (Bx —Bx) es 
{} : De ee a} a B ) 
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After a natural digression to n-dimensional determinants, the writer 
takes up (§ 6) the consideration of one or two geometrical matters, 
and is thereby led on to the evaluation of another determinant, 
namely, 


(a,—8,)? (a; 82)" «=. (ewe 
(ag+f;)? (ag—B2)* ...- (a2+-8,)* 1 
(a,+8,)? (a, +5)? Onc Chg (4,—Au" 1 
1 1 aa 1 x 
nays ree. fete whe) 
— 2?n-8(_]) Ly aa as | @ Og 8s 38 Bie = ene 
where, as before, h is to receive the values 1, 2,..., ”, and k is 


greater than the companion f but not greater than n. 

It is important to note that when in the former of these two 
determinants we make either all the a’s or all the @’s vanish, the 
degenerate form obtained is Sardi’s of 1868. 


CAPELLI, A. (1882, 1886). 


[Fondamenti di una teoria generale delle forme algebriche. Mem. 
..- Accad. der Lincei, (3) xu. pp. 529-598.] 
[Ueber die Zuriickfiihrung der Cayley’schen Operation Q auf 


gewohnliche Polaroperationen. Math. Annalen, xxix. pp. 331- 
338. ] 


The first of these papers foreshadows and the second fully estab- 
lishes an interesting general theorem regarding the determinantal 


operators of Cayley’s original memoir of 1845 on hyperdeterminants. 
If the n? variables be 


Lise ee pa 
Yi Ya Wenens nG 
ak Pah eee CF 
000 Wa the vad Hees 


and we denote the ‘elementary polar operator ’ 


pq? 


6) i) C) 
NSp, 1 2G, 1: ee 1 Ina, by D 
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then the theorem is to the effect that the application of Cayley’s 
operator 
|o 2 3 

to a function and the multiplication of the result by | vyo%3 ... . W, 
is equivalent to the application of the single operator 

Pb) De 

D,. Pes, D,, 

tb a6 D5 2 +D,, 

fo de BO Faw et Fie Go ah Sia, 
on the understanding that the elements composing each term of 
the expansion of the last determinant are to be taken in the order 
of the columns to which they belong. 

It is also shown that an alternative form of single operator may 

be derived from this by making the 1% column reversed the n™ 
row, the 2"™¢ column reversed the (n—1) row, and so on.* 


MUIR, T. (1883). 
[On a peculiar development of a special determinant of the sixth” 
order. Messenger of Math., xiii. pp. 95-100. ] 
The determinant in question is 

Wie Git ha” Ag, TAG, 
'b,) 'b, by Bb, Bb, -Bo, 
Cin he Cpe Gy 2 OG... “Ce, 
d, d, d, Dd, Dd, Dd, 
6: € €, He, He, Ee, 
file J Me Ms Big: 
It is first expanded in the form 

| 4:b2¢3| | dy¢2,f'5| (DEF—ABC) —| a,byds| | c¢2f5| (CEF —ABD) 
oF a,0sea| Cte ye) (CDF ABN) — eo a on ey 
or, say, 


w,(DEF—ABC) — 7,(CEF—ABD) +... +7r.(BCD—AEF), 


* The student of the algebra of quantics may be referred to a third paper of 
Capelli’s in Math, Annalen, xxxvii. (1890) pp. 1-37. 
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and then advantage is taken of the existence of lineer relations like 
wv, +7; —tet7, = 0 


to eliminate five of the 7’s,—a procedure which can be followed in 
a variety of ways,— giving results of the type 


| a,bocs | | dy2,f'3| (F —C) (E—B)(D —A) 


—| abe, | | cde fs | (F —A)(E D)(C—B) 
+ | a,¢ofg | | bydees | (F —D) (E—A) (C—B) 
— | a@dze5 | | b,c f5| (F —D) (E—B) (C—A) 

) 


— | adefz| | byc2¢5 | (F —C) (E—D) (B—A). 


In exactly similar fashion it is shown that 


@, Gd, a, Ad, Ady| = —| a,bye5| | ed, | (E—D)(C—B) 
b, b, 6; Bb, Bb, | + | ad,¢5| | by¢2 | (E—B) (D—C) 
Cy Cz Cs Co, Coy + | by¢ed5 | | 412 | (E—D) (B—A) 
d, d, ds; Dd, Dd, — | byde2| | @,¢2 | (E—A) (D—C) 
€ @ €; He, He,| + | ed9¢5 | | @4b2| (E—A)(D—B), 


gnd attention is drawn to the first germ of an identity of the kind 
(Hist., ii. pp. 451-456). 


ANDREIEF, C. (1883). 


[Note sur une relation entre les intégrales définies des produits des 
fonctions. Mém. de la Soc. des Sci.... Bordeaux, (3) il. 
pp. 1-14.] 
Interest in this for us lies in the fact that its main result concerns 
the determinant whose (r, s)"" element is 


[fe bs(@) de 


namely, 


[Addo ... [fupade 
és =i ee { (ene (x,) Fogle) 


the limits being the same for every integral involved. 


hae, BG! O%;, 


LESS COMMON SPECIAL FORMS (MUIR, 1883) 465 


MUIR, T. (1883). 
[Question 7525. Educ. Times, xxxvi. p. 318; or Math. from Educ. 
Times, xli. p. 27.] 


The theorem here established is that the number of positive terms 
in the ordinary development of a determinant having negative elements 
in the diagonal and positive elements elsewhere is 


4-n! — (—2)" *(n—2). 
In the proof use is made of the fact that 
C(-L1,1,..-)J3 = (—2)*-?(n—2). 


STUDNICKA, F. J. (1883). 


[Neuer Beweis des Satzes dass das Produkt der Summe von acht 
Quadratzahlen mit der Summe von acht Quadratzahlen sich 
als Summe von acht Quadratzahlen darstellen lasse. Sitzwngsb. 
... Ges. d. Wiss. (Prag), 1883, pp. 475-481.] 


The proof contains nothing of fresh interest as regards deter- 
minants. Genocchi’s supposed generalization * is accepted as 
valid. 


SYLVESTER, J. J. (1884). 


[Question 7567. Educ. Times, xxXvil. pp. 27, 111; or Math. from 
Educ. Times, xii. p. 53.] 
The determinant which appears here in connection with a geo- 
metrical subject is 
a+b+e l+-my?+ny «¢+yy+2y* 
(atyy*+ezy a+tby-+ey’ l+-m-+n 
il+my+ny? et+y+z a+by?+cy |, 
where y is a primitive 3" root of 1. The expansion given of it is 
e®+6b+iee +24 m+n +e+y3+2 
— 8abc — 3lmn — 3ayz — 3ala — 3bmy — d3caz 
— 3a(mz+ny) — 3b(na+lz) — 3¢(ly+ma). 


* Annali di Mat., (1) iii. (1860) pp. 202-205. 
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SYLVESTER, J. J. (1884): CAYLEY, A. (1885). . 


[Sur l’équation en matrices px = xq. Comptes Rendus .. . Acad. 
des Sci., xcix. pp. 67-71; or Coll. Math. Papers, iv. pp. 
176-180. ] 


[On the matrical equation qQ—Qg’ =0. Messenger of Math., (2) 
xiv. pp. 176-178 ; or Coll. Math. Papers, xii. pp. 311-313.] 


Of the numerous notes * written on Cayleyan matrices by Sylvester 
in 1884 this is the only one containing a result that is viewable as 
having a purely determinantal side. The question directly involved 
is the existence of a matrix « so related to two given matrices 
M1, Mz that t 


Mp = pM. 
The matrices 
a As CG, Cy ee As 
by by d, dy (Br Bs 


being taken for m,, mz, «, and the indicated multiplications being 
performed, it is at once found that the required condition is 
Ay b,—C, d —Cy 


—d, A, by—da | 


For us, however, the important point at present is that Sylvester 
next evaluates the four-line determinant, and shows that it is 
identical with the resultant of the equations 


a — (a,+b,)% + | a,b,| = 0, a? — (¢,+d,)% + |cdy| = 0. 


There is thus obtained for us a new form for the resultant of the 
two Lagrangian determinantal equations 


G2. Ae Oe Loom 


The same result occurs in the same way in Cayley’s paper. 


= 0, 


* Comptes Rendus... Acad. des Sct. (Paris), xcix. pp. 13-15, 67-71, 115-116, 
117-118, 409-412, 432-436, 473-476, 502-505, 527-529, 555-558, 621-631. 
{ See Hist., iii. p. 47. 
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CESARO, E. (1885). 
[Quistione 46. Giornale di Mat., xxiii. pp. 19, 374-376.] 


The determinant here spoken of is not explicitly given ; it appears 
in the form 


(Uy, yg eee Ua 1 
eee ee ee ly es 1 
Het Ueeh x -ae Unie o oe 


with the annexed statement that the square of the difference of any 
two rows is 2. It is shown, however, that as a consequence of this 
datum the multiplication of the alternative form 


(Uap sth Uye—Ueg ee U1 2,1 | 
Ug Usa Uog—Uge + se. Ue, m1 —U3,n-1 
| Un—1,1— Unt Un—-172—Ung se Unt n-1 Un, n-1 
by itself gives 
2 —1 ; : 
j—! 2 —1 : | 
| a i sd | 
| —1 2 | 
ee vz nae 


which is equal to n. 


MERAY, CH. (1885). 

[Décomposition des polynémes entiers a plusieurs variables en 

éléments linéaires. Annales sci. de V Bc. norm. sup., (3) ii. 
pp. 289-302. ] 

The problem formulated in the title here is viewable as a purely 
determinantal problem, the particular case to which the author 
devotes almost the whole of his space being the finding of an expres- 
sion for 
te oy 4? Yim Ay Bs | 
Ca a Pc LL alfa | 


Se SOD Ng cg BAY, 


g 2 Ben : 
Le Ye % Yes %et6 = MYou 
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in terms of the three-line minors of 


ie her ee | 
YW. Ya +--+ Ye 
EE PURE at 


- Putting pqr for the minor whose columns are the p™, g‘, 7" columns 
of the array, he obtains for the expression an aggregate of 30 terms, 
of which the first two pairs are 


1 (— 145.136 . 246 . 235 + 236 - 245.135. 146 

{+ 236 . 245.134. 156 — 145. 136. 256 . 234 
The proof given of so interesting a result ought to be replaceable by 
something much simpler and more readily convincing. This is the 
more desirable, as a general theorem is foreshadowed in which the 
number of variables in every row of the given determinant, A,... 
say, is p and the degree of each element is 7. The order of the 
determinant is then (p+r—1l),, and the number of p-line deter- 
minants in each term of the development is (py+r—1),. 

We note for ourselves that a partial simplification may be made 
in the expression * of the development of A,.,, the equality being 


+ = + + 
4A,.. = 123|145 245 345|—124|135 235 435 
146 246 346 136 236 4386 

156 256 356 156 256 456 

+ + + + 

+ 125| 134 234 534|—126|134 234 634 

136 236 536 135 235 635 

146 246 546 145 245 645 


+ 134 . 156 (235 . 246 +236 . 245) 
+ 135 . 146 (—234 . 256 +236 . 245) 
— 186 . 145 (234 . 256 +235 . 246). 


* In Méray’s expression, where 0, 1, 2, 3, 4, 5 take the place of our 1, 2, 3, 4, 5, 6, 
—045 of line 3 should be — 054, 
24 iors, Pl 5 243. 


In the absence of a readily applicable rule of formation such misprints are trouble- 
some, 
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It is also worth observing that if all the determinants on the right 
be expanded in the ordinary way, and the indicated multiplications 
be performed, the number of terms at first obtained is 64x30, so 
that for the 720 terms of A;,, we are faced at first with }.64.30, 
that is 9000 more than 720. 


RUSSELL, W. H. L. (1885). 


[On the reduction of algebraical determinants. Report... British 
Assoc. for the Adv. of Scr., lv. pp. 910-911.] 


The determinants referred to have elements that are all rational 
and integral functions of x, and an unimportant method is indicated 
of obtaining for such a determinant an equivalent sum of deter- 
minants of lower order. 


SYLVESTER, J. J. (1885): MUIR, T. (1885). 


[Questions 8275, 8321. Hduc. Times, xxxviil. pp. 349, 379; or 
Math. from Educ. Tumes, xlv. pp. 85-86.] 


The result here established is : 
A+aa-+a’a’ ab-+-a’b’ acta’c’ 


Ba+B'a / A\+8b+8'0' Bc+P'e' 
es Pe a’ hil ie ‘ pate A Se 


=)" WDA (A+B) +AB— _}, 
where 
AD, Upc NOs 0 Css )y DO = AO, BV 5 5 Os Oy ¥ 50.0) 
Cr (0, UC, es 0a; 95 yey 2 CDV io 0 405. Co vena 
It is mainly dependent on the fact that the determinant with r 
omitted is the product of 


atta’ aOMO0s aes: a a) 0) 
Bei, ee ranks 4 ands Hon Db. » Oi. 10 
Vanya hen 4 Fr o4 Oc OW 
‘ie e [2 ee A AAP cal 


and thus bears on the subject of the latent roots of the product of 
two n-by-2 arrays. 
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CAPELLI, A. (1886). 


[Sopra un teorema che si collega... Rendic. del Curcolo Mat. 
(Palermo), i. pp. 133-138.] 


The theorem in question belongs strictly to the Theory of Quantics, 
being that 7f f,, fp, f, F be integral functions of the elements of the last 
three rows of | X;¥o%3t,|, a relation of the form 


(Sa2)u+(Sx2u + (Saks = base t 


cannot exist without F being 0. In the proof of it, however, interest- 
ing use is made of the operator 

CMe age Be 
Ow, Bye O25 Oly 
and it thus deserves passing notice. 


r) 


| LyYo%ata |. 


TORELLI, G. (1886, 1891). 


[Alcune relazioni fra le forme invariantive di un sistema di binarie. 
Rendic. ... Accad.... (Napoli), xx. pp. 125-134. ] 
[Appunti sulla teoria delle forme binarie. Annalc... Ist. Tecn. 
e Naut. (Napoli), anno 1891, 10 pp.] 


The determinant used in the first of these papers differs from 
that of Rosanes of 1872 (Hist., i. pp. 481-484) merely in that the 
binary quantics involved are not necessarily all of the same degree ; 
and in the second paper there is not even this difference, the degree 
of each quantic being the same as the order of the determinant. 
The results reached involve the multiplication of two such de- 
terminants, but their main concern is with the operation of 
transvection in the Algebra of Quantics. 


SCHRADER, W. (1887). 
[Beitraige zur Theorie der Determinanten. vi+156 pp. Halle a. S.] 


Schrader devotes a section (pp. 116-123) to n-line determinants 
whose (r, s)"" element is f(#+r—1, y+s—1) and f is an integral 
function of the m" degree. The process of transformation which 
he employs is the repeated diminution of a row by the row pre- 
ceding it, and thereafter the like repeated diminution in the case 


then | a,,| 
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of the columns. Save in one negligible instance, n is taken greater 
than m. The function being 
@pX™ + ayx™ ly +... + ayy", 
the (m+1)-line determinant is found to be 
(—1])#°™+D. (m!)? "aaa, ... a 

and most of the other examples given are specializations of this. 
It is noted, too, that determinants of higher order vanish, and that 
of the function be increased by another of lower degree the value of the 
determinant is unaltered. 

The next section (pp. 123-127) deals first with the case where the 
foregoing binary quantic is increased by a*t”, next with some special 


difference-products, and finally with determinants whose analogous 
basic function is 


a(a+d)(a+2d)...(¢+xe+y—1.d). 
We need only note that 


bea Gr = at {(w+y+r—l)s}*™, 


m > 


then | a,,| = d#@-Y.(n—1) 1", 
and when 4a,, = (r+s—l)!, 
then |a,,| = n!!(n—1)!!. 


Of the next section (pp. 127-136) rather more than half consists 
of rediscoveries regarding determinants whose elements are com- 
binatorial numbers, that is to say, integers of the type. 

k(k—1) ... (k— ALD fA. 
The remainder is occupied ike a form whose elements are reciprocals 
of integers, the results, when a correction is made, being that 


1 
When 4@,, = i 4e 28° 
{(n— 1)1!}7.8 nu (1m — 1) 
then |a,,| = = n—1 
a(a+)?...(a+n— no. 8)*®-?. (a+n— n—1. 8)" (a+n@) 
and 
h 1 
ea ae (a+r+s—2-8)(a+r+s—1.8)...(a+r+s+m—3. B) 


EE (m+1)"-?. ..(m+n— 2). (n— 1 yi Bre- 1) 


a(a+@)?...(a-+n—2- 8)" M. (a+m+n—1.8)"-1...(a+m+2n—3. B)¥ 


where M = {(a+n—1-8)(a+n@) ... aa. 
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On putting m = 1 the second degenerates into the first, which is 
itself a generalization of Ligowski’s of 1861. Since in each the 
(r, s)" element is a function of r+s, the determinants are persym- 
metric; for example, when a = 1, 8 = 1, m =2, n =4, we have 


Dead Oy 4 AD Dow) ty Laide < Once Oe a ge 1 | 
1 i 1 Lely od 27. 39(4.05) 956? (2. GOP aoe 


The seemingly complicated denominator is very easily obtainable 


from the secondary diagonal of the determinant and the parallel 
minor diagonals. 


DRUDE, P. (1887): BALTZER, R. (1887). 


[Ein Satz aus der Determinantentheorie. Nachrichten ... Ges. d. 
Wiss. (Gottingen), pp. 118-122.] 
[Ueber einen Satz aus der Determinantentheorie. Nachrichten... 
Ges. d. Wiss. (Gottingen), pp. 389-391.] 

These deal with Voigt’s determinant of 1882 in regard to its 
expressibility as a sum of two squares. The second of the two 
proofs is the preferable, as being purely determinantal. In essence 
it depends on performing the operations 

row, ++ row —1, row; ++ TOW et. rows ++ row,v —l, Hage 
followed by 

Gol; -PCOlyn/ Ep eCOk, col eats col, colw—1s, Sune 
for these produce a determinant which breaks up into two deter- 
minants, one of the form M +N J/—I1 and the other of the form 
MS Nw i hor example, when is 3 and the 1%, 3', 5 rows 
of the given determinant are 

Gib: Os Wage) Up Dede) 40g 
Oy~nby.e5 bye Di ROR be 


Cy Cy Cy Cy Cy Cy, 
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the resolution arrived at is 


Gg—Q,t Ag—Agl Ag—Ast 
b,—byt by —byt be —bst 


Cy—Cyt = Cg—eg Cg —Cg0 | , 


Ag+Qyt Agta3t Ag+azt 
bo+b by+byt b6+0;0 
CotCyt CytC3t Cy+Cgt 
and the final result 
(246 —235—145—136)? + (245+236+146 +135)?, 
where the notation is that of p. 468 above. 


GEGENBAUR, L. (1887). 
[Note tiber Determinanten. Sitzwngsb.... Akad. d. Wiss. (Wien), 
xevi. (2, A) pp. 5-7.] 
[Ueber eine specielle Determinante. Sitzwngsb. ... Akad. d. Wiss. 
(Wien), xcvi. (2, A) pp. 489-490. ] 

The peculiar determinant here brought forward is best described 
in connection with that which suggested it, Voigt’s of 1882. The 
latter we spoke of as being composed of two-line cells of the type 

a b 


Si) Yip 


Gegenbaur’s is similarly composed, the cells being of the type 
a +b 
—b a—b; 


for example, 
a b ¢ d 


—b a—b —d c-—d 
€ uf gq th 

—f e-f —h g—h\. 
It is manifestly a function of determinants of the array composed 
of the odd-numbered rows, and his assertion is that this function 
takes the form 

P? + 3Q?, 
where P and Q are aggregates of such determinants. 
In the second paper he passes on to a similar but more com- 

plicated type, still avoiding demonstration. 
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RAIMONDI, R. (1888). 
[Un teorema sui determinanti di differenze. Gvornale di Mat., xxvi. 
pp. 185-187.] 


The theorem in question is that if a,, a,, a3, ... be a serves of 
quantities whose n differences are constant, equal to c say, then 
the determinant of n+1 consecutive columns of the array 


ay ay ag 
6; 22 de 2 0s, 2 


64, n-1 dv, HVE | Os, n-l 
Cc Cc Cc 
as equal to 
( —])@@tent, 


For example, the array being 


¢ 
Leet SSC Gr 225" 336 
SoD ein yO lake oo oeare 
Tis Rear a igk Sheer , 
we have 

Om Toe 25 eek Fos LO eee 
i oy inl cand De ee = /|7 2 = — }8 
De Wile te 22 | a 


KLEYBER, J. A. (1888). 


[Theory of the adjustment of series of observations. (In Russian.) 
Phys.-math. Soc. Kasan, vi. pp. 148-239.] 


In connection with the use made of determinants in this long 
paper an appendix is added (pp. 234-239) dealing elementarily with 
axisymmetric and persymmetric determinants and with even- 
ordered determinants that have a zero in every (r, s) place where 
r-+s is odd, and that consequently are expressible as the product. 
of two determinants.* 


* Muir’s text-book (1882), § 81. The case where the factors of the product are 
both continuants should also be recalled (see above p. 402). 
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RUSSELL, A. (1888). 


[Question 9556. Educ. Times, xli. p. 213; or Math. from Educ. 
Times, 1. pp. 109-110.] 
The determinant here brought forward, namely, 


1 1 il 1 il 
a b c d @ 
c+d dte eta a+b b+e 
ag il F i zt , or R say, 
cd de ea ab be 
a b c d e 


b+e—a cta—b dtb—c etce—d atd—e 
appears as the eliminant of five equations in 
c—d, d—e, e—a, a—b, b—c, 

and thus as a quasi equivalent to the first member of the last of the 
five, the four others being manifest identities. 

It would have given additional interest to show that if the said 
first member be denoted by S, then 
ret ab (c? —a*) +-be(d* —b?) +-cd (e? —c*) +-de (a? —d?) +ea (b? —e”) 2e 
ik ab ; 


in other words, that the value of R is 
0 


0 
a Sie Sue, 
ae es (1888). 
[Cambridge Univ. Exam. Papers, xvii. p. 553.] 

Like the circulant and others the determinant here appearing is 
one whose every row is a permutation of the same quantities, the 
particular law of permutation requiring that one of the quantities 
be confined to the diagonal, and that in completing each row the 


others be taken in a fixed order. It is resolvable into n rational 
factors ; for example, 


GE “ty de 
dy @ ay Gs 
a, dy £ as 
Gy. a, ds & 
(see Hist., ui. p. 480). 


= (%—a,) (x—az) (x—az) (x +a, +424) 
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CAPELLI, A. (1889). 


[Sopra certi sviluppi di determinanti. Rendic.... Accad... . Sev. 
(Napoli), (2) i. pp. 58-63. ] 


The main result here is a development of the determinant 


Ay + Ay a3 
a Qsyo--e a 
21 22 23 , or I, say, 


M31 Aso A3g+%+2 
in the form 


2 +X, Ay a OO Anes ins 


where the X’s are functions of x and the A’s are functions of the 
coaxial minors of | a@,,| ; namely, 


X, = x(@+1) (+2)... . (vx+tn—2)(a+n—l), 
X,-1 = 2@(@+1)(e#+2) .... (w4+n—2), 


n 


and 
A; =O; + dos + Gap ES 
A, = | @ Aye + | Ay 3 Seog oe 
Ag, Ag+] Az, Asg+1 
As; = | @y Ay2 Mz | +) ay ie Gag ans 


Gy, Ag+] Aes 
31 As5 Ag3 +2 


Ay, Ag+] oq 
Ag, Age Ag, +2 


The proof is dependent on the assumption from another paper that 
such a development with the A’s as specified but the X’s of unknown 
form is actually possible, all then remaining to be done being to 
determine the X’s by extreme specialization of the a’s. On this 
account the following transformation in the case of the 4 order 
will be found more instructive : 

Hither of two analogous developments may be taken as the. 
starting point, namely, that according to powers of z, or that 
according to products of 


v, e+ 1, z+ 2, z+3. 
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Choosing the latter we have 


D, = #(x+1)(#+2) (x+8) 


Wei i 


+ a@(x-+1)(x+2)-d, + w(x+1)(@+3)-c5 + .. 
+ w(w-+1)-| e5dy| + 2(0-+2)-] Badg| +... . + (@+2) (7 +3)-| aybo| 


+ z.| bead | + (+1).| ayes, | + (%-+2).| abed,| + (~@+38)-| aybC¢ | 


+ | a,b,c3d, |, 


and calling the expressions of these lines on the right T,, Tp, Ts, 


T,, T;, we see or can readily show that 


X, 
X3A, + x(x+1)-(c3+ 2b. + 3a,) + «(2b,+6a,) + 6a,, 


a(x+1)-(|cgds|+...+ | arbo|) + 2(| bode |+2| bag |+...) + (2) adsl +...) 


as desired. 
The rest of the paper is occupied with unimportant deductions. 


KILLING, W. (1889). 


[De determinante quodam disquisitiones mathematicae. Sch. Prog. 
16 pp. Brauhsberg.] 

The n-line determinant in question we may define for ourselves 
as having all its elements linear homogeneous functions of one and 
the same set of n variables, subject to the condition that in each 
column the coefficients of the variables form a zero-axial skew 
array ; for example, n being 3 and the variables 2, y, z, the deter- 
minant is 

ay +bz dy +ez gy +hz 
—art+ez —drtfe —gu+kz 
—br—cy —ex—fy —ha—ky |. 
Its value is 0, as the operation 
xTOW, + YLOw, + ZToOwWs 
shows, and the author devotes himself to the consideration of its 
minors. Most interest attaches to those of the (n—1)™ order, in 


b) 


= x (| beceda+-...) + (| aya, |+...), 
+ | aydocsd, | ; 
ad therefore, by addition, 
-= X,+X,A, + KA, + K,A; +A, 
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regard to which the result in effect. is: The x” row of the adjugate 
contains the r* variable as a factor, the cofactor throughout any column 
being constant. 


PALMSTR(M, A. (1890). 


[Determinantteoriens anvendelse pa laeren om complexe stgrrelsers 
multiplikation. Archiv for Math. og Naturvid., xii. pp. 128- 


132.] 
Manifestly 
(a, +2b;) (dg+%b;) = . ‘ +t : is 
and consequently 
(a,-++1b,) (a,+4b,) (ag+ib,) = { tessa Bo } 
by Ae bye 
. 1 Oy b, —4a, 
+640 by dy a by a } 
a a, 6, +%| 6, —a 
by ag bs by as 
—d, by as —d, by as|, 


where the two determinants differ from one another only in the 
first row, and are got from the two determinants of the previous 
case by affixing as a border the elements 

bs 3 bs —Ay 
to each. Similarly 


(a; +2b,) (4 -+2b9) (a3 +2b3) (4g +24) 


== Gye 0; . {tel b, —a, 
bz dy b; —as by a, bs —az 
—63...b5 5 agi, 6, =o: 105.4 gene 
by by |, 
the border now being 
by a, 0; —G, 


in reverse order ; the border for the next case 


bs ds b, — 


in the original order; and so on. Any of the equalities may be 
verified by performing the addition indicated on the right and 
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removing the factor a, + 7b,, then lowering the order and removing 
the factor a, + 7b,, and so on. 
Since 


(cos a+7sin a)(cos8+7sin8).... = cos(a+@+...) + isin(at+Bt+... 


the author also readily deduces from his result determinant equi- 


valents for cos(a+8+...) andsin(a+@+...). 


TISSOT, A. (1890). 
[Questions 289, 291. Journ. de Math. Spéc., (3) iv. pp. 144, 168.] 


What we have here is a pair of interesting 3-line determinants 
connected with the quaternary quadric, their values being 


D = JA ¢ (Hin D2 * JA. 13) ary 


where 


U = az? + by? + cz + dw* + Lexy + 2fxz + 2grw + 2yz + 2yw + 2yjzw, 


A is the discriminant of U, and D is the cofactor of d in A. 


VIVANTI, G. (1890). 


[Alcune formole relative all’ operazione Q. Rendic. del Circolo Mat. 
di Palermo, iv. pp. 261-268. | 


This, unlike Capelli’s comprehehsive paper of the same year (see 
above, p. 463), deals solely with the operational determinant— 
which the author prefers to symbolize by Q{ __,.,,;—and not 
with its application to the Algebra of Quantics. First, he estab- 
lishes (pp. 261-265) a theorem for facilitating the performance of 
the operation on a product of functions $,¢.93...,, the proof 
being doubly gradational, from n to n+1 and fromrtor+l. Then, 
using as a lemma the extensional of Laplace’s expansion-theorem, 
he submits to the operation the s‘” power of a determinant having 
more than the n? elements implied in the operator. The outcome 
of this is the interesting theorem 


s 


Of ++. dnn) | Tyy+-- Cn+m, n-+m | 


i ie es 1)! sl % 
= ME ny OwO%G Lntm, nbn | | X41, n+1 OO Latin, nbn . 


(s—1)! 
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KRONECKER, L. (1890). 


[Reduction der Systeme von n? ganzzahligen Elemente. Crelle’s 
Journ., cvu. pp. 135-136.] 

The so-called ‘ reduction’ here effected is the transformation of 
- the determinant, without change of value, into one having all its 
non-diagonal elements 0 and each diagonal element a factor of the 
next following, the permissible operations being (1) interchange of 
two parallel lines accompanied by change of sign in one of them, 
(2) increase of a line by any parallel line.* A solution by Frobenius 
in 1878 (Crelle’s Journ., xxxvi. p. 157) is referred to, but not H. J. 8. 
Smith’s of 1861 (see above, pp. 439-440). 


CAYLEY, A. (1891). 


[Note on the involutant of two binary matrices. Messenger of 
Math., (2) xx. pp. 136-137; or Collected Math. Papers, xii. 
pp. 74-75.] 
All that directly concerns us here is the equality 
il? @: @& “dood + La a aa +cb’ 
b Bb’ ab’+bd’ b’ b ba'+db’ 
Cane eaCOe ae e& c acted’ 
il d d cb'+dd' 1 d d_ be'+dd' |, 
which we can best establish for ourselves by noting that the difference 
of the two determinants is 
Vl @.a@ . aacbbc “on ach. 
b Bb’ ab’ +bd’ +ba' +db' | 
¢ €  .ca--de --ac'-Hcd’ | 
il d d cb’+dd'+be'+dd’ |, 
and vanishes because the last column is reducible to 
be’ +cb’ —ad' —a'd 


~ 


~ 


cb’ +-be’ —a’d—ad’ 
by the operation 
col, — (a+-d) col, — (a’+d’) coly. 
* This with (1) permits the increase or diminishing of a line by any integral 
multiple of another line. 


\ 
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LONGCHAMPS, G. DE (1891). 


[Sur les determinants troués. Journ. de Math. Spéc., (3) v. pp. 9-12, 
29-32, 54-56, 85-87.] 

The determinants in question are those with one or more zero 
elements, and the problem set is the finding of the number of non- 
zero terms in their final development. The main result obtained is 
Cunningham’s of 1874 (Hzst., ili. pp. 466-467) ; but indications are 
also given of the mode of procedure to be followed when, besides 
having a zero diagonal, the determinant has one or more zeros in 
the adjacent minor diagonal. In the latter connection Dickson’s 
paper of 1879 (Hist., iii. p. 467) is not referred to: indeed, no 
previous writer is mentioned throughout the entire paper. 


LAISANT, C. A. (1891). 
[Sur les permutations limitées. Comptes rendus ... Acad. des Sev. 
(Paris), cx. pp. 1047-1049.] 

The result here given is in effect that the number of arrangements 
of n letters a1, a, a3, ..., & when certain of them may be debarred 
from occupying certain places of the arrangement is 

O (Bie =: Bs) 
C8 ONg Oba. s . 08, 


where 8, is the sum of those letters that may occwpy the x” place. 
Thus the number of terms in the determinant 


A, A, WW 
b, by bs 
Cr 4 Cy. es 
a ea ar 
Q & 8 & 


is 


oO 
a Aha aie {(c+-d+e) (a+d+e)(a+b+e)(a+b+) (b+c+d)}. 
The reason of course is that each term of the product, on being 
differentiated, produces 1 or 0 according as it is or is not one of 
the desired arrangements. 
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SEGAR, H. W. (1892). 
[Question 11434. Educ. Times, xlv. p. 82.] 
The proposition submitted is that the n-line determinant whose 


_ (r,s) element is 


soe {atr 1. J,(V2)} 


is equal to 


(nt nom -Jo(/2) 5 J (/2) einste In—1(/2); 


where J, stands for the Bessel’s function of the r® order, and 
(n—1)!! for 1!2!...(n—1)! 


ECHOLS, W. H. (1893). 
[On a general formula for the expansion of functions in series. Bull. 
New-York Math. Soc., ii. pp. 135-144. ] 
[Note on the theory of functions of a real variable. Annals of Math. 
vill. pp. 65-99. ] 
These are important continuations, each in its own way, of 
the papers referred to under ‘Alternants.. The most general 
determinant now brought forward for use in the specification of 


"expansions 1s 


f (2) fi@) ..--.  fa@) Far @) 
| FY) Fil (ys) SAC Ina ) 
ae) A (ys) sees SnlYp) Pe ,) 
Of () On (*1) eee On (2) Ofn+ (a) 
Orla Off (a ) see Of (2) O%naal (,) 
®& ‘ ares 1 


where O’f(«;) stands for the result of Sarai an operation O 
r times on f(x) and substituting x; for x, and ® is an expression so 
chosen in relation to the other elements that the determinant 
vanishes. An expansion of f(x) thence evidently obtainable is of 
the form 


S(@) = Afi(@) + Acfola) +... + Ans fnsi(®)-_ 
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Carefully proved specializations of this are made under three head- 
ings, (1) where O does not occur, g being 0, (2) where O is d/dz, 
(3) where O is the A of Finite Differences. Only the first need be 
given as a specimen, namely, 


F(@) fil@) «~~ fal®)— frsr(2) 
F(t) fil) «- ~~ falta) fass(@s) 
eens perce en ee ends le’ (), 
P(u) Lae ; 1 
where 
SFM) «+e falu) Situ) --++ Srl) 
B(u) = F@:). +. . Sale) ie fi(®%) «+++ Snar(%) 
F (Gn) «+++ Ful@n) 1! \fi@n) «+++ Sutin) 
and u is some unknown quantity lying between the greatest and 
least values of xz, 7, ..., Z. A simple case of this, 
Gf Oo oe RR Ge ee’ 
re deol Banese neehe tates) ae 
f ah 1 Pa : : sy ae a ik 
i ”(u) a 1 


is Lagrange’s interpolation-formula. 


HADAMARD, J. (1893). 

[Sur le module maximum que puisse atteindre un déterminant. 
Comptes Rendus... Acad. des Sci. (Paris), cxvi. pp. 1500- 
1501.] 

[Résolution d’une question relative aux déterminants. Bull. des 

Sci. Math., (2) xvi. pp. 240-246.] 
The first result here established is that if s,? be the sum of the 

squares of the moduli of the elements of the r row of a determinant 6, 


then 
MO 6 =S,8085 .% 5 
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an evident deduction being that if the moduli of the elements be at 
most 1, the modulus of the determinant is at most n™. Attention is 
then given to determinants whose elements actually have 1 for 
modulus and whose own value attains the maximum specified. 
The important property of such determinants is found to be that 
their elements are inversely proportional to the corresponding elements 
of the adjugate, and consequently Sylvester’s ‘ thoughts on inversely 
orthogonal matrices ’ (1867) are called in as an aid, and are profit- 
ably passed under review. In particular the case where the order 
of the determinant is composite benefits by this, Hadamard’s 
improved solution for the 4 order being 


1 1 1 1 

1 ee a ee 
i: 1 +1, 4-1 

| eet a ocala cath 


In the next place is considered the formation of ‘ maximum ’ deter- 
minants with veal elements, namely, 1 or —1. These exist when 
n is a power of 2, and are shown to be non-existent when 7 is not | 
a multiple of 4. Setting himself the problem of formation in the 
case of the first two important multiples of 4, namely, 12 and 20, 
Hadamard is successful, the 12-line determinant obtained being 


l low de pies el eee ie ee eee 
lool Lb YL) eh Se SS, SS 
Po EL a er 
—)! Viele lp yee Ot eee ee 
— ‘Le, Swely = ati a 
Sa ied eee pee ee pork ee 
1 -—- 1%31- —- — 1 ase eee 
bom) ] 2) 6S eS eS ae 
Lee ee othe eee i ee ee ee ea, 
Lic Ly) sya pep ee ee 
Ll boa > VS eS ae ee 
Lod) = = 9 eae ee eee 
where — is used for —l. This is unintentionally corroborated 


later by Scarpis (see below p. 495). 
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PASCH, M. (1893). 


[Verschwindende Determinanten dritten Grades aus ternaren 
linearen Formen. Math. Annalen, xliv. pp. 89-96.] 


The opening result here is the simple theorem that <f all the 
primary minors of the determinant | f,,fof3,| vanish, the Ps being 
functions of any variables, then the determinant can be put in the form 


ap, Boy Yi es 
ap, Bo. yoho|, te. aBydideds|1 1 1 
ads Bos: Ys 1 1 1 > 


where a, B, y, $1, bo, p3 are integral functions. The real interest of 
the paper, however, is not in connection with determinants. 


MACMAHON, P. A. (1898). 


[A certain class of generating functions in the theory of numbers. 
Philos. Transac. R. Soc. London, clxxxv. pp. 110-160.] 

The results of this memoir, the first of which is most important 
in the Theory of Integers, are also very interesting as properties of 
determinants. The main theorem (pp. 114-119) is: If X, stand for 
yy X1 + Ap Xo t+... + ayX,; and 

{(1—s,X,) (1—s,X,) . . . (l1—s,X,) } 
be expanded in ascending powers and products of the x’s, the aggregate 
of all the terms of the expansion that contain no x without the corre- 
sponding s—in other words, the aggregate that involves only 8,X,, 


Xp, ... and the a’s—is equal to 
aal 
1 —a4,-S)X1 —8ag 81%, gn ai Ain: 81X1 
—A91°SoXo 1 —Ao9- SoXo se ee — Aon * So Ko 
Api Sy Xn Ang SpX + ss 1 —@an- 8a Bq C 


The proof consists in showing that the whole expansion is equal to 
the portion in question multiplied by a series of which the first 
term is ] and all the others are free of s,7,, 53%2,.... The second 
theorem (pp. 133-138) concerns determinants like Horner’s (1865), 
whose elements are ‘ inversely-axisymmetric,’ and is to the effect 
that any such determinant is transformable into one of the same kind 
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in which all the elements of the two minor diagonals adjacent to the 
main diagonal are 1. This depends on the fact that a determinant 
is not altered in substance nor its diagonal even in form if a row 
be multiplied and the corresponding column divided by the same 
quantity ; for example, if we want the element ag and its con- 
jugate in 


i Gyn Ayg Ay 
€ 1 

aie 1 deg Gag 

aie 

Mt il 

Ais Ags 

i 1 1 

ee 

Gyq Ang Aga 


to be replaced by units without disturbing the present diagonal, 
we multiply the 3" row and divide the third column by a,3. The 
n-line inversely-axisymmetric determinant is thus seen to be ex- 
pressible as a function of 4(n—1)(n—2) variables.* 


SCHUMACHER, J. (1894). 


[Ueber Determinanten. Sch.-Festschrift, pp. 55-75. Neustadt 
a. Haardt.] 


There is here broached the subject of determinants whose rows 
are all of them permutations of the same set of quantities. Taking, 
for example, the six permutations of a, b, c, and examining the 
twenty determinants formable by segregating three of the six, he 
ascertains that there is only one distinct type in addition to the 
circulant. When the set of quantities is a,, dj,..., a, and n> 8, 
he instances two types beside the circulant, namely, (1) where the 
k* row is got from the first by interchanging a, and a, (2) where 
the k'" row is got from the first by passing a, over those preceding 
it to occupy the first place. The values in these two cases are 
respectively 

Xa + (a, —ds) (4, —As) . . . (4, —Ap), 
Za - (Ay Ap) (4g —As) « . « (Any —Ap) 
the former having been previously noted (see above, p. 475). 


* Opportunity may be taken here to note that a very special determinant of 
this form is evaluated by A. Hirsch in Math. Annalen, lii. (1899) p. 151. 
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To the circulant * and certain applications of it a special section 
is given (pp. 66-74). 


MUSSO, G. (1894). 
[Sulle permutazioni relative ad una data. Rivista di Mat., iv. 
pp. 109-119. ] 


Merely touches on the question of the number of terms in a 
zero-axial determinant. 


TUCKER, R. (1894, 1895): CRAWFORD, G. E. (1895). 
[Questions 12394, 12828. Educ. Times, xlvii. p. 2738, xlviii. p. 304 ; 
or Math. from Educ. Times, \xii. pp. 83-84.] 

[Question 12684. Educ. Times, xlviu. p. 160; or Math. from Educ. 
Times, \xiv. p. 38.] 

The results are : 


cos A—cos 2A cos(B—C) 2 cos? A cos B 2 cos? A cos C 
| 2 cos? B cos A cos B—cos 2B cos (C—A) 2 cos” B cos C 
| 2. cos?C cos A 2 cos?C cos B cos C—cos 2C cos (A—B) 
= 2cosAcos BcosC.- sin 2A sin 2B sin 20. 
_de+a 2 oo ae+d ad 
de—b ; be—d_ bd 
| ce+b be+ce X be 
| ce—a ; ae—c P ae 
pce i I if 


= (1) (a+b) (c-+d){ed(a+b) —ab(c+d)}. 
The latter we may profitably view in another form as the second 
of a set of three, the first of which is 
| ax +dy . ; dx+ay 
ba —dy é dx —by 
ba+cy cu+by 
ax—cy : cr —ay 


= — xy (x*—y") (a+b) (c+d) (ab—cd), 


* Note should have been taken of this in Chap. XVI. above, p. 378. 
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the second arising from the first by bordering symmetrically with 
1, 1, 1, 1, 0, and the third being got from the first two by addition. 


BOOTH, W. (1895). 
[Question 12952. Educ. Times, xlviui. p. 483.] 


The interesting theorem here given concerns a quaternary quadric 
and its discriminant. It is that if 


Q = av? + by? + cz + dw? + 2hay + 2gxz + 2law 
+ 2fyz + 2myw + 2nzw, 


then 
aQ—L? AQ-—LM gQ—LN ‘ ‘ : l 
hQ—-LM b6Q—M?) fQ—MN| = Qa? TM 
'gQ—-LN fQ—MN cQ—N? yrty Lone 
L- on; eu od 


In default of a proof we suggest, as a starting point, bordering with 
| an eta eal 
ands, > Om MOL aes 

for a last row and column ; also, expanding in terms of determinants 


with monomial elements. Both lead to pleasing bits of trans- 
formation. 


CAPELLI, A. (1895): CAZZANIGA, T. (1896). 


[Sur les déterminants dont les éléments principaux varient en 
progression arithmétique. Nouv. Annales de Math., (3) xiv. 
pp. 62-63. ] 

[Sopra i determinanti di cui gli elementi principali variano in pro- 
gressione aritmetica. Rendic. .. . Ist. Lombardo (Milano), (2) 
xxix. pp. 541-558.] 


The subject of both papers here is an extension of Capelli’s result 
of 1889, the new statement being got from the old by changing 
1,2, e.g Mme INGO 45027), ccadage ae ae example, 
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ato a, a3 
b, b,+a+y bs = 2(x+y) (@+2y) 
Gq Co Gg + a+2y + x(a+y) (a, +6,+¢3) 


a a a a b b 
“ { 1 2 1 3 | 2 3 i 
b, by+y CG, Cs+Y 4 Cy Cgt+Y 
+ | a Ae as 
b, b.+y bs 


C, Cy  Cg+2y}. 
The first paper contains little more than a mere enunciation and 
a call for proof; the second takes almost the form of an answer to 
the first. The proof given, however, is lengthy, the mode of it 
being the gradational. 


NIELSEN, N. (1896): VALENTINER, H. (1898). 
[En Determinantenformel. Nyt Tidsskrift for Mat., B. vii. pp. 
59-62 ; B. ix., pp. 15-16.] 

The result here obtained is, after a slight correction, that the 

determinant having (ra—s)~ for its (r, s)'" element is equal to 
(—a)#n@-2, {]n-1Qn-23n-3 |. | (n—1)1})? ~ P, 

where P stands for the product, of the denominators of all the 
elements, that is to say, for (a—1) - (a—2) ... (2a—1)... (na—n). 
The determinant may be viewed as a case of Cauchy’s double 
alternant. 


GRANTE, C. (1896). 
[Question 742. L’Intermédiaire des Math., ii. pp. 33, 191.] 


The vague request being made to form a determinant with its 
(r, 7) elements equal to 1 and (r, s)" elements equal to h, —h, +1, 
there is supplied a determinant whose first row and first column are 


1,0; waas wand. 1. 2—o,2—b, «32 +, 


-and whose every other element in the (r, s) place is 1 less than the 
sum of the elements in the places (r, 1), (1, s). 

It is not noted, however, that the latter determinant vanishes for 
all orders above the second. 
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BRAND, E. (1896). 


(Une propriété des mineurs des déterminants nuls. Journ. de Math. 
Spéc., (4) v. pp. 104-106. ] 

This is a faulty paper as regards printing or reasoning or both. 
_ It is professedly based on the theorem regarding any minor of the 
m™ compound of | a,,| (Hist., iii. p. 177), the case considered being 
that where | a,,| =0. It may be noted that the vanishing axi- 
symmetric determinant with arithmetical elements which the author 
brings forward to illustrate and support one of his results serves 
more effectively the opposite purpose. 


JOLY, C. I. (1896). 


[Quaternion invariants of linear vector functions, and quaternion 
determinants. Proceed. R. Irish Acad., (3) iv. pp. 1-15.] 

To quaternion determinants, as an auxiliary subject, Joly devotes 
a couple of pages at the outset. As is natural, the same convention 
is adopted as by Spottiswoode in his paper of 1876 on determinants 
of ‘alternate numbers,’ namely, that the elements forming a term 
must be taken in the order of the rows, the sign being left to be 
determined by the order of the columns. In consequence such a 
determinant must vanish when two columns are identical, and need 
not when two rows are identical. Similarly, a determinant is not 
altered when one column is increased by a multiple of another, but 
the same does not hold in the case of rows. Next, it is noted that 
the ordinary rule of multiplication is restricted in its application 
to the product of a quaternion determinant by a scalar determinant. 
A paragraph is then devoted to determinants having all their rows 
identical, another to the geometry connected with vanishing deter- 
minants, and after that the main subject of the paper is entered on. 


WELSCH, . (1896): MONTESSUS, R. DE (1896, 1899). 
[Déterminants & terme général de la forme h, —h,; +1 (2,7 =1,..., n). 
L’Intermédiaire des Math., ii. p. 191.] 

[Questions 906, 935, 1445. L’Intermédiaire des Math., iii. p. 201, 
p- 248; vi. pp. 28, 257-258.] 
It is not noted that the determinant specified vanishes for all 
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orders above the second, as the operation row,—row,, TOW; —T0W, 
at once shows; it may also be effectively viewed as a product 
(see above p. 132). The three questions referred to lead to nothing 
of any consequence. 


CARO, R. (1897): A. C. (1897) : 
D’AVILLEZ, J. F. (1897): LAISANT, C. A. (1898). 

[Determinante de (+6). Archivo de Mat., ii. pp. 68-70.] 

[Question 1125. Mathesis, (2) vii. p. 150; viii. pp. 144-145.] 

[Sobre algunas applicagdnes dos determinantes 4 geometria do 
triangulo. Jorn. de Sci. mat., phys., e nat. (Lisboa), (2) v. pp. 
14-42.] — 

[Déterminant de quatre points d’un plan par rapport 4 un cinquiéme 
point. Jorn. de Scr. mat., phys., e nat. (Lisboa), (2) v. pp. 
205-206. ] 

In the second of these the result involved is perhaps best put in 
the form 
xry(x—a) —y(x-+a) xrta 
yt+b —-yx(y—b) — —2(y +8) 
| —x(z-+c) zZ+e zu (%—Cc) 
= (ayz—1)[a?y%2?—(P —Q—2) zyz—(P eQ2=1)) 
— (abe—1) (x? y?z*+-4aryz—1), 
where P, Q stand for ayz + bzx + cary, bex + cay + abz respectively. 


PINCHERLE, 8. (1897). 
[Mémoire sur le calcul fonctionnel distributif. Math. Annalen, 
xlix. pp. 325-381.] 

The special determinant which occurs here (in addition to the 
wronskian) is only new in appearance. In fact, by reversing the 
order of the columns, and dividing them in their new order by 
1!, 2!, 3!, ... respectively, we obtain 

| (mo: (m+1)1-(m+2)o-.--| = 1, 
the opening result of Chapter XX. of our third volume (pp. 
447-448). 


492 HISTORY OF THE THEORY OF DETERMINANTS 


MUIR, T. (1897). 


[The automorphic linear transformation of a quadric. T'ransac. R. 
Soc. Edinburgh, xxxix. pp. 209-230.] 
The peculiar determinant 
a. | h-y~g—p +s. | 
h—-v 6b f-+a 
TE Fe NC 
which had already appeared in a geometrical article * of Salmon’s, 
takes a prominent place in the very different kind of discussion 
which we have now reached. It may be defined as the determinant 
whose matrix is the sum of an axisymmetric matrix and a zero- 
axial skew matrix. By reason of its importance considerable space 
(pp. 220-230) is given to the examination of it. The first noteworthy 
point connected with the development is that the terms of it are 
always of an even degree in the elements of the skew matrix ; from 
which it follows of course that they are of an even or odd degree 
in the elements of the axisymmetric matrix according as the given 
determinant is even or odd-ordered. The next point is that the 
expression of the development is in terms of minors of the axisym- 
metric matrix and minors of the Pfaffian of the skew matrix, the 
word minor being used in the extended sense, that is to say, so as to 
include on the one extreme the elements, and on the other the deter- 
minant itself. In the third place, space being limited, the umbral 
notation is almost a necessity ; and, this being so, as well as for the 
sake of explanation, it is best to give an example in two notations : 
a htv g—p r+r | 
h—y 5b f+rA. q-e 
9p Fae ey ART p 
r—rqgto p—p d 


p o Ne AY 
Ole Gigf ah|\ag . 
= ieee tees holley eee: 
Tied bie eeeeen ah st apts 
r gap -d gf . Ts 


* Geometry of Three Dimensions (1882), § 80 c, or 5th edit. (1912), § 80 ©, pp. 70-72. 
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y - ted 34 134] |) 24] '}23] I 14) 134 12 
F 234 12] |12 es na eaten | 
FEMS 5 na eres | 34 | 
13 
(ay ee fee. & phe 
The development in the next case is 
12345 
12345 
| 4541] 361... 2 
123 | | 123 123 4) 45 | 
123| |124| *°* | 345 
124 
| A pee aan) 
re | 2345] '|1345[ ..... 
1 1 
4 E see I| 2345 | 
2 
fl ey toate 1) 1345 | 


eeyg 


which ought to make the general law clear, the square arrays being 
recognized as compound arrays of the given axisymmetric array. 

It must suffice merely to add that the development of the primary 
minors of the given determinant is also gone into (§ 12), that the 
adjugate is shown to be of the same type as the original, and that 
sources of fresh identities are pointed out (§ 13). 


STUDNICKA, F. J. (1897). 


[Neuer Beitrag... Sitzwngsb.... Ges. d. Wiss. (Prag), no. 16, 
16 pp.] 
In the section (pp. 8-12) not occupied with alternants the main 
result is the equality of two special persymmetric determinants 


Gye? rar (nes. ns = (n+ —k)m-r41 (wim —k=1)m—zn 
Ora Oy (Dye coe (w+m—-k+1\)m-npe  (+m—k)m— rt 
(n)rse (m)et1 (n)e ... (w+ m—-Kh+2)m—rgos (n+m-Kk+1)mnpo ... 


m-k-+1 
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Essentially, however, it is a rediscovery, being a variant of Zeipel’s 
condensation-theorem of 1865,*—that is to say, his theorem asserting 
the equality of an (r+ 1)-line and a p-line determinant. 


MUIR, T. (1898). 


[The relations between the coaxial minors of a determinant of the 
fourth order. Tvansac. R. Soc. Edinburgh, xxxix. pp. 323-339.} 


‘The second part of this paper (§§ 7-11) deals with the determinant 


dl cq br agrl +2bed 
cp dm ar brpm-+2cda 
bp aq dn cpqn+2dab |’ 
al bm cn dlmn-+2abc 


or W say, 


seen to be a function of a, b, c, d, 1, m, n, p, g, 7, and to be separable 
into two determinants, U and V say. The curious result estab- 
lished is that all three determinants are resolvable into factors. In 
the case of W and U this is done by showing that they can be made 
to take the form of the determinant known to be resolvable into 


(a+y+2+w) (x—y—z+w) (a—y+2—w) (et+y—z—w) ; 


in fact, if this product be temporarily denoted by ®(z, y, x, w), 
then 


Wises mua B(dlmn—abe, cn\p, bmvr, aluy), 


* The facts regarding Zeipel’s determinant 


| (m)p(m +1)p41 ++ (M+P)p4r | 


are perhaps best put as follows: There are at least four forms of it of the (r+1)t 
order (Hist., iii. pp. 448-451), which for the moment we may call A,, A,, Ag, Ay. 
Then his condensation-theorem gives a form of the p‘» order, and this being similar 
to A, in type, we have a set B,, B,, B;, By, all of the p** order. Consequently 
there are sixteen ways of writing the condensation-theorem. What Studnitka 
arrives at is A, = By. 

For the case m, p, r = 5, 2, 2 (or n, k, m = 5, 2, 4) we have already printed 
A,, Ay, Ag, B,: the remaining equivalents are 


14h 8s 0; 
Bt Sloe gel de 
Bo 6} is F 3 4's 2 39 3 aie 
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Moe = ni), om(1—7), m(1—7—), 
and U = &(dVimn, c/npq, b/ mrp, av/Iqr). 


In the case of V the procedure is different, the last column being 
readily transformable into a column of units, and leads to 


V = 2(caqg—dbm) (abr—cdn) (bep —adl). 


where 


SCARPIS, U. (1898). 


[Sui determinanti di valore massimo. Rendic.... Istituto Lom- 
bardo, (2 ” xxxl. pp. 1441- aneGa. 

Putting the last specialized result of Hadamard’s paper of 1893 
in the self-evident form,—An n-line determinant whose elements are 
1 or —1 will have the value u¥ 1f the product of any row by any other 
row vanishes,—Scarpis in his search for such determinants arrives 
at the theorem that if there be one of order q and q—1 be a prime, 
then there exists an infinity of others of the order q(q—1) 2%. As an 
example he takes the case where q is 4, and shows how to form the 


determinant of the 12 order. 
The essential identity of the latter with Hadamard’s might have 
been noted. As a matter of fact, if the transposition 


Le SOG 7 BO 10 “8 12 
es ERE ae ree 
be made in the order of the columns, and 


1 2304 25 669.819 O11) 12 
ED REE MERE a 


in the order of the rows, the result is Hadamard’s form. 


METZLER, W. H. (1899). 
[On a determinant each of whose elements is the product of k factors. 
. American Math. Monthly, vii. pp. 151-153.] 


Taking an equality from Muir’s text-book (p. 117), Metzler first 
generalizes by obtaining in similar fashion the product of a deter- 
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minants of the 6 order by 8 determinants of the a‘ order; for 
example, 

GP, 4,Q, Ry aX, a2Y, aghy 
b,P, b,Q; b,R, b.X, boY, b,Z, 
C3P, CQ CgRe CyX2 CY. Che 
dsP, dsQ. dsR, dyX: dV, dsLy 
esP; @sQ3 eRe egXs3 e6Y3 ees 
fsPs TsQs fsRs SeXs SeYs Sehs 


ay 1d, ; Pie oo oes 

| PRAMN ira acy cli tect ees QO ee; 
Cs eg OSM Rives? Ry. caren 
2 dinide tent 2 of Xe, SSS 
ences bit WN Gir ee ONS ake he 
feet EZ areal 225, 


= —|a,b.| - | esd] - |esfe|- | PrQoRs| + | X:¥2Zs |. 

He then takes y determinants of the newly found type, and a@ 
determinants of the y" order, and, constructing therewith two deter- 
minants as before, performs multiplication, the result being a deter- 
minant of the (a@y)™ order with trifactorial elements and equal to 
the product of By determinants of the a‘ order, ya determinants 
of the B™ order, and a@ determinants of the y™ order. Imagining 
this process to be continued until a determinant is reached with 
elements that are the product of k factors, he courageously sets 
about formulating the result. 

It has to be recalled that the proof, given by Sterneck in 1895 
(see above, p. 62), of Zehfuss’ theorem proceeds on the same lines 
as this; and that, indeed, Metzler here effects a generalization of 
Zehfuss’ theorem as well as of the simple equality given by Muir. 


PEIRCE, J. M. (1899). 


[Determinants of quaternions. Bull. American Math. Soc., v. 
pp. 335-338. ] 


As this must have been written without knowledge of Joly’s paper 
of 1896, there is naturally considerable repetition in connection with 
the elementary theorems. A fairly large share of space is devoted 
to determinants having all their rows identical. 
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STUDNICKA, F. J. (1899). 


[O souétovych determinantech vfbec a figurovanych zvlast, 
Vv 
Rozpravy Ceské Akad., (2) ix. no. 4, 8 pp.] 
The determinant here called ‘ summatory ’"—and in a special case 
‘figurate ’—is a rediscovery (see Hist., iii. pp. 102-8, 493). Some 


simple results are given regarding the so-called ‘ figurate,’ in which 
the (r, s)** element is the combinatory number (r-+s—2),_. 


STUDNIOKA, F. J. (1899). 
[Nové dopliiky nauky determinantni jakoZ i upot¥ebeni jejiho. 
Vv 
Véstntk Ceské Akad. ..., viii. pp. 59-67, 197-208.] 


The last and the longest part (pp. 201-208) of this clearly written 
paper concerns Hermite’s determinants with complex elements. It 
is unfortunate, however, that the author views them as being for 
the first time introduced to notice: there is consequently little or 
nothing to be recorded, 
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ALGEBRAIC THEORIES 
by L. E. Dickson 


The student or teacher desiring a thorough introduction to classical topics in higher 
algebra will find this perhaps the best available work. It provides an excellent intro- 
duction to advanced books on each of its individual topics. 


“Algebraic Theories” develops theories centering around matrices, invariants, and 
groups, which are among the most important concepts in mathematics. All important 
theories are studied with rigorous, detailed proofs. This volume provides courses in 
higher algebra, the Galois theory of algebraic equations, finite linear groups, including 
Klein’s “icosahedron” and theory of equations of the fifth degree, and algebraic 
invariants. Higher algebra is fully treated, including matrices, linear transformations, 
elementary divisors and invariant factors, and quadratic, bilinear, and Hermitian forms, 
whether taken singly or in pairs. The results are classical with due attention given to 
questions of rationality. Elementary divisors and invariant factors are introduced in a 
simple, natural way in connection with the classical form, and a rational, canonical 
form of linear transformations. These topics are developed more lucidly than usual, and 
in close connection with their most frequent mathematical applications. 


Chapter titles: Introduction to Algebraic Invariants; Further Theory of Covariants of 
Binary Forms; Matrices, Bilinear Forms, Linear Equations; Quadratic and Hermitian Forms, 
Symmetric and Hermitian Bilinear Forms; Theory of Linear Transformations, Invariant 
Factors, Elementary Divisors; Pairs of Bilinear, Quadratic, and Hermitian Forms; First 
Principles of Groups of Substitutions; Fields, Reducible, Irreducible Functions; Group 
of an Equation for a Given Field; Equations Solvable by Radicals; Constructions with 
Ruler and Compasses; Reduction of Equations to Normal Forms; Groups of Regular 
Solids; Quintic Equations; Representations of a Finite Group as a Linear Group; Group 
Characters. 


Formerly ‘Modern Algebraic Theories.” 155 problems in text and at chapter ends. 
Bibliography. Author, subject indexes. Ix + 2/6pp. 5% x 8. $547 Paperbound $1.50 


q 


ADVANCED CALCULUS 
by Edwin Bidwell Wilson 


It is a tribute to Edwin Wilson’s judgment and industry that, in spite 
of newer books in the field, most educators still regard ‘‘Advanced 

Calculus’? as one of the most comprehensive and useful texts in its 
' subject. It contains an immense amount of material, all of which is 
fundamental and well-presented. It can be used by students with the 
equivalent of only one year’s study of calculus, and many chapters, 
such as the chapters on vector functions, ordinary differential equa- 
tions, special functions, the calculus of variations, elliptic functions, 
and partial differential equations are excellent as introductions to 
these various branches of higher mathematics. 


Throughout, a due level of mathematica! rigor is maintained; but the 
book is also expressly designed as a text or reference for physicists, 
engineers, and others who need a sound working knowledge of 
advanced calculus. More than 1300 separately numbered exercises 
(hundreds of them are multiple-part exercises) are included in small 
groups placed in juxtaposition to the sections in the text to which they 
are related. This vast number of exercises is intended not only to 
facilitate the reader’s ability to handle the mathematical tools of 
advanced calculus, but to give him abundant and varied practice in 
the use of these tools on the types of problems to which advanced 
calculus is applicable. 


Contents. Introductory Review: Review of Fundamental Rules; Review 
of Fundamental Theory. Part |: Differential Calculus: Taylor's Formula 
and Allied Topics; Partial Differentiation—Explicit. Functions; Partial 
Differentiation—lImplicit Functions; Complex Numbers and Vectors. Part 
Il: Differential Equations: General Introduction to Differential Equa- 
tions; The Commoner Ordinary Differential Equations; Additional Types 
of Ordinary Equations; Differential Equations in More than Two Vari- 
ables. Part Ill: Integral Calculus: On Simple Integrals; On Multiple 
Integrals; On Infinite Integrals; Special Functions Defined by Integrals; 
The Calculus of Variations. Part IV: Theory of Functions: Infinite Series; 
Special Infinite Developments; Functions of a Complex Variable; Elliptic 
Functions and Integrals; Functions of Real Variables. 


Index. More than 1300 exercises. ix + 566pp. 5% x 8. 
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